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Abstract. Let E be an infinite closed set in the Riemann sphere, and let T(E) denote its
Teichmiiller space. In this paper, we study some metric properties of T'(F). We prove Earle’s form
of Teichmiiller contraction for T'(F), holomorphic isometries from the open unit disk into T'(E),
extend Earle’s form of Schwarz’s lemma for classical Teichmiiller spaces to T'(E), and finally study
complex geodesics and unique extremality for T'(E).

Introduction

Let C denote the complex plane, A := {z € C: |z| < 1} denote the open unit
disk and C = CU {00} denote the Riemann sphere. Throughout this paper, we will
assume that E is a closed set in C and that 0, 1, and oo belong to E. The Teichmiiller
space of E, denoted by T'(F), was first studied by Lieb in his 1990 Cornell University
dissertation [14], written under the direction of Earle. It has several applications in
holomorphic motions, geometric function theory, and holomorphic families of M&bius
groups; see the papers |7, 12, 15, 18|. In this paper, we study some metric properties
of T(F). Our paper is arranged as follows. In §1, we give the relevant definitions
and also state various properties of T'(F) that will be necessary in our paper. In §2,
we state the main theorems of our paper and also the motivations for these results.
In §83-6, we give the proofs of our main theorems.

1. Teichmiiller space of a closed set in C

We call a homeomorphism of C normalized if it fixes the points 0, 1, and co. Let
M (C) denote the open unit ball of the complex Banach space L>(C). For each p in

M (C), there exists a unique normalized quasiconformal homeomorphism of C onto
itself that has Beltrami coefficient p, denoted by w*.

Definition 1.1. The normalized quasiconformal self-mappings f and g of C
are said to be E-equivalent if and only if f~! o g is isotopic to the identity rel E.
The Teichmiller space T(E) is the set of all F-equivalence classes of normalized
quasiconformal self-mappings of C. The basepoint of T'(E) is the E-equivalence class
of the identity map.

We define the projection
Pg: M(C) — T(F)
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by setting Pgr(u) equal to the F-equivalence class of w*, written as [w"|g. Clearly,
Pr maps the basepoint of M(C) to the basepoint of T'(E). (We will use the same
notation 0 for the basepoints in M (C) and T'(E).)

In his doctoral dissertation [14], Lieb proved that T'(E) is a complex Banach
manifold such that the projection map Pg is a holomorphic split submersion. For
more details, see [7].

The tangent space at the basepoint. Let A(E) be the closed subspace of
L'(C) consisting of the functions f in L'(C) whose restriction to E° is holomorphic.
We identify L>(C) with the dual space of L!'(C) in the usual way. Set

AE): ={p e L=(C): L,(f) = //C,u(z)f(z) dedy =0 for all fin A(E)}.

Proposition 1.2. (Teichmiiller’s lemma for T'(E)) ker(Py(0)) = A(E)*.
See Proposition 7.18 in [7].

Corollary 1.3. The tangent space to T (E) at its basepoint is naturally isomor-
phic to A(E)*, the dual space of A(E).

The natural isomorphism sends the tangent vector Py (0)u to the linear functional
[ 6,(f) on A(E).

Changing the basepoint. Let h be a normalized quasiconformal self-mapping
of (A],Nand let E = h(E). By definition, the allowable map h* from T(E) to T(E) maps

the E-equivalence class of g to the E-equivalence class of g o h for every normalized
quasiconformal self-mapping g of C.

Proposition 1.4. The allowable map h*: T(E) — T(E) is biholomorphic. If
 is the Beltrami coefficient of h, then h* maps the basepoint of T(E) to the point
Po() in T(E).

Forgetful maps. If E is a subset of the closed set E and pis in M(C), then the
E-equivalence class of w* is contained in the E-equivalence class of w*. Therefore,

there is a well-defined forgetful map pg , from T'(E) to T'(E) such that Pr = pg ;0 P5.
Proposition 1.5. The forgetful map p Bplsa basepoint preserving holomorphic
split submersion.
Proof. Since Pg = pi.p© Pp and Pp and P are holomorphic split submersions,
S0 1S pg p- O
The following proposition will be very useful in our paper.
Proposition 1.6. Let f be any holomorphic map of A into T(E) and let p be
any point in M(C) such that Pr(p) = I(O) There is a holomorphic map f from A
to M(C) such that f(0) = p and Pgo f = f.

For proofs see Proposition 7.27 in [7] or Proposition 5.1 in [17]. This is an easy
consequence of the “universal” property of T'(E) (see [15]) and Slodkowski’s theorem
on extensions of holomorphic motions (see [21]).

The Kobayashi and Teichmiiller metrics on T'(E).
Proposition 1.7. The Kobayashi metric on M(C) is given by

(n—v)
(1—pv) Hoo

par(pt,v) = tanh™"
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for all i, v in M(C). The infinitesimal Kobayashi metric on M(C) is given by

‘ o

KM(:“’? )‘>

=T
for 1 in M(C) and X\ in L*>*(C).
See Proposition 7.25 in [7].
By definition, the Teichmiiller metric dpg) on T'(E) is given by
drey(Pe(p),t) = inf{prp(p,v): v € M(C) and Pg(v) =t}

for all 4 in M(C) and ¢t in T'(FE).
The infinitesimal Teichmiiller metric Frpg) is defined on the tangent bundle of
T(E) by the formula

Fre) (Pe(u), ) = inf{Kar(1, \): X € L(C) and Ph(pA = v},
for any p in M(C) and tangent vector v to T'(E) at the point Pg(u).

