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Abstract. To any compact Riemann surface of genus g one may assign a principally polarized
abelian variety of dimension g, the Jacobian of the Riemann surface. The Jacobian is a complex
torus, and a Gram matrix of the lattice of a Jacobian is called a period Gram matriz. This paper
provides upper and lower bounds for all the entries of the period Gram matrix with respect to a
suitable homology basis. These bounds depend on the geometry of the cut locus of non-separating
simple closed geodesics. Assuming that the cut loci can be calculated, a theoretical approach
is presented followed by an example where the upper bound is sharp. Finally we give practical
estimates based on the Fenchel-Nielsen coordinates of surfaces of signature (1,1), or @-pieces. The
methods developed here have been applied to surfaces that contain small non-separating simple
closed geodesics in [BMMS].

1. Introduction

Let S be a hyperbolic Riemann surface of genus g > 2. We call a set of 2g
oriented simple closed geodesics
A = (Oél, o, ... ,Oégg_l, Oégg)
a canonical basis, if
. Q; .. 1 odd
- for each «; there exists exactly one a,; = Hlogp 1O € A that
a1 i even
intersects «; in exactly one point,
- the curves are oriented in a way, such that
Int(a;, 41) =1 forall i =1,3,...,2g—1,
where Int(-, -) denotes the algebraic intersection number.

Note that A can be called a basis as the homology classes ([v]);—; o, C H1(5,Z)

form a basis of H;(S,R) as a vector space. In the vector space of real harmonic 1-
forms on S, let (oy),_; ,, be the dual basis for ([ov]) C H,(S,Z) defined

by
/ O — 5zk
(o]

A period Gram matriz Ps (with respect to A) of S is the Gram matrix

Ps = (<0i>0j>)i7j:1,,“,29 = </S o; N\ *Uj) :
ij=1,...,2g

https://doi.org/10.5186/aasfm.2017.4242
2010 Mathematics Subject Classification: Primary 14H40, 14H42, 30F15, 30F45.
Key words: Riemann surfaces, Jacobians, harmonic forms, energy, hyperbolic geometry.

7;:1,...729



694 Bjoern Muetzel

This period matrix Pg defines a complex torus, the Jacobian or Jacobian variety
J(S) of the Riemann surface S (see [FK, Chapter III]). Let

E(O'Z) == Es(O'i) == /SO'Z‘ N *Ui = <O'Z',O'Z'>

be the energy of o; (over S). As Ps is a Gram matrix, E(c0;) is also the squared
norm of a vector v; in the lattice of the Jacobian.

In this paper, we examine the connection between the metric, hyperbolic geom-
etry of a compact Riemann surface and the geometry of its Jacobian. In previous
papers (see |BSi| or [Se]), this approach has been taken for special cases, for example
when the Riemann surface is a real algebraic curve. For these special cases, there
exist algorithms to calculate the period matrix.

On the contrary, when the surface is given in terms of its hyperbolic metric
we do not know explicitly the harmonic 1-forms. As the exact computation of the
period Gram matrix seems very difficult, we look for an approximation or estimate.
In this paper we find upper and lower bounds for all entries of the period Gram
matrix based on the hyperbolic metric of an arbitrary compact Riemann surface.
The bounds depend on the geometry of the cut loci of the curves in a canonical basis
and related simple closed geodesics. They are obtained by estimating the energy of
the corresponding dual harmonic forms.

The paper is divided into four parts: Section 1 is the introduction and Section 2
contains the preliminaries. In Section 3 we give theoretical estimates on the entries of
the period Gram matrix. Here theoretical means that the estimates depend on some
geometrical quantities that are not explicitly given in Fenchel-Nielsen coordinates.
Finally, in Section 4 we apply the approach of the previous section to find explicit
estimates.

More precisely, in Section 3 we find upper bounds for the energy of the dual har-
monic forms by estimating the capacity of hyperbolic tubes as follows: let T'(c ;) C
S be a topological tube, embedded in S that contains the geodesic a(; in its interior.
The capacity of such a tube gives an upper bound for the energy E(o;) of o;. This
is the diagonal entry p;; of the period Gram matrix Pg:

cap(T(ar¢))) > E(o;) = pis-

In our theoretical approach, the boundary of such a tube will be provided by the
cut locus of a simple closed geodesic of the canonical basis. More precisely, we will
take T'(cv-(;)) = Sr@), where S(;) is the surface obtained by cutting open S along the
cut locus C'L(a;)) of arq) (see (4)). This allows us to extend our tubes over the
whole surface S and to obtain a lower bound on E(o;). This bound is obtained using
projections of vector fields onto curves. Upper and lower bounds for the non-diagonal
elements are obtained in a similar way with the help of the polarization identity.

The method presented in Section 3 relies on the premise that the cut loci in ques-
tion can be calculated. The quality of the approximation depends on the geometry
of the surface. This is illustrated by two examples. One based on a necklace surface
and one based on a linear surface presented in this section. We obtain the follow-
ing estimates which—to our knowledge—are new in the literature. Here Example 3.1
shows the limitations of the method, while Example 3.2 shows a case where the upper
bound is sharp.

Theorem 1.1. Let N be a necklace surface of genus g > 2. Then there is a
canonical basis A = («a;);=1,. 2, for which we have: if N; is the surface obtained by
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cutting open N along the cut locus CL(co) of oy and Py = (pi;)i; is the period
Gram matrix with respect to A. Then
Cay e ll3 ()
_— > > =5 d Ny) > but Ny) >
g—1° P22 = 47r(g — 1) an cap( 1) = P22, u Cap( 1) =1
where c,, Is a factor that depends only on the fixed length ¢(c) of ci; and ||[ay]]|s s
the length of a shortest multicurve in the same homology class as ;.

Hence pyy is of order é and goes to zero, as g goes to infinity. Our upper bound,

on the contrary, is always bigger than the constant Z(:—l) This example shows an

instance of the case where our upper bound cannot be of the right order.

Theorem 1.2. Let L be a linear surface of genus g > 2. Then there is a canonical
basis A = (o )i=1,.. 24 for which we have: if L, is the surface obtained by cutting open
L along the cut locus C'L(cy) of oy and Py, = (p;;)i; is the period Gram matrix with
respect to A. Then

pa2 = cap(L1) — er,
where €, > 0 depends on the geometry of L and may become arbitrarily small.

This example shows an instance of the case where the bound is sharp for any
genus.

The methods developed in this paper have been applied to surfaces that contain
a short simple closed geodesic v in [BMMS]. If v is a separating closed geodesic
then the matrix Pg converges to a block matrix if ¢(-y) goes to zero. In this case the
bound on a non-diagonal entry of Ps given with respect to a suitable canonical basis
is sharp. The results of this section are summarized in Theorem 3.1 and 3.2.

Finally, in Section 4 we apply our approach to a surface S given in Fenchel—-
Nielsen coordinates. The theoretical estimates from Section 3 depend on the cut loci
of curves which are often difficult to handle. To bypass this problem we work with
one-holed tori or @)-pieces. Under this condition the cut loci of the elements of a
canonical basis can be (at least partially) calculated.

The method does not use all 6g — 6 Fenchel-Nielsen coordinates, but only uses
the 3¢ coordinates of g Q-pieces which are determined by two intersecting homology
classes. More precisely, let

(Qi)i:1,3,...,2g—1 cs
be a set of Q-pieces, whose interiors are pairwise disjoint. Let ; be the boundary
geodesic of Q;, a; an interior simple closed geodesic, and tw; the twist parame-
ter at a;. The geometry of Q; is determined by the Fenchel-Nielsen coordinates
((5;), £(;), tw;). We assume furthermore that
(i), 1
6

)+§ forall 7€ {1,3,...,29 — 1}.

By [Sch], Corollary 4.1 such a pair (o, 3;) always exists. This choice is made for two
reasons. First it facilitates the calculation of the length of a suitable a4 = .
Second it follows from the collar lemma in hyperbolic geometry that small simple
closed geodesics have large collars, which in return gives good estimates for our
upper bounds on the energies (see Section 2.2).

In Section 4, we first determine suitable a,; C Q; for each «;, such that the
pairs ((a;, ar(i)))i=1,3,..,29—1 form a canonical basis. Now fix an i € {1,3,...,2¢9 — 1}.
Let avir;) C Q; be the simple closed geodesic in the free homotopy class of o (a-(;)) ™
(see Figure 1). For j € {i,7(d),i7(3)}, let

(1) cosh(g(gi)) < cosh(
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- B; = B; be the boundary geodesic of Q;,
- tw; the twist parameter at a;,
- F'N; = (0(B;), ¢(a;), tw;) the corresponding Fenchel-Nielsen coordinates of

g

Figure 1. A Q-piece Q;. The curve a;,(;) is in the free homotopy class of ai(aT(i))_l.

In Section 4.1, FN,; and F Nj; ;) are calculated from F'N;. Section 4.2 and 4.3
give explicit functions providing upper and lower bounds on all entries of Ps = (p;;); ;-
These estimates are summarized in Theorem 4.1.

An example of a period Gram matrix obtained via this method is worked out in
Example 4.3. We obtain the following estimate for a parameter family of Riemann
surfaces of genus 2.

