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Abstract. It is shown that for each radial doubling weight w and 0 < p < 1, the dual of the
weighted Bergman space AP, can be identified with the Bloch space under the AW pairing, where
W satisfies a two sided doubling property and depends on both w and p. This result generalizes
the duality relation (APR)* ~ B, studied by Shapiro, Coifman, Rochberg and Zhu, concerning the
classical weighted Bergman spaces.

1. Introduction and the result

Let H(D) denote the space of analytic functions in the unit disc D. An integrable
function w: D — [0, 00) is called a weight. It is radial if w(z) = w(|z|) for all z € D.
For 0 < p < oo and a radial weight w, the weighted Bergman space AP consists of
f € H(D) such that

11, = / F(@)Pw(z) dA(z) <

As usual, we write AP if w(z) = (1 — [z[*)* for —1 < a < co. When p > 1, the
space AP is a Banach space, whlle for p < 1 the expression above defines only a
quasi-norm, under which AP is complete. In this work, we will study the continuous
dual of AP denoted by (AP)*, consisting of all linear maps F': A2 — C such that
|F(f)| < C| fllar, with C' > 0 independent of f. Note that (A?)* is always a Banach
space, even for p < 1, when the space AP itself is not.

It is classical that in the case of standard weights the dual of A? is isomorphic
to A? when p > 1, and (AL)* ~ B. Here B denotes the Bloch space that consists of
f € H(D) such that

|/l = sup [/ ()I(1 = [21*) + 1£(0)] < oo

For p > 1 and through a similar argument for p = 1, the duality can be proven
roughly as follows. Take element F' € (AP)* and extend it by the Hahn-Banach
theorem to an element of the dual of L2. Now, due to the existence of an isometric
isomorphism (L2)* ~ LP with 1/p + 1/p/ = 1, we find gp € LP representing F.
Finally, we project gr to Ag and use the self-adjointness to get the desired duality.
Now, if p < 1, using the above approach one immediately runs into trouble. First,
AP is not locally convex, so the Hahn-Banach theorem fails to hold altogether. Even
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if one blindly assumes that Hahn—Banach holds, another obstruction presents itself,
namely (L2)* = {0}. This clearly cannot be the way to proceed, as (AL)* is easily
seen to contain non-zero elements, such as the point-evaluations. In [10] Zhu showed
that for 0 < p < 1, the duality (AP)* ~ B still holds under an appropriately chosen
dual pairing depending on «. In fact, as Zhu mentions, this result was obtained
for the Bergman space AP in 1976 by Shapiro [9], and for the weighted Bergman
space A? by Coifman and Rochberg [1] a few years later. The Hardy space case
was first dealt with by Romberg in his 1960 PhD thesis [8]. In this work, we will
obtain analogous duality result for a class of Bergman spaces generated by much
more general weights. To state the result and to place it in a more general context,
some notation and background is needed. Write w € D if &(z) = f‘i‘ w(t) dt satisfies

the doubling property @(r) < C@w (1£~) for all r € [0,1). All the standard weights
(1 —|2]?)™ belong to D, but this doubling property is also satisfied by the weights

(1—]2))~t ( log 1_6\2\ ) 7 for £ > 1 that induce essentially smaller Bergman spaces than

the standard weights. If w € D and there exists K = K(w) > 1 and C = C(w) > 1
such that &(r) > CW (1 — L) for all 0 < r < 1, then we denote w € D. For basic
properties of these weights and more, see [3], [6] and [7].

If w € D, then (AP)* ~ AP for 1 < p < 0o, and (AL)* ~ B by [5, Corollary 7].
The reason why the proof of the first-mentioned result does not carry over the whole
class D is that the maximal Bergman projection

.Rj<fxz>=:/Lfrcnzﬁxcﬂam<>dA<<x

where BY stands for the reproducing kernel of the Hilbert space A2 is not necessarily
bounded on LP, for all w € D by [5, Theorem 5]. Therefore as far as we know, the
existing literature does not offer a description of the dual of A? when w € D. It is
also worth mentioning that it is not known if the Bergman projection P, is bounded
on LP if w € D \ D and 1 < p < oo excepting of course the trivial case p = 2.

In this work we describe the dual of A? for 0 <p <1 and w € D. To define the

appropriate dual pairing we define for w € D and 0 < p < 1, the weight

W(z) = W,u(z) = (}19 - 1) B(2)r(1—|2))7 2 + ?@(2)%_1(1 — 2!, zeD.

