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Abstract. We find a condition for the zeros of a Blaschke product B which guarantees that
B’ belongs to the Bergman space AP induced by a doubling weight w, and show that this condition
is also necessary if the zero-sequence of B is a finite union of separated sequences. We also give a
general necessary condition for the zeros when B’ € AP and offer a characterization of when the

derivative of a purely atomic singular inner function belongs to A?.

1. Introduction and main results

Let H(D) denote the space of analytic functions in the unit disc D = {z €
C: |z| < 1} of the complex plane C. A function w: D — [0, 00), integrable over D,
is called a weight. It is radial if w(z) = w(|z|) for all z € D. For 0 < p < oo and a
weight w, the weighted Bergman space AP consists of f € H(D) such that

11, = /D F(2)Pw(z) dA(z) < oo,

where dA(z) = % is the normalized Lebesgue area measure on D. As usual, A?
stands for the classical weighted Bergman space induced by the standard radial weight
w(z) = (1 — |2]?)*, where —1 < a < oo. For f € H(D) and 0 < r < 1, set

1

2 ] 1/p
M0 = (50 [ leeopar) L 0<p<o

and Muo(r, f) = max,= |f(z)|. For 0 < p < oo, the Hardy space H” consists of
f € H(D) such that || f||gr = supge, 4 My(r, f) < co.

A function ©® € H* is an inner function if it has unimodular radial limits almost
everywhere on the boundary T of the unit disc D. The question of when the derivative
of an inner function belongs to the Hardy or the Bergman spaces has been a subject
of research since 1970’s. Membership of the derivative in the Hardy space H? and its
Banach envelope B?, with 0 < p < 1, was studied in [1, 3, 4, 7, 20, 33|. Derivatives of
inner functions in the weighted Bergman space A? has been studied in [2, 19, 21], see
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[11, 13, 14, 15, 16, 17, 22, 32, 34| for recent developments. See also the monographs
[9] and [25]. Many known results on the classical weighted Bergman space A2 were
recently generalized in [6] to the setting of AP induced by a normal weight w. Recall
that a radial weight w is called normal if there exist real numbers a and b and
ro € (0,1) such that

w(r) w(r)

(1—r)e (1—=r)°
for r > ry [35]. Normal weights are essentially constant in hyperbolically bounded
sets |6, Lemma 1], hence they cannot oscillate too much, and in particular they do
not have zeros. The purpose of this note is to continue the line of investigation of
[6] with the difference that we consider welghts w that are less regular. The class
D of radial weights w such that W(z) = f‘ | w(s) ds admits the doubling property

/‘ OO’

N0,

w(z) < C@(HT‘Z‘) gives a sufficiently general setting for our purposes. Since the

definition of D depends on integrals, it does not require any local smoothness for w.
The point of departure of this study is the recent operator theoretic result which tells,
in particular, when the Schwarz—Pick lemma may be applied to the derivative of an
inner function in the norm of the Bergman space AP without causing any essential

loss of information. More precisely, if 0 < p < co and w € 15, then by the main result
in [31] the asymptotic equality

(L) ot = [ (A5 o aace

is valid for all inner functions © if and only if

(L—r)p [T w(s)
sup /0 (1_S)pds<oo.

0<r<1 @(7’)

Writing w € ﬁp if the supremum above is finite, an immediate consequence of this
result is that each subproduct of a Blaschke product B such that B’ € A? withw € D,

also has its derivative in A?. We also deduce that, for w € ﬁp, the derivative of a
finite product []7_, ©; of inner functions belongs to A?, if and only if ©; € A? for all
j =1,...,n. Therefore in this case we may consider different types of inner functions
separately. Before proceeding further, more definitions on weights are in order. We
say that w € D if there exist C = C(w) > 1, @ = a(w) > 0 and g = f(w) > «a such
that

12) <

1—r

B
) Gt), 0<r<t<l.

It is known that the existence of B such that the right- hand mequahty is satisfied
is equivalent to w € D by [29, Lemma 1], and therefore D = Up>0D It is easy to
see that the left-hand inequality is equivalent to the existence of K = K(w) > 1 and
C' = C(w) > 1 such that the doubling property &(r) > C@ (1 — 1) is satisfied for
all 0 <r < 1. For details and more, see [30].

For a given sequence {z,} in D for which ) (1 —|z,|) converges, the Blaschke
product associated with the sequence {z,} is defined as

H|zn| 2n — 2
L Zn 1-2z,2
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A sequence {z,} in D is called separated (or uniformly discrete) if there exists § > 0
such that

2l — &
inf [k | 5
k#n

1—7Zrz,

Writing w € J, if

sup (- T)p/ ( w(s) ds < 00,

o<r<1 W(r) 1—s)P

the main result of this study on Blaschke products reads as follows.

Theorem 1. Let % <p<ooandw € ﬁp ND. Let B be the Blaschke product
associated with a finite union of separated sequences {z,}° . If either % <p<l1

and w € ﬁgp_l, orl <p<ooandw€ Jy_1, then

(1.3) 1[5 <> %

n=1

To give some insight to the hypotheses let us take a look at the case 1 < p < oo

in which w € D, N J,—1. Roughly speaking the containment in D, says that the
integral [ w(s)/(1 — s)Pds must grow as a negative power of 1 —r, and w € J,—1

if f: w(s)/(1 — s)P~!ds tends to 0 as a positive power of 1 — r. In the case of the

standard weight w(z) = (1 — |z|*)?, the requirement w € ﬁp N Jp—1 reduces to the
chain of inequalities p —2 < a < p—1. For this special case the result is well known,
and is generalized in |6, Theorem 2| for an appropriate subclass of normal weights.
Theorem 1 in turn generalizes the last-mentioned result.