Example 1.3. Let O; and Q3 be two isometric Q-pieces given in Fenchel-Nielsen
coordinates F'N; and F'Nj, respectively, where F'N; = (£(5;), {(cu), tw;) = (2,1,0.1)
for i € {1,3}. Let S = Q; + Q3 be a Riemann surface of genus 2, which we obtain

by gluing Q; and Qs along 3; and 3 with arbitrary twist parameter twg € (—%, %]
Then there exists a canonical basis A = (aq,...,a4) and a corresponding period
Gram matrix Pg, such that

211 —-0.46 -042 -0.26 2.53 0.20 0.42 0.26

—0.46 033 —-0.26 —0.11 < p. < 0.20 0.44 0.26 0.11

—042 —026 211 —046 | ="°=1 042 026 253 0.20

—-0.26 —-0.11 —-0.46 0.33 0.26 0.11 0.20 0.44

In Section 4.4, the results are summarized in Table 1 and compared with the
upper bound that can be obtained from the method in [BS] applied to Q-pieces.
This bound is in general much larger.

We note that for j € {7,441} our upper bound for the diagonal entry p-(;)-(j) =
E(0.¢;)) is close to the lower bound, if a large part of the cut locus C'L(c;) of
is contained in the corresponding Q-piece Q; and if ¢(¢;) - [tw,| is small. The first
condition is fulfilled if the length ¢(3;) of the boundary geodesic f3; is small, the
second if both ¢(«;) and |[tw;| are small. This justifies the choice of ¢ in inequality
(1). It is noteworthy that for [tw;| = 0 and ¢(3;) small the estimates are almost
sharp, independent of the length ¢(c;).

The estimates for the entries of Pg are linear combinations of the upper and lower
bounds for the energies of dual harmonic forms. Hence these estimates are good if
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all Fenchel-Nielsen coordinates involved are small. Note that by [BSe2| there exists
a canonical basis for a Riemann surface of genus ¢, where the largest element is of
order g. Hence, at least the condition on the length of the geodesics involved can in
principle be satisfied for small g.

The advantage of the method is that information about the geometry of the
surface can be incorporated. Suppose, for example, that the geometry of ), the
surface of signature (0, 3), or Y-piece, attached to the Q-piece Q; is known. Then for
J € {1,2,12} the cut locus C'L(c;) N (Q1 U Y1) can be calculated. Incorporating this
information, we obtain better estimates for the corresponding entries of the period
Gram matrix. Information about isometries of the surface can also be incorporated.
This is shown in Example 3.2.

2. Preliminaries

Many calculations presented in the following sections rely on the embedding
of topological tubes around simple closed geodesics of Riemann surfaces into hyper-
bolic cylinders and subsequent approximations and calculations in Fermi coordinates.
These concepts are presented in Section 2.1. Then in Section 2.2 the definition of the
Fenchel-Nielsen coordinates used throughout the paper is given.

2.1. Fermi coordinates and capacity estimates. The Poincaré model of the
hyperbolic plane is the following subset of the complex plane C,

H={z=2+1wyeC|y>0}

with the hyperbolic metric ds? = y—12(61lx2 + dy?). Fermi coordinates v, with baseline
n and base point qy, are defined as follows: the Fermi coordinates are a bijective
parametrization of H

v:R*— H, 1 (t,8) —p(t,s),

where 9(0,0) = go. Each point ¢ = 9(t,s) € H can be reached by starting from
the base point ¢y and moving along 7, the directed distance ¢ to 1 (t,0). There is
a unique geodesic, v, intersecting 7 perpendicularly in ¢ (t,0). From (¢,0) we now
move along v the directed distance s to 1 (t, s).

A hyperbolic cylinder C' or shortly cylinder is a set isometric to

{¢(t,5) [ (t,5) € 10,0] x [a1, a0} mod {(0,5) = (b, ) | 5 € [as, az]},

with the induced metric from H. The baseline of C' is the simple closed geodesic
in C, which has length ¢(y) = 0.

Consider a cylinder C. Let U C C be a set and F' € Lip(U) a Lipschitz function
on the closure of U. Let G be the metric tensor with respect to the Fermi coordinates.
Then the energy Ey(F) of F' on U is given by

= 1Pl VG

Using Fermi coordinates, we obtain EU(F ) with Floy = f:

1 af(t, 5)* 0f(t,s)*
// | cosh(s) + cosh(s)T ds dt

8f(t, 5)°
2//¢1(U) cosh(s) .

(2)
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The capacity cap(R) of an annulus R C C'is given by
cap(R) = inf{Er(F) | {F € Lip(R) | Flo,r =0, Flo,r = 1}}.

In [Mu|, we obtain general upper and lower bounds on the capacity of annuli on a
cylinder of constant curvature. These annuli are obtained by a continuous deforma-
tion of the cylinder itself. A lower bound is obtained by determining explicitly the
function that satisfies the boundary conditions of the capacity problem on R and
minimizes the last integral in the above inequality (2). If the annulus R C C'is given
in Fermi coordinates by

R=y{(t;s) | s € [ar(t),a2(t)],t € [0, £(y)]},

where a;(-) and as(+) are piecewise differentiable functions with respect to ¢. Then
by [Mu, Theorem 4.1| we have:

Theorem 2.1. There exists a test function F*** € Lip(R), such that for H(s) =

2 arctan(exp(s)) and ¢;(t) = 81{9(;0)|so:ai(t) -ai(t) for 1 € {1,2}, the capacity of R
satisfies:
1 + Q1(t)2+Q1(t)?f12(t)+Q2(t)2 . o) 1
dt = E(F*") > cap(R) > dt.
Lo ey~ = EE 2 ) 2 ey

The estimate is sharp if the boundary is constant. In this case, ai(t) = ay,

as(t) = ag, and R is itself an embedded cylinder. Especially, for a; = —ay, this
simplifies to
()
3 R) = :
3) cap(F) m — 2arcsin((cosh(a;))™1)
€(v)
The estimate worsens, if the variation of the boundary, / |} (8)? + |ab(t)]? dt
t=0

increases.

2.2. Y-pieces and Fenchel-Nielsen coordinates. An important class of
hyperbolic Riemann surfaces with geodesic boundary are the surfaces of signature
(0,3), or Y-pieces. Any Riemann surface of signature (g,n) can be decomposed into
or built from these basic building blocks. The geometry of a hyperbolic Y-piece is
determined by the length of its three boundary geodesics.

If V is a Y-piece with boundary geodesics 71, 72,73, then we can introduce a
marking on Y. The marking entails labelling the boundary components to obtain the
marked Y-piece Y[v1, 72, 7v3]. For Y[y, 72, 73], we introduce a standard parametriza-
tion of the boundaries as explained below.

Let c¢;; be the geodesic arc going from 7; to 7; that meets these boundaries
perpendicularly. We set S' = R mod (¢t — t + 1) and parametrize all boundary
geodesics

Yt St = Vv, v2, sl it (b,
such that each geodesic is traversed once and with the same orientation. We param-
etrize the geodesics, such that +;(0) is the endpoint of 31, 72(0) is the endpoint of
12, and y3(0) is the endpoint of o3 (see Figure 2).

Two marked Y-pieces ) and ), that have a boundary geodesic of the same
length, can be pasted together. If vy C ) and 7 C )’ are the geodesics of equal
length, then we can glue ) and )’ using the identification

n(t) =%(—t+tw), tes
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where tw € R is an additional constant, called the twist parameter. We obtain the
surface

Y+Y mod (71(t) =+ (—t +tw), t € Sh).
If 7 is the simple closed geodesic in Y + ), which corresponds to 7, in ), then we
call tw the twist parameter at .

72 3
C23

C12 C31
71

Figure 2. A marked Y-piece V[v1,72,73]-

Every Riemann surface S of signature (g,n) can be built from 2g — 2 +n Y-
pieces. The pasting scheme can be encoded in a graph G(S) (see [Bu, pp. 27-30]).
Let L(S) be the set of 3¢ — 3 + n lengths of simple closed geodesics in the surface
S, corresponding to the boundary geodesics of the Y-pieces from the construction.
Let B(S) be the set of 3g — 3 + n twist parameters that define the gluing of these
geodesics. Then any Riemann surface S can be constructed from the information

provided in the triplet (G(S5), L(S), B(S)).

Definition 2.2. (L(S), B(S)) is the sequence of Fenchel-Nielsen coordinates of
the Riemann surface S.

We finally note that, up to isometry, any Riemann surface can be constructed
taking all twist parameters in the interval (—1, 1] (see [Bu], Theorem 6.6.3) and we
will make use of this fact in Section 4.

3. Theoretical estimates for the period Gram matrix

Let S be a Riemann surface of genus g > 2, A a canonical basis, and Pg the
period Gram matrix of S with respect to A,

Ps = (pw)i,j:17___,gg = (/ o; N\ UJ) .
S i,j=1,...,2g

Here we first show how to obtain bounds on the diagonal entries of Pg using the
geometry of embedded cylinders around the elements of the canonical basis. This
approach can be elaborated to obtain estimates for all entries of Pg. It relies on the
premise that the cut locus of a given simple closed geodesic on a Riemann surface
can be (at least partially) calculated.

3.1. Estimates for the diagonal entries of Ps. Let T'(a.;) C S be a
topological tube that contains the geodesic a;; in its interior. We will see in Sec-
tion 3.1.1 that the capacity of such a tube gives an upper bound for the energy of o;,
E(0;) = pi;. Consider without loss of generality E(o1) = p11.

