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Abstract. In this paper, we establish some Liouville type theorem for nonlinear elliptic equa-
tion in the Heisenberg group with nonlinear boundary value condition. We use the moving plane
method to prove our result.

1. Introduction

Liouville type theorems are very important in proving the priori bound for elliptic
equations. More precisely, to prove the priori bound, we usually use the blow up
method. After blowing up, we get a bounded solution for the limit equation, this
contradicts the nonexistence result of the limit equation. Hence, the priori bound
follows.

In the past few years, Liouville theorems for nonlinear elliptic equation on Hein-
senberg have attracted much attention of mathematicians. For example, in the paper
[1], the authors considered the following elliptic inequality on the Heisenberg group
H?’L

(1.1) Agu+u” <0 in H"

They proved that problem (1.1) possesses only trivial non-negative solution for 1 <

p < %, where () = 2n + 2 is the homogeneous dimension of H", a similar result for

the Laplacian equations on R". Moreover, the authors also proved the exponent &
is optimal for this inequality in the sense that, if p > %, then problem (1.1) indeed
has a nontrivial positive solution. After the work of [1], there are plenty of works
concerning on the nonexistence results for the following elliptic equation rather than

elliptic inequality

(1.2) Agu+uP =0 in H".

In the Euclidean case, nonexistence of positive solution for equation

(1.3) Au+u’ =0 in RY

has been established by Gidas and Spruck in [10]|. They proved that problem (1.3)
does not possess positive solutions for 0 < p < % The proof of this result was

simplified by Chen and Li by using the moving plane method in [5]. Moreover, in both
papers, they proved that the exponent % is optimal. Inspired by results for the
Euclidean case, a natural question is that whether similar nonexistence result holds

for problem (1.2) with 0 < p < % However, this problem has not been completely
solved yet, we only mention some partial results here. After the work [1], Birindelli
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and Prajapat studied the nonexistence result for cylindrical solution in [3], they
proved problem (1.2) does not possess positive cylindrical solutions providing 0 < p <
%. Here we say that w is cylindrical in H" if for any (x,y,t) € H", where (z,y) €
RY x RY and t € R is the anisotropic direction, we have u(z,y,t) = u(r,t) with
r = /22 4+ y2. They used the moving plane method to prove this result. Although
the Heisenberg Laplacian satisfies the maximum principle, it is not invariant by the
usual reflection with respect to a hyperplane. In order to apply the moving plane
method, the authors introduced a new reflection called the “H-reflection” for the
Heisenberg Laplacian. Because the Heisenberg Laplacian is invariant with respect
to the H-reflection only for cylindrical solution, so the authors only obtained the
Liouville theorem for cylindrical solutions. After this work, in order to solve the
nonexistence result for any positive solution, much attentions have been paid to
prove that any positive solution for problem (1.2) is cylindrical symmetric. But up
to now, this conjecture has not been solved completely yet, partial results on this
aspect can be found in [2, 4, 9] and etc.

Besides using the moving plane method, other methods were also used to prove
the nonexistence results. For example, Xu [17] used the vector field method to study
the nonexistence result for the following equation

(1.4) Agu+h(z)u? =0 in H".

Under some assumptions on the weight h(z), she proved equation (1.4) possesses no

positive solutions providing 1 < p < 1 + 22T We note the exponent 1+ Bnai)? is

(2n+1)2
Q+2
smaller than o

Recently, in order to overcome the nonlocal property of the fractional Heisenberg
Laplacian equations

(1.5) Piu=wuP in H"

Frank, Gonzélez, Monticelli and Tan [8] studied the extended problem on H™ x R™.
More precisely, they proved problem (1.5) is equivalent to the following local problem
{gyg + A9 L IALU =0 in HY = H" x RY,

W —y(.,0)p on OH? = H™ x {0},

2 +1)

(1.6)

where ¢ is a positive constant depending only on n. In a sequencing paper [6], Cinti

and Tan proved the nonexistence of positive solution for problem equation (1.6).