Then /W(z) = @(z)%(l — |z|)%_1, and, in particular, Wi, = w. One could equally well
consider any of the summands appearing in the definition of W only, but because of

the identity for W we keep this definition since it slightly simplifies some calculations
that we will face later. For r € (0,1), define f, by f.(2) = f(rz) for all z € D. With
these preparations we can state the main result of this study as follows.

Theorem 1. Let 0 < p < 1 and w € D. Then (AP)* ~ B, with equivalence of
norms, under the pairing

v, = im [ LEIEWE)AAG), e geB

Comparing with Zhu’s argument [10], we are led to deal with the following three
main obstructions:

(1) LP-estimates for functions resembling the Bergman kernel;
(2) Sharp embedding AP C Ajy;
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(3) Fractional differential operators.

In the case of the standard weights, (1) is taken care of by the classical Forelli-Rudin
estimates [2|, while the requirement (2) can be understood in terms of Carleson
measures. It turns out, that these lie in the core of the theory of more general
weights, and indeed can be understood. As far as we know, there is no direct analog
for the fractional differential operators induced by more general weights; for standard
weights the order of differentiation comes out rather transparently. Surprisingly
enough, we can avoid fractional derivatives altogether, and this actually simplifies
the proof substantially.

2. Towards Theorem 1

Zhu’s argument goes through expressing f € AP with the help of the reproducing
property. Our reasoning could be considered a somewhat more streamlined version
of this proof. It relies in particular on [5, Theorem 1(ii)|] which plays the role of the
Forelli-Rudin estimates and says that, for each w,v € D,0 < p < 0o and n € Nu{0},
the reproducing kernel of A2 satisfies the estimate

|| M
(2.1) 1(B2) ||A,,A/ a(t)p(l@t)p(nﬂ)dt, 2] =1

This result was used in [5] to show that for each w € D, the spaces (AL)* and B are
isomorphic via the pairing

() =l [ 5T dAR), fe Al geB
r— D

The above result can be used to prove the surjectivity of P,,: L>(D) — B. The proof
is quite standard, but not readily available in the literature, so we record it here for
the convenience of the reader. To find an exact preimage of g € B under P, is more
laborious, see 7] for details. Here we just note that if w € D satisfies the pointwise
regularity condition &(z) < w(z)(1 — |z|), then for each g € B, the function

w(z)
|2|w(z)
belongs to L> and satisfies P, (h) = g.

Lemma 2. Let w € D. Then P,: L>® — B is bounded and onto.

Proof. The fact that P,: L>® — B is bounded for each w € D is contained in
[5, Theorem 5(ii)|, but since the proof is short we sketch it here for the convenience

h(z) = g(0) + (229'(2) + g(2) — 9(0))

of the reader. If h € L, then (P, (h = Jp h( "(z)w(¢) dA(C), and hence
(2.1) gives
h|| s
(P )] < bl [ [B)(¢)dA() = ﬂ_”jd, e

It follows that P, : L*>* — B is bounded.
To see that P,: L — B is onto, let g € B. Then it induces an element in (A})*
by the formula

[ lim fr’( )9(2)w(z) dA(z).

r—1-
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On the other hand, the Hahn—Banach theorem and the well-known duality (L1)* ~
L*° guarantee the existence of ¢ € L* such that

i [ £()500 / £z 4A() = lim [ () dAC)

r—1— r—1-

for all f € Al. Now, note that P,(f.) = f. and that P, is self—adjomt. We have

lim fr( )9(2)w(2) dA(z) = lim Dfr(Z)(Pw(w))(Z)w(Z) dA(z).

r—1-

But P,(¢) € B by the first part of the proof, thus ¢ — P, (¢) € B and represents the
zero functional. It follows that ¢ = P,(¢), which completes the proof. O

With these preparations we are ready to prove our main result.

3. Proof of Theorem 1
Let F € (AP)*. Since f, — f in AP, we have F(f,) — F(f). The weight W

w?

induces a reproducing formula through its kernel B by
9= [ HOBFOW(QdAQ), €D,
and hence (for instance, by approximating f, by polynomials) one obtains
Fit) = [ £4OF (BFT0) Wi0) d4().

Here the subindex in F), indicates the variable of the function with respect to which
F operates. Of course, by using any orthonormal basis {e,} of A%, the kernel can

be expressed as BY (() = >, en(¢)en(z), and hence one can explicitly write

F(f,) = / £:(¢C (Zmﬂen)) W(C) dA(Q).