We will use the tube obtained by cutting open S along the cut locus C'L(ay) of
ay. The cut locus of a subset X C S, CL(X) is defined as follows:

n CL(X):={y €S| ey Yoy Yoy # Yoy, With z,2" € X and
dist(z,y) = €(zy) = L(Vary) },
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where 7, denotes a geodesic arc connecting the points a and b. We denote by Sx
the surface, which we obtain by cutting open S along C'L(X). For a set X C S, set

(5) Z.(X) ={z €S |dist(z, X) <r}.

If U is a union of disjoint simple closed geodesics (7;);=1...n, then for a sufficiently
small r, Z,.(U) consists of disjoint cylinders around these geodesics. We obtain CL(U)
by letting r grow continuously until Z,.(U) self-intersects. We stop the expansion at
the points of intersection, but continue expanding the rest of the set, until the process
halts. The points of intersection then form C'L(U). It follows from this process that
the surface Sy, that we obtain by cutting open S along C'L(U), can be retracted onto
the union of small cylinders around (v;)i=1, . If U =+, then Sy can be embedded
into an sufficiently large cylinder C' around . For more information about the cut
locus, see [Bal.

Consider an embedding of S,, = S5 in a cylinder C' (see Figure 3), which, by
abuse of notation, we also call S;. The boundary 0S5, of Sy C C consists of the two
connected components 0;5 and 0252, which are piecewise geodesic (see [Bal).

Figure 3. Embedding of Sy = S,, in a cylinder around as.

Fixing a base point x € Sy C C, we can construct a primitive F; of o by
integrating o, along paths starting from the base point z. As fa2 o1 = 0, the value of
the integral is independent of the chosen path in S;. Hence, there exists a primitive
Fy of o1 on S5 € C. Furthermore, F} is a real harmonic function, as oy is a real
harmonic 1-form. We recall that the value of the integral of o; over a closed curve
depends only on the homology class of the curve. In particular, the value of the
integral is the same for two curves in the same free homotopy class. The boundary
0S5 C C has two connected components, 0155 and 0,5, that lie on opposite sides of
ap. The conditions on the canonical basis A imply the following boundary conditions
for F;. For each point p; on 055 C C, there exists a point py, such that p; and p
map to the same point p on S, and

Fi(p2) — Fi(p1) =0 or Fi(p:) — Fi(pr) = 1.
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We color P1 and P2 blue if Fl(pg) - Fl(pl) = 0 and red if Fl(pg) - Fl(pl) =1. prg is
on Sy and F(p1) — F(ps) = 0 for a point p;, such that po = p; on S, then we also
color p; and py blue. We call such a decomposition a red-blue decomposition of the
cut locus (see Figure 3).

Let CLP*(ay) and C'L™4(ay) denote the blue and the red parts of C'L(ay), both
in S and Sy. Then

CL(OKQ) = CLblue(Oég) U CLrEd(OéQ).

For the red-blue decomposition that is obtained via the cut locus C'L(as), the follow-
ing holds. If p; and py are blue, then p; and py lie both on either 9.5 or 3,.5;. If p;
and py are red, then they lie on opposite sides. This follows from the relationship of
the canonical 1-forms with the intersection number of curves (see [FK, Chapter III]).
At the intersection of the red and the blue parts of a boundary, there exist a finite
number points that are both red and blue.

We now connect the endpoints of two corresponding opposite red boundary seg-
ments in the red-blue decomposition of S; C C with differentiable curves. Then the
curves, together with the boundary segments of Sy, enclose a subset of S5. Note that
some of these curves may cross. Therefore we choose from Sy a subset of curves, such
that these do not mutually intersect and denote by Si*¢ the union of all enclosed
areas obtained this way.

3.1.1. Upper bound. Let T(as) C S be a topological tube (with piecewise
differentiable boundary) that contains the geodesic aw in its interior. Let 7 be a
closed 1-form that satisfies

(6) / g1 =01 forall ke {l,... 2g}.
[ovge]

Then oy is the unique energy-minimizing closed 1-form satisfying the above equation.
Hence, E(01) < E(61).
Let F' be a function, that solves the capacity problem for T'(cw), i.e.

Flora) =0, Flayr@,) =1 and cap(T(ag)) = E(F).

This function is harmonic in the interior of T'(cz). We obtain a 1-form o/ setting

Lo s\(T(aw)
! DF T (o) '

By Stoke’s theorem it satisfies Equation (6). Now, o} might not be a closed 1-form.
However, there is always a closed 1-form arbitrarily near ¢ that also satisfies (6) and
we may assume that o} is closed. This implies that

E(01) < E(oy) = cap(T(az)).

The above inequality is also used in [BS], where T'(as) is an embedded cylinder.
Setting T'(ay) = Sy, we obtain that the capacity cap(S;) of Sy C C provides an
upper bound on the energy of .

We obtain an upper bound on cap(S2) by evaluating the energy of any test
function Ff*' that is a Lipschitz function on Sy and satisfies the boundary conditions
of the capacity problem (see [GT]). As Sy C C is an annulus that satisfies the
conditions of Theorem 2.1, such a function F}*' is provided there:

(7) E(FfeSt) > cap(Ss) > E(01) = pu.
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3.1.2. Lower bound. We obtain a lower bound on p;; = E(F}) as explained
next. Consider the set Si*d. Remember that in each connected subset of Si*d there
are boundary points p; and py on opposite sides, such that Fi(py) — Fi(p1) = 1. We
obtain:

E(oy) = E(Fy) > /

L IDRE
2

Let I be a disjoint union of intervals in R and
@: I x [by,by] — S5, @ (t,5) = o(t,s)
a bijective function that parametrizes Si¢ as follows:
o(I x {b;}) = S54N 0,9 and (I x {by}) = SN LS,
and for a fixed ¢ty € I, o({to} X [b1,bs]) is a differentiable curve in Si*¢, such that

Fi((to, b2)) — Fi(p(to, b)) = 1.

Denote by F; the set of functions
Fr={f: S5 = R| feLip(S5?) and f(p(to,b2)) — f((to,b1)) =1Vt € I}.

We can obtain a lower bound on py; = E(071) = E(F}) if we find a function fl, such
that

N2 : 2
0 J PRI = in [ 10713

We call this problem the free boundary problem for S5ed.

Though this problem is quite interesting in its own right, we could not find an
explicit solution. To obtain an explicit result, we construct another lower bound
based on projection of tangent vectors on curves. For an x = p(tg, sg) € S3¢? denote

by

Dot To(SEY) — {A : W I\ e R}

the orthogonal projection of a tangent vector in x onto the subspace spanned by
W. With the help of this projection pr,: T'(S5%) — T'(S5%) we get:
B(R)= [ IDRIE= [ (DRI
Séed S'Qred
(9) ) )
> min [ (DO = [ lor DRI
2

- fer Séed

Here, f; is a function that realizes the minimum. We have

[ pRE= [ leraor)E
S;od S;od

red

if and only if in every point (o, s9) = = € S5°, p(to,-) is orthogonal to the level
set of F passing through x. Note that the problem of finding the function f; is
in general easier than finding the function F; or f;. We will apply these ideas to
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Q-pieces in Section 4. Summarizing the inequalities (7)—(9) we obtain the following
estimates for a diagonal entry of the period Gram matrix p;; = E(0y):

E(FY™) > cap(Suy) > E(o1) = E(FY)
10 . .
(10) > min / IDSI2 > min / lpra (DA
Séed fer Séed

T fen

Note that the upper bound differs from the lower bound. One reason for this differ-
ence is that the test function whose energy provides our upper bound has positive
energy on S5\ S5, whereas the energy is zero in the estimate providing the lower
bound. Another difference is due to the use of the projection along lines in the
construction of the lower bound. In Section 4, we will apply these methods to a
decomposition of the Riemann surface, where the elements of the canonical basis are
contained in Q-pieces. There, we will see these two effects explicitly. Generalizing
(10) we obtain for a diagonal entry of the period matrix:

Theorem 3.1. (Diagonal entries of Ps) Let S be a Riemann surface of genus
g > 2 and A = (o)i=1,. 24 be a canonical homology basis and (0;);=1,. 2, be the
corresponding dual basis of harmonic 1-forms. Let S,, = Sy be the surface obtained
by cutting open S along the cut locus C'L(cay,) of oy, and Ps = (p;j);; be the period
Gram matrix with respect to A. Then

E(Fuitest) Z Cap(ST(z)) 2 E(UZ) = Pii = E(E)

> min / IDfI2 > min / loro (DA
gt resi Js

feF;

3.2. Estimates for the non-diagonal entries of Pg. We now show, how we
can estimate the remaining entries of the period Gram matrix Ps. Since [, PENARER &
a scalar product, for i # j we have by the polarization identity:

(1) il < 5 (B(oi) + E(o3)
(12) pis = 5 (Bloi+0,) ~ Blor) — E(gy), and
(13) pis = 3 (Blow) + B(oy) — B(o — ).

We have shown how to find upper and lower bounds on E(o;) and E(o;). We
obtain a direct estimate of p;; from inequality (11). However, to obtain a sharp
estimate, both E(o;) and E(c;) must be small. We will show how to obtain better
estimates of p;; from the following two equations. If we can find upper and lower
bounds on either E(o; + ;) or E(o; — 0;), we will obtain an estimate for p;;. Now
o; + 0; and o; — o; satisfy the following equations on the cycles:

(14) / oi+0j =0y + 0, and / o, —0; =0k — 0, forall ke {l,...,2¢}.
(o] (k]

There is a geodesic « in the free homotopy class of either a(;) - az(;) or aT(i)(aT(j))_l
which is a simple closed curve. Applying a base change of the canonical basis, we
can incorporate « into a new basis. This can be done, such that one of the two
1-forms o0; + 0; and 0; — 0; becomes an element of the new dual basis. Hence we can
obtain upper and lower bounds for the energy of one of these harmonic forms using
the methods from the previous subsection.
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Since it can be difficult to explicitly parametrize a suitable geodesic «, we will
present this approach only for the case a; = o, ;). We present these estimates in
Section 3.2.1. If a; # o, (;), we will present an alternative approach in Section 3.2.2.
We will make use of both methods in Section 4.