More precisely, they proved problem (1.6) possesses no positive cylindrical solutions

provided 0 < p < 8+i, where () = 2n + 2 is the homogenous dimension of H™.
In this paper, we study another problem

{W FANDE L Agut f(u) =0 in H? = H" x RY,

du = g(u) on OH" = H" x {0},

(1.7)

i.e., both the equation and the boundary condition are nonlinear. Our main result is
the following

Theorem 1.1. Suppose that u € C°(H") is a nonnegative cylindrical solution
for problem (1.7), i.e., u(z,y,t,\) = u(ro, t,\) with ro = \/22 + 42, f,g: o0) =
[0, +00) are continuous functions with the fol]owmg properties:
(i) f(¢),g(t) are nondecreasing in (0, +00),
(i) h(t) = L9, k(t) = 49 are nonincreasing in (0, +00),
tQ_ +Q—1
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(iii) either h or k is not a constant.
Then u = ¢ with f(c) = g(c) = 0.

We want to use the moving plane method to prove our result. However, since the
nonlinearities are only assumed to be continuous rather than Lipschitz continuous,
the solutions are generally not of C? class. As a result, the usual maximum principle
in a differential form does not work. In order to overcome this difficulty, we use some
integral inequality to substitute the maximum principle, which was first introduced by
Terracini in [15, 16]. After Terracini’s work, moving plane method based on integral
inequalities was widely used to prove Liouville theorems. For example, Damascelli
and Gladiali [7] proved some nonexistence results for the Laplacian equations with
general nonlinearities. Guo and Liu studied the general Liouville type theorem for
elliptic system and biharmonic equation in [12, 13, 11| respectively. Yu studied the
nonlinear Liouville type theorem for integral equation and integral system in [18].
Other results can be found in [19, 20] and etc.

The rest of this paper is devoted to the proof of Theorem 1.1. For completeness,
we first give some preliminaries on Heisenberg group in Section 2. The proof of
Theorem 1.1 is finally finished in Section 3. In the following, we denote by C' some
constant, which may vary from line to line.

2. Preliminaries

In this section, we collect some basic properties concerning the Heisenberg group
H™ and its extension H}. We also give some results on the operators Ay and

L = g—; + 4)\23722 + Ap. For proofs and more information we refer for example to
12, 14, 8.

For elements in H", we shall use the notation ¢ = (z,y,t) € RY x R x R,
where z = (z1,22,...,2,),y = (Y1,Y2,---,Yn). The Heisenberg group H™ is the
space R*"*! endowed with the group action o defined by

§oo& = (x + 20,y + Yo, t +to + QZ(%%O - yifb’io))

i=1
where £ = (z,y,t) and & = (xo, Yo, to). Let us denote by d, the parabolic dilation in
R2"H e,

6)\(6) = ()\[L’, )‘ya )‘2t)>
then it is easy to see 9)(§p0&) = 0x(&p) 00x(€). Moreover, the norm of H™ defined by

o= el = [(Z( +y3>)2 .

i=1

1
1

is homogeneous of degree one with respect to the dilation 9.
The associated distance between two points &, &, of H" is defined accordingly by

d(&, &) = 16" 2 &ll,

where ¢! is the inverse of &, with respect to o. The open ball of radius R centered
at & is defined by

B(&, R) = {§ € H": d(&, &) < R}

A direct calculation shows that

|B(&, R)| = |B(0, R)| = R°|B(0,1)],
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where Q = 2n + 2 and | - | denotes the Lebesgue measure. The number @ is usually
called the homogeneous dimension of H".

To define the gradient and the Heisenberg Laplacian of a function in H", we
introduce the following vector fields

0
Xi:— 2i_7 _1727' s 10y
8xi+ y@t ! "
0 0
}/;'_ -2 YR _172a ’
oy or ! "
and
_9
ot

Then {X;,Y;, T} (i =1,2,...,n) form a base of the Lie algebra of vector fields which
is left invariant with respect to the Heisenberg action o. The Heisenberg gradient of
a function wu is defined by

Viau= (Xju, Xou, ..., Xyu, Yiu, You, ..., Y,u).
Moreover, the Heisenberg Laplacian Ay is defined by

n

Ay =) (X]+Y7).

i=1
A direct calculations show that
n 82 82 82 82 82
Ay = b = 4 dy——— — A —— + 4A(2? 2.
" ; (axg T o7 T Wignar ~ Wiggar T “”)aﬁ)

For cylindrical function u(r,t), the above formula can be simplified to

Pu  2n—10u 0%u
A t)=— — A
wu(r?) or? * r  Or A ot?
Analogously to H", in f[ﬁ, we define the following group law: for z = (x4, ..., z,,

Yty Yn, 6, A) € f]ﬁ and Z = (:i'l,...,:i'n,yjl,...,g)n,f,j\) € f]ﬁ, we define
Zoz:= <i+x,g+y,£+t+22(xjgj —yjij),S\JrA).
j=1
Moreover, the norm of z € f[ﬁ is given by
21l = [l + yl* + X2)? + £
and the distance d; between z and 2 is defined by
di(z,2) = |27 o z].
Observe that when A = A = 0, that is, z and 2 belong to H™, then dy(z,2) =dg(z, 2).