In Section 2 we first establish sharp upper bounds for ||B’|| 4, when B is a
general Blaschke product, by using standard techniques. To show that AP-norm of
B’ dominates the sum in (1.3) is more involved and the true difficulty in proving
Theorem 1 stems from the fact that w € D does not admit any local smoothness. We
circumvent the problem by using maximal functions, their boundedness and Carleson
measures for AP. Therefore our reasoning is substantially different from that of |6,
Theorem 2|. The proof of Theorem 1 is presented in Section 2 where we also point

out that the hypothesis w € D can be relaxed to w € Dif 1 <p<ooand B is a
Carleson—Newman Blaschke product. The significant difference between the classes
D and D is that D contains the so-called rapidly increasing weights that induce
Bergman spaces A? lying in a sense much closer to the Hardy spaces H? than any of
the standard weighted Bergman spaces AP [28]. The canonical example of a smooth

weight in D\ D is va(z) = (1 — |2[)? (log < >_a for each 1 < a < o0.

1—|z|
It is natural to search for necessary conditions for the zeros {z,} of a Blaschke
product B when its derivative belongs to A?. It is known by [3] that > (1—]z,|)" <
oo forall B> (1+a)/ —aif B € Al with —1 < o < —1/2. This result was recently
generalized in [32] to other values of p < 1: If B’ € A?, where 3/2+ a < p <1, then
S (1—|z.])f < oo foral 8> (2+a—p)/(p—a—1). The case (a) of the next
result gives an analogue of these results for A?P.

Theorem 2. Let w be a radial weight, and let B be the Blaschke product asso-
ciated with a sequence {z,}5° ;.
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(a) Let § < p < 1. If there exist ¢ > 0 and a constant C = C(p,e,w) > 0 such
that
1—r

(1.4) B(r) < C <1 —

then | B'|laz 2 3202, B(2n)* (1 — |z])7 for all 7 > 122,
(b) Let 1 < p < oco. If there exist ¢ > p — 1, 1_1;51) < v < 0 and a constant
C =C(p,e,w,v) > 1 such that

p—¢
) St), 0<r<t<l,

1—r v(p—e—1) 1—p\P°¢
w5 ot (155) 0 em=am=c({D)) e, osr<e<t

then || B'|% 2 Y700, &(za) 777 (1 — |2])7

If w(z) = (1—|2])?, then &(z,)% (1 —|2za])? = (1—|2,])) 5 7. Since v > (1—p)/e,
we have (v +1)/e +v > (24 o — p)/e, where ¢ < p — a — 1 by the hypothesis
(1.4). Thus [32, Theorem 1| follows from Theorem 2. Further, (b) shows that if
B' € Ar with a < 0 and p > max{1,2(1 4+ a)}, then Y (1 — |z,])? < oo for all
B> (p—2)/a— 1. This is a natural counterpart of |3, Theorem 6| for p > 1.

The proof of Theorem 2 is given at the end of Section 2. The argument we employ
uses ideas from the proofs of |3, Theorem 6| and |32, Theorem 1]. The presence of
a general weight w instead of the standard weight causes technical obstructions in
the argument, but also allows us to make certain parts of the proof more simple and
transparent. Therefore Theorem 2 can be considered as a streamlined generalization
of [3, Theorem 6] and [32, Theorem 1].

Singular inner functions are of the form

S,(2) = exp </T Z+wda(w)) . -eD,

Z—w

where ¢ is a positive measure on T, singular with respect to the Lebesgue measure.
If the measure o is purely atomic, then this definition reduces to the form

S(z) =] ew (%jt?) = exp <Z%zt§"> , z€D,

where &, € T are distinct points and v, > 0 satisfy > 7, < oo. This type of
functions are known as purely atomic singular inner functions associated with {&,}
and {v,}. If there exist ¢ > 0 and an index j such that |§; — &,| > ¢ for all n # j,
then S is said to be associated with a measure having a separate mass point. In
the case where the product has only one term, S is called an atomic singular inner
function.

In Section 3 we consider purely atomic singular inner functions. A useful auxiliary
result for our purposes is a combination of the first corollary of [2, Theorem 5| and
|27, Theorems 4.4.5 and 4.4.8]: If 0 < p < oo and S is a singular inner function, then

2m i 1, < l,

(1 _ T)p ~ Og 1—7r/ p -

(1 - r)1/2—p’ p > %a
for 0 < r < 1. An immediate consequence of this estimate and (1.1) is that there does
not exist singular inner functions S such that S” € A? if w € D, and either p = 1 and

folw(r) log (1£) dr = oo or p > 1 and folw(r)(l — )2 P dr = co. Regarding (1.6),

(1.6)
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we will show that purely atomic singular inner functions associated with measures
whose masses 7, satisfy >, 72 < oo, where p = min{3,p}, obey < instead of 2 only.
Further, it will turn out that for p > % these are the only singular inner functions
satisfying =< instead of 2 in (1.6). As a consequence of these deductions and (1.1),
we obtain the following theorem which is the last of the main results of this study.

Theorem 3. Let 0 < p < 0o and p = min{%,p}. Let w be a radial weight, and
let S be a purely atomic singular inner function satisfying » 7P < 00. Moreover,
assume that either w € D), or S is associated with a measure having a separate mass
point.