3.2.1. Estimates for a non-diagonal entry p;,.). Consider without loss of
generality pis. Let aqs be the simple closed geodesic in the free homotopy class of
aj as . 'We apply the base change

/
A= (Oél,Oég,...,Oégg) — (a12,a2,...,a29) = A"
This way we obtain the dual basis (0),_, ,, for A’, where
/ / / /
(0'1, 01+ 02,03,..., U2g) = (Ula 09,03, - ,0'29).

Let Fi15 = Fj be a primitive of oy + 09 = 0 on S,,, = S12. We embed S;5 into
a cylinder C' and denote this surface also by Sj3. Proceeding as in the previous
subsection, we obtain upper and lower bounds on E(o; + 03) = E(0}) from the
geometry of Syy:

E(F[$*") > cap(Si2) > E(oy + 03) > Egrea (pryo(D fi2)).

Here F{$ is the test function provided by Theorem 2.1, whose energy provides
an upper bound for cap(Si2) and fi is the function constructed analogously to
f1 (see inequality (9)). Substituting the estimates of E(oy + 03), E(01), and E(09)
in Equation (12), we obtain an upper and lower bound on pj5. These equations are
summarized in Theorem 3.2 in the following subsection.

3.2.2. Estimates for a non-diagonal entry p;;, where j # 7(i). In
this case a; and «a; do not intersect. Consider without loss of generality p;3. Then
ar1) = g and a3y = ay. Recall that S,,ua, := Sa4 is the surface, which we obtain
by cutting open S along C'L(as U ayy) (see (4)).

Figure 4. Embedding of S, in a cylinder C; around o, fori e {1,3}.

So4 conmsists of two connected parts. Let S5, C S,, be the part that contains ay
and let S5, C S,, be the part that contains ay. We embed S3, into a cylinder C;
around ay and S, into a cylinder C3 around a4, and denote the embedded surfaces
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by the same name. Due to the relationships in Equation (14), o1 4+ 03 has a primitive
on both S}, C C; and S3, C C3. Such a decomposition is shown in Figure 4.

For i € {1,3}, let Ff*' on S%, be a test function for the capacity problem on Si,.
As in Section 3.1.1 we conclude

E(Fy*™") > cap(Sy) = E(o1) and  E(F;™) > cap(S3,) > E(03).

Together, these functions naturally define a function Ff§™ on Sy, whose derivative
DF$* satisfies the same integral conditions on the cycles as o7 + 03. Due to the
energy-minimizing property of o, + 03, we obtain

E(F5™") = BE(F*™) + E(F™") > cap(Sy,) + cap(S3y) > E(01 + 03).

We obtain a lower bound for E(o; + 03) by applying the same methods used to
obtain a lower bound on F(oy) on Sy in Section 3.1.2: we obtain estimates from the
red-blue decompositions induced by a primitive Fi3 of o1 + o3 on the boundary of
Si, in Cy and S3, in C3. The only difference is that we have some segments of the
boundary, where the red-blue decomposition does not apply. Here we disregard these
pieces in the construction of S3ed and S3ied. As these sets are disjoint, we have to

find a function fi3 that satisfies

fis(p2) — fis(p1) = Fis(p2) — Fis(p1) =1

for all points p1, ps in 0S4 or 055! satisfying the above equation. Let pr, be the
projection of a vector field in the tangent space onto lines of a suitable parametriza-
tion ¢ of S3:°d and S3:°d. Note that this parametrization can be extended naturally
to Sred and S4. We let fi3 be a function that satisfies the above equation and
minimizes the projected energy F(pr,(D-)) on S3d U Siied. Then

E(0o1+03) > Egea(pry(D f13)), where Sped = Gored (y Gred
Substituting the estimates for E(oy + 03), E(01), and E(o3) in Equation (12), we
obtain upper and lower bounds on p;3:

(15) P13 < % (cap(5214) + Cap(S§’4) - ESaczd(pr@(Dfl)) - Esgid(pT@(Dfs)D > 0,

(16)  pis > 5 (Esga(pro(Dfis)) — cap(Sa,) — cap(S..,)) < 0.

In the above equation, for ¢ € {1,3}, f; is the minimizing function corresponding to

a primitive F; of o; on S;er(i) given in Theorem 3.1. That our estimate for p;3 in the

first inequality is bigger than zero can be seen as follows. By construction, we have
S34 C Sa, and S5, C S,,. Now, if an annulus R, is contained in an annulus Ry, then
cap(Ry) > cap(Ry). Hence

cap(5214) > cap(Sa,) > Esge; (pro(D f1)) and Cap(55’4) > cap(Sa,) > Esgf(p%(DfB))a

from which follows the last inequality in (15). It follows furthermore from the bound-
ary conditions of the functions F, F3, and Fy3 that 953 C 9Sr! and 9531 C
9S4, Hence

Egrea(pry(D f13)) = Egpea (pro(D f13)) 4 Eggrea (pr(D f13))
< Egrea (pro(Df1)) + Egrea (pro(Df3)).
Now the second inequality in (16) follows from this inequality and the fact that
Egrea (pro(Df1)) < cap(S,,) and Egrea (pro(Df3)) < cap(Sa,)-
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Using this approach, we can only obtain optimal estimates if p;3 is close to zero.
This is due to the fact that we do not have full information of the boundary values
on our tubes S5, and S3,. This estimate is however better than the one obtained
from Equation (11). Note that by [BMMS]| the value of py3 is close to zero, if o and
ay are separated by a small separating simple closed geodesic . Generalizing the
notation used in this subsection, we summarize its results in the following theorem:

Theorem 3.2. (Non-diagonal entries of Pg) Let S be a Riemann surface of
genus g > 2 and A = (o)i=1,. 2, be a canonical homology basis and (0;);=1,.. 24 be
the corresponding dual basis of harmonic 1-forms. Let Ps = (p;;);; be the period
Gram matrix with respect to A. Let oy, be a simple closed geodesic in the free
homotopy class of o;(a;y)~". Let S,, = Sk be the surface obtained by cutting open
S along the cut locus C'L(oy,) of oy,. Then we obtain for the non-dialgonal entry p;;

1

3 <Es;gc(1i) (pro(D firi))) — cap(S;) — Cap(&(i))) < Diri)

1
< 5 (cap(Sir)) = Esyes (0ro(Dfi)) = B (07(D ) ) -

Let p;; be a non-diagonal entry, where j # 7(i). Then

1 i
Pij < 3 <Cap(5—r(i)7-(j)) + cap (S iy, y) — Egrea (pre(Dfi)) — Egrea (P%(ij))> >0,
1

Pij = B <ES;?‘3)T(j)(prso(Dfij)) — cap(S-(;)) — Cap(Sr(j))> <0.

3.3. Examples. We now give two examples to demonstrate the weaknesses and
strengths of our method. We first show that the energy of a dual harmonic form can
be lower than the capacity of a cylinder of even infinite length. The upper bound on
P22 in the following example is due to Buser.

Ri

Figure 5. Building blocks for the surfaces N and L of genus g.

Example 3.1 For comparison we briefly review the example of the necklace
surface given in [BSel|. Let ) be a Y-piece, a surface of signature (0,3). Let 7,7
and 7' be its boundary geodesics, such that  and 7’ have equal length. We paste
two copies of ) along n and 7’ to obtain R of signature (1,2). As shown in Figure
5, the necklace surface N of genus ¢ is obtained by pasting together g — 1 copies
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Ri,...,Ry-1 of a building block R. The free boundary of R,_; is pasted along v,
of R; to obtain a ring. In this example, the twist parameter for any pasting can be
chosen arbitrarily.

By the collar lemma (see [Bu, p. 106]), each v; has a collar of width w., where

) 1
W~ Z arcsinh 75() .
sinh(=3*)

Let A = (a;)i=1,..29 be a canonical basis, such that oy = 7, and a;q) = ay is
a simple closed geodesic that intersects all (7;);=1,.. 4—1 exactly once. Let Pg be the
corresponding period Gram matrix. We will examine the upper bound on the entry
pa2 = FE (0 2)-

Following our method, we have to embed N; = N,, into a cylinder C; and have
to evaluate cap(N;). Now if an annulus R; is contained in an annulus Rs, then
cap(Ry) > cap(Ry), and hence cap(Ny) > cap(Cy). From Equation (3), it follows
that the capacity of the cylinder C; with baseline of length ¢(ay) = £() of infinite
width is not zero. We obtain

l l

(17) cap(M) = eap(Cy) = L) = {)

We now give another estimate for the energy of oy with the help of a test form s,.
This approach applies only to this example. To this end consider the collar C(~;)
of a 7;. On each C(v;) set s = DFy, where Fy is the real harmonic function that
has value 0 on one boundary of C(y;) and gfll on the other. We set s5 = 0 on
S\ U%Z] C(;). Then s, is arbitrarily close to a closed form that satisfies the same
conditions on the elements of A as 09 and we have

(g—1D7%- L) Cay
18  Elo) < B(s) <(g-1)- ) o e
T — 2arcsin (7@5}1(%)) g—1

where w, is bounded from below by the collar lemma.

