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Abstract. Let M be a class of metric spaces. A metric space Y is minimal M-universal if

every X ∈ M can be isometrically embedded in Y but there are no proper subsets of Y satisfying

this property. We find conditions under which, for given metric space X , there is a class M of metric

spaces such that X is minimal M-universal. We generalize the notion of minimal M-universal metric

space to notion of minimal M-universal class of metric spaces and prove the uniqueness, up to an

isomorphism, for these classes. The necessary and sufficient conditions under which the disjoint

union of the metric spaces belonging to a class M is minimal M-universal are found. Examples

of minimal universal metric spaces are constructed for the classes of the three-point metric spaces

and n-dimensional normed spaces. Moreover minimal universal metric spaces are found for some

subclasses of the class of metric spaces X which possesses the following property. Among every

three distinct points of X there is one point lying between the other two points.

1. Introduction

Let X and Y be metric spaces. Recall that a function f : X → Y is an isometric

embedding if the equality dX(x, y) = dY (f(x), f(y)) holds for all x, y ∈ X. In what
follows the notation f : X →֒ Y means that f is an isometric embedding of X in
Y . We say that X is isometrically embedded in Y and write X →֒ Y if there exists
f : X →֒ Y . The situation when X →֒ Y does not hold will be denoted as X 6 →֒ Y.

We find it useful to set that the empty metric space is isometrically embedded
in every metric space Y , ∅ →֒ Y . Moreover, Y →֒ ∅ holds if and only if Y = ∅.

Definition 1.1. Let M be a class of metric spaces. A metric space Y is said to
be universal for M or M-universal if X →֒ Y holds for every X ∈ M.

In what follows the expression M →֒ Y signifies that Y is a M-universal metric
space.

Recall that a class A is a set if and only if there is a class B such that A ∈ B. We
shall use the capital Gothic letters A,B, . . . to denote classes of metric spaces, the
capital Roman letters A,B, . . . to denote metric spaces and the small letters a, b, . . .
for points of these spaces.
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It is relevant to remark that throughout this paper we shall make no distinction
in notation between a set X and a metric space with a support X. For example
X ⊆ Y means that X is a subset of a set Y or that X is a subspace of a metric space
Y with the metric induced from Y.

Definition 1.2. Let M be a class of metric spaces and let Y be a M-universal
metric space. The space Y is minimal M-universal if the implication

(1.1) (M →֒ Y0) =⇒ (Y0 = Y )

holds for every subspace Y0 of Y.

This basic definition was previously used by Holstynski in [20] and [21]. It should
be noted here that some other “natural” definitions of minimal universal metric spaces
can be introduced. For example instead of (1.1) we can use the implication

(1.2) (M →֒ Y0) =⇒ (Y →֒ Y0)

or

(1.3) (M →֒ Y0) =⇒ (Y0 ≃ Y )

where Y0 ≃ Y means that Y and Y0 are isometric. It is easy to show that (1.1), (1.2)
and (1.3) lead to the three different concepts of minimal universal metric spaces.
See, in particular, Proposition 3.17 for an example of a family M which has an up
to isometry unique, minimal M–universal metric space if we use (1.2) or (1.3), and
which do not admit any minimal M–universal metric space in the sense of (1.1).
In the present paper we mainly consider the minimal universal metric spaces in the
sense of Definition 1.2.

The structure of the paper can be described as following.

• The second section is a short survey of some results related to universal metric
spaces.

• Sufficient conditions under which a metric space is minimal universal for a
class of metric spaces are obtained in Section 3. Moreover, there we find some
conditions of non existence of minimal M-universal metric spaces for given
M.

• The subspaces of minimal universal metric spaces are discussed briefly in
Section 4.

• In the fifth section we generalize the notion of minimal M-universal metric
space to the notion of minimal M-universal class of metric spaces. It is proved
that a minimal M-universal class, if it exists, is unique up to an isomorphism.

• In the sixth section we discuss when one can construct a minimal M-universal
metric space using disjoint union of metric spaces belonging to M.

• Section 7 deals with metric spaces which are minimal universal for some sub-
classes of the class of metric spaces X that possesses the following property.
Among every three distinct points of X there is one point lying between the
other two points.

• Two simple examples of universal metric spaces which are minimal for the
class of three-point metric spaces are given in Section 8.

2. A short survey of universal metric spaces

Let us denote by S the class of separable metric spaces. In 1910 Frechet [16]
proved that the space l∞ of bounded sequences of real numbers with the sup-norm
is S-universal. This result admits a direct generalization to the class Sτ of metric
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spaces of weight at most τ for an arbitrary cardinal number τ . Indeed, the weight of
a metric space X is the smallest cardinal number which is the cardinality of an open
base of X. The weight of X coincides with the smallest cardinality of dense subsets
of X. In 1935, Kuratowski [27] proved that every metric space X is isometrically
embedded in the space L∞(X) of bounded real-valued functions on X with sup-norm.
The Kuratowski embedding

X ∋ x 7→ fx ∈ L∞(X)

was defined as fx(y) = dX(x, y)− dX(x0, y), where x0 is a marked point in X. It is
evident that for every dense subset X0 of X the equality

sup
y∈X

|fx1
(y)− fx2

(y)| = sup
y∈X0

|fx1
(y)− fx2

(y)|

holds for all x1, x2 ∈ X. Hence if A is a set with |A| = τ , then L∞(A) is Sτ -universal.
In 1924, Urysohn [41, 42] was the first who gave an example of separable S-

universal metric space (note that l∞ is not separable). In 1986 Katetov [26] pro-
posed an extension of Urysohn’s construction to a Sτ -universal metric space of the
weight τ = τ<τ > ω. Recently Uspenskiy [43, 44, 45], followed by Vershik [47, 48, 49]
and later Gromov, positioned the Urysohn space with the correspondence to several
mathematical disciplines: Functional Analysis, Probability Theory, Dynamics, Com-
binatorics, Model Theory and General Topology. In 2009 Lešnik gave a “constructive
model” of Urysohn space [30]. A computable version of this space was given by Kamo
in 2005 [25].

The graphic metric space of the Rado graph [36] (the vertex-set consists of all
prime numbers p ≡ 1(mod 4) with pq being an edge if p is a quadratic residue modulo
q) is a universal metric space for the class of at most countable metric spaces with
distances 0, 1 and 2 only.

The Banach–Mazur theorem [2] asserts that the space C[0, 1] of continuous func-
tions f : [0, 1] → R with the sup-norm is S-universal. This famous theorem has
numerous interesting modifications. As an example we only mention that every sep-
arable Banach space is isometrically embedded in the subspace of C[0, 1] consisting
of nowhere differentiable functions that was proved by Rodriguez-Piazza [37] in 1995.

The following unexpected result was obtained by Holsztynski in 1978 [19]. There
exists a with the usual topology compatible metric on R such that R with this
metric is universal for the class F of finite metric spaces. Some interesting examples
of minimal universal metric spaces for the classes Fk of metric spaces X with |X| ≤ k,
k = 2, 3, 4, can be found in [20, 21].

The class SU of separable ultrametric spaces is another example of an important
class of metric spaces for which the universal spaces are studied in some details. It was
proved by Timan and Vestfrid in 1983 [40] that the space l2 of real sequences (xn)n∈N

with the norm
(

∑

n∈N x2
n

)1/2

is SU-universal. The first example of ultrametric space

which is universal for SU was obtained by Vestfrid in 1994 [50]. As was proved by
Lemins in [29], if an ultrametric space Y is F2-universal, then the weight of Y is not
less than the continuum c. Consequently no SU-universal ultrametric space can be
separable. In this connection it should be pointed out that, under some set-theoretic
assumptions, for every cardinal τ > c there is an ultrametric space LWτ ∈ Sτ such
that every ultrametric space from Sτ can be isometrically embedded into LWτ . The
last statement was proved by Vaughan in 1999 [46].
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There also exist results about spaces which are universal for some classes of
compact metric spaces and separable Banach spaces (see, e.g., [15] and [17]). In
particular, the necessary and sufficient conditions under which for given family of
compact metric spaces there exists a compact universal metric space were found by
Iliadis in 1995 [22]. The same author considered also the existence of universal spaces
in various subclasses of S [23].

3. Minimal universal metric spaces. Existence,

nonexistence and uniqueness

Let X and Y be metric spaces. Recall that an isometric embedding f : X →֒ Y
is an isometry if f is a surjection. The spaces X and Y are isometric if there is an
isometry f : X →֒ Y . We shall write X ≃ Y if X and Y are isometric. Otherwise,
we use the notation X 6≃ Y.

Definition 3.1. A metric space Y is shifted if there is X ⊆ Y such that X ≃ Y
and Y \X 6= ∅. Otherwise, the space Y is said to be unshifted.

It follows directly from the definition, that a non–empty metric space Y is un-
shifted if and only if every self embedding f : Y →֒ Y is an isometry.

Example 3.2. All finite metric spaces are unshifted. In particular, the empty
metric space is unshifted.

Proposition 3.3. Let Y be a metric space. The following conditions are equiv-
alent.

(i) Y is unshifted.
(ii) Y is minimal universal for the class consisting only of the metric space Y .
(iii) There exists a class M of metric spaces such that Y is minimal M-universal.

Proof. It follows directly from the definitions, that (i) ⇐⇒ (ii) holds. The
implication (ii) =⇒ (iii) is evident. Let us prove (iii) =⇒ (i). Suppose there is a
class M of metric spaces such that Y is minimal M-universal. We must show that

(3.1) f(Y ) = Y

holds for every f : Y →֒ Y . Let us consider an arbitrary f : Y →֒ Y . Since Y is
M-universal, the space f(Y ) is also M-universal. Now using (1.1) with Y0 = f(Y ),
we obtain (3.1). �

Proposition 3.3 implies that every minimal universal metric space is unshifted.
Simple examples show that there is a family M of metric spaces and an unshifted
metric space Y such that M →֒ Y and Y is not minimal M-universal. The situation
is quite different if, for unshifted Y , we assume M →֒ Y and Y ∈ M.

Theorem 3.4. Let Y be a class of metric spaces, Y ∈ Y and let Y →֒ Y . Then
the following conditions are equivalent.

(i) Y is unshifted.
(ii) Y is minimal Y-universal.
(iii) There exists a minimal Y-universal X ∈ Y.
(iv) There exists a minimal Y-universal metric space.

Proof. Suppose that, on the contrary, (i) holds but Y is not minimal Y-universal.
Then, by Definition 1.2, there is y0 ∈ Y such that Y →֒ Y \{y0}. Since Y ∈ Y, there
exists f : Y →֒ Y \ {y0}. Let in : Y \ {y0} → Y be the standard injection, in(y) = y



Minimal universal metric spaces 1023

for every y ∈ Y \ {y0}. Then the isometric embedding

Y
f

−−−→ Y \ {y0}
in

−−−−→ Y

is not an isometry, contrary to (i). The implication (i) =⇒ (ii) follows. The impli-
cations (ii) =⇒ (iii) and (iii) =⇒ (iv) are trivial. Furthermore, Proposition 3.3
implies (ii) =⇒ (i). To complete the proof, it suffices to show that (iv) =⇒ (ii)
holds. Let X be a minimal Y-universal metric space. We claim that Y is also
minimal Y-universal. Indeed, since Y ∈ Y and Y →֒ X, there is X0 ⊆ X such
that X0 ≃ Y . Now from Y →֒ Y and X0 ≃ Y it follows that Y →֒ X0. Since
X is minimal Y-universal, the statements Y →֒ X0 and X0 ⊆ X imply X0 = X.
Hence, X0 is minimal Y-universal. Since X0 ≃ Y , the metric space Y is also minimal
Y-universal. �

Analyzing the proof of Theorem 3.4, we obtain the following.