Similarly, for any given 2z € f[ﬁ, we define the open ball with center at Z and radius
R as

B(2,R) ={z€ H" | dy(2 %) < R}
and for zg € H™ x {0}, we denote

Bf (20, R) ={z € H" | dy(2,2) < R, A\ > 0}.
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Hence, with the above notations, the operator L can be written explicitly as
” (o, 2 & & n e

The operator L can also be written as L = div(AV7), where A is a (2n+2) x (2n+2)
symmetric matrix with ag; = og; for k,j = 1,2,...,2n, aj9,41 = aon41,; = 2y; for
J=12,....n, @jont1 = Aopq1,; = —2x; for j =n+1,n+2,...,2n, aypi12n41 =
4(|$‘2 + |y|2 + )\2>, A2n+2.2n4+2 = 1 and Ajon+2 = Aan42,5 = 0 for j = 1, 2, ey 2n + 1.
We finally introduce the CR inversion on ]3[1 to end this section, which will be
used later. As in [6], for any (z,y,t,A) € HT, we denote 7 = (|z|2 + |y[> + X?)2 and

1

p=(r*+t*)1. Also, we set
- I'Zt + yﬂ"2 - ylt — .CL’Z'T2 t
= —7F—, Ui=—7F— —

p

We define the CR inversion of a regular function u(z,y,t, A) in f[ﬁ as

1 .
v(x,y,t,\) = pQ—lu( Uty A).
As for u and its CR inversion v, we have the following

Lemma 2.1. Suppose that u € Cz(ﬁﬁ) N C’(]:I—Iﬁ) is a solution of (1.7), then the
CR inversion v of u satisfies
~Lv =2 A7\ {0},
—2 = S8 on OHY\ {0}.

(2.1)

For the proof of this Lemma, please see the proof of Lemma 3.1 in [6].

3. Proof of Theorem 1.1

With the above notations and preliminaries, we can prove Theorem 1.1 now. We
want to use the moving plane method to prove our result. The first step of moving
plane is to show that this procedure can be started at some point. Since we don’t
know the decay behaviors of u, it seems impossible to use this method directly on wu.
As one usually use the Kelvin transformation in Euclidean case, we turn to the CR
inversion function v of u.

We recall that v, the CR inverse of u at (0,0,0,0), is defined by

1 "~
v(x,y,t,\) = ——u(Z,y,t, ).
pet

From the definition, we know that v is continuous in H7 \ {0} and v decays to zero
at infinity. Moreover, we have the following decay estimate

(3.1) lim p?~tu(r,t,\) = u(0).
p—r00

Since u is a cylindrical function and satisfies the equation (1.7), then v is also
cylindrical and satisfies

(3.2)

—Lv =% i HP\ {0},
— % = 5511 on 9HT \ {0}



728 Xiaojun Zhao

by Lemma 2.1. If we define h(t) = 42 and k(t) = 22, then the above equation

Q|

tQ=T 191
turns to be
QQ+3 2
. —Lv = h(pQ‘lv)Uj: in H}\ {0},
—9 = k(p?tv)vet  on OHY\ {0}.

Now we can start the moving plane method on the function v. First, we give the
environment we will work in. Let ¥, = {(z,y,t,\) € f]ﬁ |t >u}, T, = {(z,y,t,\) €
f[ﬂt = p} and p, = (0,0,24,0). As in [6], we define the H-reflection function v, of
v with respect to T, on ¥, by

vy, t, N) = v, (ro, 6, A) = v(re, 2u — t,\) = v(y, z,2p — t, \)

for any (z,y) such that (22 4+ y2)2 = ro. Then we can infer from equation (3.3) that
v, satisfies

Q+3 ~
—Lo, = (g Moot i Hi\{p,),

Ovy - - T
oKl on 0H7\ ().

(3.4)

If we defined w, = v — v, then we have the following key lemma.