The lower bound on pys follows from a different source. Let || - ||s be the stable
norm for H;(S,R) (see [MM, pp. 1,2| for details). Let J: H'(S,R) — H;(S,R)
be the Poincaré duality map. It follows from the definition in [MM, p. 4] and the
corresponding Lemma 2.2 that in [MM] the map J satisfies

(19) / o=1Int(J(o),[a]) forall [a] € H(S,R), o € H'(S,R).
[a]
Combining Theorem 1.1 and Lemma 2.1 of [MM], we obtain for any [«] € H;(S,R):
o] [I3 -1
(20) e < B ()

It follows from the relation between the integration over cycles and the intersection
form that with respect to a canonical basis

J(O'Q) = [Oél] and J(O'l) = —[062].

This can be deduced from Equation (19), see also [Jo, Chapter 5.1] for more details.
Furthermore ||[a1]||s is the length of a shortest multicurve in the homology class of
a;y. We obtain from (20):

(21)

]2

m S E(O'g).



708 Bjoern Muetzel

In total we obtain from Equation (17), (18) and (21):

Lemma 3.3. Let Ny be the surface obtained by cutting open the necklace surface
N along the cut locus C'L(cy) of ;. Then
((a)

2
Ca aq)|ls
g——ll > E(02) > % and cap(N1) > E(02), but cap(N;) > —

where c,, is a factor that depends only on the fixed length ¢(c;) of oy and |[|[ay]]|s Is
the length of a shortest multicurve in the same homology class as «;.

Hence, E(o9) is of order % and goes to zero as g goes to infinity. Our upper

bound, on the contrary, is always bigger than the constant @:) This shows that

there exist examples where our upper bound can not be of the right order. This
might be due to the fact that the projection of C'LP"(a;) onto oy can attain almost
the length of a;. Hence, as C'LP"(qy) is large, F(03) might be small. Theorem 1.1
then follows from the lemma above.

Example 3.2 For our second example we construct a linear surface L of genus g.
This example belongs to the class of M-curves described in [BSi]. In this construction,
we use Y-pieces ), where the length of  and 7’ is large. We construct R from two
copies of these Y-pieces as in the previous example, however, here the twist parameter
in the two pastings is zero. To construct a surface L of genus g, we paste together
g—2 copies R, ..., Ry_1 along the ; (see Figure 5). Then, we take two copies of ),
Y1, and Y, and paste each together along 1 and 7’ to obtain Q;, and Q,, respectively.
For i € {1, g}, let n; denote the image of n in Q;. Then we paste Q; and Q, on each
side of Ry and R,_1, respectively. Again, the twist parameter for any pasting is zero.

Let A = (o)i=1,.,29 be a canonical basis, such that oy = 9 and ay is the
unique simple closed geodesic in Q; that intersects a; perpendicularly. Let Pp be
the corresponding period matrix. We now show that in this case, the upper bound
for pey = E(05) is optimal. Therefore we use the symmetries of the surface L.

To this end, we first determine the cut locus C'L(ay) of ay. Set 1/{’ = «p and for
i€{2,...,9— 1} let ¥ C R; be the simple closed geodesic that intersect n; and 7,
perpendicularly (see Figure 5). Fori € {2,..., g} let v/ be the simple closed geodesic
that intersects the geodesic v; and v?_ | perpendicularly. Set Vgi1 = 1)g and let Vg be
the simple closed geodesic in Qg, intersecting 1, perpendicularly.

Claim. The cut locus CL(a;) = CL(a1)™® U CL(ay)b"¢ of ay in L consists of
the sets

CL(a)™ = {v5,..., vy} and CL(ay)™e = {b, ... 0

Y g *
Proof. To prove this claim one can use the symmetries of the surface. The proof
is elementary and it is therefore left to the reader. O

We now show that our capacity estimate for psy = E(03) is almost sharp. To
this end we consider the isometries ¢q, ¢o and ¢ in Isom(L).

- Let ¢y € Isom(L) be the hyperelliptic involution that fixes C'L(ay) as a set,
such that for all i € {2,...,9 — 1}: ¢1(n;) = n..
- Let ¢o € Isom(L) be the isometry that fixes CL(ay) as a set and all v}
point-wise.
- Set ¢:¢1O¢2.
¢ is the isometry that maps any point q in C'L(a;)™! C S to the corresponding
point ¢’ in the red-blue composition induced by o3. Consider a primitive F3 of o5 on
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Lo, = Li. Fy0¢, is a harmonic function, whose derivative D(Fyo0¢s) defines a 1-form
ob on L. ol satisfies the same conditions on the cycles as 09. Due to the uniqueness
of 0y, 0, = 05. In the same way 1 — F; o ¢; is a harmonic function, whose derivative
—D(Fy0¢y) defines a 1-form ¢ on L that satisfies the same integral conditions on the
cycles as gy. This leads to o = 09. By choosing an appropriate additive constant,
we obtain:

F2 e} ¢2 = F2 and
1—FQO¢1:F2:>1—F2:F20¢1.
Now, for any ¢ on one side of CL(a;)™ C Ly, we have

1= Fy(q) — Fa(o(q) = Fa(q) — Fa((d1 0 92)(q))).

Using the two equations above this yields Fy(q) — (1 — Fa(¢2(q))) = 1 or likewise
2F5(q) = 2, hence Fy(q) = 1. As Fy(q) — Fa(¢(q)) = 1 it follows that Fy(¢(q)) = 0.
In total we obtain:

Fy(¢(g)) =0 and  Fy(g) = 1.

Hence, the red parts of the boundary satisfy the conditions for the capacity problem.
Consider the two boundary geodesics 1 and 1’ of our building block Y. If ¢(n) = ¢(n)
is large, then it follows from hyperbolic geometry that the curves (l/f)izzm,g are
arbitrarily small. The limit case is a surface L* with 2(g — 1) cusps. The 1-form o
is, however, well-defined on L* (see also [BMMS]). As the harmonic form o5 depends
continuously on the domain, we obtain for small (l/f’)i:zm,g:

D22 = E(U2) = Cap(L1> — €L,

where ¢, > 0 depends on the geometry of L and may become arbitrarily small. Hence
our upper bound for a diagonal entry of P is sharp. We have shown:

Lemma 3.4. Let L; be the surface obtained by cutting open the linear surface
L along the cut locus CL(ay) of ay. Let (0})j=1,. 24 be the dual basis of harmonic
forms with respect to A. Then

E(03) = cap(L1) — €,
where €;, > 0 depends on the geometry of L. and may become arbitrarily small.

Theorem 1.2 then follows from the lemma above.

4. Estimates for the period Gram matrix based on Q-pieces

We note that all hyperbolic trigonometric identities in this section can be found
in [Bu, p. 454]. In this section we present practical estimates for the period Gram
matrix, based on the Fenchel-Nielsen coordinates of Q-pieces containing the paired
curves of a canonical basis. Under this condition, the cut loci of these curves can be
(at least partially) calculated.

More precisely, let S be a Riemann surface of genus g > 2. Let (Q;)i=13,..29-1 C
S be a set of Q-pieces, whose interiors are pairwise disjoint. Let §; be the boundary
geodesic of Q;, «; an interior simple closed geodesic, and tw; € (—%, %] the twist
parameter at ;. The geometry of Q; is determined by the triplet (¢(5;), £(a;), tw;).

Now fix an i € {1,3,...,29 — 1}. Let a,; C Q; be a simple closed geodesic
that intersects a; exactly once, and a;-;; C Q; the simple closed geodesic in the free
homotopy class of a;(a¢;))~*. For j € {i,7(i),ir(i)}, let

- B; = i be the boundary geodesic,
- tw; the twist parameter at a;,
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- F'N; = (0(B;), ¢(a;), tw;) the corresponding Fenchel-Nielsen coordinates of
Q.
In Lemma 4.2 we show how to find a suitable geodesic a,(;) that intersects a; once

and how to calculate F'N; ;) and F'Ni.(;) from F'N;. This enables us to state estimates
for all entries of the period Gram matrix Ps of S based on the 3g Fenchel-Nielsen

Theorem 4.1. Let S be a Riemann surface of genus g > 2 and (Q;)i=13,..29-1 C
S be a set of Q-pieces, whose interiors do not mutually intersect. If Q; is given in the
Fenchel-Nielsen coordinates F'N; = (¢(5;), {(«;), tw;), where «; is an interior simple
closed geodesic, such that cosh(@) < cosh(@) + 1. Then there is a simple closed
geodesic a; C Q;, and a simple closed geodesic ;) in the free homotopy class of
() ~t, and the following functions

11
U5 RTx RY x (—5, 5] — R", (see Section 4.4)
f*r FNjw— f“(FN;) and f': FN; — f{(FN;),

that provide upper and lower bounds for all entries of the corresponding period Gram
matrix Ps = (p;;):; as follows. For a diagonal entry p;;, we have:

fl(FNT(i)) <pi < fu(FNT(i))-

For a non-diagonal entry p;r(;, we have:
piry) < = (f*“(FNizy) — f(FNyo) — f/(FN;)) and

Pirty > 5 (F{(FNiiy) = f“(FNyw) = fU(FN)) -

N — N

For a non-diagonal entry p;,, where k # (i), we have:

0 < |pu| < % (f“(FNw@) + f“(FNyg) — fFNyy) — fHFNrwy)) -

The condition on the length ¢(«;) of a; in Theorem 4.1 can always be fulfilled
by [Sch|, Corollary 4.1. This choice is made for two reasons. First it facilitates the
calculation of the length of a suitable a,; and a;r;. Second it follows from the
collar lemma in hyperbolic geometry that small simple closed geodesics have large
collars, which in return gives good estimates for the upper bounds on the energies.