Proposition 3.5. Let M be a class of metric spaces and let X and Y be metric
spaces such that M →֒ X and M →֒ Y . If Y is minimal M-universal and X ∈ M,
then X ≃ Y .

Corollary 3.6. (Isometry of minimal universal metric spaces) Let Y be a class
of metric spaces. If there exists a Y-universal space Y ∈ Y, then every two minimal
Y-universal metric spaces are isometric.

If a class Y of metric spaces does not contain any Y-universal metric space, then
we may generally have two minimal Y-universal metric spaces W and Z such that
W 6≃ Z.

Example 3.7. Let Y = {X, Y } with

X = {x1, x2}, dX(x1, x2) = 1 and Y = {y1, y2}, dY (y1, y2) = 2

and let 1 < a < b < 2. The metric spaces

Z = {z1, z2, z3}, W = {w1, w2, w3}

with

dZ(z1, z2) = dW (w1, w2) = 1, dZ(z2, z3) = dW (w2, w3) = 2,

dZ(z1, z3) = a, dW (w1, w3) = b

are minimal Y-universal. It is clear that Z 6≃ W.

In the fifth section of the paper we shall show that the nonuniqueness of minimal
M-universal metric spaces can be overcome by extending the concept of a minimal M-
universal metric space to the concept of minimal M-universal class of metric spaces
(see Definition 5.3 and Theorem 5.18).

Proposition 3.8. (Nonexistence of minimal universal spaces) Let M be a class
of non-empty metric spaces. The class M admits no minimal universal metric spaces
if at least one from the following conditions holds.

(i) There are X, Y ∈ M such that

M →֒ X, M →֒ Y and X 6≃ Y.

(ii) For every X ∈ M there exist metric spaces Y, Y1 and Y2 which satisfy the
conditions

(3.2) Y ∈ M, Y1 ⊆ Y, Y2 ⊆ Y, Y1 ∩ Y2 = ∅
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and

(3.3) Y1 ≃ X ≃ Y2.

Proof. It is an immediate consequence of Proposition 3.5 that (i) implies the
nonexistence of minimal M-universal metric spaces. Let us consider (ii).

Suppose that W is a minimal M-universal metric space and (ii) holds. Let
w0 ∈ W and

W0 = W \ {w0}.

Since W is minimal M-universal, there is X ∈ M such that X 6 →֒ W0. Using (ii) we
can find metric spaces Y, Y1 and Y2 which satisfy (3.2) and (3.3). From Y →֒ W and
(3.2) it follows that there exist W1 ⊆ W and W2 ⊆ W such that

(3.4) W1 ≃ Y1, W2 ≃ Y2 and W1 ∩W2 = ∅.

The last equality implies W1 ∩ {w0} = ∅ or W2 ∩ {w0} = ∅. We may assume,
without loss of generality, that W1 ∩ {w0} = ∅. Hence, W1 ⊆ W0 holds. It follows
from (3.3) and (3.4) that X ≃ W1. Consequently, we have X →֒ W0, which is a
contradiction. �

Remark 3.9. Proposition 3.8 remains valid if we suppose that there is a non–
empty Y ∈ M instead of X 6= ∅ for all X ∈ M. If M = {∅}, then M satisfies
condition (ii) of Proposition 3.8 and X = ∅ is minimal M-universal.

Example 3.10. Let F be the class of finite non–empty metric spaces. Condi-
tion (ii) of Proposition 3.8 is valid for M = F. Consequently, by Proposition 3.8,
the class F does not admit any minimal F-universal metric spaces. In particular, the
Holsztynski metric space (see [19]) is F-universal, but not minimal F-universal.

In Example 3.10 instead of F we can take the class of finite metric subspaces
of the usual real line R. Some other examples of families M, which do not admit
minimal M-universal metric spaces will be given after the corresponding lemmas.

Recall that a metric space X is ultrametric if the strong triangle inequality

dX(x, y) ≤ max{dX(x, z), dX(z, y)}

holds for all x, y, z ∈ X.

Lemma 3.11. Let X and Y be disjoint ultrametric spaces, let x0 ∈ X and
y0 ∈ Y , and let r0 be a positive real number. Then there is an ultrametric dZ on
Z = X ∪ Y such that

(3.5) dZ(x, y) =











dX(x, y) if x, y ∈ X,

dY (x, y) if x, y ∈ Y,

r0 if x = x0 and y = y0.

Proof. It is a particular case of Theorem 2 from [10]. �

Lemma 3.12. Let r0 ∈ (0,∞) and let X1 and X2 be disjoint non-empty metric
spaces with

r0 ≥ max{diamX1, diamX2} > 0,

where

diamXi = sup{dXi
(x, y) : x, y ∈ Xi}, i = 1, 2.
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Then the function

(3.6) dZ(x, y) =











dX1
(x, y) if x, y ∈ X1,

dX2
(x, y) if x, y ∈ X2,

r0 if x ∈ X1, y ∈ X2 or x ∈ X2, y ∈ X1,

is a metric on Z = X1 ∪X2.

A proof is simple, so that we omit it here.

Example 3.13. Let τ be an infinite cardinal number and SτU be the class of
ultrametric spaces of weight at most τ . If

X, Y ∈ SτU, X ∩ Y = ∅, x0 ∈ X, y0 ∈ Y, r0 ∈ (0,∞), Z = X ∪ Y

and dZ satisfies (3.5), then the weight of Z is at most τ . Hence, condition (ii)
of Proposition 3.8 holds with M = SτU. Consequently, SτU admits no minimal
SτU-universal metric spaces. In particular, the ultrametric space LWτ , which was
considered by A. Lemin and V. Lemin in [29], is SτU-universal, but not minimal
SτU-universal.

The next example shows that the class S of separable metric spaces does not
admit any minimal universal metric spaces.

Example 3.14. Let C[0, 1] be the metric subspace of C[0, 1] consisting of nowhere
differentiable functions. Since C[0, 1] is complete and C[0, 1] is incomplete, we have
C[0, 1] 6≃ C[0, 1]. Using the Banach–Mazur theorem, the theorem of Rodriegues-
Piazza and Proposition 3.8 with M = S, we see that there are no minimal S-universal
metric spaces.

Example 3.15. Let D3 be the class of all at most countable metric spaces with
the distance sets in {0, 1, 2}. Using condition (ii) of Propositon 3.8 and defining dZ
by (3.6) with r0 = 2 for disjoint X, Y ∈ D3, we see that D3 admits no minimal
universal metric spaces. Consequently, the graphic metric space of the Rado graph
[36] is D3-universal, but not minimal D3-universal.

Recall that a metric dX on X is discrete if the equality dX(x, y) = 1 holds for all
distinct x, y ∈ X.

Example 3.16. Let τ be an infinite cardinal number. Write MDτ for the class
of metric spaces X with |X| ≤ τ and discrete dX . It is clear that:

• (X ≃ Y ) ⇐⇒ (|X| = |Y |) holds for all X, Y ∈ MDτ ;
• A metric space X ∈ MDτ is MDτ -universal if and only if |X| = τ ;
• There are no minimal MDτ -universal metric spaces.

Proposition 3.17. If Y ∈ MDτ , then the implication

(3.7) (MDτ →֒ Y0) =⇒ (Y0 ≃ Y )

holds for every subspace Y0 of Y . Moreover, if Y is an arbitrary metric space and
(3.7) holds for every Y0 ⊆ Y , then Y ∈ MDτ and |Y | = τ .

A simple proof is omitted here.

Remark 3.18. As in Example 3.13 we can show that the class Sτ with τ > ω
does not admit any minimal universal metric spaces. Thus the Katetov space is not
minimal Sτ -universal.
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We now turn to some conditions under which the metric spaces are unshifted.
The following lemma seems to be known up to the terminology.

Lemma 3.19. Every compact metric space is unshifted.

Proof. Let X be a compact metric space and let f : X →֒ X be an isometric self
embedding. Suppose that a point p belongs to X \ f(X). Define a sequence (pi)i∈N
in X as

(3.8) p1 = p, p2 = f(p1), p3 = f(p2), ldots

and so on. Since f is continuous, f(X) is a compact subset of X. Hence the number

ε0 := inf
y∈f(X)

dX(p1, y)

is strictly positive, ε0 > 0. It follows from (3.8), that pi ∈ f(X) for every i ≥ 2.
Consequently, the inequality dX(p1, pi) ≥ ε0 holds for every i ≥ 2. The function f
preserves the distances. Hence, for i > j, we have

dX(pj , pi) = dX(f(pj−1), f(pi−1)) = dX(pj−1, pi−1) = . . . = dX(p1, pi−(j−1)) ≥ ε0.

Thus, dX(pi, pj) ≥ ε0 > 0 if i 6= j. In particular, the sequence (pi)i∈N has not
any convergent subsequence, contrary to the compactness of X. This contradiction
implies f(X) = X. By Definition 3.1, X is unshifted. �

Lemma 3.19 and Theorem 3.4 give us the following result (cf. Proposition 3.17).

Theorem 3.20. Let Y be a class of compact metric spaces. Then the following
conditions are equivalent.

(i) There is a minimal Y-universal metric space belonging to Y.
(ii) There is a Y-universal metric space belonging to Y.

In Proposition 7.16 of the paper we construct a family M of metric spaces such
that:

• All X ∈ M are compact;
• There is a compact M-universal metric space;
• There is at least one minimal M-universal metric space;
• If X and Y are minimal M-universal, then X and Y are not compact and
X ≃ Y .

Recall that a metric space X is boundedly compact if all closed bounded sub-
spaces of X are compact. We can prove an analogue of Lemma 3.19 for some bound-
edly compact metric spaces.

Definition 3.21. A metric space X is homogeneous if, for every pair x, y ∈ X,
there is f : X →֒ X such that f(x) = y.

Remark 3.22. Definition 3.21 is slightly non-standard. Usually we say that
a metric space X is homogenous if its isometry group Iso(X) acts transitively on
points. The following lemma shows, in particular, that the standard definition and
Definition 3.21 are equivalent for boundedly compact X.

Lemma 3.23. All boundedly compact homogeneous metric spaces are unshifted.

Proof. Let X be a boundedly compact homogeneous metric space. We must
show that f(X) = X for every f : X →֒ X. Let p0 ∈ X. Write p1 = f(p0). Since
X is homogeneous there is g : X →֒ X such that g(p1) = p0. Since g is an injective
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function, the equality f(X) = X holds if

g(f(X)) = X.

It is easy to prove that the last equality holds if

(3.9) g(f(Br(p0))) = Br(p0)

for every ball Br(p0) = {x : dX(p0, x) ≤ r}. The function g ◦ f is an isometric self
embedding of X. Since p0 is a fixed point of g ◦ f , the restriction g ◦ f |Br(p0) is an
isometric self embedding of the compact metric space Br(p0). Now (3.9) follows from
Lemma 3.19. �

Just as in Lemma 3.23 we can prove the following proposition.

Proposition 3.24. Let X be a boundedly compact metric space. If for every
f : X →֒ X there is a fixed point x0 ∈ X, f(x0) = x0, then X is unshifted.