Proposition 1.8. The Teichmiiller and Kobayashi metrics on T(E) are equal,
and the infinitesimal Teichmiiller and Kobayashi metrics are also equal.

See Proposition 7.30 in [7].

Definition 1.9. A map f: A — T(F) is called a holomorphic isometry if f is
holomorphic and for any pair ¢, ¢’ in A, drg)(f(t), f(t')) = pa(t,t').
Recall that the Poincaré metric on A is given by

pa(z,w) = tanh™! ‘ 1Z —v

— Zw
for all z and w in A.

Definition 1.10. A Beltrami coefficient p in M(C) is called extremal in its E-
equivalence class, if Pg(u) = Pgp(v) and ||p]|c < ||V]|eo- Equivalently, pu in M(C) is
extremal in its E-equivalence class if drgy (07, Pr(i)) = pa (0, 1).

We defined a natural isomorphism mapping the tangent space to T'(F) at its
basepoint onto a Banach space A(E)*. That isomorphism is an isometry with respect
to the infinitesimal Teichmiiller metric on the tangent space and the usual norm on
A(E)*. Throughout this paper we will denote this infinitesimal Teichmiiller norm by
¢,; so £, is the norm of the linear functional

://C,ugbdxdy on A(E),

Henceforth, we will denote this by

sy = o | ff

It is clear that [[£,||7g) < H,u||OO for p in L>(C).

o

¢ € A(E).

Definition 1.11. A Beltrami coefficient p is infinitesimally extremal in its E-
equivalence class, if |0, ) = [t/ o-

The following proposition is obvious.

Proposition 1.12. If E is a subset of E and PEE: T(E) — T(E) is the forgetful
map, then

dr(e) (g p(5): Pp p(t) < dpg (s, 1)
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for all s and t in T'(E).

When FE is finite. Let F be a finite set (as usual, 0, 1, and oo belong to
E). Tts complement E°¢ = € is the Riemann sphere with punctures at the points of
E. Since T(E) and the classical Teichmiiller space Teich(f2) are quotients of M (C)
by the same equivalence relation, T'(F) can be naturally identified with Teich(€2).
It is given in Example 3.1 in [15]. For the reader’s convenience, we include this
discussion. Let 0: T'(E) — Teich(€2) be the map defined by setting 6(Pg(p)) equal
to the Teichmiiller class of the restriction of w* to Q (where, as usual, p is in M(C)).
It is clear that € is a well-defined map of T'(E) into Teich(§2). We claim that 6
is injective. For, suppose that the restrictions of w* and w” to €2 are in the same
Teichmiiller class. Then, there is a conformal map A of w*(€2) onto w”(2) such that
(w¥)™' o how* is isotopic to the identity rel E. This map h is the identity, for it is
obviously a Mobius transformation and it fixes 0, 1, and oo because w* and w" are
normalized. Therefore, w* and w” are E-equivalent, and so @ is injective. Also, @ is
surjective, since the restriction map p — p|Q2 from M(C) to M () is bijective and
O(Pg(p)) = ®(p|Q2) for all g in M(C), where &: M() — Teich(2) is the standard
projection. This also shows that 6 is biholomorphic, since Pr and ® induce the
complex structures of T'(E) and Teich(€2). Under this indentification dp gy becomes
the (classical) Teichmiiller metric for T'eich(£2). Furthermore, the norm of ¢, is simply
the norm of the linear functional that p induces on the Banach space of integrable
holomorphic functions on €2. For standard facts on classical Teichmiiller spaces, the
reader is refereed to the books [9, 11, 19].

We need the following form of Teichmiiller contraction for T(E) when E is a
finite set. (Recall that when E is finite, T'(E) is naturally identified with the classical

Teichmiiller space Teich(C \ E). )

Theorem 1.13. Let u € M(C), and Pg(p) = 7 in T(E). Let jo be an extremal
in Pp(p). Set ko = iolls b = lallas Ko = (1+ko)/(1—ko), and K = (1+K)/(1—k).
Then

1 1 2

=== < (k= llrm)) < K - Ko

K, K_l—k2< lellre ) < °
See Theorem 2 in [5].

Remark 1.14. Earle proved this result for T'eich(X) where X is any hyperbolic
Riemann surface. He used the Reich—Strebel inequalities to obtain his result. We
need the special case when X = C\ E and E = {0,1,00,(1, -+, (u}, n > 1.

Approximations by finite subsets. Let E be infinite and let £y, Esy, -+, E,,, -+
be a sequence of finite subsets of E such that {0,1,00} C Fy C Ey C---CE, C---
and | J°7 | E, is dense in E. Let 0 be the basepoint of T'(E), and for each n > 1, let
7, be the forgetful map pg g, from T'(E) to T'(E,). For any 7 in T(E) and n > 1
let 7,, = m,(7). In particular, 0,, = m,(0) is the basepoint of T'(E,,) for all n > 1. By
Proposition 1.12, we have

dre,)(0n, 7o) < dre,, 1) (Ontt1, Tag1) < dre) (0, 7)

for all 7 in T(E) and n > 1.
The following two facts will be important in our paper. For proofs, see [15] and

[16].
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Proposition 1.15. For each 7 in T'(E) the increasing sequence {drg,)(0,, 7,)}
converges to dr(g)(0, 7).