In Section 4.1 we will show how to calculate all necessary Fenchel-Nielsen coor-
dinates. In Sections 4.2 and 4.3, we develop the functions f* and f! explicitly. In
Section 4.4, we summarize these formulas and give a summary of our estimates in
Table 1. Lastly, we give a good example for our estimates in Example 4.3.

4.1. Conversion of Fenchel-Nielsen coordinates for a Q-piece.

Lemma 4.2. Let Q; be a Q-piece given in the Fenchel-Nielsen coordinates
((51),€(aq), twy), where

- [ is the boundary geodesic,
- oy an interior simple closed geodesic, such that cosh(é(‘;“)) < cosh(@) + %,
- tw; the twist parameter at a;.
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Then there is a simple closed geodesic ay C Q1 and a simple closed geodesic oo in
the free homotopy class of oy (ay)™t, such that

cosh( B0\
cosh(£<ak)) = cosh (W) <M) +1,

2 sinh(agl))
where
[tw | . k=2
ti| = f
i {1—|tw1| or =12

Furthermore, for k € {2,12}, let twy be the twist parameter at «y, then
lar)|tw /4"
tanh (LUl panp (190
tanh(49x))

2’/“k _ 27’k
ag)” log)

|twy| = min {

} , where 7, = arctanh (

Figure 6. Two lifts of oy in the universal covering.

Proof. In Q; there exists a unique shortest geodesic arc n; meeting a; perpen-
dicularly on both sides of ;. Figure 6 shows a lift of ay and 7; in the universal
covering, o lifts to ay’ and ay* and 7; to ;. Note that oy’ and ay* have the same
orientations with respect to n. In the covering there exist two points, s’ € «;’ and
s* € ay*, on opposite sides of 7] and at the same distance from 7], such that s’ and
s* are mapped to the same point s € a; by the covering map. Observe that s’ and
s* can always be found, such that the distance r; from 7] is equal to w Let
aw’ denote the geodesic from s’ to s*. Using an’ we obtain two isometric right-angled
geodesic triangles. Since aw’ intersects s’ and s* under the same angle 6, the image
ap of ap’ under the universal covering map is a smooth simple closed geodesic, which
intersects a; exactly once. Hence we can incorporate oy into our canonical basis for
S. Applying the cosine formula to one of the isometric triangles (see [Bu, p. 454]),
we obtain:

cosh (ﬁ(?)) = cosh(ry) cosh <€(7271)> ,  Where r| = M.

The length ¢(n;) of n; can be calculated from a decomposition of Q; into a Y-piece
(see Equation (23)), leading to

—

+ 1.

sinh (f(nl)) = o <Z(+il)> thus cosh (ﬁ(m)) = LSh <Z(§l ) 2
2 sinh (@) 2 sinh (5(31))
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For further calculations we also need the angle #. From hyperbolic geometry we
obtain:

- 0t 10110 (102

In 9, there exists likewise a unique shortest geodesic arc n, meeting s perpendicu-
larly on both sides of ay. This arc can be seen in Figure 6. Now as and «; intersect
exactly once under the angle 6. Consider a right-angled triangle with sides of length
£(%), 72 and £(*2). Here ry contains information about the twist parameter tw, with

2
respect to ay. We get:

cos(0) = tanh(ry) coth (“g(‘;‘l)) .

Together with Equation (22), we obtain:
L) [tw | La2)
tanh (%) coth (TQ>

L)
coth (Tl>

We will now look for a suitable ai5. Consider again the lifts of a; in Figure 6.
Consider the two points, ¢’ € «;” and ¢* € a;* on the opposite side of s and s* with
respect to the intersection point with 7, and at distance ¢(cy) — r; from 7;. ¢ and
q* are mapped to the same point ¢ € Q; by the covering map. Connecting these
points we obtain a geodesic arc «,, which maps to a simple closed geodesic ayy in
09,. It follows from its intersection properties with o and «s that aqo is in the free
homotopy class a;(as)™!. Using the same reasoning as for as, we can find its length
and the twist parameter twis, which leads to Lemma 4.2. O]

tanh(ry) =

. 2’/“2 2’/“2 )
and |[tws| = min 1= .
ol = i (251

4.2. Upper bounds for the energy of dual harmonic forms based on
Q-pieces. We will establish estimates for all entries of the period Gram matrix
based on the geometry of the Q-pieces (Q;)i=1,3.. 24—1. Following the approach given
in Section 3, it is sufficient to construct suitable functions on

S, N Q;, where v € {a;, arq), airgy}, for i€ {1,3,...,29—1}.

In this and the following subsection, we will only show how to obtain estimates
for E(o1) = p11 based on the geometry of Q;. These estimates will only depend
on the Fenchel-Nielsen coordinates (¢(3;),¢(az),tws) of Q;. In the same way, we
obtain estimates for F(03) = pos based on the coordinates (£(/),¢(ay), twy), and
for E (o1 + 03) based on the coordinates (€(51), {(12), twia).

Proceeding the same way on the remaining Q-pieces and combining these es-
timates as described in Section 3.2 (see Theorem 3.1 and 3.2) we finally obtain
estimates for all entries of the period matrix.

To obtain an upper bound for pi;, we embed S,, N Q; into a hyperbolic cylinder
C with baseline oy and denote this embedding by the same name. To obtain an
estimate on E(oy), we will give a parametrization of

S.,NQ CC

based on a decomposition into trirectangles. To obtain this parametrization, we first
cut open Q; along ay to obtain the Y-piece ); with boundary geodesics 3 = 31, oy’
and ay?. Both ay' and ay? have length ¢(as) (see Figure 7).

Denote by b the shortest geodesic arc connecting as! and as?. We cut open Y,
along the shortest geodesic arcs connecting 5 and the other two boundary geodesics.
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We call O, the octagon, which we obtain by cutting open ), along these lines. By
abuse of notation, we denote the geodesic arcs in O by the same letter as in ). The
geodesic arc b divides Oy into two isometric hexagons H; and Hy. This decomposition
is also shown in Figure 7.

O, a2
Vi )
(6%
? b
H H
ﬁ b ; 51 52 2
2
0421 ¢
al a?

0421

Figure 7. Decomposition of ) into isometric hexagons H; and Hs.

In H; b is the boundary geodesic connecting 0‘721 and 0‘722 Denote by &' the
shortest geodesic arc in H; connecting b and the side opposite of b of length E(g)
By abuse of notation, we denote this side by g We denote by 6% the arc in H,
corresponding to 6! in H;. Let § = 6* U 62 be the geodesic arc in O, formed by d*
and 2. By abuse of notation, we denote the corresponding arc in Q; and )); that
maps to 81 U2 in Oy also by §. It follows from the symmetry of ), that § constitutes
the intersection of the cut locus of oy with Oy:

0= CL(O(Q) N Ql.

Let a' denote the geodesic arc connecting QTQI and g in H,, and a? the corresponding
arc in Hy of the same length ¢(a') = ((a?) = a. Then ¢' divides H; into two
isometric right-angled pentagons P; and P;. Let P; be the pentagon that has %21
as a boundary. To establish the parametrization for S,, N Q;, we divide P; into two
trirectangles. Let ¢ be the geodesic arc in P; that emanates from the vertex, where
g and ! intersect and that meets 0‘721 perpendicularly. It divides %21 into two parts,
al and o? (see Figure 7). c divides P; into two trirectangles 77 and T3, that have
boundaries o' and o2, respectively.

To obtain an upper bound for p;;, we need to know the geometry of 7; and
73. Hence, we need to know the lengths a, £(a'), £(a?), and %b) In the following
subsection we will also need the length ¢(c) of ¢, which we will calculate here. To
obtain these lengths, we will use the geometry of Hi, Py, 71 and 7. All formulas for
the geometry of these polygons can be found in [Bu, p. 454|. From the geometry of

the hyperbolic pentagon P; we have:

cosh @
(23) sinh (6(26)) = o <<£((122))>,

(24) cosh(ﬁ(él)):sinh( > )sinh(a).
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Hence, we can express £(b) in terms of ¢(ay) and ¢(/3). We obtain a, in terms of
((b) and £(ay), from the geometry of the hyperbolic hexagon H; and £(5') = @ in
terms of a and £(ay) from Equation (24). Finally, we can express £(a?) and £(c) in
terms of £(§') and 6(@) using the geometry of the hyperbolic trirectangles 7; and
T5. In total, we can express the lengths £(b),a,¢(a?) and ((a') = 4820 — ¢(a?) in
terms of {(ay) and ¢(5). These formulas are simplified and summarized in Equations
(31)—(33).

With these formulas we can obtain a description of the boundary of S,, N Q; C
C. Consider now 6 C O;. ¢ divides O; into two isometric hexagons. Let G; be
the hexagon that contains as,' as a boundary geodesic and G, be the hexagon that
contains a»? as a boundary geodesic. § forms the cut locus of ay in Q;. Denote by
Cs the surface that we obtain if we cut open Q; along §. C; is a topological cylinder

around asp. A lift of Cy in the universal covering is depicted in Figure 8.