1 ' 1-1S(=)12 )"
(a) If p < 4, then S" € AP and [} e ) w(2) dA(z) < oo
(b) If p= %, then the following statements are equivalent:
(i) 5" € AL;

i [ (%S‘ji‘?)pwu)m(z)m;

(i) /Olw(r) log (l—ir) dr < oo.

(c) If p > %, then the following statements are equivalent:
(i) 8" € AP;

i [ | (58 w4 <
(i) /0 w(r)(1=r)2 P dr < co.

Theorem 3 is based on Theorems 8 and 10, to be proven in Section 3, which show
that MP(r, S') and fozw(l — |S(re)])? dt/(1 — r)P are comparable under appropriate
hypotheses. Since these results concern the LP-means of S’, they immediately give
information on the question of when S’ belongs to the Hardy space HP. At this
point it is also worth observing that for all inner functions © the quantities ||©'(|%;,
and Supg.,; fo%(l — [O(re®)|)Pdt/(1 — r)P are comparable, see, for example, [31,
Theorem 2].

We have not found the statement of Theorem 3 even in the special case of the
classical weighted Bergman spaces A? in the existing literature. Although, by using
the estimates for fo%(l — |S(re")|)dt and M o(r, S') established in [1, 5], where
S is as in Theorem 3, one may easily prove some particular cases of our theorem.
Moreover, in view of the main result in [26] our result does not come as a surprise in
the case of atomic singular inner functions.

2. Blaschke products

We begin with upper bounds for ||B’||4» when B is any Blaschke product. For
short, we write w € Djoq if

s <1og <1—fr) @(7’))_1 /0 log <i) w(s) ds < oo.

Proposition 4. Let B be the Blaschke product associated with a sequence
{zn}22,, and let w be a radial weight.

(a) IF0 < p < 4, then | B[P, 525, (1— |zl
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(b) If p=1 and w € Dy, then
- O(zn) e
B, < 1 .
153 = ; T R

(c)If}<p<landwe ﬁgp_l, then

1B, Z

(d) If1<p<ooandw€13pﬂjp_1, then

|Zn|

171 S 3 o

Proof. Since

we have

where By, (z) = [[;4, @@ and p,(z) =

2z 1—2Zpz
h(z) = xP is sub-additive, and hence

B/ p A 2\p M(Z) A
[ imerseiae Sty [ 200 aac)

1azforallazeD If 0 <p <1, then

where, by direct calculations,
1, 0<
/&d/l(z)x flOgl ‘Z| w(r)dr, p:
b |1 —Z.2|% (r)
fo 1 Izn‘ )21? 1 d?”, 5 <p S 1.
The assertions in the cases (a)—(c) now follow by dividing the integrals into two parts,
from zero to |z,| and the rest, then by estimating in a natural manner and finally

using the hypotheses. If p > 1, then the Schwarz—Pick lemma and a similar deduction
as in the case p = 1 yield

[ 1Bt ae) < / B () 2 g

ol 'B
ey

(1 =1z
1
S BEI] [ A E—
o (=) (1= Jzulr)
and the assertion (d) follows similarly as in the previous cases. 0J

Let N(f)(2) = supcer(.) |f ()| denote the maximal function related to the lens
type regions

(o) = {ce D fargz —arg] < 5 (1- H)} €D\ {0},
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with vertexes inside the disc. The Hardy-Littlewood maximal theorem [12, The-
orem 3.1, p. 55| shows that N: A? — LP is bounded and there exists a constant
C > 0, independent of p, such that

(2.1) 11, < INHIT < ClIfIY,  f € H(D),

see |28, Lemma 4.4| for details. With these preparations we are ready to prove our
main result on Blaschke products.

Proof of Theorem 1. By Proposition 4 it suffices to show that $°°°, —2(n)

n=1 (1-[z[)P~T
is dominated by a constant times ||B’[|",. Note that for Proposition 4 we have to
assume either % <p<landwe€e 1321,_1 orl <p< 00 and w € ﬁp N Jp—1. In the
remaining part of the proof only the hypothesis w € D, N D is needed. It is worth
noting that this part uses some ideas from the proof of [31, Theorem 1].
Let {z,}2, = Ujjvil{zi;}go:l, where each {27}°° | is separated with a separation
constant 0;. Let r < min{d;: j = 1,..., M} such that for given j, the discs A(z)) =
{ze€D: |z —z| <r(l—|2])} are pairwise disjoint. Then

_ ] _ ] )
|B(z2)| < |2 Z" 12 Z? <r, z€A(z),
11—z 11—
and hence
sup |B(z)|<r<1, j=1,....M
2EUA(23,)

Since w € D by the hypothesis, © is essentially constant in each disc A(27) by (1.2).
This and the obvious inequality 1 — |B(r¢)| < frl |B'(s€)| ds, valid for almost every
¢ € T, now yield

J

2 B0() = G(2)
Zu—mw*‘zikl )

n=1 j=1 n=1 _|Zn
O A
: ;;/A(z%)(l BN )(1 — [zh] )1
= » - z p& .
A;;/mzz» e e

<M [ (=BG G dAG)

o ([ () o) s

Consider first the case 0 < p < 1. By [31, Lemma 4|, the inner integral is
dominated by a constant times

([ () o-ora)
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This estimate together with Fubini’s theorem and (2.1) gives

Zl:‘z plN/|B )P — |2])P~ (/ %db“)dfl(z)
- /D 1B/(2)P i),

= S(s
djtpe(2) = (1 — |27 </0 #d% dA(z).