Proposition 1.16. Let the infinite closed set E and the finite subsets E,,, n > 1,
be as above, and let pu belong to L>°(C). The sequence {||{,||r(k,)} is increasing and
converges to ||{,||rg).

We will also need the following theorem. This appears in Earle’s paper [5].

Theorem 1.17. Let V be a complex Banach space and g: A — V be a holo-
morphic map with ¢g(0) = 0 and ||g(t)|| < 1, ¥Vt € A. Fixt € A\ {0}. If either of the
inequalities ||g'(0)|| < 1 or ||g(t)|| < [|t| is strict, then both are strict and

A(@ﬁﬂmwmm)SpMaw

|t]
2. Statements of the main results

For classical Teichmiiller spaces, the principle of Teichmiiller contraction was
proved in [8]. A sharp form of Teichmiiller contraction was proved by Earle in [5].
Gardiner’s result was extended to the generalized Teichmiiller space T'(F) in [16],
which proved a J — € form of Teichmiiller contraction. Our first result extends Earle’s
form of Teichmiiller contraction to T'(E); this sharpens and improves the 6 — € in-
equalities in [16].

Theorem I. Let p € M(C), and Pg(pn) = 7 in T(E). Let uy be an extremal
in the E-equivalence of . Set ko = ||polloo, & = ||1t]loos Ko = (1 + ko)/(1 — ko), and
K= (14k)/(1—k). Then

1 1 2
Ky K~ 1-k

Our next result is on holomorphic isometries from A into T'(E). This extends

Theorem 5 in [6] to T'(E).

Theorem II. Let f: A — T(FE) be holomorphic and let t; € A. Suppose either

(k= 1llr)) < K - Ko.

that
(1) dree)(f(tr), [(t2)) = palts, t2) for some t2 € A\ {t1},
or
(2) Fre)(f(t), f'(t1)) = _ then f is a holomorphic isometry.

A

In [5], Earle proved a form of Schwarz’s lemma for classical Teichmiiller spaces.
Our next result extends that theorem to T'(E). Let f: A — T(FE) be a basepoint
preserving holomorphic map and set

ko(t) = ||pl|oe ift €A, f(t) = Pe(p), and p is extremal .

Theorem III. Let f: A — T(F) be a basepoint preserving holomorphic map.
Fix any t in A\ {0}. If either of the inequalities || f'(0)|lr@) < 1 or ko(t) < |t] is
strict, then both are strict and

ko(t)

pa <Wa ||f/(0)||T(E)> < 2pa(0,1).

Our final theorem is on complex geodesics and unique extremality in T'(E). It
extends Theorem 6 in [6] to T'(E). We first need two definitions.
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Definition 2.1. A geodesic segment J in T(FE) is the image of an injective
continuous map «: [0,1] — T'(E) such that

drm)(a(zo), (r2)) = drm)(a(zo), a(r1)) + drm)(a(z1), a(z2))

whenever 0 < z; < x5 < 23 < 1. The points f(0) and f(1) are called the endpoints
of J. We say that the geodesic segment J joins the points 71 and 75 in T(E) if they
are the endpoints of J.

Definition 2.2. A Beltrami coefficient p in M(C) is called uniquely extremal if
Pu(v) # Pu(y) whenever v € M(C), v # p, and [[v]a < ||t

It is obvious that every “uniquely extremal” pu is extremal.

Theorem IV. Let g € M(C), ug # 0 and po be extremal in its E-equivalence
class. Then the following four statements are equivalent:

(1) The Beltrami coefficient pio is uniquely extremal and |ug| = || oo a-e.

(2) There exists only one geodesic segment joining Pg(0) and Pg(uyp).

(3) There exists only one holomorphic isometry f: A — T(FE) such that f(0) =

Pg(0) and f([lnolle) = Pe(po)-
(4) There exists only one holomorphic map g: A — M(C) such that g(0) = 0

and Pp(g(|[polloe)) = Pr(po)-
Remark 2.3. Recall from §1 that when E is finite, T'(F) is naturally identified

with the classical Teichmiiller space Teich(C\ E), and so, T(E) is finite-dimensional.
In that case all the above theorems are well-known; see [5], §7 and §8 in [6], and also
§9.3 and §9.5 in [13]. Therefore, for the rest of our paper, the blanket assumption
will be that F is an infinite closed set and that 0, 1, and oo belong to E.

3. Proof of Theorem I

Let 7 € T(E), Pr( = 7, and o be extremal in the E-equivalence class of p. So
we have Pp(p) = Pp(po) and [[polleo < [[p]loc- Let k = [|pfloc and ko = [|ptoloc- Also,
let

1+k 1+ ko
—k T
We follow the construction given immediately after Theorem 1.13 (in §1). Let 7, =
mn(7), and let uo(n) be extremal in its E,-equivalence class. Let ko(n) = ||uo(n)||0o
and let 14 k()
+ Ko(n
K, =——.
o) = T %)

Since T(E,) is identified with the classical Teichmiiller space Teich(C \ E,), by
Theorem 1.13, the following is true for all n:

1 1 2
1 ——<7<k_g )<K—K '
(3.1 Ko(n) K — 1—k2 17, ) < o(n)
Since po(n) is extremal in its E,-equivalence class, we have drg,)(0n, 7n) = || t0(7) |00

= ko(n). Also, since fi is extremal in its E-equivalence class, we have dpg)(0,7) =
|lit0]| o = ko. By Propositions 1.14 and 1.15, we have

Jim Ko(n) = Ky and Jim 1ullrz.) = 1CullrE)-

Taking limits in Equation (3.1), we obtain

1 1 2
2 — ——=<
(32) Ky K~ 1-—k?