Remark 3.25. If X is a finite-dimensional normed linear space over the field
R or the field C, then X is unshifted because such spaces are homogeneous and
boundedly compact. This fact is well known. In particular in the high school geom-
etry, the isometries of the plane R

2 are usually defined as mappings f : R2 → R
2

which preserve distances. As was noted by Lang [28, p. 31]: “It is not immediately
clear that an isometry has an inverse”. Next in [28] it is indicated that the existence
of the inverses follows from the representation of any isometry by a composition of
reflections through some straight lines in R

2. Thus Lemma 3.23 can be considered
as a generalization of this elementary fact.

The hyperbolic plane H gives an important example of boundedly compact ho-
mogenous metric space. The key point here that in the upper half-plane model of
H, the isometries of H can be identified with elements of the subgroup Möb(H) of
the general Möbius group and Möb(H) acts transitively on H (see [1] for details).

Using Lemma 3.23, Theorem 3.4, Corollary 3.6 and Proposition 3.5 we obtain
the following.

Theorem 3.26. Let M be a class of metric spaces. If X ∈ M is boundedly
compact, homogeneous and M-universal, then X is minimal M-universal and Y ≃ X
holds for all minimal M-universal Y and all M-universal Y ∈ M.

Proposition 3.27. Let M be a class of metric spaces and let X be a homoge-
neous metric space. If X is minimal M-universal, then there is Y ∈ M such that
X ≃ Y .

Proof. Suppose X is M-universal and X 6≃ Y holds for every Y ∈ M. We must
show that X is not minimal M-universal. By the supposition, for every Y ∈ M,
there are f : Y →֒ X and xf ∈ X such that

f(Y ) ⊆ X \ {xf}.

Let a be a point of X. Since X is homogeneous, there is g : X →֒ X such that
g(xf) = a. The function

Y
f

−−−→ X
g

−−−→ X

is an isometric embedding of Y in X for which

g(f(X)) ⊆ X \ {a}.

Consequently, we have M →֒ X \ {a}. Thus X is not minimal M-universal, that is
a contradiction. �
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Corollary 3.28. Let M be a class of metric spaces and let X be a homogeneous
metric space. If X is minimal M-universal, then X ≃ Y holds for every minimal
M-universal metric space Y.

The so-called strongly rigid metric spaces give us another subclass of unshifted
metric spaces.

Definition 3.29. ([24]) A metric space X is said to be strongly rigid if, for all
x, y, u, v ∈ X,

dX(x, y) = dX(u, v) and x 6= y

imply that {x, y} = {u, v}.

Lemma 3.30. Every strongly rigid metric space is unshifted.

Proof. Let X be a strongly rigid metric space. This is clear that X is unshifted
if |X| ≤ 1. Suppose that |X| ≥ 2. For every f : X →֒ X the equality

dX(x, y) = dX(f(x), f(y))

holds for all x, y ∈ X. From Definition 3.29 it follows that

{x} ⊆ {x, y} = {f(x), f(y)} ⊆ f(X)

hold for all distinct x, y ∈ X. It follows that x ∈ f(X) holds for every x ∈ X and
every f : X →֒ X. Hence, every self embedding f : X →֒ X is a surjection and,
therefore, is an isometry. �

Definition 3.31. A metrizable space X is said to be eventually strongly rigid if
there is a with the topology of X compatible metric dX such that (X, dX) is strongly
rigid. (See [24, 31].)

Lemma 3.32. [31] Let X be a non-empty metrizable space with covering di-
mension zero, dim(X) = 0. If |X| ≤ c, where c is the cardinality of continuum, then
X is eventually strongly rigid.

In analogy with Definition 3.31, we shall say that a metrizable space X is even-
tually unshifted if there is a with the topology of X compatible metric dX such that
(X, dX) is unshifted.

Lemma 3.30 and Lemma 3.32 imply the following proposition.

Proposition 3.33. Let X be a non-empty metrizable space with dim(X) = 0.
If |X| ≤ c, then X is eventually unshifted.

4. Unshifted metric subspaces of minimal universal metric spaces

For a metric space X denote by Iso(X) the group of all isometries of X. In what
follows we do not presuppose that Iso(X) is equipped with any topology.

Theorem 4.1. Let X be an unshifted and complete metric space. Then the
following statements hold.

(i) If for every g ∈ Iso(X) and every x ∈ X there is a positive integer number m
such that the equality

(4.1) gm(x) = x

holds, then every dense subset of X is unshifted.
(ii) If X contains no isolated points and all dense subsets of X are unshifted, then

for every g ∈ Iso(X) and every x ∈ X, there is a positive integer number m
such that (4.1) holds.
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Proof. (i) Suppose that the condition of statement (i) holds. Let Y be a dense
subset of X and let f be an isometric self embedding of Y . We must show that
f ∈ Iso(Y ). Since X is unshifted, f(Y ) is a dense subset of X (otherwise, we would
obtain a non-surjective isometric embedding of X into itself). Thus, f extends to an
isometry g : X → X. It follows that g ∈ Iso(X) because X is unshifted. Suppose now
that f /∈ Iso(Y ). Then the set Y \ f(Y ) is not empty. Let us consider an arbitrary
point x ∈ Y \ f(Y ). Let m be a positive integer number such that

(4.2) gm(x) = x.

It is clear that

fm(x) ∈ fm(Y ) ⊆ fm−1(Y ) ⊆ . . . ⊆ f(Y ).

Since g|Y = f , (4.2) implies x = fm(x). Hence x ∈ f(Y ), contrary to x ∈ Y \ f(Y ).
(ii) Suppose now that X contains no isolated points and all dense subsets of X

are unshifted. If g ∈ Iso(X), x0 ∈ X and gm(x0) 6= x0 for every m ∈ N, then
gn1(x0) 6= gn2(x0) for all distinct n1, n2 ∈ Z. Write

A := {x ∈ X : x = g−n(x0), n ∈ N}.

The set X \ A is a dense subset of X. Indeed, we have

X \A =
∞
⋂

n=1

(X \ {g−n(x0)})

where {g−n(x0)} is the one point set consisting of the unique point g−n(x0). Since
X has no isolated points, the sets X \ {g−n(x0)} are open dense subsets of X. Using
the Baire category theorem we obtain that X \ A is also dense in X. Let p be an
arbitrary point of X \A. It is easy to show that g(p) ∈ X \A. Indeed, if g(p) /∈ X \A,
then there is n ∈ N such that

g(p) = g−n(x0).

Consequently, we obtain p = g−n−1(x0). Hence p belongs to A, contrary to p ∈ X \A.
Thus the restriction g|X\A is an isometric self embedding of X \A. Let us prove the
statement

(4.3) x0 /∈ g(X \ A).

Suppose t ∈ (X \A) and g(t) = x0 hold. The last equality implies t = g−1x0. Hence,
by the definition of X \ A, we have t ∈ A. This contradicts t ∈ X \ A, so that (4.3)
holds. Since (4.3) implies

g|X\A /∈ Iso(X \A),

the metric space X \ A is unshifted. Statement (ii) follows. �

Recall that a group G is torsion if for every g ∈ G there is n ∈ N such that
gn = e where e is the identity element of G.

Corollary 4.2. Let X be unshifted and complete. If the isometry group Iso(X)
is torsion, then every dense subset of X is unshifted.

Let X be an unshifted and complete metric space without isolated points. Sup-
pose that there are x ∈ X and g ∈ Iso(X) such that gm(x) = x holds if and only if
m = 0. Then Theorem 4.1 implies the existence of A ⊆ X which is shifted and dense
(in X). Let us consider an example of such spaces.
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Example 4.3. Let S = {z ∈ C : |z| = 1} be the unit circle in the complex plane
C. It is clear that S is a compact subset of C without isolated points. By Lemma 3.19
the metric space S is unshifted. An irrational rotation is a map Tθ : S → S with

Tθ(z) = ze2πiθ

where θ is an irrational number. Every irrational rotation Tθ is an isometry of S and,
in addition,

Tm
θ (z) = ze2πmi = z

holds if and only if m = 0. By Theorem 4.1 there is A ⊆ S which is shifted and
dense in S. In fact the set

A = {T n
θ (z) : n ∈ N}

is dense and shifted for every z ∈ S.

The previous example is fundamental in the theory of dynamical systems. Using
this example we can simply show that the balls and spheres in the finite-dimensional
Euclidean spaces have some dense shifted subsets. In the converse direction we have
the following proposition.

Proposition 4.4. There is an unshifted metric space X with |X| = c such that
every subspace Y of X is also unshifted.

Proof. It follows from Lemma 3.30 and Lemma 3.32. �

5. Minimal universality of classes of metric spaces

Let M and B be classes of metric spaces. We write M →֒ B if for every X ∈ M

there is Y ∈ B such that X →֒ Y . The notation M � B means that, for every
X ∈ M, there is Y ∈ B such that X ⊆ Y . It is easy to see that M ⊆ B implies
M � B but not conversely.

Definition 5.1. Let X and Y be metric spaces. If X →֒ Y or Y →֒ X, then X
and Y are said to be comparable. Otherwise, X and Y are incomparable.

The following two definitions are similar to Definition 1.1 and Definition 1.2
respectively.

Definition 5.2. Let M be a class of metric spaces. A class A of metric spaces
is said to be universal for M or M-universal if M →֒ A.

Definition 5.3. Let M and A be classes of metric spaces. The class A is minimal
M-universal if the following conditions hold:

(i) A is M-universal;
(ii) The implication

(5.1) (M →֒ B) ∧ (B � A) ⇒ (A � B)

holds for every class B of metric spaces;
(iii) Distinct elements of A are incomparable metric spaces.

Proposition 5.4. Let N,P and A be classes of metric spaces. If A is minimal
N-universal, and

N →֒ P and P →֒ N,

then A is also minimal P-universal.

Proof. Suppose that A is minimal N-universal and N →֒ P and P →֒ N. We
must show that conditions (i)–(iii) of Definition 5.3 hold with M = P.
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(i) Since A is minimal N-universal, we have N →֒ A, that, together with P →֒ N,
implies P →֒ A.

(ii) Let B be an arbitrary class of metric spaces. Since condition (ii) holds with
M = N, we have

(5.2) (N →֒ B) ∧ (B � A) =⇒ (A � B).

From N →֒ P it follows that

(P →֒ B) ∧ (B � A) =⇒ (N � B) ∧ (B � A).

The last implication together with (5.2) give us (5.1) with M = P.
(iii) Condition (iii) does not depend from the choice of class M in Definition 5.3.

Hence (iii) automatically holds. �

Remark 5.5. Instead of condition (ii) we can use the following statement:

(ii∗) The implication

(5.3) (M →֒ B) ∧ (B � A) =⇒ (A ⊆ B)

holds for every class B of metric spaces.

For the proof of Remark 5.5 we need the following lemma.

Lemma 5.6. Let M and N be classes such that M � N and N � M. Suppose
the implication

(5.4) (A ⊆ C) =⇒ (A = C)

holds for all A,C ∈ M. Then we have the inclusion M ⊆ N.

Proof. Let A ∈ M. Since M � N, there is B ∈ N such that A ⊆ B. From
N � M it follows that there is C ∈ M satisfying B ⊆ C. Thus, we have

(5.5) A ⊆ B ⊆ C

and A,C ∈ M. Using (5.4) we see that A = C. This equality and (5.5) imply A = B.
Consequently, for every A ∈ M there is B ∈ N such that A = B, i.e., M ⊆ N. �

Proof of Remark 5.5. Note that (ii∗) ⇒ (ii) is valid, because we have

(A ⊆ B) =⇒ (A � B)

for arbitrary A and B. Moreover, condition (iii) of Definition 5.3 gives us (5.4) for
A,C ∈ A. Using Lemma 5.6, we obtain that ((iii) ∧ (ii)) =⇒ (ii∗). �

Corollary 5.7. Let M and A be classes of metric spaces and let A be minimal
M-universal. Then the implication

(5.6) (M →֒ B) ∧ (B ⊆ A) =⇒ (B = A)

holds for every class B of metric spaces.