6//
9
Figure 8. Lift of Cs into the universal covering.

Let G| and G} denote two hexagons in this lift, that are isometric to the hexagons
G1 and G in 01, and that are adjacent along the lift &, of as. We denote by &' C G
and 6" C G} the two sides corresponding to § in O;. We keep the notation from Oy,
but denote all corresponding geodesic arcs in the covering space with prime, i.e. a
lift of a! is denoted by o't etc.

In the lift of Cy the two hexagons G| and G} are shifted against each other by the
length [tws] - £(az). It can be seen from Figure 8, how to parametrize S,, N Q; in a
cylinder C around «s. Here all boundaries are boundaries of trirectangles, which are
isometric to either 7; or 75, which can be parametrized in Fermi coordinates. Using
these formulas in Theorem 2.1, we can find an upper bound f*“(FNs) for E(oy):

fU“(FNy) > cap(Sa, N Q1) > E(01) = p11.

We obtain a simplified upper bound, if we define our test function only on the collar
A N (crg) (see definition (5)). This upper bound f%  corresponds to the method
2

min{a, simp
from [BS] applied to a Q-piece and is given in inequality (34). These formulas are
summarized in Section 4.4 and the results are summarized in Table 1.

4.3. Lower bounds for the energy of dual harmonic forms based on
Q-pieces. Consider a primitive Fj of o1 in C; = S,, N Q1 C C. The two geodesic
arcs 0’ and " corresponding to § C Q; constitute C'L(ag)™ N AC,. We will use the
theoretical approach from Section 3 to obtain a concrete lower bound f!(FNs) for

pu = Es(Fy) > Eg(Fy) > f{(FN,), where B = S;*NC,.
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We will give a suitable construction for B = S1*d N Cy in Section 4.3.1. To this end,

we lift Co into the universal covering as in the previous subsection (see Figure 8). We
use the same notation for the geodesic arcs that occur. The important cut-out from
Figure 8 is depicted in Figure 9.

B \6/ —— fyp

D
v’ , 7 A g M2
P ~ n 2
(0] v
¥ H1 a, m

= 5" ’}/;,2,

Figure 9. The area B (grey) and the construction of skewed Fermi coordinates " .

Let B be the grey hatched subset in the lift of Cy in Figure 9. We will now give
an exact description and parametrization of B.

4.3.1. Parametrization of B = S’;ed M Cy. The boundary of B contains the
lines ¢ and 0”. For each point p; € ¢, there exists a point p, € §”, such that p; and
p2 map to the same point p on § C Q;. We may assume, without loss of generality,
that

Fi(pz) — Fi(p1) =1 for all p; €0".
We will describe B as a union of lines, where each line /,, connects p; and p,. The line
l, is defined as follows. From p; we go along the geodesic that meets & perpendicu-
larly until we meet 07w (&2), the boundary of the collar Z.w (&2) (see definition (5)).
2 2

We call this intersection point p| and the geodesic arc that forms 7;. Let pj be the
point on 07w (Gz2) on the other side of &; that can be reached analogously, starting
2

from py. We now go along the geodesic arc that connects p| and p,. We call this arc
vp- Then from pj, we move along the geodesic arc connecting pf, and py. We call this
arc 75. We define [, as the line traversed in this way. Let B be the disjoint union of

these lines:
B = H’J{lp}'

PES

Let X\ be the geodesic arc connecting the midpoints of ¢’ and §”, and let m be the
midpoint of \. We will use a bijective parametrization ¢: (t,s) — ¢(t,s) of B, such
that

- QO(O7 0) =m,

- for all t € [—£(a?),0(a?)], p(t,0) € Gy has directed distance ¢ from m,

- for a fixed ty € [—4(a?),(a?)], ¢(to, -) parametrizes the line [, that traverses

Qi in a point with directed distance ty from m by arc length.

We parametrize the sets Upe(s{ﬁ} and Upeg{ﬁ } in Fermi coordinates with baseline
@9. The proper parametrization can be deduced from the geometry of the trirectangle

Ts.

We will parametrize Z ) (G2)NB = (517} using skewed Fermi coordinates ",
2
with angle v and baseline a,. These are defined in the same way as the usual Fermi
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coordinates 1 (see Section 2.1), but instead of moving along geodesics emanating
perpendicularly from the baseline, we move along geodesics that meet the baseline
under the angle v. We will not give these coordinates explicitly, but will derive the
essential information from the Fermi coordinates 1.

We remind the reader that A is the geodesic arc connecting the midpoints of ¢’
and ¢”. Its midpoint m and the endpoints of % are the vertices of a right-angled
triangle D (see Figure 9). In our case the angle v for the coordinates 1" is the angle
of D at the midpoint m. It follows from the geometry of right-angled triangles that

(25) cosh (&;)) — cosh <@) cosh (W) |

where we assume, without loss of generality, that the twist parameter tws is in the
interval [0, %] Otherwise the situation is symmetric to the depicted one. Using the
geometry of the right-angled triangle D we have:

sinh <é(2—b)>

2 2 '
\/cosh (@) cosh (W) -1

Consider the following geodesic arcs in Zew) (G2) N B. For a n € N, let a, be a
2

(26) sin(v) =

geodesic arc of length % on &y with midpoint m. A intersects a!, in m under the
angle v. This is depicted in Figure 9.

Let 1’ be a geodesic intersecting A perpendicularly in m. Let u; and ps be two
geodesic arcs with endpoints on Z o) (Ap) that intersect 1’ perpendicularly, such that

each of the arcs passes through an endpoint of a/, on each side of A\. Let n be the
geodesic arc on 1’ with endpoints on p; and py. For fixed n € N, we denote by 7,
the length of  and by p” the length of 11 and ps:

Mn=1L(n) and p" =) = Ll(p2).
By choosing usual Fermi coordinates with baseline n, we can parametrize the strip,
whose boundary lines are y1 and py and two segments of 07w (G2) (see Figure 9).
2

n such strips can be aligned next to each other to obtain a parametrization of
Zuwy (G) N B. For n — oo we obtain a parametrization 1" of Z.w (d2) N B. We get:
2 2

(27) lim n -7, =sin(v)20(a?) and lim p" = £()).

Combining the parametrizations for the several pieces of B, we may assume that we
have a parametrization ¢ that satisfies our conditions.

4.3.2. Evaluating the lower bound for p;; = Eg(F}). Let o({to} X [—x, z])
be the parametrization for a line [, = fy; U, U 75 C B, such that

P1 = (p(to, —LU) € 5/ and P2 = gO(to,LU) € (S//.

The function Fj satisfies the boundary conditions Fj(p;) = 1+ ¢ and Fi(p1) = ¢,
where ¢ is a constant. As our estimate depends only on the difference Fi(py) —
Fi(p1) = 1, the constant ¢ is not important for our estimate and we assume that
c=0.

The lower bound for Fg(F}) is obtained by projecting the tangent vectors of F}
onto the curves (¢({to} x [—x,x]));, of our parametrization. This can be seen as
a limit process, where we consider this projection on aligned strips (¢([to — €, to] X
[—x, x]) as described in the previous subsection. The limit, however, does not depend
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on the width of the strip and it is therefore sufficient to consider single lines, which
we will do in the following.
We know that by the definition of %:

Fi(o(tg,—x)) =0 and Fi(e(tg,x)) =1 and

A (e (070 e i £ (o (D)) <

We first focus on the second condition above for the boundary of the geodesic segment

o(ty x [%()‘), 4(2—’\)]) We can consider skewed Fermi coordinates ¢ as a limit case

of Fermi coordinates with respect to an imaginary baseline n (see Figure 9). Let
Fiy = fi, 0 (¥")7! be a function defined on ¢({tg} x [_T()‘), Z(Q—A)]), such that f;, realizes
the minimum

min { sin(v) - /T cosh(s)f'(s)2ds | f € Lip ([%(A) @D f (%(A)) —a

and f (@) - az} (see (9)).

Comparing with Equation (2), we see that Fj, is the minimizing function for the
projection of tangent vectors onto ¢({tg} X [%()‘), @]) Here the correction factor

sin(v) follows the fact that our baseline should be orthogonal to A (see (27)). By
applying the calculus of variations (see |Ge, pp. 14-16|) to the above integral, we
obtain analogously to the construction for Theorem 2.1 that

)
2

sin(v) - / cosh(s) fy (s)*ds =

(28) =) 2(arctan(exp(@)) - arctan(exp(—@)))

(ay — ay)?sin(v)

= k’l(a,g — a1)2.