(k= lellrm ) < K = Ko, 0
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The following two corollaries will be very useful in our paper.

Corollary 3.1. (Hamilton—-Krushkal-Reich—Strebel extremality condition for
T(E)) A Beltrami coefficient u is extremal in its E-equivalence class if and only if it
is infinitesimally extremal in its E-equivalence class.

The proof is obvious.

We follow the same notations as in Theorem I. Let Pg(pn) = 7, and let po be
extremal in its F-equivalence class. Let k = ||p||oo and kg = || 0| co-

Corollary 3.2. If either ko or [|€,| is less than k then both are less than k.
Moreover,

ko 16l
(3.3) pa (f, | < pal0,k).

The proof is straightforward. See, for example, the proof of Corollary 1 in [5].

4. Proof of Theorem I1

Let £L: L>*(C) — A(E)* be the linear map that takes p in L>°(C) to the func-
tional /,, defined as

£0)(0) = () = [ podedy, tor o€ AB),

By Proposition 1.4, we can assume, without loss of generality that t; = 0 and
that f(0) = 0. We use the same notation 0 for the basepoints in A, M(C), and

T(FE). By Proposition 1.6, there exists a holomorphic map f: A — M(C) such that
f(0)=0and Pgo f=f.
Let us assume there is to € A\ {0} such that drg (0, f(t2)) = pa(0,t2). We have

pa(0,t2) = dr(y (0, f(t2)) < par(0, F(t2)) < pa(0,t2)

~

where drg) (0, f(t2)) < pm(0, f(t2)) because Pp: M(C) — T(FE) is holomorphic,
Pgr(0) =0 and Pg(f(t2)) = f(t2); and also, pas(0, f(t2)) < pa(0,t2) because f: A —
M (C) is holomorphic and f(0) = 0. From the above inequality, we get

dr ) (0, f(t2)) = par(0, f(t2)) = pa(0,t2).

~ -~

Hence f(t5) is extremal and || f(t2)]|co = |t2]-

Let g: A — A(E)" be defined as g = £ o f; then ||g()|| < [|[F(#)]ls < 1, for all
tin A. For all p € L>(C), we have ||{,|| < [[p]|co. We also have g(0) = 0 since
f(O) = 0 and ¢y = 0. So we can apply Schwarz’s Lemma to both g and f, and since
]/C\(tQ) is extremal, it will be infinitesimally extremal by Corollary 3.1. Hence we have

~

lg @)l = [[€5¢,) Il = 1 (E2)llo0 = [t2].
This is the case of equality in Schwarz’s lemma, and hence we get
lg" (O] = 1" (0) |l = 1.

From the definition of £ we see that £(u) = 0 if and only if P,(0)u = 0. Using
chain rule we obtain

1]l = inf{lIvlloc: €4 = €} = inf{[|v]|oc : P"(0)ur = Pg'(0)r}.
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Hence we get

1650l = Wt {[[¥]loo: P(0)w = PL(0)f'(0)} = inf{[[v]|o: Pp(0)r = f'(0))},
which gives
1= 1F(0) oo = €0l = Frcey(0, £/(0)).
Since we assumed ¢t; = 0 and f(0) = 0, we obtain
, 1
Fr) (f(t), f'(t1)) = TP

This proves 1 = 2.
Now let us assume 2, that is there is a t; € A such that

Freey(F(t), £/ (1)) = ﬁ

Again without loss of generality we assume ¢; = 0 and f(0) = 0. With our assumption
we thus have f: A — T'(E) is a holomorphic map, and f(0) = 0 and Frg)(0, f/(0)) =
1.

Consider the holomorphic map f: A — M(C) such that f(0) = 0 and Pgof = f.
Using Schwarz’s lemma as before we observe that

1= Fr(0, f/(0)) < [|F(0)l|e < 1.

This implies that ||j?/(0)||oo = L.
Again let g = Lo f that is g(¢) = {5, We get [|g'(0)[| = [[f"(0)]|« = 1. This is

the case of equality in Schwarz’s lemma, and hence we get

lg@ 1 =17l = 1| forall t € A.

So for all ¢ in A, f(t) is extremal and ||]?(t)||Oo = |t|. We see that for all ¢ in A the
following is true because of extremality and the last equation:

5)(0, (1) = driiy (Pe(0), Pu(F(1)) = par(0, F(1)) = pa(0,1).
Since ¢, = 0 and f(0) = 0 we get drg)(f(0), f(t)) = pa(0,1), and so,

dT(E)(f<t1)7 f(t)) = pA<t17 t)
for all ¢t in A. So 2 = 1 trivially, and actually does imply something stronger.
Finally, we will show that for all ¢,¢' in A, dpg)(f(t), f(t')) = pa(t,t)). If t; =1
we have nothing to prove, so let us assume t; # t’. We have already seen that any

t € A could have been chosen as t; and hence we can simply assume t = t; and we
thus get

pa(t ') = pa(ti, ') = drm)(f(t1), f) = dr) (f (1), f(F))
which proves that f is a holomorphic isometry. 0
We note the following corollary, whose proof is obvious.