Proof. Let B be a class of metric spaces. Then, as was shown above, implication
(5.3) holds. Since we evidently have

(M →֒ B) ∧ (B ⊆ A) =⇒ (M →֒ B) ∧ (B � A),

using (5.3), we obtain

(M →֒ B) ∧ (B ⊆ A) =⇒ (A ⊆ B).

The last implication and the trivial implication

(M →֒ B) ∧ (B ⊆ A) =⇒ (B ⊆ A)
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give (5.6). �

Let us describe the “degenerate” minimal universal classes of metric spaces.

Proposition 5.8. Let M be a non-empty class of metric spaces and let A be a
minimal M-universal class of metric spaces. The following statements hold.

(i) We have ∅ ∈ A if and only if A = M = {∅}.
(ii) The following conditions are equivalent:

(ii1) There is A ∈ A such that |A| = 1;
(ii2) The equality A = {A} holds with some A having |A| = 1;
(ii3) The inequality |X| ≤ 1 holds for every X ∈ M and, in addition, there is

Y ∈ M such that |Y | = 1.

Proof. Let ∅ ∈ A and A ∈ A. Since ∅ →֒ A, condition (iii) of Definition 5.3
implies the equality ∅ = A. The equality A = {∅} follows. If X is an arbitrary
metric space belonging to M, then from M →֒ A and A = {∅} it follows that
X →֒ ∅, thus X = ∅. The last equality holds for every X ∈ M, i.e. M = {∅}. The
statement (i) is proved. Statement (ii) can be proved similarly, so that we omit it
here. �

The next proposition is an analog of Proposition 3.3.

Proposition 5.9. Let A be a non-empty class of metric spaces. The following
conditions are equivalent.

(i) Every X ∈ A is unshifted and every two distinct Y , Z ∈ A are incomparable.
(ii) A is minimal universal for itself.
(iii) There is a class M of metric spaces such that A is minimal M-universal.

Proof. Let (i) hold. We prove that A is minimal A-universal. It suffices to show
that (ii∗) holds with M = A. Suppose that for a given class B of metric spaces we
have

A →֒ B and B � A.

Let X ∈ A. Since A →֒ B, there is Y ∈ B such that X →֒ Y . The condition
B � A implies that there is W ∈ A satisfying the inclusion Y ⊆ W . The last
inclusion together with X →֒ Y imply X →֒ W . Hence X and W are comparable.
By condition (i), every two distinct X,W ∈ A are incomparable. Hence, X = W
holds. Let us consider an arbitrary f : X →֒ Y . Since X is unshifted, the isometric
embedding

X
f

−−−→ Y
in

−−−−→ W
id

−−−−→ X,

where in is the natural inclusion of Y in W and id is the identity map, is an isometry.
Hence in(Y ) = W , i.e., the equality Y = X holds. Consequently, A ⊆ B holds. Thus
we have condition (ii∗) with M = A.

The implication (ii) =⇒ (iii) is evident. Let us prove (iii) =⇒ (i). Suppose
that there is a class M of metric spaces such that A is minimal M-universal. It
suffices to show that every X ∈ A is unshifted. Suppose, contrary, that X ∈ A is
shifted. Let X0 ⊆ X, X 6= X0 and X →֒ X0. Write

(5.7) A0 := (A \ {X}) ∪ {X0}.

Since X →֒ X0 and M →֒ A, we have M →֒ A0. It is clear that A0 � A. Using (5.1)
with B = A0, we obtain A � A0. Hence there is Y ∈ A0 such that X ⊆ Y . It follows
directly from (5.7), that Y 6= X0. Thus we have Y ∈ A0 \ {X0}, i.e. Y ∈ A \ {X}.
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Hence, X and Y are some distinct elements of A. The implication

(X ⊆ Y ) =⇒ (X →֒ Y )

and condition (iii) of Definition 5.3 show that X = Y . Hence X ∈ A0, contrary to
(5.7). The implication (iii) =⇒ (i) follows. �

As was shown in Example 3.7, there is a family Y of metric spaces and there
are minimal Y-universal metric spaces X and Y such that X 6≃ Y . The situation is
much more satisfactory when we consider the minimal Y-universal classes of metric
spaces: such classes are always isomorphic. For the exact formulation of this result
we need the following definition.

Definition 5.10. Let A and B be classes of metric spaces. A map F : A → B

is an isomorphism if it is bijective and F (X) ≃ X holds for every X ∈ A.

We shall say that classes A and B of metric spaces are isomorphic and write
A ≃ B if there is an isomorphism F : A → B.

Remark 5.11. If M,A and B are classes of metric spaces and A ≃ B, and A

is (minimal) M-universal, then B is also (minimal) M-universal.

Remark 5.12. Let X and Y be metric spaces and let A = {X} and B = {Y }.
Then the classes A and B are isomorphic if and only if X and Y are isometric.

Theorem 5.13. Let M be a non-empty class of metric spaces. The following
statements hold.

(i) If A and B are minimal M-universal classes of metric spaces, then A ≃ B.
(ii) If there exists a minimal M-universal class A of metric spaces, then there

exists B ⊆ M such that A ≃ B.

Proof. (ii) Let A be a minimal M-universal class of metric spaces. Then there is
a class MA of metric spaces such that

MA ≃ M and MA � A.

Since MA � MA evidently holds, condition (ii∗) implies A ⊆ MA. To prove it we use
(5.3) with MA instead of M and B. Now statement (ii) follows from MA ≃ M and
A ⊆ MA.

(i) Let A and B be minimal M-universal classes of metric spaces. We prove that
A ≃ B. Using statement (ii), we may suppose that

A ⊆ M and B ⊆ M.

For every X ∈ A there are Y and YX such that

Y ∈ B and YX ⊆ Y and YX ≃ X.

Define a class Ã as {YX : X ∈ A}. It is clear that Ã ≃ A and Ã � B. Since

A is minimal M-universal and Ã ≃ A, the class Ã is also minimal M-universal.
In particular, we have M →֒ Ã. Using condition (ii∗), we obtain B ⊆ Ã. By

Corollary 5.7, the equality Ã = B follows. This equality and Ã ≃ A imply B ≃
A. �

Corollary 5.14. Let M be a class of metric spaces and let A and B be two
minimal M-universal classes of metric spaces. Then A and B are isomorphic.

The following proposition is a particular case of Theorem 5.13.
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Proposition 5.15. Let M be an arbitrary class of metric spaces. If there exists
a metric space X such that the class {X} is minimal M-universal, then there exists
a minimal M-universal metric space Y ∈ M and Y ≃ X.

Proof. Let X be a metric space and let the class A = {X} be minimal M-
universal. Theorem 5.13 implies that there exists B ⊆ M such that A ≃ B. Since
A is an one-element class, A ≃ B and B ⊆ M, there is Y ∈ M such that B = {Y }.
As was noted in Remark 5.12, from {Y } ≃ {X} follows that X ≃ Y . Since M →֒ A,
we have M →֒ X. Now from M →֒ X and X ≃ Y it follows that M →֒ Y .
Using Proposition 5.9, we see that X is unshifted. Hence Y is also unshifted. By
Theorem 3.4, Y is minimal M-universal. �

A natural question is how the minimal M-universal subclasses of M can be
described.

Proposition 5.16. Let M be a class of metric spaces and let A ⊆ M. If M →֒ A

holds, then the following conditions are equivalent:

(i) A is minimal M-universal;
(ii) All metric spaces X ∈ A are unshifted and every two distinct Y, Z ∈ A are

incomparable.

Proof. Suppose M →֒ A holds. It is clear that

(A ⊆ M) =⇒ (A →֒ M).

Consequently, by Proposition 5.4, A is minimal M-universal if and only if A is min-
imal A-universal. Now the logical equivalence (i) ⇐⇒ (ii) follows from Proposi-
tion 5.9. �

We shall give a description of minimal M-universal subclasses A of M in the case
when M is a set of metric spaces.

Definition 5.17. A binary relation ≤ on a set P is said to be a quasi-order if ≤
is reflexive and transitive. An antisymmetric quasi-order ≤ on P is a partial order
on P . Recall that a binary relation ≤ on P is antisymmetric if

(x ≤ y ∧ y ≤ x) =⇒ (x = y)

holds for all x, y ∈ P.

Lemma 5.18. If ≤ is a quasi-order on a set P , then a relation Θ≤ defined by

(5.8) (a Θ≤ b) ⇐⇒ (a ≤ b ∧ b ≤ a)

is an equivalence relation on P . Moreover, a relation ⊑ defined on the quotient set
P/Θ≤ as

(5.9) ([a]Θ≤
⊑ [b]Θ≤

) ⇐⇒ (∃ x ∈ [a]Θ≤
∧ ∃ y ∈ [b]Θ≤

: x ≤ y)

is a well-defined partial order on P/Θ≤.

This lemma is a standard fact from the theory of ordered sets (see, for example,
[9, p. 141]), so that we omit the proof here.

If X, Y and Z are metric spaces, then we evidently have X →֒ X and

(X →֒ Y ) ∧ (Y →֒ Z) =⇒ (X →֒ Z).

Hence, if M is an arbitrary non-empty set of metric spaces, then the restriction of
the binary relation →֒ on the set M×M is an quasi-order on M. Let us define the
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relations Θ→֒ and ⊑ as in (5.8) and (5.9) respectively. The following proposition is a
reformulation of Lemma 5.18 for ≤ = →֒.

Proposition 5.19. Let M be an arbitrary non–empty set of metric spaces. Then
M/Θ→֒ is a poset with the partial order ⊑.

Remark 5.20. If X and Y are isometric metric spaces, then the statements
X →֒ Y and Y →֒ X are evident. In general, the converse is not true. Indeed, if
X = [0,∞) and Y = (0,∞), then we have X →֒ Y and Y →֒ X, and X 6≃ Y.

Lemma 5.21. Let X and Y be metric spaces. Suppose X is unshifted. If there
exist f : X →֒ Y and g : Y →֒ X, then f and g are isometries.

Proof. Since X is unshifted, the mapping

X
f
−֒→ Y

g
−֒→ X

is an isometry. Hence f and g are surjections. The surjective isometric embeddings
are isometries. �

Lemma 5.21 implies the following corollary.

Corollary 5.22. Let M be an arbitrary non–empty set of metric spaces and let
X, Y ∈ M. If

Y ∈ [X ]Θ→֒

and X is unshifted, then Y is unshifted and X ≃ Y .

Let P be a partially ordered set with partial order ≤. A point p ∈ P is maximal
if the implication

(p ≤ x) =⇒ (x = p)

holds for every x ∈ P . We shall denote by Max≤ the set of maximal points of the
partially ordered set P.

Let F = {Ai : i ∈ I} be a family of sets. A system of distinct representatives for
F is a set {ai : i ∈ I} such that ai ∈ Ai and ai 6= aj for all distinct i, j ∈ I. The
Axiom of Choice states that a system distinct representatives exists for each family
{Ai : i ∈ I} with mutually disjoint non-empty Ai.

Theorem 5.23. Let M be an arbitrary non-empty set of metric spaces and let
Max⊑ be the set of maximal elements of the partially ordered set M/Θ→֒. The
following statements are equivalent.

(i) There is a minimal M-universal class of metric spaces.
(ii) A system of the distinct representatives for the set Max⊑ is a minimal M-

universal class.
(iii) For every γ ∈ M/Θ→֒ there are β ∈ Max⊑ and X ∈ β such that γ ⊑ β and

X is unshifted.

Remark 5.24. Statement (ii) of Theorem 5.23 is logically equivalent to the
conjunction of the following two conditions.

