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Abstract. In this paper, we give a simple proof for the boundary Schwarz lemma for plurihar-
monic mappings between Euclidean unit balls. We also give some generalization to C''-mappings
between domains with smooth boundaries.

1. Introduction

Let B™ be the Euclidean unit ball in C" and let B?" be the Euclidean unit ball
in R?". Each z = x + iy € C" corresponds to 2’ = (z,y) € R?", where T denotes
the transpose of vectors and matrices. For z € C", ||z|| denotes the Euclidean norm
on C". For z € R™, ||z|| denotes the Euclidean norm on R™. For each z, € 9B*",
the tangent space T.; (9B*") is defined by

T, (0B*") = {8 € R*": ' § = 0}.

A C? mapping f: B® — C™ is said to be pluriharmonic if the restriction of each
component f; to every complex line is harmonic.

Let  be a domain in R™. For a C* mapping f: @ — R let J¢(z) denote the
M x m Jacobian matrix of f at x € (.

In recent years, the Schwarz lemma at the boundary for holomorphic mappings
has been studied by many authors [1, 2, 3, 5, 6]. More recently, the following boundary
Schwarz lemma for pluriharmonic mappings between Euclidean unit balls was proved
by Liu, Dai and Pan [4].

Theorem 1.1. Let f: B® — BY be a pluriharmonic mapping for n,N > 1. If
fis CY* at zy € OB for some o € (0,1) and f(z) = wy € OBY, then we have

(D Jf(’z(l))ﬁ S Tw(’) (8B2N) for any ﬁ S Tz(’) (8B2n)7
(IT) There exists a positive A € R such that J;(z))Tw = Az,

where z{, and w{, are real versions of zy and wy respectively, and
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For the proof, they used the Schwarz lemma for pluriharmonic mappings [4,
Theorem 1.1], a technical lemma [4, Lemma 2.1] and the Harnack inequality for
nonnegative harmonic functions on the Euclidean unit ball in R™ [4, Theorem 3.1].
In this paper, we will prove the following theorem by using the Harnack inequality for
nonnegative harmonic functions on the unit disc U in C and elementary arguments.
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We do not use the Schwarz lemma for pluriharmonic mappings [4, Theorem 1.1| and
a technical lemma [4, Lemma 2.1].

The novelty of our theorem is as follows. We only need that f is C* at 2o € 9B".
Also, in (I), the assumption that f is pluriharmonic is not needed. In (II), we give
an improvement of the lower estimate for \.

Theorem 1.2. Let f: B® — BY be a C' mapping for n, N > 1. Assume that
fis Ct at zyp € OB™ and f(z) = wo € OBYN.
(I) Then we have J;(20)8 € T,y (0B*") for any 3 € T.;(0B*") and there exists a
nonnegative A\ € R such that J;(zf) w) = Az{;
(IT) Moreover, if f is pluriharmnic on B", then

N NT,,/ _
o 1= (O 1[50
. 2 - 2
We give an example of a real anaytic mapping f such that A = 0 in (I) of the
above theorem. So, we cannot conclude that A > 0 in (I) of the above theorem.

Example 1.3. Let f(z) = (e-@=Y*0,...,0)T, f: B — BN, where z =
(1, )T +i(ys, .- yn)T. Let 29 = (1,...,0)T € 9B™. Then we have wy =
f(z0) =(1,...,0)7 € BN and J;(z) = O. Therefore, A = 0.

We give a generalization of Theorem 1.2 (I) to Cl-mappings between domains
with smooth boundaries. Let {2 be a domain in R". € is said to have C" boundary
(r > 1), if there exist a neighbourhood U of 02 and a real valued C” function p on
U such that QN U ={z € U: p(z) <0}, Vp # 0 on 0S2, where

Vola) = (22 % ) ) for s Teu
p(l’)— 0:)31(93)"”’09: (l’) ’ OI"ZL'—(ZL’l,...,ZL'n) cU.

p is called the defining function for 2. For each zy € 0f2, the tangent space to 02 at
xo is defined as follows:

T,,(9Q) = {8 € R": Vp(z)" 5 = 0}.

Proposition 1.4. Let Q; C R™ be a domain with C%-boundary and Q, C R
be a domain with C'-boundary for m, M > 1. Let p; be the defining function for
Q; for j = 1,2, respectively. Let f: Q; — Qs be a C' mapping. Assume that f is
C' at xgp € 0Oy and f(xg) = yo € 0. Then we have J¢(xo)B € T,,(0€y) for any
B € T,,(0) and there exists a nonnegative A € R such that J;(z0)"Vpa(yo) =
AV p1(zo).

> 0.

2. Proof of Theorem 1.2

Proof of (I). Let € T.;(0B*") be fixed. We may assume that ||| = 1. Let
y(t) = (1 —t%)zy +tB. Then y(t) € B* for t € (—1,1) \ {0}, 7(0) = 2z, and
2y(t)|e—o = B. Therefore the real valued function (f(y(t))')"w} attain its local
maximum at ¢ = 0. Since this function is C* on (—1,1), we have

d

Z(FO®)) whlio = (J5(20)8) " wp = 0.
This implies that J¢(2))8 € T,y (0B*Y). Next, assume that J¢(z5) w) = Az + f for
some A € R and § € T,;(0B*"). Then

1B = (A2 + B)" B = (Jy(=z0) wp)" B = wg J(2)8 =0
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by the above argument. Therefore, we have J(z)) w) = Az for some X € R. Let

(2.1) u(€) =1—(f(C=)) wp, ¢ €U.
Then u(r) > u(1) for r € (0,1). Therefore, we have

Proof of (II). Assume that f is pluriharmonic on B™. Then the function u defined
in (2.1) is nonnegative and harmonic on the unit disc U in C. By Harnack’s inequality
on the unit disc, we have

1—7r 1+7r

ru(0) < u(() < 7

u(0), forr=|C|<1.

Therefore,

for 0 <r < 1.

1 u(r) —u(l)
e

Letting » — 1 — 0, we have

1 — (£(0))"wy

5 < (Jr(20)20) wh = A.

This completes the proof. O

3. Proof of Proposition 1.4

Let 8 € T,,(052) be fixed. Let y(t) = xo + et — t*Vp1(x). Then v(0) = g
and 4~(t)],—g = ef. Since 4 has C?-boundary, there exist ¢ > 0 and ¢, > 0 such
that v(t) €  for t € (—to,to) \ {0}. Therefore the real valued function ps(f(v(t)))
attain its local maximum at ¢t = 0. Since this function is C* near ¢t = 0, we have

a
dtp2

This implies that J;(z9)8 € Ty, (09). Next, assume that J;(z0)" Vpa(yo) = AV p1 (o)
+5 for some A € R and § € T,,(9;). Then

18117 = (AVp1(20) + 8)" B = (Js(z0) " Vpa(yo))" B = Va(yo)" Js(20)f =0

by the above argument. Therefore, we have J¢(x)" Vpa(yo) = AVp1(xo) for some
A € R. Since zg — tVpi(xg) € Q; for sufficiently small ¢ > 0, we have

NIV 01 (20|12 = (¥ pa(yo))T T (20)V pu (o)
= (F (0 — 191 (20))) o

(fFOr®))le=o = (Vp2(y0))" Jy(x0)e = 0.

dtp2
— lim pa(f (o)) — pa(f (o — tVpi(20)))
t—+0 t
> 0.

Thus, A > 0. This completes the proof. O
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