Corollary 4.1. Let f: A — T(E) be a holomorphic map with f(0) = Pg(0).
Let t € A\{0}. Define ko(t) = ||v||, where f(t) = Pg(v) and v is extremal in its E-
equivalence class. We also know that || f'(0)||rg) = Frg) (0, f'(0)). Then ko(t) = |t|
if and only if || f'(0)|lrk) = 1.
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5. Proof of Theorem III

Let f: A = T(E)bea baepomt preserving holomorphlc map; by Proposition 1. 6

there exists a holomorphic map f A — M(C), such that f ( )=0and f = Pgo f
Let Vj be the Banach space of all tangent vectors at the basepoint of T'(E). We also
know that Pg'(0) takes the tangent vectors v in the tangent space at the basepoint

of M(C) (which is L*(C)) to the functional ¢,. So Pg'(0) = L. Let g = Lo f such
that g(t) = {5); then g: A — Vj is holomorphic and

F1(0) = (Pr o ) (0) = P40)(F(0)) = L(F(0)) = £, = ¢(0)

since £ is linear. Let ¢t € A\ {0} be fixed and one of the following inequalities
IIf(0)|| <1 and ko(t) < |t| be strict, then both are strict by Corollary 4.1. So we get

lg" (O = [ (Ol <1

and so by Theorem 1.16 we get [|g(¢)[| < |t| and hence [[{7,[| < [t| or [|€7, |l7E) < [¢]-
By the same theorem we also get

(5.1) pA (% 1F/(0 )HT(E)) < pa(0,1).

If 67 llmm) = [f(t)]lx. then by Corollary 3.1, f(t) is extremal and ko(t) =
1€7llT(z) and so by (5.1) we get

52) o (B 17 Ol ) < 0.0,

Suppose |[¢5 llr(e) < 1 (#)lloo- Let r = % Let k = [|ulloo and ko = [|poflo- B
Corollary 3.2 we have

(5:3) pa (2 1E12) < psjon

So for p = f(t), k = r|t| and ko(t) = ko, we have

5.4 mcmxwﬂfst@mw

Let us consider the map a: A — A given by «a(z) = rz; then « is holomorphic and
a(0) = 0. Let

/-
Fo(?) =a and 7” f(t)”T(E) = 0.
rlt| rlt]
Then, a, b € A and by Schwarz’s lemma we get pa(ar, br) < pa(a,b). This gives
ko(t) ||€ HT Ko (t) ’|£f(t)||T(E)
(5.5) pA < pa ;
i |t| rlef ]
We also have
(5.6) pa(0,7[t]) = pala(0), alt]) < pa(0,[t]) = pa(0,1).

Combining (5.4), (5.5), and (5.6), we get
( o(t) 15 llrae) )
(5.7) pa < pa(0,?).

1 |t|
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Combining (5.1) and (5.7), and using the triangle inequality, we obtain

o (B0 1Ok ) < 20a00.0) 0

6. Proof of Theorem IV

Step 1. (2) implies (3). Let f; and fo be two holomorphic isometries from A
into T'(E), such that f1(0) = f2(0) = Pp(0) and fi([|zollec) = f2(llolls) = Pr(ko)-
By (2) there is only one geodesic segment joining 0 and Pg(||to]/«). Therefore, the
image of the line segment [0, ||0||oo] is pointwise the same under both f; and f,. This
implies that the holomorphic mapping f; — f> is identically zero on the line segment
[0, ||10]|0c], and so fi — f5 is identically zero on A.

Step 2. (1) implies (4). Let po be extremal and |uo| = ||tol|co a-e. Let g: A —
M(C) be a holomorphic map with ¢(0) = 0 and Pg(g(||tolle)) = Pe(||toll)- By
Schwarz’s lemma, ||g(]|to]loo)]loe < [|ftolloo- Since g is uniquely extremal, we have
9(|ltolloc) = po. Consider a function f in M(C) (the closure of M(C) in L*(C)),
with | f(2)| = 1 a.e. Let h be another function in M (C) such that h(z) # 0in C\ Z,
where Z;, = {z € C: h(z) = 0} and m(Z;) = 0, where m denotes the usual Lebesgue
measure. Let Ey = {z € C: |f(2)| # 1}. By our assumption, m(Ey) = 0. Consider
the function f;(2) = f(2) +th(z). Let Fj, = {f;,t € A}. Suppose F;, C M(C). For
any t € A define H; = {2z € C: |fi(2)| > 1}. Let f(2) = €@ h(z) = |h(2)|e*?)
and [(2) = ¢(z) — 0(z). Also, t = |t|e". Then we have

|fi(2)] = V1 + [tP(1h(2))? + 20t](|h(2)]) cos(l(z) + ).
If f; € M(C), then m(H;) =0, and if z € C\ Hy, then
L+ [tP(1n(2)])* + 20t (Ih(2)]) cos(i(z) + ) < 1.
But [t|?(|h(2)])? + 2|t|(|h(2)|) cos(l(z) + %) < 0. This implies
[t1]h ()]