We can extend Fy, to a function on p({to} x [—z,z]) that satisfies the boundary

conditions of Fj. As before, we choose Fj, such that it minimizes the projection
of tangent vectors onto the two disjoint geodesic segments ¢({to} x [—z, %(’\)]) and

o({to} x [@, z]). Using the parametrization in Fermi coordinates Fy, = f;, 09! on
these segments, we get:

cosh(s)f] (s)*ds
/[—xao),—“;)]u[“;%won K

a? + (1 — ay)?
2(arctan(exp(z(ty))) — arctan(exp(“2)))

(29) _

(b
= k2(t0>(a% + (1 - CL2)2)7 Where x(t(]) = ﬁ(fy;) -+ %
As a; = Fi(o(to, -—42(/\))) and as = Fi(p(to, @)), we have by construction E; (Fy) >
E(Fto)'
Though we do not know the values a; and ay, we obtain a lower bound of

the energy of Fj, if we determine the values Fj (¢(to, %(’\))) = ¢ = c(ty) and

Fi, (o(to, @)) = ¢ = c5(ty), respectively, such that these values are minimizing the

total energy £y (F},). As the two arcs 7; and 75 have the same length, we have to
solve the following problem: using Equations (28) and (29) we have to find ¢y, ¢a,
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such that 1 —cy = ¢ <= (2 —¢1) =1 —2¢;, and
kr(ca — e1)® + ka(to) (c] + (1 — ¢2)?)

is minimal. We obtain that ¢; =
integration:

. As B= _s{l,} we obtain in total by

ka(to +2k pED

1) ke ks (t)
30 = FE(F) >2 e\
( ) bu ( 1) o /t:O k2(t) + 2k1

dt = fl(g(ﬁl), E(Oég), th)

To obtain the lower bound f! that depends only on £(as), [tws|, and £(5;) we first
have to express 22 and ¢(\) and v in terms of these variables (see Equations (23),(25)
and (26)). Usmg the parametrization of 75 in Equation (29), we can then express f
in terms of ¢(aw), [tws| and ¢(f3;). This way we obtain explicit values in Equation
(30). These formulas are summarized in the following subsection.

4.4. Summary. In this section, we summarize the formulas from the previous
subsections and outline our estimates in Table 1. We also give an example for our
estimates in Example 4.3. First, we give a description of f* and f! from Theorem 4.1.

4.4.1. Upper bound f* from Theorem 4.1. In the remaining part of this
paper we fix the notation in the following way: for j € {i,7(i),i7(i)}, let Q; be a Q-
piece given in Fenchel-Nielsen coordinates F'N; = (¢(5;), {(c;),tw;), where 5; = 5;
is the boundary geodesic of Q;, and tw; & ( > 5] be the twist parameter at an
interior simple closed geodesic a;. We have from Section 4.2:

(31) sinh (5(5)) cosh (4220)

2 sinh ( )
(32) coth(a) = tanh <@) cosh E(;ﬁ)) and
cosh (42
sinh(((c)) = b ()

(33)  coth(¢(a?)) = cosh (6(;))2tanh<€zgj>) and  0(at) = 22) _pe2).

Using the above, we obtain a description of the cut locus C'L(a;)NQ; in a cylinder
C; in Fermi coordinates. Set S), =R mod (t = ¢ + {(;)). For I € {1,2} let

a: S}lj =R, a:t— qt)

be a parametrization of the two connected components of C'L(«;) N Q; in C;. Then

anlt) = arctanh(cosh(t—€(a2))tanh(%)) g L€ (0,2¢(a?)],
2 arctanh(cosh(t — (20(a®) + £(a'))) tanh(%)) t € (20(a?), €(ey)],

al(t) = —&Q(t + |th|)
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Applying Theorem 2.1 to estimate the capacity of S,, N Q; with boundary
CL(aj) N Q;, we obtain:

1 (af ()2 a
£(cyj) 1+ 3" <cosh%(a1(t)) + cosh

%(t) ay (1) (a5(1)?
2(arctan(exp(as(t))

a1(t))  cosh(az (1)) + cosh2(a2(t))> dt
) — arctan(exp(ay(t))))
£(aj) 1

= eap(So, N Qi) 2 / 2arctan(exp(aa(0))) — arctan(exp(ar (1))
= ﬁéw(FNj),

where fi (FN;) is a lower bound for the capacity of S,; N Q;. For the simplified
upper bound f4 (FN;) that corresponds to the method in [BS| we have:

rENy = [

t=0

simp

(34)

np (') =

simp

()

2(arctan(e

min{a,%b)})

— arctan(e

>
— min{a,zg—b) )) -

E(o-(j))

This upper bound is in the range of f* for small o, but in general much larger.

00B)) | Ley) | f*(FN)) | fiow(ENG) [ fUEN;) | fU(FN)) | fiow(FNG) | f1(F'N;)
1 0.55 0.42 0.40 0.55 0.41 0.39
2 1.41 1.14 1.11 1.43 1.12 1.00
1 ) 8.70 8.17 8.13 7.73 7.00 0.90
10 112.46 111.85 111.80 61.96 60.94 0.04
20 | 16772.11 | 16771.50 | 16771.45 | 2750.28 2749.10 | 0.00011
1 0.47 0.41 0.33 0.47 0.40 0.33
2 1.23 1.08 0.95 1.22 1.07 0.87
2 ) 7.87 7.49 7.30 6.92 6.44 0.91
10 102.76 102.30 102.11 56.48 55.76 0.04
20 | 15340.96 | 15340.49 | 15340.22 | 2515.41 2514.53 | 0.00012
1 0.44 0.40 0.12 0.44 0.40 0.12
2 1.10 1.01 0.36 1.10 1.01 0.34
5) 5! 5.41 5.17 3.82 5.12 4.82 0.92
10 62.08 61.71 60.30 35.62 35.11 0.06
20 9161.19 | 9160.80 | 9159.37 | 1504.60 1503.90 | 0.00018
1 0.58 0.42 0.01 0.59 0.42 0.010
2 1.41 1.14 0.03 1.42 1.12 0.032
10 5! 6.41 6.13 0.65 5.78 5.46 0.41
10 26.06 25.60 17.54 19.40 18.75 0.14
20 2828.11 2827.62 | 2819.53 | 484.70 483.96 0.14
1 0.69 0.42 0.000068 0.72 0.42 0.000068
2 1.86 1.17 0.000212 1.83 1.15 0.000205
20 ) 9.18 8.41 0.004493 8.32 7.21 0.003701
10 82.11 81.71 0.66 45.52 44.96 0.18
20 347.17 346.61 231.58 99.69 98.69 0.0042

Table 1. Comparison of the estimates for the energy of a harmonic form based on the ge-
ometry of a Q-piece Q,;, given in Fenchel-Nielsen coordinates FN; = (¢(8;),{(a;),tw;), for j €
{i,7(i),ir(i)} and tw; € {0, 1}.
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4.4.2. Lower bound f! from Theorem 4.1. Based on Section 4.3, we first
give a suitable construction for S5 N Q;, where j € {i,7(¢),i7(i)}. From Equations
(25) and (26) we obtain (see Figure 9):

cosh <@) = cosh (@) cosh (M) and
2 2 2
sinh (%b))
\/cosh (%6))2 cosh (%)2 1

Using the above we obtain a description of the cut locus C'L(c;)™4N Q; in a cylinder
C; in Fermi coordinates. Let

Ored : [O,2€(a2)] — R, req: t > apeq(t)

sin(v) =

be a parametrization of one of the two connected components of C'L(a;)™ N Q;.
Then

req (t) 1= arctanh <cosh(t —/(a?)) tanh (@)) for t € [0,2¢(a?)].
From Equation (28) and (29) (see Section 4.3.2) we have:

b — sin(v)

2(arctan (exp (@)) — arctan (e'xp ( — @)))
Fa(t) = ! for ¢ € [0,20(a)].

2((arctan(exp(avea(t))) — arctan (exp (42)))

Finally, we obtain the lower bound f!(FN;) on E(0-(jy), where o-(;riy) = 0i+0.0)
from Equation (30):

Uo®) ke ko (1)
Elo.) > 2 1
(-7) /tzo leo(t) + 2Ky

From (f*“(FN;)); and (fY(FNj)); all entries of Py can be estimated. This follows
from Theorem 3.1 and 3.2.
Table 1 provides a comparison of the estimates for the energy of a harmonic

form based on the geometry of a Q-piece Q;, given in Fenchel-Nielsen coordinates

FN; = (€(B)), l(cj), tw;) for tw; = 0 and tw; = 1.

dt .= fY(FN;).

Example 4.3. Let Q; and Q3 be two isometric Q-pieces given in Fenchel-Nielsen
coordinates F'N; and F'Nj, respectively, where

FNZ = (f(ﬁ,),f(al),twl) = (2, 1,01), for 7 € {1,3},

where ; is the boundary geodesic, «; an interior simple closed geodesic, and tw; the
twist parameter at «;. Let

S=0Q;+ s
be a Riemann surface of genus 2, which we obtain by gluing Q; and Q3 along 3; and
Bs with arbitrary twist parameter twg € (—%, %] Then there exists a canonical basis
A = (aq, ag, a3, ) and a corresponding period Gram matrix Pg, such that

211 —-0.46 —-0.42 —-0.26 2.53 0.20 0.42 0.26
—-0.46 033 -0.26 —-0.11 < po < 0.20 0.44 0.26 0.11
—0.42 —026 211 —046 | ="°=| 042 026 253 0.20

—-0.26 —-0.11 —-0.46 0.33 0.26 0.11 0.20 0.44
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This follows from Theorem 4.1. For the Q-piece Q; we obtain the following
Fenchel-Nielsen coordinates F'N; from Lemma 4.2 and the corresponding estimates
for f*(FN;) and f'(FN;):

g 1008;) | Uoy) | [tw,] | fapn(FN;) | fY(FN;) | fI(FN)
1 2 1 0.1 0.44 047 0.33
2 2 3.032 1 0.017 3.16 2.53 2.11
12 2 3.24310.132 3.73 2.85 2.05

Table 2. A Q-piece Q7 given in different Fenchel-Nielsen coordinates FN; = (£(8;), ¢(a;), tw;)
and the values of the corresponding functions fg,, (F'NN;), f*(FN;) and fYUFN;).
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