The right-hand side is bounded by a constant times [|B'[|", » if Af is continuously
embedded into Lf . that is, if p,, is a p-Carleson measure ' for AP By [29, Theo-
rem 1| this is the case if (and only if) ppw(S(a)) S w(S(a)) for all Carleson squares
S(a) ={z € D: |argz —arga| < |a‘, |z| > |a|} with a € D\ {0}. Since both g,
and w are radial, this condition is equlvalent to

(2.2) /T1(1—t)p—1 (/;%ds) @t <G(r), 0<r<l.

Fubini’s theorem shows that the left-hand side equals to

%((1—7")7”/5%(%—1-/:?(_8)8%’)7

where, by an integration by parts and the hypothesis w € ﬁp,

[ g, ((1@—(?)17 20+ [ 755 ds)
< 1( O _ 5(0) + By (w) =) )

p \(L—r)p

Ya(s) Y D(s) ds w(r) ! ds P
/r 1—sd5‘/r <1—s>6<1—s>1—65<1—r>ﬂ/r sy =)

by the first inequality in (1.2). It follows that (2.2) is satisfied, and hence the case
0 < p<1is proved.
Let now 1 < p < 0o and w € D, N D. Two integrations by parts show that the

where

and

condition w € Zsp is self-improving in the sense that if w € @p, then w € Zsp_e for all
e > 0 sufficiently small, see the proof of [31, Lemma 3| for details. Hence we may

choose £ = £(p,w) € (0,p — 1) such that w € D,_., and define h(z) = (1 —|z|) > ’
Then Holder’s inequality and Fubini’s theorem yield

LY s
<[ Ll (g ([ ) woma
- [ [Cimeenpaner ([ ) G20 i
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o ([ ) e
< [ 1B EPa- )y (/ "%d) dA(2).

Since the p-Carleson measures for A? are independent of p by [29, Theorem 1], (2.2)
with p replaced by p — ¢ implies that p, ., is a p-Carleson measure for A?. The
assertion in the case 1 < p < oo follows, and the proof is complete. O

The Blaschke product B with the zero-sequence {z,} is called a Carleson-Newman
Blaschke product if the measure

H= Z(l — |2a])d2,
n=1

is a p-Carleson measure for H?. This is equivalent to {z,} being a finite union
of uniformly separated sequences which is the same as B being a finite product of
interpolating Blaschke products. An equivalent quantitative condition is

[e.e]

(2.3) sup (1= lpa(z)]) < o0,

aeD n—1

see |12, 23, 24]. Recall that {z,}5°, is uniformly separated, if there exists a constant

0 > 0 such that
Rk — Zn

inf = 0.
neN
k#

1-— Ekzn
The following result shows that in Theorem 1 we may omit the hypothesis w € D
if 1 <p< oo and B is a Carleson-Newman Blaschke product.

Proposition 5. Let1 <p < oo andw € ﬁp, and let B be the Carleson-Newman
Blaschke product associated with {z,}5°,. Then

o0

w(zn)
o S 1B
2 T Jealyt <151
Proof. Tt is well known that the Carleson—Newman Blaschke product B satisfies
(2.4) L= [BE)P 2> (1—lp..(2)]"), z€D.
n=1

—2logr for 0 < r <1, 2log|B(z)] < =377, (1 = |¢..(2)|*), and hence |B(z)]* <
exp (—>2° (1 — |¢., (2)[?)). This together with (2.3) and the fact that (1 —e™®)/x

n=1

is decreasing yields (2.4). By combining (1.1) and (2.4) we deduce

191 % |3 (1= o (Y 25 )

S o) S ()
“;(1 o] / T Tl R 2 T oy

and the assertion is proved. O

We sketch a proof of this fact for the convenience of the reader. Since 1 — r? <
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If © is an inner function, then there exists a Blaschke product Bg associated
with a uniformly separated sequence {z,} such that 1 — |©(z)| < 1 — |Beg(z)| for
all z € D |7, 8]. Bg is called an approximating Blaschke product of ©. By using
Proposition 5, we obtain the following result.

Corollary 6. Let 1 < p < 0o and w € D, such that &(r)(1 —r)'™? > 1, as
r — 17, and let © be an inner function. Then ©" € AP if and only if © is a finite
Blaschke product.

Proof. Since ©' € H* if © is a finite Blaschke product, it suffices to prove the
“only if” part of the assertion. Let © be an inner function and assume first that its
approximating Blaschke product Bg has infinitely many zeros {z,}5°,. Then (1.1),
Proposition 5 and the hypothesis &(r)(1 — 7)™ > 1, as r — 17, yield

o = [ (ALY woraae = [ (ALY waac

L=z L=z
L, >S Bk
= HBQHAg Z;W—OO

Hence © € AP only if Bg is a finite Blaschke product. But if Bg has finitely many
zeros, then

1—-10()]* _ 1-[Bs(2)”

e A

6'(2)] < = [Bo(2)l, 2] =17,

and hence © is continuous up to the boundary [10, Theorem 3.11]. Therefore © is a
finite Blaschke product, and the assertion is proved. O]

We next establish a generalization of [6, Corollary 2| and [19, Theorem 7(b)].
For ¢ > 0 and a weight w, we write w,(z) = w(z)(1 — |z|)? for all z € D. Corollary 7
shows that, under appropriate hypotheses, the quantities [|©'|| 4z and [|©'|| p+a are

finite at the same time for each inner function ©.