—cosl(z)cosyp —sinl(z)siny > 5

Consider the functions fi, f;, f-1 and f_;. Let G = EF;UZ, UH UH, UH_1 U H_,.
By our assumption, m(G) = 0 and if z € C\ G, then h(z) # 0, and

A (2)] (2)| |7 (2)]

—cosl(z) > — —sinl(z) > |h2

|h(2)]
g
This is not possible. Therefore, at least one of the following functions fi, f_1, fi,

or f_; does not belong to M(C). This implies that f is a complex extreme point of

M(C). Let A = 55— Since [uo] = |[polloc a-e. we have [A] =1 a.e. Therefore A is a

complex extreme point for M(C).
Now define h: A — M(C) as,

, cosl(z) > , sinl(z) >

Then h is holomorphic and A(||o]|«) = A. By the strong maximum modulus principle
(see Proposition 6.19 in [4]) we have h(t) = A. This implies

thio
gt) =t = .
Q ol

Since pg is uniquely extremal, g is uniquely determined, and we are done.

A

~+~
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Step 3. (4) implies (3). Let f: A — T(E) be a holomorphic isometry such that
f(0) = Pg(0) and f(||tollcc) = Pr(io). Consider the holomorphic map f: A —

M (C) such that f(0) =0 and Pgo f = f. Then Pg(f(||tolle)) = Pr(10). By the

uniqueness condition in (4), we have

7 thio
f(t) = , teA.
110l

This implies

f(t):PE< tto ) teA.

1400
So f is uniquely determined.
Step 4. (3) implies (1). We first show that if (3) holds, then |uo| = ||to]loo
a.e. Let r € (0,1) and Z, = {z € C: |uo(2)| < r|/toll} We need to show that
m(Z,) = 0. Let x, be the characteristic function of Z,. Let ¢ € A(F), where A(F) is

the closed subspace of L!(C) consisting of maps holomorphic in E¢. Define functions
fi:A—T(E)and f,.: A — T(FE) by

f1<t>:PE( Lo )

120/l

- 5 (1)

These maps are holomorphic and we also have f1(0) = £,.(0) = 0 and fi(||uollec) =

Jr(|[#0llss) = Pr(to). They are also isometries since pa (0, ||tols) = drz) (0, Pe(0))-
So, by (3) they coincide and we obtain

0= £(0) = £10) =5l P50 (0 15]).

7o () <o

and

This implies

Since Pp(0)(p) = £, we get

‘oot =
In particular,
‘otz (@) =0
So,
/ 16| dz dy = 0.
Z

This shows that m(Z,) = 0 since ¢ is an arbitrary function in A(F). Let Z =
Ureqn(o.1) Zrs then m(Z) = 0. This shows that || = |pof| a.e. For any (nor-

malized) quasiconformal homeomorphism h of 6, we define its Beltrami coefficient

as
_h;
=T

If h and j are two quasiconformal homeomorphisms, we have the composition
formula .
pi + (w0 j)ay

hoj — — .
fhed =4 + fij(pn 0 j)ay
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where
1|
(4:)%
If v € M(C), then by w” we mean the unique normalized quasiconformal homeo-
morphism with Beltrami coefficient v a.e.
Let v € M(C) such that ||v||e < [[to]lo and Pg(v) = Pg(ug). Since g is

extremal, it follows that v is also extremal and ||V« lto||co- Hence f(t) =

Oéj:

Pg (—”,fﬁoo) is a holomorphic isometry. So, by (3) we obtain

() ()
(41 [[00]loo

Since v is extremal, by (3) we obtain |v| = ||[V]|e = ||tollc a-e. Also, Pg(sv) =
Pg(spp), for any s in (0,1).

So (w*) " ow* is isotopic to the identity rel E. This implies w#® o (w®°) ™ 0w
is isotopic to w*® rel E. This implies (w“O)_1 o w? is isotopic to the identity rel E,
where

w)\ — w" o (,wSMO)_l o w

This implies Pp(A) = Pg(po). Now let h = w o (w™)™" and j = w*® such that
h o j = wto. By the formula for composition of quasiconformal mappings, we get
|0l (1 — s)
1 — spol?
We know that || = |10l a-€. Let [|po]|lco = k and sk = k. We get
k K g

— kK
Since j is quasiconformal and therefore absolutely continuous, it follows that || =

k" a.e. Now let us consider h = w*° o (wS”O)_1 and j = w* so that hoj = w?. By
similar calculations we obtain

lpn o jl =

|\ o jl = a.e.

sV + (pn © j)oy

A= . I
1+ sv(pn 0 j)a;

Since |sv| = k" a.e. and |uj 0 j| = k" a.e. and |o;| = 1 we write sv = ke a.e. and
(pn o j)a; = K"e' a.e. Hence
) k/_'_k/leil
AN=efl 2
1+ k! k! eil

where [ = ¢ — 6. Therefore, |\| = |5 555 +kfj;:,;fl Next, note that

k! + kuezl < ]{7,—1— k" — (]f,—l—]{?” cos l)2 + ]{2”2 sinzl - ]{3’2 +2]€,]{2”—|—]€”2
1+ KE'et — 14 KE" (1 4+ k'k" cos1)? + k2k"sin?1 — 1+ 2K'k" + k22
— (1-K*(1—-K"?)(1—cosl)>0.
The last inequality is true since k' < 1, k” < 1 and cosl < 1. So we get
k/ _'_ k//
A
| ‘ — 1+ k/k//
Since Pg(uo) = Pg(X) and p is extremal, it follows that A is extremal. Hence |A\| = k
a.e. This implies

]{Zl 4 kueil
= 1+ k/k//eil'

]{Zl 4 kueil
1+ k/k//eil
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This implies
(1=K (1 =K1 —cosl) =0.