(ii1) For every γ ∈ M/Θ→֒ there is β ∈ Max⊑ such that γ ⊑ β.
(ii2) If γ ∈ Max⊑ and X ∈ γ, then X is unshifted.

To see this, use Corollary 5.22 and note that the implication

(β ⊑ γ) =⇒ (γ = β)

holds for all γ ∈ M/Θ→֒ and β ∈ Max⊑.
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Proof of Theorem 5.23. (i) =⇒ (iii). Let A be a minimal M-universal class
of metric spaces. We must show that, for every γ ∈ M/Θ→֒, there are β ∈ Max⊑

and X ∈ β such that γ ⊑ β and X is unshifted. Let γ ∈ M/Θ→֒ and let Z be an
arbitrary metric space belonging to γ. Since γ ⊆ M and A is minimal M-universal,
then there is Y ∈ A such that Z →֒ Y . By Theorem 5.13, there is X ∈ M such that
X ≃ Y . Consequently, Z →֒ X. Define β := [X ]Θ→֒

. Using (5.9) with a = Z, b = X
and Θ≤ = Θ→֒, we obtain from Z →֒ X that γ ⊑ β. To prove that X is unshifted
recall that X ≃ Y and Y ∈ A where A is minimal M-universal. By Proposition 5.9,
the space Y is unshifted. Hence X is unshifted as a space which is isometric to Y . It
still remains to prove that β ∈ Max⊑. The statement β ∈ Max⊑ holds if for every
α ∈ M/Θ→֒ the inequality β ⊑ α implies β = α. Let β = [X ]Θ→֒

and α = [W ]Θ→֒

where X is the same as above and W is an arbitrary element of α. Inequality β ⊑ α
implies that X →֒ W . Since α ⊆ M, we have W ∈ M. Consequently, there is a
space Q ∈ A such that W →֒ Q. Let X →֒ Y with the same Y ∈ A as above.
By Proposition 5.9, we have either Q = Y or Q and Y are incomparable. Since
X →֒ W , W →֒ Q and Y ≃ X hold, the metric spaces Q and Y are comparable.
Hence, the equality Q = Y holds. In particular, we obtain Q →֒ X. From X →֒ W ,
W →֒ Q and Q →֒ X it follows that X →֒ W and W →֒ X. Hence we have
β = [X ]Θ→֒

= [W ]Θ→֒
= α. The implication (i) =⇒ (iii) follows.

(iii) =⇒ (ii). Suppose condition (iii) holds. Let

A = {Aα : α ∈ Max⊑}

where Aα ∈ α, be a system of distinct representatives for the set Max⊑. We claim
that A is minimal M-universal. We first establish that A is M-universal. Let X ∈ M

and let γ ∈ M/Θ→֒ such that X ∈ γ. By (iii), there is β ∈ Max⊑ such that γ ⊑ β.
Using (5.9), we obtain X →֒ Aβ . Using (5.9) it is also easy to prove that Aα and
Aβ are incomparable if α 6= β. Hence, conditions (i) and (iii) of Definition 5.3 are
satisfied. We end the proof by demonstration that condition (ii) of this definition
holds. In accordance with Remark 5.24, we can suppose that all Aα are unshifted.
Hence, by Proposition 5.9, A is minimal universal for A itself. Consequently, by
Definition 5.3, we have

(A →֒ B) ∧ (B � A) =⇒ (A � B)

for every class B of metric spaces. Since A � M, we have

(M →֒ B) ∧ (B � A) =⇒ (A →֒ B) ∧ (B � A).

Consequently, we obtain (5.1),

(M →֒ B) ∧ (B � A) =⇒ (A � B)

for every class B of metric spaces. Condition (ii) of Definition 5.3 follows.
To complete the proof, it suffices to observe that the implication (ii) =⇒ (i) is

trivial. �

We finish the section by constructing a minimal universal class for the class of
linear normed spaces of given finite dimension.

Lemma 5.25. Let X be a complete non-empty metric space and let Y be a
connected metric space. Then every open f : X →֒ Y is an isometry.

Proof. Let f : X →֒ Y be open. Then f(X) is open and complete. This implies
that f(X) is clopen in the connected space Y . Hence, f(X) = Y holds. �
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Proposition 5.26. Let n be a positive integer number and let Nn be the class
of all normed n-dimensional linear spaces over the field R. Then there is a minimal
Nn-universal subset of Nn.

Proof. Every finite-dimensional normed linear space over R is separable. Hence,
by the Banach–Mazur theorem, for every Y ∈ Nn, there is Y ′ ⊆ C[0, 1] such that
Y ≃ Y ′. Consequently, without loss of generality, we may identify Nn with a subset
of 2C[0,1] and denote this subset by the same symbol Nn. Let {[Y ] : Y ∈ Nn} be the
quotient set of Nn by the relation ≃, where, as above, X ≃ Y means that X and Y
are isometric. Let M be a system of representatives for {[Y ] : Y ∈ Nn}. It is easy to
see that M ⊆ Nn and Nn →֒ M. We claim that M is a minimal Nn-universal set of
metric spaces. By Proposition 5.16, M is minimal Nn-universal if and only if:

(i1) Every Y ∈ M is unshifted;
(i2) Every two distinct X, Y ∈ M are incomparable.

Since every finite-dimensional normed linear space over R is homogeneous and bound-
edly compact, property (i1) follows from Lemma 3.23. Let us consider (i2). Brouwer’s
invariance of domain theorem says that a continuous injective map f : U → R

n is
open for every open U ⊆ R

n (see, for example, [51, p. 34]). Since all X, Y ∈ M

are homeomorphic to R
n, we see that conditions of Lemma 5.25 are valid for every

f : X →֒ Y with X, Y ∈ M. From this lemma and from the definition of f it fol-
lows that if X and Y are comparable and X, Y ∈ M, then X = Y . Condition (i2)
follows. �

Remark 5.27. Using the minimal Nn-universal set M that was constructed in
the proof of Proposition 5.26, we can construct a disjoint union

X =
∐

Y ∈M

Y

such that X is a minimal Nn-universal metric space. See Corollary 6.13 in the next
section.

6. From minimal universal classes to minimal universal

spaces. Disjoint unions of metric spaces

In this section we shall denote by I a non–empty index set.

Definition 6.1. A metric space X is a disjoint union of metric spaces Yi, i ∈ I,
if there is a partition {Xi : i ∈ I} of the set X such that Xi ≃ Yi for every i ∈ I. In
this case we write

X =
∐

i∈I

Yi.

Recall that {Xi : i ∈ I} is a partition of X if X =
⋃

i∈I Xi, Xi 6= ∅ and Xi∩Xj =
∅ for all distinct i, j ∈ I. In particular, if X =

∐

i∈I Yi, then all spaces Yi are non-
empty.

The next proposition follows from Proposition 3.8 of [13].

Proposition 6.2. A disjoint union
∐

i∈I Yi exists for every family of non-empty
metric spaces Yi.

It is clear that M →֒
∐

i∈I Yi holds for M = {Yi : i ∈ I}. A legitimate question
to raise at this point is whether there exists a metric dX on X =

∐

i∈I Yi such that
X is minimal M-universal.
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Proposition 6.3. Let M = {Yi : i ∈ I} be a set of metric spaces. If a disjoint
union X =

∐

i∈I Yi is a minimal M-universal metric space, then all Yi ∈ M are
unshifted and pairwise incomparable.

Proof. For simplicity, we assume that the metric spaces Yi, i ∈ I, are pairwise
disjoint, Yi ∩ Yj = ∅ if i 6= j, and X =

⋃

i∈I Yi such that the restriction dX |Yi×Yi
is

equal to dYi
for every i ∈ I.

Let X be minimal M-universal. Suppose that, contrary to our claim, Yi1 →֒ Yi2

for some distinct i1, i2 ∈ I. Then the metric space

X i1 =
∐

i∈I,i 6=i1

Yi

with the metric induced from X, is M-universal and X \X i1 6= ∅, in contradiction
with the minimal universality of X.

Similarly, if Yi1 is shifted and Y 0
i1
⊆ Yi1 such that

Yi1 ≃ Y 0
i1

and Yi1 \ Y
0
i1
6= ∅,

then the metric space

X i1
0 =

(

∐

i∈I,i 6=i1

Yi

)

⊔ Y 0
i1

with the metric induced from X, is M-universal, contrary to the condition. �

Remark 6.4. In the next section (see Corollary 7.6), we shall construct a family
M = {Yi : i ∈ I} such that:

• M admits a minimal universal metric space;
• Every Yi is unshifted and every two distinct Yi, Yj are incomparable;
• There is no minimal M-universal X having a form X =

∐

i∈I

Yi.

Proposition 6.3 and Proposition 5.9 imply the following.

Corollary 6.5. If X =
∐

i∈I

Yi is a minimal universal metric space for a class

M = {Yi : i ∈ I}, then there is a class A of metric spaces such that M is minimal
A-universal.

The following theorem describes, for given family M of metric spaces, the struc-
ture of minimal M-universal metric spaces X which have a form X =

∐

Y ∈M

Y .

Theorem 6.6. Let M = {Yi : i ∈ I} be a set of non-empty metric spaces and
let X be a minimal M-universal metric space. Suppose that all Yi ∈ M are unshifted
and pairwise incomparable. Then the following statements are equivalent.

(i) The metric space X is a disjoint union of metric spaces Yi, i ∈ I,

X =
∐

i∈I

Yi.

(ii) The metric space X satisfies the following conditions.
(ii1) For every x0 ∈ X, there is a unique Yi0 ∈ M such that

Yi0 6 →֒ X \ {x0}.

(ii2) For every non-empty subset M0 of the set M, there is a unique minimal
M0-universal metric subspace X0 of the space X.
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Proof. Let (i) hold. Then, by Definition 6.1, there is a partition {Xi : i ∈ I} of
X such that Xi ≃ Yi holds for every i ∈ I. If x0 is an arbitrary point of X, then
there is a unique i0 ∈ I with x0 ∈ Xi0 . It is clear that

Yi →֒
⋃

i∈I, i 6=i0

Xi →֒ X \ {x0}

holds for every i ∈ I \ {i0}. Consequently we have

Yi0 6 →֒ X \ {x0},

because X is minimal M-universal. The implication (i) =⇒ (ii1) follows.
To deal with (i) =⇒ (ii2), consider an arbitrary non-empty I0 ⊆ I. Let

M0 = {Yi : i ∈ I0}. It is easy to see that the metric space
⋃

i∈I0
Xi, with the metric

induced from X, is minimal M0-universal. Indeed, it is clear that M0 →֒
⋃

i∈I0
Xi.

If there is X0 ⊆
⋃

i∈I0
Xi such that M0 →֒ X0 and

(6.1)

(

⋃

i∈I0

Xi

)

\X0 6= ∅,

then

(6.2) M →֒ X0 ∪





⋃

i∈I\I0

Xi



 ,

because

M = M0 ∪ (M \M0) and M \M0 →֒
⋃

i∈I\I0

Xi.

It follows from (6.1) and (6.2) that X is not minimal M-universal, contrary to
the condition of the theorem. Now suppose that X1 ⊆ X is minimal M0-universal
and

(6.3) X1 6=
⋃

i∈I0

Xi.

If X1 ⊇
⋃

i∈I0
Xi, then (6.3) implies that X1 is not minimal M0-universal. Hence,

there is x0 ∈
⋃

i∈I0
Xi such that x0 6∈ X1. Consequently, we have

M →֒ X1 ∪





⋃

i∈I\I0

Xi



 and X1 ∪





⋃

i∈I\I0

Xi



 ⊆ X \ {x0},

contrary to the minimality of X. The implication (i) =⇒ (ii2) is proved, so that
(i) =⇒ (ii) follows.