Corollary 7. Let % <p<oo,0<qg<ooandw € D, and let © be an inner
function. If

(a) 1 <p<ooandw EAYSP N Jp-1, Or

(b) p+q<1andw € Dy, 4, or

(c)1<p+qg<l+qandw € Dy 1N Tp1,
then [|©'%, = ||@'||’j,§q-

Proof. We begin with showing that if w € D and 0 < ¢ < 0o, then
(2.5) Wy(z) <w(2)(1 —|2])4, =ze€D.

Since for each radial w we have w,(z) < &(z)(1 — |z[)? for all z € D, it suffices to
show that @, (r) 2 @(r)(1 —r)? for all 0 < r < 1. To see this, let C = C(w) > 1,
a=a(w) >0 and = f(w) > « be the constants appearing in (1.2). Let 0 <r <1
and choose a = a(w) such that 1-C~Y* < a < 1. Set rg = r and r,, ., = rp,+a(l—7,)
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for all n € NU{0}. Then r,, — 17, as n — oo, and hence (1.2) yields

/Tn+1 )(1—s)ds > Z 1 —rpi1)? (@(rn) — @(rnga))

- ga — ) (B(r) ~ Blrne)
(1—r)1 3 )" (r,) (1 ~-C <11__77¢:1)a)
(1-C(1—a)* 1—rq§ DG(r)
CH(1-C(1—a)") & )(1—r)"§(1 a)! ) (11 _?)B
=Cr'1 -0 —a))o(r) (1 —r) 3 a0+ < G(r) (1 — 1),

and (2.5) follows.
Let Bg be the approximating Blaschke product of © with zeros {z,}72,. Let

first 1 < p < co. By using (2.5) it is easy to see that the conditions w € D, and

w € Jp—1 are equivalent to w, € ﬁp+q and w, € Jp4q-1, respectively. Therefore (1.1),
Theorem 1 and (2.5) yield

0o
' E: E: Waq(2n) pte o q1@f||Pte
||@ || P ~ ||B®||AP An ‘ ( |Zn| - |Z p-‘rq 1 = ||B®||Ag$q - ||@ ||Ag$q>

and thus the assertion is proved for 1 < p < oco. The other two cases follow in a
similar manner. U

We end this section with the proof of Theorem 2.

Proof of Theorem 2. Let % < p < oo and € > 0 be as in the statement of
the theorem. Assume, without loss of generality, that {z,} is ordered by increasing

moduli and z, # 0 for all n. An integration by parts shows that w € D, if and only

if
_ p r R
(1 r)/ ) o=t s
w(r) Jo (1—s)ptt

But since (1.4) is satisfied by the hypothesis,

"W(s) w(r) /T ds 5(r)
< - <

and thus w € YSP. Further, by the proof of [3 Theorem 6],

1- IB |zn|
NS |2 Z|B 11— Zn2?’ z €D,

where

B,(z) = —~ neN, zeD,
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and hence (1.1) implies

(2. 181, = | (Z (2 'Z’;"z) w(r) dA(2).

We next estimate |B,| appropriately downwards close to the boundary. To do this,
let

pea(2) = D(=) T (1~ |27, 2 €D,
and set v = inf{y > 0: > %, pn(1 — |2,4]) < oo}, where p, = p.,(2,). Since {z,} is
a Blaschke sequence, 7y < 1. Let v > 79 = 7o(¢) so that > 7 | p,(1 —|z,|) converges.
As in the proof of |32, Theorem 1], note that

r— |z Z|Zj‘p<:>TZM7 O<r<l, 0<p<oo,
1 —|z|r 1+ [z
and let _ .
B e e Y (L B )
1+ |25]pit? 1+ |zPatt

Then |z;| < r; <1 for all j € N. Moreover, for |z| > R,, = max;<;<,rj, we have
1

n—1 n—
2] — || ||
| Bn(2)] = > = N REZ1 = N RE
) S Hl—wR Hﬂ H

i pi(1— |z
o (S moelol) = o (—zﬁ) 21
j=1

Jj=1

(2.7)

Let 3+ < p < 1. Then (2.6), Minkowski’s inequality and (2.7) yield

- - |Zn|>p z
Bl o > E B 2p(7 A

zi ([ L=l dA(z));

\D(O,Ry) |1 — Znz|?P

=3k (g —M\Q\f;p—l); '

oo N ) [ee) i 1 Rn P;E
15 2 3201 )3 00 2 30~ ) G? ({2 )
n=1 n=1 n
= (1= [2)s ' D(2)3 infi<j<n(l— 1)\ ®
n=1
Since 1 —7; > (1 — |2;])(1 — |2;]%)/2 and {z,};2, is ordered by increasing moduli,
we obtain
o 11 (infiggn (D — |z ]) (1 —[2]7) ) 7
I1Blaz 2 3200 = |75 ( RS
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Now that 372, p;j(1 — |2;]) converges and z; # 0 for all j, there exists § > 0 such
that

RN
inf |25| = inf (|Z |11z ) Ty
JE JE

Therefore

[e’e] E
1 P
, S _ 19 L. |Pi
| B|| a2 = 1(1 |2n|)? ™ W(2p,)7 <1i1}£n|2]| 7 log |Zj|pj)
n=
p—¢

> 501 ) B (int, ps1 = 12)

1<j<n
1

n

1+y(p—e)—p

(I=Tfzl) 7 Wlza).

m|>—-

>

WE

S
I
—_

. 1—
If B" € AP, then 1 +(p —¢) — p > pyo, and by letting v — 70, we deduce 7o < —2.
The assertion in the case % < p <1 follows.
Let p > 1. Then we can drop p inside the sum in (2.6) without using Minkowski’s
inequality. Hence, by deducting as above, we obtain

o0

I3 2 320 = ) 7200 2 Y0~ )50 (i, 1= 1)

n=1

Since the left-hand inequality of (1.5) is equivalent with the asymptotic inequality
BT (L—r) 2 G (1—t), 0<r<t<]l,

we have

~ 1
||B/||Ap > Z 1 . |Z 1+7(P—€)—Pw(zn) Ite—p,

If B € AP then 1 +~v(p—¢) —p > v, and by letting v — 7o, we deduce vy < 1+;pp
The assertion in the case 1 < p < oo follows, and the proof is complete.