Since k' < 1 and k” < 1, this holds if and only if cosl = 1, i.e. cos(¢ — ) = 1. This
implies sv = k¢ a.e. and (uy, 0 j)a; = k"¢’ a.e. have the same arguments and can
be rewritten as sv = k’e? a.e. and (uy 0 j)ay; = k"e” a.e.

We can write (p, 0 j)a; = m - sv where m = ,’j—,/, > 0, so

s+ ms

= v—.

1 + ms?k?
This shows that A is a positive multiple of v. Let us write (for simplicity) A = pv
where p > 0. S0, [|Alloc = pl|Vl[ec- But we have [[Allo = [[V]oc = [lollsc = & > 0. So
p =1 and hence A = v a.e. Hence

A

w’ = w = w" o (W) ow™ ae. = w” o (W) =w o (W) ae.

Since s € (0,1) is arbitrary, letting s — 0, we observe w” = w"® a.e and hence
v = pg a.e.. This proves that pg is uniquely extremal.

Step 5. (1) implies (2). Let po be uniquely extremal, and |uo| = ||pollc = k a.e.
Let a: [0,1] — T(E) be an injective continuous map, defined by «(t) = Pg(tu), so
that «([0, 1]) is a geodesic segment joining Pg(0) and Pg(ug). We want to show this
is the only geodesic segment joining Pg(0) and Pg(uo).

Let us assume that there is another injective continuous map 3: [0,1] — T(E),
such that £([0,1]) is another geodesic segment joining Pg(0) and Pg(po). Let v €
M(C) be a point such that Pg(r) € 5([0,1]) \ «([0,1]). Let 14 be extremal in the
E-equivalence class of v. Since Pg(1) is an interior point of the geodesic segment
we see that

(6.1) dr(e)(Pp(0), Pp(v0)) < dre)(Pe(0), Pe(io))-
Since |ug| = k a.e. and 1y is extremal, we see that |ug| > || a.e. Consider the
mapping w” = wh° o (w”o)_l, so that w" o w"* = wko.

Let 1o be the extremal in the E-equivalence class of . Observe that w™ow" = w#
for some i such that Pg(1) = Pr(uo). So we get

|7]OU)VO‘I)MO_VO‘

I —Topo
and _

TS

1 —op

Let ||ft]lc = n and ||vg||o = [. Since pp and vy are both extremal, we get | < k < n.
Now consider the map
z—a

a € A.

This map is holomorphic in A and f(a) = 0. So,if 1 > §; > J; > a, then a € B, (0) C
Bs,(0), where Bs(0) = {z € A: |z —a| < d}. Since f is a Mobius transformation, by

maximum modulus principle,

01 >0 < sup [f(2)]= sup [f(2)]> sup [f(2)]= sup [f(z)]
z€Bs, (0) 2€0Bs, (0) 2€0Bs,(0) 2€Bs,(0)
and
0y =10y <= sup [f(z)|= sup [f(z)]= sup [f(z)[= sup [f(z)].

z€Bs, (0) z€0Bs, (0) 2€0Bs,(0) 2€Bs,(0)
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Applying this to our problem we see that for all possible values of vy, since ||fi]| = 1
and n > k, we have

— W 0 — Yo
Sup Pr—— D
— Topt I —Top0
So
‘ ‘ Mo — Vg ’
sup sup > supsup |——|.
12 - VO [ 2 ) — Voo

This implies that HnOHoo > |I7lleo-  Since [|molloc < [|7]lcos We conclude that
Im0lloc = [|7|oo- By the above discussion we have n = k, that is ||to|loo = ||| co-
We conclude that ji is extremal, and since pq is uniquely extremal, @ = pg. So

w™ = wh o (W)

This gives us
(6.2) dr(g)(Pe(0), Pp(no)) = dre)(Pe(v0), Pe(io))-
Since Pg(0), Pg(vy) and Pg(uo) are on a geodesic segment, we have

dr(e)(PE(0), Pe(r0)) + dr)(Pe(w), Pe(o)) = dre) (Pe(0), Pe(po)).
Using Equation (6.2) we get

dr(e)(Pe(0), Pe(v0)) + dre) (Pe(0), Pe(no)) = dre) (Pe(0), Pe(po)).
Since pg, vy, and 1y are extremal in their respective equivalence classes, we get
(6.3) pa(0; [[#0lloe) + £a(0, [I70]l0) = £a(0, [|olloo)-
This implies

[ 10llo0 — [0l
1= {[wollcoll 0]l oo

(6.4) 70l o0 =

Since we have
-1
w™ = wh o (W),

we obtain

vl _ | Mo~ ’
(6.5) |10 0 w"| ’71 ..