Let us prove the validity of (ii) =⇒ (i). Suppose that (ii) holds. Since X is
M-universal, for every i ∈ I, there is fi : Yi →֒ X. Write Xi = fi(Yi). It is clear
that Xi ≃ Yi holds for every i ∈ I. Hence it suffices to prove that {Xi : i ∈ I} is a
partition of X. All sets Yi are non-empty. Hence all Xi are non–empty also. Since
X is minimal M-universal and

M →֒
⋃

i∈I

Xi and
⋃

i∈I

Xi ⊆ X,

we have X =
⋃

i∈I Xi. It remains to prove that

Xi ∩Xj = ∅
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holds for every pair distinct i, j ∈ I. Suppose contrary that there exist i1, i2 ∈ I with

Xi1 ∩Xi2 6= ∅ and i1 6= i2.

Let i ∈ I. Since Yi ∈ M is unshifted, Proposition 3.3 implies, for every Ai ⊆ X
with Ai ≃ Yi, that Ai is a minimal universal metric space for the class {Yi}. Using
condition (ii2), with M0 = {Yik}, k = 1, 2, we obtain that there is a unique Aik ⊆ X
such that Aik ≃ Yik . By definition, Xik ⊆ X and, moreover, Xik ≃ Yik holds for
k = 1, 2. Consequently, if

x0 ∈ Xi1 ∩Xi2 ,

then we have

Yi1 6 →֒ X \ {x0} and Yi2 6 →֒ X \ {x0},

contrary to condition (ii2). �

Remark 6.7. Theorem 6.6 remains valid if we replace condition (ii2) by the
following:

(ii02) For every Yi ∈ M, there is a unique X i ⊆ X such that X i ≃ Yi.

Proof. By the hypothesis of Theorem 6.6, all Yi ∈ M are unshifted. From
Proposition 3.3 it follows that a metric space X i is minimal universal for the class
{Yi} if and only if X i ≃ Yi. Hence (ii02) is an equivalent for the condition:

(ii12) For every i ∈ I there is a unique X i ⊆ X which is minimal universal for {Yi}.

We evidently have (ii2) =⇒ (ii12). To complete the proof it suffices to note that in
the proof of the implication (ii) =⇒ (i) we use, in fact, condition (ii12) instead of
(ii2). �

Theorem 6.8. Let M = {Yi : i ∈ I} be a family of non–empty metric spaces
and let X =

∐

i∈I Yi. Then X is a minimal M-universal metric space if and only if
the following statements hold.

(i) Every Yi ∈ M is unshifted.
(ii) Metric spaces Yi and Yj are incomparable for distinct i, j ∈ I.
(iii) For every Yi ∈ M there is a unique X i ⊆ X such that Yi ≃ X i.

Proof. Suppose that X is minimal M-universal. Then, by Proposition 6.3, con-
ditions (i) and (ii) are valid. Now Theorem 6.6 implies (iii). Conversely, if (i), (ii)
and (iii) hold, then, using Theorem 6.6 and Remark 6.7, we see that X is minimal
M-universal if and only if condition (ii1) of Theorem 6.6 holds. To prove (ii1) suppose
that x0 is an arbitrary point of X. Since we have X =

∐

i∈I Yi, there is a partition
{Xi : i ∈ I} of X such that Xi ≃ Yi for every i ∈ I. Let Xi0 be a part such that
x0 ∈ Xi0 , i0 ∈ I. It suffices to show that Yi0 6 →֒ X \ {x0} and

(Yi 6 →֒ X \ {x0}) =⇒ (i = i0)

for every i ∈ I. As in the proof of Theorem 6.6, we obtain Yi →֒ X \ {x0} for
i ∈ I \ {i0}. Suppose we also have Yi0 →֒ X \ {x0}. Then there is X i0 ⊆ X \ {x0}
such that Yi0 ≃ X i0. Thus we obtain X i0 6= Xi0, because x0 /∈ X i0 and x0 ∈ Xi0 .
This is a contradiction with (iii). �

Let us give some applications of Theorem 6.8 to construction of minimal universal
metric spaces based on the disjoint unions.
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Definition 6.9. Let ε ∈ (0,∞). A metric space X is said to be ε-connected if
for every x, y ∈ X there is a finite sequence (xi), i = 1, . . . , n, such that: xi ∈ X, for
all i ∈ 1, . . . , n and x1 = x, xn = y and

dX(xi, xi+1) ≤ ε

for every i ∈ {1, . . . , n− 1}.

Theorem 6.10. Let M = {Yi : i ∈ I} be a set of non-empty metric spaces.
Suppose all Yi are unshifted and pairwise incomparable. If there exists ε > 0 such
that Yi is ε-connected for every i ∈ I, then there is a metric on the disjoint union

X =
∐

i∈I

Yi

such that X with this metric is a minimal M-universal metric space.

The proof of Theorem 6.10 can be divided into the following three steps.

• We consider disjoint metric spaces Xi ≃ Yi, i ∈ I and construct a connected
weighted graph (G,w) with the vertex set V (G), the edge set E(G) and the
weight w : E(G) → R

+, R+ = [0,∞), such that:
– V (G) = X with X =

⋃

i∈I Xi;
– If x, y are distinct points of Xi, i ∈ I, then {x, y} ∈ E(G);
– The equality

w({x, y}) = dXi
(x, y)

holds for every i ∈ I and all distinct x, y ∈ Xi.
• Using some results of [13], we show that the weighted shortest path pseudo-

metric dw,X is a metric on X satisfying the equality

dw,X(x, y) = dXi
(x, y)

for every i ∈ I and all x, y ∈ Xi.
• We apply Theorem 6.8 to prove that (X, dw,X) is minimal M-universal.

In the proof of Theorem 6.10 we will use a basic terminology of the Graph Theory
(see, for example, [6]). All our graphs G are simple, so that we can identify the edge
set E(G) with a set of two-elements subsets of the vertex set V (G). We use the
standard definition of paths and cycles. It should be noted that all vertices of any
cycle C can be labeled as x0, . . . , xn with |V (C)| = n, x0 = xn and, for 0 6 i < j 6 n,
{xj, xi} ∈ E(C) if and only if j − i = 1.

Recall that a symmetric function ρ : X ×X → R
+ is a pseudometric on X if ρ

satisfies the triangle inequality ρ(x, y) ≤ ρ(x, z)+ρ(z, y) and the equality ρ(x, x) = 0
for all x, y, z ∈ X, but, in general, the implication

(ρ(x, y) = 0) =⇒ (x = y)

need not hold.

Definition 6.11. Let (G,w) be a weighted graph with E(G) 6= ∅. The weight
w is pseudometrizable if there is a pseudometric dV on the vertex set V = V (G) such
that

(6.4) dV (x, y) = w({x, y}) for every {x, y} ∈ E(G).

A pseudometrizable weight w is metrizable if there is a metric dV satisfying (6.4).
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Let (G,w) be a weighted graph and let u, v be distinct vertices of G. Let us
denote by Pu,v the set of all paths joining u and v in G. Thus, a finite sequence
(t0, . . . , tn) belongs to Pu,v if and only if u = t0, v = tn, ti ∈ V (G) for 0 ≤ i ≤ n, and
ti 6= tj for 0 ≤ i < j ≤ n and {ti, ti+1} ∈ E(G) for 0 ≤ i ≤ n− 1.

Let u, v ∈ V (G). Write

(6.5) dw,G(u, v) :=

{

inf{w(F ) : F ∈ Pu,v} if u 6= v,

0 if u = v.

Recall that a graph G is connected if Pu,v 6= ∅ for all distinct u, v ∈ V (G). For the
connected weighted graphs it is well known that the function dw,G is a pseudometric
on the set V (G). This pseudometric will be termed the weighted shortest path
pseudometric. It coincides with the usual path metric if w(e) = 1 for every e ∈ E(G).

If (G,w) is a weighted graph, then for each subgraph F of the graph G define

w(F ) :=
∑

e∈E(F )

w(e).

The next lemma follows immediately from Proposition 2.1 and Proposition 3.1
of [13].

Lemma 6.12. Let (G,w) be a connected weighted graph with V (G) 6= ∅. The
following conditions are equivalent:

(i) The weight w is pseudometrizable;
(ii) For every cycle C = (t0, t1, . . . , tn) in G we have the inequality

(6.6) 2 max
0≤i≤n−1

w{ti, ti+1} ≤ w(C).

Moreover, a pseudometrizable weight w is metrizable if and only if the inequality

(6.7) inf{w(F ) : F ∈ Pu,v} > 0

holds for every pair of distinct u, v ∈ V (G). If w is metrizable, then the weighted
shortest path pseudometric dw,G is a metric and condition (6.4) holds with dV = dw,G.

Proof of Theorem 6.10. Let {Xi : i ∈ I} be a family of metric spaces satisfying
the conditions

Xi ∩Xj = ∅ and Xi ≃ Yi

for all distinct i, j ∈ I. Write

X :=
⋃

i∈I

Xi.

By conditions of the theorem all Yi are unshifted and Yi 6 →֒ Yj if i 6= j and i, j ∈ I.
Suppose that there is ε > 0 such that Yi is ε-connected for every i ∈ I. Since, for
every i ∈ I, Yi is not empty, there is a system of distinct representatives {ai : i ∈ I}
for the family {Xi : i ∈ I}, i.e.,

ai ∈ Xi and ai 6= aj

for all distinct i, j ∈ I. Let us consider a graph G with V (G) = X and the edge set
E(G) defined by the rule: if x, y are distinct points of X, then

(6.8) ({x, y} ∈ E(G)) ⇐⇒ ((∃ i ∈ I : x, y ∈ Xi) ∨ (∃ i, j ∈ I : x = ai ∧ y = aj))

(see Figure 1). The graph G is connected, because {Xi : i ∈ I} is a partition of
X = V (G).



Minimal universal metric spaces 1043

Figure 1. The graphs G for the families {Yi : i ∈ I} with I = {1, 2, . . . , k} and |Yk| = k,

k = 2, 3, 4, 5.

Let ε < ε1 < ∞. Define a weight w : E(G) → R
+ as follows

(6.9) w({x, y}) :=

{

dXi
(x, y) if {x, y} ⊆ Xi for some i ∈ I,

ε1 if x = ai and y = aj for some distinct i, j ∈ I.

By Lemma 6.12, the weight w is pseudometrizable if inequality (6.6) holds for ev-
ery cycle C in G. Let C = (t0, . . . , tn), t0 = tn, be an arbitrary cycle in G. If
there is i ∈ I such that V (C) ⊆ Xi, then (6.6) holds because C is a cycle in the
induced subgraph G[Xi] for which the restriction w |E(G[Xi]) of the weight function w
is evidently metrizable. Recall that, by the definition of induced subgraphs, we have
V (G[Xi]) = Xi and, for every x, y ∈ Xi

({x, y} ∈ E(G[Xi])) ⇐⇒ ({x, y} ∈ E(G)).

Suppose now that

(6.10) V (C) 6⊆ Xi for any i ∈ I.

Let f : X → I be a function satisfying the statement

(f(x) = i) ⇐⇒ (x ∈ Xi)

for all x ∈ X, i ∈ I. Condition (6.10) implies the existence of k ∈ {0, . . . , n−1} such
that

(6.11) f(tk) 6= f(tk+1).