Lemma 3.1. For any fixed > 0, we have wi,v € L**(%,) N L>(%,) with

w
27 = % Further more, there exists C,, > 0, which is nonincreasing in fu, such
that
| at=y
(3.5) ' s

<C,

(f, )" (], )
- _l_ -
A, |p|2@+2 B, p|?@

] - </ |VH(’U—’U)\)+|2CZZ),
Zu
where V ;= (&, 202

9 9N2 Xy Xy, ... X, Vi, Ya,.. . Y,) and A, = {(z,y.t,)) € S,lv >
v}, By ={(z,y,t,\) € 08, |v > v,, A = 0}.

Proof. Since pu > 0, there exists 7 > 0 such that ¥, C f[ﬁ \ B.(0). By the
decay estimate of v, see equation (3.1), we have v and hence (v —v,)" < v €

L¥(2,)NL>®(%,). Now, we choose a cylinder symmetric cut-off function 0 < 7. < 1
such that

1t 2e < lzopt <L
70 it Jzoppl<eor |zopl > 2

g)

|V gm| < g for e < ||zop;1|| < 2e¢ and |Vyn| < Ce for % <||= op;1|| <
Since v and v, satisfy the following equations

2
z.

—Lo(z,y,t) = h(p@ v(z,y, t, \)o(z,y, t, A) a1

and

— Q+3
—Lv,(z,y,t) = h(pff You(m,y,t, Aoz, y, t, A) e T,
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we use ¢ = n.(v—1v,)" as a test function and denote ¢ = n?(v — v,)*, then we get

/ Valo—u) P < [ V0P
f"l{2€<||zop;1||< } I

~ [ Vatw=u) Vgods+ [ 0= o) PVl d:
S, b

(3.6) = /
A
43 Q+3

—L(U—Uu)¢dz+/ M¢dz/+[€
:/A [h(pQ_lv)UT h(p“ Uu)vu ]gbdz

" B, 8V

Q+1
+/ [/{:(pQ_lv)v% — k(p v )v }dz + I,
B

"
where I, = fEu[(U —v,) 2|V gm:|* dz. Since h, k are nonincreasing functions, p > p,
and v(z) > v,(2) in A, and B,,, we conclude that

h(p? to) <h(p?tvy) and  k(p% o) < k()

in A, and B, respectively. Hence we have

/ |Vﬁ1(v_vu)+|2
2un{2e<||zop; <1}

9+ o

L
s/ h(pQ_lv)[vQ _ 2 }¢dz+/ k(pQ—lv)[v%_ o ]dz+1
A, By

By the decay estimate of v, see equation (3.1), we conclude that the constant C’l =

Q+3 2 sup{h(p? oz, y, t, \) + E(p? tu(z, y, t, N)) [t > p} is well-defined for p > 0 and
1s nonincreasing in p. So we deduce from the above inequality that

/ IV (0 — 0) P de
Sun{2e<||zop; <1}

SC&[/ UQ41(U—UH)¢dz+/ U%(U—U“)(f)dz/ + I
BH

"

Moreover, if we set C» = C}, - sup{v(z, y, 1, )\)ﬁp4 +v(x,y,t, )\)%p2 | t > u}, then
we infer from the decay estimate of v that C’i is still well-defined for ¢ > 0 and is
nonincreasing in p. So it follows from the above inequality that

/‘ V(v —v,)" " dz
Sun{2e<|zop, <1}

SC’ﬁ[/A %(v—vu)gbdzjt/B %(v—vu)gbdz'} + 1

W w

s <G| [ glo-w i [ Giw-u)y i) e
o ) (o)

e f ) (o)

Q=
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Next we claim that I. — 0 as ¢ — 0. In fact, if we denote B. = {z € ¥,: ¢ <
|zop, |l <2 0r 1 <|zop,!| <2}, then we get

/ V|9 dz < C.
Be

Hence, we infer from Hoélder inequality that

2

I < (/BE[(U—UM)ﬂ?#dZ)%#-( Bs|vfz,n€|‘?+1 az,z)W < c(/

as e — 0.

Finally, let ¢ — 0 in equation (3.7), and set C,, = C7(S + Sr) with S and Sy
being the Sobolev constant and Sobolev trace inequality constant respectively, then
we get

[(v—vu)Jr]z#dz) - —0

>

[ Vato— )t
by

2 1 Q%
ol )

-

< Cy

B, P2
(o) ()] ([eae-wree)

Moveover, it follows from the above procedure that C), satisfies all the requirements
in the lemma. 0

Before we continue the proof of Theorem 1.1, we give some comment on this
Lemma. As we notified in the introduction of this paper, since f, g are only assumed
to be continuous, the solution is usually not of C? class, hence the maximum principles
in differential forms do not work. Thanks to the inequality of this Lemma, it can
play the same role as the maximum principle. In fact, if we can prove

1 \a@n 1\@
(/A —pzw) *(/B p—Q) <

then we get v < v, the same conclusion as the maximum principle in a differential
form implies.
The next lemma shows that we can start the moving plane for u sufficient large.