Let vy = spg, s = |s]e® and g = ke and |s| < 1. By Equation (6.4) we get

1 —sup|s]
6.6 o =k——7——.
(6. Il = koo
By Equation (6.5) we get
i(¢—0)
vl _ |sle ‘
(6.7 o] = b T e

Setting w = ¢ — 0, we rewrite this as

1—|s|e™
. "l = ke |
(6 o w| =
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It is easy to see that

1—|s|e 1—|s]
1 — |s|k2e=i | = 1 — |s|k?
(1 —|s| cosw)? + |s|>sin? w (1—|s])?

(1 — |s|k2cosw)? + |s2k*sin®w — (1 — |s|k?)?
= (1 -k (1 - |s]*k*)(1 — cosw) > 0.

The last inequality is true since k < 1, s < 1 and cosw < 1. So Equation (6.7) gives

1—|s]
wl>pk—
|7700w |— 1—|S|]{52
Hence
1 —|s]
6.9 o > k—.

It is easy to see from Equations (6.6) and (6.9) that
1 —sup|s| Sk 1—|s|
1 —sup|s|k? = 1 —|s|k?
From Equations (6.6) and (6.8) we get

= |s| =sup|s| = S.

by = ol 2 o 0] = ko] 2 b
1— Sk? = 1—Sk?ew| = 1— Sk*
This gives
k" I—8e* | 1-8
1 — Sk?eiw 1— Sk%

This is true if and only if
(1—E*(1— S?k*)(1 — cosw) = 0.

That can happen only when cosw = cos(¢ — ) = 1, which means vy and po have the
same arguments and hence we can write vy = Spp, 1 > S > 0. But that contradicts
our assumption. So we conclude that there is only one geodesic segment joining
Pg(0) and Pg(po), which completes the proof. O

Acknowledgement. 1 want to thank the referee for her/his careful reading and
valuable suggestions. I also want to thank Professor Yunping Jiang who read an
earlier draft of this paper and gave several helpful comments.

References

[1] AHLFORS, L. V.: Lectures on quasiconformal mappings. Second edition. - Univ. Lecture Ser.
38, Amer. Math. Soc., 2006.

[2] AHLFORs, L.V., and L. BERS: Riemann’s mapping theorem for variable metrics. - Ann. of
Math. 72, 1960, 385-404.

[3] CHAE, S.B.: Holomorphy and calculus in normed spaces. - Marcel Dekker, New York, 1985.
[4] DINEEN, S.: The Schwarz lemma. - Oxford Math. Monogr., Oxford Univ. Press, Oxford, 1990.

[5] EARLE, C.J.: Schwarz’s lemma and Teichmiiller contraction. - Contemp. Math. 311, 2002,
79-85.

[6] EARLE, C.J., I. KrA, and S. L. KrRUSHKAL: Holomorphic motions and Teichmiiller spaces. -
Trans. Amer. Math. Soc. 343:2, 1994, 927-948.



770 Nishan Chatterjee
[7] EARLE, C.J., and S. MITRA: Variation of moduli under holomorphic motions. - Contemp.
Math. 256, 2000, 39-67.
[8] GARDINER, F.P.: - On Teichmiiller contraction. - Proc. Amer. Math. Soc. 118, 1993, 865-875.

[9] GARDINER, F.P., and N. LAKkIC: Quasiconformal Teichmiiller theory. - Math. Surveys
Monogr. 76, Amer. Math. Soc., Providence, 1993.

[10] HARRIS, L. A.: Schwarz—Pick systems of pseudometrics for domains in normed linear spaces.
- In: Advances in holomorphy, North-Holland Math. Studies 34, North-Holland, Amsterdam,
1979, 345-406.

[11] HUBBARD, J.H.: Teichmiiller theory and applications to geometry, topology and dynamics.
Volume I. Teichmiiller theory. - Matrix Editions, Ithaca, NY, 2006.

[12] JiaNG, Y., and S. MITRA: Douady—Earle section, holomorphic motions, and some applications.
- Contemp. Math. 575, 2012, 219-251.

[13] LEHTO, O.: Univalent functions and Teichmiiller spaces. - Grad. Texts in Math. 109, Springer-
Verlag, Berlin, 1987.

[14] LiEB, G. S.: Holomorphic motions and Teichmiiller space. - Ph.D. dissertation, Cornell Uni-
versity, 1990.

[15] MITRA, S.: Teichmiiller spaces and holomorphic motions. - J. Anal. Math. 81, 2000, 1-33.

[16] MITRA, S.: Teichmiiller contraction in the Teichmiiller space of a closed set in the sphere. -
Israel J. Math. 125, 2001, 45-51.

[17] MITRA, S.: On extensions of holomorphic motions — a survey. - In: Geometry of Riemann
surfaces, edited by Gardiner, Gonzalez-Diez and Kourouniotis, London Math. Soc. Lecture
Note Ser. 368, 2010, 283-308.

[18] MITRA, S., and H. SHIGA: Extensions of holomorphic motions and holomorphic families of
Mobius groups. - Osaka J. Math. 47, 2010, 1167-1187.

[19] NAG, S.: The complex analytic theory of Teichmiiller spaces. - John Wiley and Sons, New
York, 1988.

[20] RuDIN, W.: Functional analysis. Second edition. - McGraw-Hill, New York, 1992.

[21] SLoDKOWSKI, Z.: Holomorphic motions and polynomial hulls. - Proc. Amer. Math. Soc. 111,
1991, 347-355.

Received 4 October 2016 e Accepted 23 December 2016