Indeed, if the equality f(tk) = f(tk+1) holds for every k ∈ {0, . . . , n − 1}, then we
have

V (C) = {t0, . . . , tn−1} ⊆ Xf(t0),

contrary to (6.10). After a renumbering of the vertices of C, we may suppose

(6.12) f(t0) 6= f(t1).
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It follows from (6.12) and the definitions of w and f that

(6.13) t0 = af(t0) and t1 = af(t1).

In addition, since t0 = tn, we also have

(6.14) tn = af(tn).

We claim that (6.13) and (6.14) together with (6.8) imply the equality

(6.15) ti = af(ti)

for every i ∈ {0, . . . , n}. Suppose contrary that there is i ∈ {0, . . . , n} such that
ti 6= af(ti). Then we can find the smallest index i0 such that

ti0 6= af(ti0 ) and ti = af(ti) for i ∈ {0, . . . , i0 − 1}.

From the definition of i0 and (6.14), we have

(6.16) ti0−1 = af(ti0−1) with 2 ≤ i0 − 1 < i0 ≤ n− 1.

Since

{ti0−1, ti0} ∈ E(C) ⊆ E(G) and ti0 ∈ Xf(ti0 )
\ {af(ti0 )},

rule (6.8) implies that

(6.17) f(ti0) = f(ti0−1).

Let i1 ∈ {i0, i0 + 1, . . . , n} such that

(6.18) ti0 6= af(ti0 ), ti0+1 6= af(ti0+1), . . . , ti1 6= af(ti1 )

and

(6.19) ti1+1 = af(ti1+1).

Then we have i0 ≤ i1 ≤ n− 1 and, similarly (6.17), the equality

(6.20) f(ti1) = f(ti1+1)

holds. Using (6.18) and (6.8) we can also prove the chain of the equalities

(6.21) f(ti0) = f(ti0+1) = . . . = f(ti1+1).

Thus we have ti0−1 = af(ti0−1), by (6.16), af(ti0−1) = af(ti0 ), by (6.17),

af(ti0 ) = af(ti0+1) = . . . = af(ti1+1),

by (6.21) and af(ti1+1) = ti1+1 by (6.19). Consequently, the equality

(6.22) ti0−1 = ti1+1

holds. Since 2 ≤ i0 − 1 < i0 < i1 + 1 ≤ n, equality (6.22) leads to a contradiction of
the definition of cycles.

From (6.15) and (6.9) we obtain that

w({t0, t1}) = w({t1, t2}) = . . . = w({tn−1, tn}) = ε1.

This chain of equalities evidently implies inequality (6.6). Hence, by Lemma 6.12, the
weight w defined by (6.9), is pseudometrizable. Using this lemma again, we obtain
that w is metrizable if the inequality

(6.23) inf{w(F ) : F ∈ Px,y} > 0

holds for all distinct x, y ∈ X. Let us prove (6.23). Let x and y be two distinct
points of X and let F = (t0, . . . , tn) be a path joining x and y in G, x = t0 and
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y = tn. If there exists i ∈ I such that {tk, tk+1} ⊆ Xi for every k ∈ {0, . . . , n − 1},
then x, y ∈ Xi and using the triangle equality, we see that

w(F ) =
n−1
∑

k=0

w({tk, tk+1}) =
n−1
∑

k=0

dXi
(tk, tk+1) ≥ dXi

(x, y) > 0.

(Note that x and y are distinct points of X.) Otherwise, there is k0 ∈ {0, . . . , n− 1}
such that f(tk0) 6= f(tk0 + 1) and similarly to (6.13) we obtain

(6.24) tk0 = af(tk0 ) and tk0+1 = af(tk0+1).

Since w is nonnegative, (6.24) and (6.9) imply that

w(F ) =

n−1
∑

k=0

w({tk, tk+1}) ≥ w({tk0, tk0+1}) = w({af(tk0 ), af(tk0+1)}) = ε1.

Thus, for every F ∈ Px,y, we obtain

(6.25) w(F ) ≥ dXi
(x, y)

if there is i ∈ I such that x, y ∈ Xi, and

(6.26) w(F ) ≥ ε1

if x ∈ Xi and y ∈ Yj with distinct i, j ∈ I. Inequality (6.23) follows from (6.25) and
(6.26). Hence the weight w is metrizable.

Let dw,G be the weighted shortest path metric defined by (6.5). (Note that
inequality (6.23) implies that dw,G really is a metric.) Using the last statement of
Lemma 6.12, we see that the metric space X with the metric dX = dw,G is M-
universal. In accordance with Theorem 6.8, to prove that X is minimal M-universal
it suffices to show that for every i ∈ I there is a unique X i ⊆ X such that

Yi ≃ X i.

It is clear that Yi ≃ Xi for every i ∈ I. Suppose there is i0 ∈ I such that X i0 6= Xi0

and Yi0 ≃ X i0. If X i0 ⊆ Xi0 , then we have X i0 = Xi0 because X i0 ⊆ Xi0 ≃ Yi0

and Yi0 is unshifted. Hence there is a point x1 ∈ X i0 and an index i1 ∈ I such
that x1 ∈ Xi1 and i1 6= i0. If the inclusion X i0 ⊆ Xi1 holds, then Yi0 →֒ Xi1 and
consequently Yi0 →֒ Yi1. This leads to a contradiction with the condition that Yi0

and Yi1 are incomparable if i0 6= i1. Consequently, there is i2 ∈ I and x2 ∈ X i0 such
that x2 ∈ Xi2 with i2 6= i1. Since x1, x2 ∈ X i0 , X i0 ≃ Yi0 and Yi0 is ε-connected,
there is a finite sequence t0, . . . , tn of points from X i0 with

(6.27) ti ∈ X, t0 = x1, tn = x2, and dX(ti, ti+1) < ε

for every i ∈ {0, . . . , n−1}. Since t0 = x1 and tn = x2, we have t0 ∈ Xi1 and tn ∈ Xi2

with i1 6= i2. Consequently, we can find i ∈ {0, . . . , n− 1} such that f(ti) 6= f(ti+1).
Now using (6.26), we obtain

dX(ti, ti+1) = dw,G(ti, ti+1) = inf{w(F ) : F ∈ Pti,ti+1
} ≥ ε1,

contrary to (6.27). Hence if X i0 6= Xi0 , then X i0 6≃ Yi0 holds. It follows that X is
minimal M-universal. �

It is well known that every connected metric space is ε-connected for all ε > 0.
Hence, Theorem 6.10 entails the following corollary.
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Corollary 6.13. Let M be a non-empty set of connected, non-empty metric
spaces Y . Suppose that all Y are unshifted and pairwise incomparable, then there is
a metric dX on

X =
∐

Y ∈M

Y

such that (X, dX) is minimal M-universal.

The following corollary can be considered as a special case of Corollary 6.13.

Corollary 6.14. Let n be a positive integer number and let Nn be the class of
all normed n-dimensional linear spaces over the field R. Then there is a set M ⊆ Nn

and a disjoint union

X =
∐

Y ∈M

Y

such that M is a minimal Nn-universal set of metric spaces and X is a minimal
Nn-universal metric space.

Proof. The existence of minimal Nn-universal M ⊆ Nn was proved in Proposi-
tion 5.26. Since every normed vector space over R is connected, the existence of a
minimal Nn-universal disjoint union

∐

Y ∈M

Y follows from Corollary 6.13. �

7. Metric betweenness and minimal universality

The ternary “betweenness” relation was introduced in explicit form by Hilbert
in [18]. In the theory of metric spaces, the notion of “metric betweenness”, which is
essential in the present section, first appeared at Menger’s paper [33] in the following
form.

Definition 7.1. Let X be a metric space and let x, y and z be points of X. One
says that y lies between x and z if

dX(x, z) = dX(x, y) + dX(y, z).

The “betweenness” relation thus defined is fundamental for the theory of geodesics
on metric spaces (see, e.g., [35]), and it naturally arises in the studies of the best
approximations in metric spaces [14].

Characteristic properties of the ternary relations that are “metric betweenness”
relations for (real-valued) metrics were determined by Wald in [52]. Later, the prob-
lem of “metrization” of betweenness relations (not necessarily by real-valued metrics)
was considered in [32], [34] and [39]. An infinitesimal version of the metric between-
ness was obtained in [4] and [12].

Let X be a metric space. It is easy to verify that, for every three points x, y, z ∈
X, the equality

(7.1) 2max{dX(x, y), dX(x, z), dX(y, z)} = dX(x, y) + dX(x, z) + dX(y, z)

holds if and only if one of these points lies between the other two points. The
necessary and sufficient condition for (7.1) is the equality of the Cayley–Menger
determinant to zero:

det

∣

∣

∣

∣

∣

∣

∣

∣

0 d2X(x, y) d2X(x, z) 1
d2X(y, x) 0 d2X(y, z) 1
d2X(z, x) d2X(z, y) 0 1

1 1 1 0

∣

∣

∣

∣

∣

∣

∣

∣

= 0,
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(see, e.g., [3, p. 290]).
Let MB be the class of metric spaces X, with points x, y, z satisfying (7.1). Thus

X ∈ MB if and only if, among any three points of X, there exists a point that lies
between the others.

Let R denote the real line with the standard metric dR(x, y) = |x−y|. It is clear
that R ∈ MB.

Definition 7.2. A metric space X is called a pseudo-linear quadruple if X 6 →֒ R

and A →֒ R for every A ⊆ X with |A| 6 3.

Lemma 7.3. A metric space X is a pseudo-linear quadruple if and only if |X| = 4
and the points of X may be labeled p0, p1, p2, p3 so that

dX(p0, p1) = dX(p2, p3), dX(p1, p2) = dX(p3, p0)

and

dX(p0, p2) = dX(p0, p1) + dX(p1, p2) = dX(p1, p3).

Definition 7.2 and Lemma 7.3 are the one-dimensional cases of much more general
Definition 44.1 and Theorem 45.4 of Blumenthal’s book [5] dealing with isometric
embeddings of semimetric spaces in the Euclidean spaces En with an arbitrary finite
n. An elementary proof of Lemma 7.3 can be found in [12].

Write

MB5 := {X ∈ MB : |X| ≥ 5}.

Proposition 7.4. The space R is minimal MB5-universal. If X is universal for
MB5 and X ∈ MB5 or if X is minimal MB5-universal, then X ≃ R.

Proof. The universality of R for MB5 follows from Lemma 7.3. Since R is
boundedly compact, homogeneous and belongs to MB5, Theorem 3.26 implies that
R is minimal MB5-universal and R ≃ X for every MB5-universal X ∈ MB5 and
every minimal MB5-universal X. �

Let F2 be the class of all metric spaces X with |X| 6 2. The class F2 admits
a minimal universal set F1

2 ⊆ F2. We can construct such set by the rule: a metric
space Y belongs to F1

2 if and only if there is t ∈ (0,∞) such that Y = {0, t}. Thus,
by definition, we have

F1
2 = {Yt : t ∈ (0,∞)}

where Yt = {0, t}. It is evident that every Yt ∈ F1
2 is unshifted and Yt1 6 →֒ Yt2 if

t1 6= t2.

Proposition 7.5. Let T be a non-empty subset of (0,∞) and let

A = {Yt : t ∈ T}.

The following conditions are equivalent.

(i) For every Z ∈ A there is Y ∈ F1
2 \ A such that

diamZ < diamY.

(ii) There is a disjoint union

X =
∐

t∈T

Yt

with a metric dX such that (X, dX) is minimal A-universal.
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Proof. Let (i) hold. It is easy to see that (i) holds if and only if the set (0,∞)\T
is unbounded. If T is bounded, then all Yt, t ∈ T are ε-connected metric spaces with

ε = sup
t∈T

(diamYt).