Ch

Lemma 3.2. Under assumptions of Theorem 1.1, there exists ug > 0, such that
for all j1 > pig, we have v < v, in 3,,.

Proof. The conclusion of this lemma is a direct corollary of Lemma 3.1. In fact,
by the decay behavior of v, see equation (3.1), we can choose pg large enough such

that , )
(/ ; ) b </ : ) | <3
4, PPOT? B, P9 2

for all ;1 > pyg, then equation (3.5) implies that

/ V(v —v,)"?dz=0.
Eu

Ch
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The assertion follows. O

Now we move the plane from the right to the left and suppose this process stops
at p1. More precisely, we define

(3.8) w1 =inf{p | v <wyin 3; for all o > u},
then we have the following
Lemma 3.3. If y1y > 0, then v(z) = v,,(2) forall z € ¥,,,.

Proof. We prove the conclusion by contradiction. Suppose that v # v,,, then we
claim that the plane can be moved to the left a little. That is, we will show that there
exists 0 > 0, such that v(z) < v,(z) in 3, for all p € [pn — 0, p11]. This contradicts
the choice of ;.

Now we prove our claim. Suppose that v(z) # v, (2), then we infer from the
continuity that v(z) < wv,, (2). Moreover, we have

h(pQ_lv)U% . f(pQ_1U> < f(pQ_1Uu1> . f(pQ—lvm) U%
o Q+3 = Q+3 Q+3 Y
P P (P97 vy, @7
= TN
ﬁ o= h(pE v v
[Pul UM]C%1
where the first inequality holds since f is nondecreasing, the second inequality is a
consequence of (ii) in Theorem 1.1.
This equation implies

IN

—Lv < —Lv,,,,
then we infer from the maximum principle in [6] that v < v,, in 3, since v #
v,,. Moreover, since sz;uXAu — 0, F)QLQXBM — 0 a.e. as p — pp and F)QTIHXAM <
pQlexm_(;, p%@XBM < szQXm—é for p € [ — 6, 1] and some § > 0, then we infer
from the dominated convergence theorem that

1
——dz—0
/AM 02Q+2

1
/ —dz' =0
B, P9

"

as it — 1. In particular, there exists 0 > 0, such that

1 \@n 1\@| 1
wrr) U ) T

for all 1 € [u1 — 6, p1]. Then we infer from Lemma 3.1 that v < v, for all p €
(11 — &, pq]. This contradicts the definition of p;. O

and

Chu

Proposition 3.4. Let u, f,g as in Theorem 1.1 and suppose that u is positive.
Let v be the CR inversion of u centered at a point p = (0,0, ¢y, 0), then v is symmetric
with respect to T, .

Proof. To prove that v is symmetric with respect to 7},, we use the method
of moving plane as above. We first make a CR inversion at p = (0,0,%¢,0), then
we carry out the procedure as the above and get the corresponding 1 = pq(to). If
1 > to, then it follows from Lemma 3.3 that v is symmetric with respect to 7},,. But
the symmetry together with equation (3.2) and equation (3.3) imply that ||z,| = ||z||
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since either h or k is not a constant, which is impossible. Hence we get that u; < .
Similarly, we can also perform the moving plane procedure from the left and find a
corresponding p} > to. Finally, we infer from v, (2) > v(2) and v, (2) < v(z) that
p1 = py = to. That is, v hence u is symmetric with respect to T,. O

Proof of Theorem 1.1. By Proposition 3.4, we conclude that the CR inversion
function v of u at p = (0,0, ¢y, 0) is symmetric with respect to the T3, for any ¢, € R.
Since ty is arbitrary, then we conclude that u is independent of t. However, this
implies that u satisfies the equation

—Au = f(u) in R

—% =g(u) on IR

Since f, g is nondecreasing in (0, c0) and
f(t) _ f(t) t%—% g(t) . g(t) t%_2n+l

17 2n-1
2n+3 —  Q+2 9 2n+1 Q+1 "
tan—1 to—=2 t2n—1 to-1

is decreasing in ¢, then Theorem 1.1 in [20] implies that u = ¢ with f(c) = g(c) =
0. 0J
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