Anyhow, the function

9(0) = F. (BF(Q) = > enlO)F

satisfies
FU) = [ HOGOWOAQ) = o)y

Moreover, using the linearity of F' on the difference quotient along with the fact that

for a fixed ¢ € D, z — BW(() is analytic in a disc containing D, it is easy to see
that g € H(D) and

¢(¢)=F. ((BFY(Q), ¢eD.
Therefore, since BV (¢) = Bg{V(z)7 (2.1) yields

e — |4 ;n_ d : d wl
19O = ‘dZF(BZV) = ‘F <dZB< ) <|IFIP | =B .
T B N _ 17|
Sl /D Z(BYY(2)| wle)da mp/\ w(z) dA(2)
o 4 a Talk )
< ||F|* — dt = || F||P = ’ ’
A T ”/0 A = @i 7T
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and it follows that g € B.
We next show that each g € B induces a bounded linear functional on A? via
(-, 9) a2, To see this, we first show that W € D. A radial weight W belongs to D if

and only if there exist C = C(W) >0, « = o(W) > 0 and 8 = B(W) > « such that
1—r
1—-t¢

—~

(31 G :Z)a/u?(t) <) <C (

B
) W), 0<r<t<l.

It is easy to see that the right-hand inequality is equivalent to W € D [6], and an
analogous argument shows that the left-hand inequality is satisfied if and only if W

has the doubling property /W(r) > C'/W( — %) for some C, K > 1. Now that
W(r) =&(r)7(1—r)»~", (3.1) applied to w € D implies

B
_ 1—r\2ts 1 __
W(r)g(?%(l_:;) W), 0<r<t<l,

for some C' = C'(w) > 0, and hence W € D. Moreover, for ecach K > 1,

/W(r)m(l_l;{r) (1_<1_1[—(T))%—1 <1_(11%%)p_1

—~ 1—
:W(l— KT)K%‘I, 0<r<l,

=

and thus W € D.

Since Py : L — Bis bounded and onto by Lemma 2, the open mapping theorem
ensures the existence of M = M (W) > 0 such that for each g € B there is h € L™
for which g = Py (h) and ||h||~ < M||g||5. Fubini’s theorem shows

/D £ ()92 W (=) dA(z) = /D £ (2 P (W) ()W (2) dA(z)

_ /D £.(2) /D RO BI (W (C) dA(QW (=) dA(2)

= [70 ([ #amY e aac) ) wi aa)
_ /D m( /D £, () BF ()W (2) dA<z>) W (C) dA(C)
= [ 1MW () dA(0)

and hence, as the L'-mean M;(r, f) of f € H(D) is increasing in r,
(9 ) < lim [ RQUBOIV(Q) dAQ) < bl 1Ly, < Mlglal Ly,

Now that W(S) = w(S)% for each Carleson square S by the identity W(r) =
@(r)%(l — 7’)%_1, the measure WdA is a 1-Carleson measure for AP by [4, Theo-
rem 1|, and hence we deduce |(f, g)A%V| S lgllsll f1] az,-

The explicit use of the surjectivity of Py : L™ — B can be avoided by arguing in
the following way. First, use Green’s theorem to the moduli of monomials or calculate
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directly to get
[(fo g az, | S0 a2, 1+ 1F(0)]|g(0)]

o) S tin [ RGNS (2)446) + 1Ll
W*(z
Slalle i [ 17G)17= ) dAG) + 1l ol

where W*(z) = fé' log |78|W(5>5 ds. Since the Cauchy integral formula and Fubini’s
theorem give M;(r, ¢')(1 —r) < 4M; (£, g) for all g € H(D) and 0 < r < 1, and
W*(r) < ﬁ/\(r)(l —r) for each radial weight W and all 3 < r < 1, a change of variable
and the hypothesis W € D yield

[(frg)az | S ||9||B/ [f' ()W (2) dAz) + 1 f ]z llg]ls
(3.3) D W
z

< z
Slalls | 1FI=2
The assertion now follows similarly as above once we have shown that ﬁ/\(z)(l —
|2])71dA(z) is a 1-Carleson measure for AP. But since W € D, by (3.1) there exist

C =C(w)>0and a = a(W) > 0 such that

L — .

d —

W) gy < 0 ) | o s 0<r<n,
1—s (I=r)>/J, (1—s9)t

and the desired property follows by [4, Theorem 1|. One may also complete the

proof directly from (3.2) by applying a result concerning differentiation operators [4,
Theorem 2].

dA(z) + [|f]laz llglls-

T
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