3. Purely atomic singular inner functions

Recall that purely atomic singular inner functions are of the form

= I;IQXp (%zt?) = exp <;%zt§:> , z€D,

n

where &, € T are distinct points and ) v, < co. If the product has only one term,
with 3 = v and & = &, then we write § = 5, .

Theorem 8. Let 0 < p < oo and p = min{%,p}. Let S be the purely atomic
singular inner function associated with {&,} and v = {~,} € ¢°. Then

27 i 1 <1

1= |S(re)|)? dt P
e e UCE E TN
(1_T)/_p7 p>§7

for%<7’<1.
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Proof. By (1.6), it suffices to show that f027r(1 — |S(re®)|)Pdt < (1 — 7)Phy(r).
We begin with an estimate for S = S, ¢, where £ = €. Since

2(k—1)
|1 —e”|> =2(1 — coss) —252 kls o0
(3.2) 2 4 6 2
252 l_w_ T _ T >8_ —r<s<m
- 2 4l 6 8t ) — 37 ’
we obtain

2w 1 _7,2 p
_ )P _
/0 (1 =18, ¢(re™)))P dt = /0 (1 exp< 7|1 — i) |2)> dt
B P
1 —exp (—71771)) ds

|1 — refs|?
1— 72 P
. d
(”(1—r>2+r|1—ew|2>) ’
(3.3) <2/7r 1 gy 17T pd
. < —exp | 2y——— S
0 (1—r)2+2

2y
3 = 1—e Y d
:2\/j7§(1_r)§/ (1—e™) :)31
r 2y(1—7) z(1—r) 2

a—r2Ztrn2/3 T2 (2 — —Fy_ )

To prove the general case, we may assume that {7, }>2 L is non-increasing. Write

Sp = S, ¢, for short. If f027r(1 — |S(ret)Podt < (1 —r)2 for some py > %, then
the same clearly holds for all p > py. Therefore it suffices to prove the assertion for

0 < p<1. Since

1—|S(z)\:1—ﬁ|5n i1—\5 2 €D,
n=1 n=1

we obtain
/OW(1—|5(7“6”)\)”dt§/OW(Z(l—\Sn(Teit)\)> dt

/2ﬂi1—|s (re)|)P dt = Z/ (1= S (rei®) )P d
. /%1_'5 repdt+ Y / (1= |S, (re®)|)? dt

n>y1(1-7) 0 <1 (1-r)
= Il( ) + IQ(’T’).
By (3.3), we have

(3.4) L(r) S (1 —7“)% (/j: r) /2 %) g( :v()l:j;%

Yrn>71 ( 1 )
Tn
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If v, > 27:(1 —r), then

2 P q 2m d ~ 1

oy = [ AT [T o i), neN,
'Yn(é*f) x% <2 o(1— 7“)) ’Yn(é*f') r2"P

Tn

because 1 —e™* < s for s € (0,00). If (1 —7) <7, < 27 (1 —r), then

I - 1—7r 3 W (1—exp( %y)))p dy
3(T) - Yn (1-r)2 7)2 % 2 y)%
1- / / (1 — exp (—32)))” dy
Tn - 7)2 g 2y I
1—7r 2 -P dy 51 B
S ( Tn ) ﬂlfﬂ y%—p +f}/1 i Tn 2(1 _T)p th(’l“), neN

1
Hence I3(r) < fyp 2(1—r)P~2h,(r). By an analogous manner, we can also show that

2yn

= (1—-e®)Pd 51
Ly = [ AEE AT ), e s (1= 1)
271 x% (2 I(i{—r)) 2

Now, by using the estimates for I3 and I, in (3.4), we obtain [1(r) < ||7||§5(1 —
r)Ph,(r). Further, since

2w ” 2 1—7"2 p
- tsareran= [ (1o (<)) @
| a=isaeenra - i

27 dt
S [ S -y, neEN.
0

|1 — rett|?r
we have
) ~
L(r) S (U =r)2hy(r) > A8 S G = r)Phy(r).
<y (1-r)
By combining the estimates for I; and I, we deduce the assertion. 0

Note that Theorem 8 in the case p = 1 has been proved earlier in [1], but the proof
there is based on different methods. The following corollary shows that Theorem 8
is sharp for p > %

Corollary 9. If S is a singular inner function, then the following statements are

equivalent:

(a) S is a purely atomic singular inner function associated with vy € (3;
) 11//22(7’ S <log( ) asr — 1~
) (1—|S(7’e’t)|) dt<(1—r)2log( ), asr— 17
) there exists 3+ < p < oo such that f (1— |S(7’e”)|)pdt <(1—=r)2, asr — 17;
) (1 — |S(7’e’t)|)pdt <(1—7r)2, asr — 17, for each 1 <p< .

Proof. The statements (a) and (b) are equivalent by [5, Theorem 2.2|. Moreover,
(a) implies (c)—(e) by Theorem 8, and (c) implies (b) by the Schwarz-Pick lemma.

(b
(c
(d
(e
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To complete the proof, it suffices to show that (d) implies (a). If (a) does not hold,
then the proof of [5, Theorem 2.2] yields

[

2w
(1-— r)_2/ (1—|S(re")|)?P dt — o0, r—17,
0

for each 0 < p < oo, and this clearly contradicts (d). Thus the assertion is proved. [

If an inner function © satisfies either

1\
<log1_r> Mll//22(r o) — 0", r—1-,

or

ST~ [O(ret)|) dt
(1—7)3

then it is a Blaschke product. In the first case, the assertion is a direct consequence of
[5, Theorem 2.1]. In the latter case, the assertion follows by (1.6) and a special case
of the Beurling factorization according to which every non-constant inner function
is either a Blaschke product, a singular inner function or a product of the previous
ones [10].

Theorem 3 for w € ﬁp can be proved by using Theorem 8 and (1.1), as will
be shown later. To deal with the remaining case, we will use the following result
which shows that MP(r,S") < h,(r) for each purely atomic singular inner function S
associated with a measure having a separate mass point.

1
— 07, P> g r— 17,

Theorem 10. Let 0 < p < 0o and p = min{%,p}. Let S be the purely atomic

singular inner function associated with {£,} and v = {v,} € (7, and having a separate
mass point in its inducing measure. Then there exists ro = ro(p, S) € (0, 1) such that

JET( — |S(ret)|)p dt
(1 —r)p

where h,, is as in Theorem 8.

(3.5)

= MP(r,S") < hy(r), ro<r<1,

Proof. Let &; be a separate mass point and write S = [[°2, S,,, where S,, = S, ..
It suffices to show that MP(r,S’) 2 MZE(r,S’) for r close enough to one because then
this together with Theorem 8, the Schwarz—Pick lemma and the main result of [26]
yields
ST —1S(ret)|) di -,
(I—r)p
To prove MP(r,S") 2 MZ2(r, S’), note first that

hp(r) =

MP(r,S") 2 ME(r,S5) < hy(r), 1o<r <1

5'(2)| =

1_ 2
T \2 exp( Z’Yk|z_;‘|2)
> Z exp kal_ Z|2 .
Iz—&l2 Iz—f K 2 = &l?

n#j
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For each k € N, write & = ¢, where 0 < 0, < 27. By the hypothesis, there exists
e =¢(S) € (0, ) such that |0; — 6| > ¢ for all k # j. Let first [t—6;| < 5 and r > 3.
Then (3.2) yields

1—r? B 1—r?
P Z% reit — eifk|2 | CXp |~ ;%(1 )2 4|l — et ]2
j

hj

Yk 48 48
> exp <—6; m) > exp <—€—2 Z%) > exp (—5—2”7”41

Py

it L n % 24
= Tt _ 0,2 . e > _ = _
f(?”e ) ‘Telt _ ezﬁjP ; |7‘6’t — eitn]2 — (1 _ 7,)2 + T‘(t — 9j)2 22 ||’}/||g1

Set M = M(S) = (24/2)|[y]ln. Then, for r > max{l 1 i} and [t — 0] <

27 4M

. 1 Vi Vi
it > = J > - J - .
flre®) = 2(L—r)2+r(t—0;)% ~ 6|ret — et

aM 2

If @« = min {, /- E}, then, by combining the estimates above, we deduce

0j+a 0+

MP(r,S") > /0 |S" (re™) [P dt > /0 |Sf{j7§j (re™)|P dt < MY (r, Sfyj@j)
j—a j—a
for r close enough to one depending on p and S. Thus the assertion is proved. [
With these results in hand we can easily establish Theorem 3.

Proof of Theorem 3. Let us begin with the case w € ﬁp. By multiplying (3.1) by
rw(r) and integrating with respect to r we obtain

[ (S5 v = [ ity rar,

2

where S and h, are as in Theorem 8. The assertion in Theorem 3 for w € 13,, now
follows by (1.1). If S is associated with a measure having a separate mass point, then
the assertion can be proved by an analogous manner using (3.5). 0

The statement in Theorem 3 for p < % is actually valid for each radial weight w
and each purely atomic singular inner function S with v € ¢7. This is an immediate
consequence of Theorem 8, the Schwarz—Pick lemma and [5, Theorem 2.2]. Further,
it is worth observing that S" € H? if and only if p < %

Acknowledgements. This paper is a part of the third author’s PhD thesis. The
authors thank the thesis reviewers Igor Chyzhykov and Toshiyuki Sugawa, and the
opponent José Angel Pelaez for careful reading of the manuscript and valuable com-
ments.



752 Fernando Pérez-Gonzalez, Jouni Rattyd and Atte Reijonen

References

[1] AHERN, P.: The mean modulus and the derivative of an inner function. - Indiana Univ. Math.
J. 28:2, 1979, 311-347.

[2] AHERN, P.: The Poisson integral of a singular measure. - Canad. J. Math. 35:4, 1983, 735-749.

[3] AHERN, P.R., and D.N. CLARK: On inner functions with BP derivative. - Michigan Math.
J. 23:2, 1976, 107-118.

[4] AHERN, P.R., and D.N. CLARK: On inner functions with H? derivative. - Michigan Math.
J. 21,1974, 115-127.

[5] AHERN, P., and M. JEVTIC: Mean modulus and the fractional derivative of an inner function.
- Complex Variables Theory Appl. 3:4, 1984, 431-445.

[6] ALEMAN, A., and D. VUKOTIC: On Blaschke products with derivatives in Bergman spaces
with normal weights. - J. Math. Anal. Appl. 361:2, 2010, 492-505.

[7] Coun, W.S.: On the H? classes of derivatives of functions orthogonal to invariant subspaces.
- Michigan Math. J. 30:2, 1983, 221-229.

[8] ConnN, W.S.: Radial limits and star invariant subspaces of bounded mean oscillation. - Amer.
J. Math. 108:3, 1986, 719-749.

[9] CowwELL, P.: Blaschke products: Bounded analytic functions. - University of Michigan Press,
Ann Arbor/Michigan, 1985.

[10] DUREN, P.: Theory of H? spaces. - Academic Press, New York-London, 1970.

[11] FricalN, E., and J. MASHREGHI: Integral means of the derivatives of Blaschke products. -
Glasg. Math. J. 50:2, 2008, 233-249.

[12] GARNETT, J.: Bounded analytic functions. Revised 1st edition. - Springer, New York, 2007.

[13] GIRELA, D., C. GONZALEZ, and M. JEVTIC: Inner functions in Lipschitz, Besov, and Sobolev
spaces. - Abstr. Appl. Anal. 2011, Art. ID 626254, 1-26.

[14] GIRELA, D., and J. A. PELAEZ: On the derivative of infinite Blaschke products. - Illinois J.
Math. 48:1, 2004, 121-130.

[15] GIRELA, D., and J. A. PELAEZ: On the membership in Bergman spaces of the derivative of a
Blaschke product with zeros in a Stolz domain. - Canad. Math. Bull. 49:3, 2006, 381-388.

[16] GIRELA, D., J. A. PELAEZ, and D. VUKOTIC: Integrability of the derivative of a Blaschke
product. - Proc. Edinb. Math. Soc. (2) 50:3, 2007, 673-687.

[17] GIRELA, D., J. A. PELAEZ, and D. VUKOTIC: Uniformly discrete sequences in regions with
tangential approach to the unit circle. - Complex Var. Elliptic Equ. 52:2-3, 2007, 161-173.

[18] GLUCHOFF, A.: The mean modulus of a Blaschke product with zeroes in a nontangential
region. - Complex Variables Theory Appl. 1:4, 1983, 311-326.

[19] GLUCHOFF, A.: On inner functions with derivative in Bergman spaces. - Illinois J. Math. 31:3,
1987, 518-528.

[20] GROHN, J., and A. NICOLAU: Inner functions in certain Hardy—Sobolev spaces. - J. Funct.
Anal. 272:6, 2017, 2463-2486.

[21] KiM, H.-O.: Derivatives of Blaschke products. - Pacific J. Math. 114:1, 1984, 175-190.

[22] KuTBI, M. A.: Integral means for the first derivative of Blaschke products. - Kodai Math. J.
24:1, 2001, 86-97.

[23] McDONALD, G., and C. SUNDBERG: Toeplitz operators on the disc. - Indiana Univ. Math. J.
98:4, 1979, 595 611.

[24] McKENNA, P.: Discrete Carleson measures and interpolation problems. - Michigan Math. J.
24:3, 1977, 311-319.

[25] MASHREGHI, J.: Derivatives of inner functions. - Fields Inst. Monogr. 31, Springer, New York;
Fields Institute for Research in Mathematical Sciences, Toronto, ON, 2013.



[26]
[27]
28]
[29]

[30]
31]

[32]
[33]
[34]

[35]

Derivatives of inner functions in Bergman spaces induced by doubling weights 753

MATELJEVIC, M., and M. PAvLOVIC: On the integral means of derivatives of the atomic
function. - Proc. Amer. Math. Soc. 86:3, 1982, 455-458.

PAvLoOVIC, M.: Introduction to function spaces on the disk. - Posebna Izdanja 20, Matematicki
Institut SANU, Belgrade, 2004.

PELAEZ, J.A., and J. RATTYA: Weighted Bergman spaces induced by rapidly increasing
weights. - Mem. Amer. Math. Soc. 227:1066, 2014.

PELAEZ, J. A., and J. RATTYA: Embedding theorems for Bergman spaces via harmonic anal-
ysis. - Math. Ann. 362:1-2, 2015, 205—-239.

PELAEZ, J. A., and J. RATTYA: Weighted Bergman projection in L°°. - Preprint.

PEREZ-GONZALEZ, F., and J. RATTYA: Derivatives of inner functions in weighted Bergman
spaces and the Schwarz—Pick lemma. - Proc. Amer. Math. Soc. 145:5, 2017, 2155-2166.

Protas, D.: Blaschke products with derivative in function spaces. - Kodai Math. J. 34:1, 2011,
124-131.

ProtTas, D.: Blaschke products with derivative in H? and BP. - Michigan Math. J. 20, 1973,
393-396.

ProTas, D.: Mean growth of the derivative of a Blaschke product. - Kodai Math. J. 27:3,
2004, 354-359.

SHIELDS, A. L., and D. L. WiLL1AMS: Bounded projections, duality, and multipliers in spaces
of analytic functions. - Trans. Amer. Math. Soc. 162, 1971, 287-302.

Received 12 August 2016 e Received 15 December 2016 o Accepted 23 December 2016