In this case condition (ii) follows from Theorem 6.10. If T and (0,∞) \ T are both
unbounded, then there is a sequence (pn)n∈N such that

p1 = 0, pn ∈ (0,∞) \ T, pn−1 < pn, and (pn−1, pn) ∩ T 6= ∅

for every n > 2 and
∞
⋃

n=2

T ∩ (pn−1, pn) = T.

Let {Xt : t ∈ T} be a disjoint family of metric spaces with Xt ≃ Yt for every t ∈ T .
Write

X =
⋃

t∈T

Xt.

Let us define a function dX : X ×X → R
+ as

(7.2) dX(x, y) =











dXt
(x, y) if there is t ∈ T such that x, y ∈ Xt,

pn if x ∈ Xt1 , y ∈ Xt2 , t1 6= t2

and max{t1, t2} ∈ (pn−1, pn).

The function dX is symmetric and non-negative and, moreover,

(dX(x, y) = 0) ⇐⇒ (x = y)

holds for all x, y ∈ X. We claim also that the strong triangle inequality

dX(x, y) 6 max{dX(x, z), dX(z, y)}

is valid for all x, y, z ∈ X. Indeed, if there is t ∈ T such that x, y, z ∈ Xt, then there
is nothing to prove. In the case when x ∈ Xt1 , y ∈ Xt2 , z ∈ Xt3 and

min{t1, t2, t3} 6= max{t1, t2, t3} and max{t1, t2, t3} ∈ (pn−1, pn)

we have
dX(x, y) 6 pn and max{dX(x, z), dX(z, y)} = pn.

Thus, (7.2) holds for all x, y, z ∈ X. Consequently dX is an ultrametric.
Since pn ∈ (0,∞) \ T for every n ≥ 2, it follows from (7.2) that, for every

t ∈ T , there is a unique two-point set {x, y} ⊆ X such that dX(x, y) = t. In the
correspondence with Theorem 6.8 the disjoint union X =

∐

t∈T Yt with the metric
dX is a minimal A-universal metric space. The implication (i) =⇒ (ii) follows.

Suppose now that (ii) holds but (i) does not hold. As was noted above, (i) holds
if and only if the set (0,∞)\T is unbounded. Consequently there is t0 ∈ (0,∞) such
that

(7.3) (0,∞) \ T ⊆ (0, t0).

Let t1 ∈ (2t0,∞). Inclusion (7.3) implies that t1 ∈ T . Hence Yt1 ∈ A holds. In the
correspondence with the supposition, a disjoint union X =

∐

t∈T Yt with a metric dX
is a minimal A-universal metric space. Using (7.3) and Theorem 6.8 we see that for
every t′ > t0 there is a unique two-point set {x′, y′} ⊆ X such that dX(x

′, y′) = t′

and, moreover, if t′′ > t0 and

{x′′, y′′} ⊆ X, dX(x
′′, y′′) = t′′,
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then

(7.4) {x′y′} ∩ {x′′, y′′} = ∅.

Note that (7.4) follows from the above mentioned uniqueness and Definition 6.1. Let
{x1, y1} ⊆ X and dX(x1, y1) = t1. Let z1 be an arbitrary point of X \ {x1, y1}. From
the triangle inequality it follows that we have at least one from the inequalities

(7.5) dX(x1, z1) >
1

2
t1 or dX(y1, z1) >

1

2
t1.

Without loss of generality, we can suppose that the first inequality of (7.5) holds.
Then we have

{x1, y1} ⊆ X, {x1, z1} ⊆ X

and
dX(x1, y1) ∈ T, dX(x1, z1) ∈ T,

and
{x1, y1} ∩ {x1, z1} = {x1}

contrary to (7.4). The implication (ii) =⇒ (i) follows. �

Corollary 7.6. The set F1
2 has the following properties.

(i) Every Y ∈ F1
2 is an unshifted metric space and if Yt1 and Yt2 are distinct,

then Yt1 6 →֒ Yt2.
(ii) Any disjoint union

∐

Y ∈F1
2

Y is universal but not minimal universal for F1
2.

(iii) There are subsets A1 and A2 of F1
2 such that

A1 ∩ A2 = ∅, A1 ∪ A2 = F1
2

and the disjoint unions
∐

Y ∈A1

Y and
∐

Y ∈A2

Y

are minimal universal for A1 and A2 respectively.

Thus, there is no minimal F2-universal metric spaces X of the form

X =
∐

Y ∈F1
2

Y.

Nevertheless, the next simple example of a minimal F2-universal metric space was
constructed by Wozniak in 2008.

Example 7.7. [20] The set

X = (−1, 0) ∪

(

∞
⋃

n=1

{n}

)

with the metric induced from R is a minimal F2-universal metric space (see Figure 2).
The minimality of X is, in fact, a consequence of the uniqueness of the representation
of x ∈ (0,∞) in the form

(7.6) x = n+ t

where n ∈ N ∪ {0} and t ∈ [0, 1). For the proof note that if (7.6) holds, then

n = ⌊x⌋ and t = x− ⌈x⌉.

Remark 7.8. An example of a non-separable minimal F2-universal metric space
was constructed by Holstýnski in [20].
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1 2 3-1 0

Figure 2. The F2-universal space R contains the minimal F2-universal subspace X .

The next our goal is the building of a minimal MB-universal metric space. Let
PL be the class of all pseudo-linear quadruples. It is clear that PL ⊆ MB and we
begin by constructing of a minimal PL-universal metric space.

Let X be a metric space and let A ⊆ X. We shall say that a two-element subset
{a, b} of A is a diametrical pair for A if

dX(a, b) = diamA

where as usual
diamA = sup{dX(x, y) : x, y ∈ A}.

A point a ∈ X is a diametrical point for A if a ∈ A and there is b ∈ A such that
{a, b} is a diametrical pair for A.

Lemma 7.9. If X is a pseudo-linear quadruple, then every x ∈ X is a diametrical
point for X and the number of diametrical pairs for X is two. Furthermore, if Y is
also a pseudo-linear quadruple and there are {x1, x2, x3} ⊆ X and {y1, y2, y3} ⊆ Y
such that {x1, x2, x3} ≃ {y1, y2, y3}, then X ≃ Y.

A proof is immediate from Lemma 7.3.
As in the case of the class F2, there is a minimal PL-universal disjoint set PL1 ⊆

PL. Let

(7.7) X :=
⋃

Y ∈PL1

Y

and let dX : X ×X → R
+ be a function such that

(7.8) dX(z, y) =











dY (z, y) if there is Y ∈ PL1 with z, y ∈ Y,

max{diamY, diamZ} if there are distinct Y, Z ∈ PL1

with y ∈ Y, z ∈ Z.

Note that (7.8) is correct because PL1 is disjoint.

Lemma 7.10. If X and dX : X × X → R
+ are defined as in (7.7) and (7.8)

respectively, then dX is a metric on X.

Proof. It suffices to show that the strong triangle inequality

(7.9) dX(y, z) ≤ max{dX(y, w), dX(w, z)}

holds if y ∈ Y, z ∈ Z, w ∈ W and Y, Z,W ∈ PL1 and at least one from the
conditions

Y 6= Z, Y 6= W and Z 6= W

is valid. There exist the following four possibilities:

(i) Y 6= Z and Y 6= W and Z 6= W ;
(ii) Y 6= Z and Z = W ;
(iii) Y 6= Z and Y = W ;
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(iv) Y = Z and Z 6= W .

In the case when (i) holds, inequality (7.9) is evident. Suppose we have (ii).
Then, the equalities

max{diamY, diamZ} = dX(y, z)

and

max{diamY, diamZ} = max{diamW, diamZ} = dX(y, w)

hold which implies (7.9). Case (iii) is similar to (ii). Let (iv) be valid. Then using
(7.8), we obtain

dX(y, z) ≤ dZ(y, z) ≤ diamZ.

Moreover, from Z 6= W and (7.8) it follows that

dX(z, w) = max{diamZ, diamW}.

Inequality (7.9) follows. �

Remark 7.11. The metric dX in the above lemma is not an ultrametric.

Proposition 7.12. If X and dX : X×X → R
+ are defined as in (7.7) and (7.8)

respectively, then (X, dX) is a minimal PL-universal metric space.

Proof. It follows directly from (7.8) and Lemma 7.10, that (X, dX) is a disjoint
union of Y ∈ PL1. By Theorem 6.8, (X, dX) is minimal PL1-universal if and only if,
for every Y ∈ PL1, there is a unique XY ⊆ X such that XY ≃ Y . The last condition
holds if for all distinct yi ∈ Yi, i = 1, . . . , 4 with {y1, y2, y3, y4} ∈ PL we have

(7.10) Y1 = Y2 = Y3 = Y4.

Suppose yi ∈ Yi, i = 1, . . . , 4 but (7.10) does not hold. Then, as was shown in the
proof of Lemma 7.10 there are three distinct points x1, x2, x3 ∈ {y1, y2, y3, y4}, which
form an isosceles triangle with the base that is not longer than its legs. Hence the
number of diametrical pairs of {x1, x2, x3} is more than or equal to two. Consequently,
{x1, x2, x3} /∈ MB. It follows from Definition 7.2 that {y1, y2, y3, y4} /∈ PL. Thus,
(X, dX) is minimal PL1-universal and, consequently, minimal PL-universal. �

Now we are ready to construct a minimal MB-universal metric space. Let p ∈ R,
r ∈ (0,∞) and b ∈ X, where

X =
⋃

Y ∈PL1

Y.

For simplicity, we may suppose X ∩ R = ∅. Write M := X ∪ R and define a
symmetric function dM : M ×M → R

+ such that

(7.11) dM(x, y) =











dX(x, y) if x, y ∈ X,

|x− y| if x, y ∈ R,

|x− p|+ r + dX(b, y) if x ∈ R and y ∈ X.

Lemma 7.13. The function dM : M ×M → R
+ is a metric on M .

A proof of Lemma 7.13 can be obtained directly from (7.11). Note only, that dM
is the weighted shortest-path metric for the weighted graph (G,w) with the vertex
set V (G) = M , and the edge set

E(G) = {{x, y} : x, y ∈ X, x 6= y} ∪ {{p, b}} ∪ {{x, y} : x, y ∈ R, x 6= y},
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and the weight

w({x, y}) =











dX(x, y) if {x, y} ⊆ X,

|x− y| if {x, y} ⊆ R,

r if {x, y} = {p, b}.

Lemma 7.14. Let x, y ∈ R, x < y and let z ∈ X. If {x, y, z} ∈ MB, then p
does not belong to the interval (x, y) = {t ∈ R : x < t < y}.

Proof. Suppose {x, y, z} ∈ MB. Then there exist the following three possibili-
ties:

(i) z lies between x and y,

(7.12) dM(x, y) = dM(x, z) + dM(z, y);

(ii) y lies between x and z,

(7.13) dM(x, z) = dM(x, y) + dM(y, z);

(iii) x lies between y and z,

(7.14) dM(y, z) = dM(y, x) + dM(x, z).

For p ∈ (x, y), equality (7.12) can be written in the form

(7.15) |x− y| = (|x− p|+ r + dX(b, z)) + (|y − p|+ r + dX(b, z))

(see Figure 3 below). The condition p ∈ (x, y) implies

(7.16) |x− p|+ |y − p| = |x− y|.

Hence from (7.15) we obtain

0 = 2(r + dX(b, z)) ≥ 2r,

contrary to the inequality r > 0. If we have (7.13), then

|x− p|+ r + dX(b, z) = |x− y|+ |y − p|+ z + dX(b, z),

so that
|x− p| = |x− y|+ |y − p|.

The last equality and (7.16) imply

|x− p| = |x− p|+ 2|y − p|.

Hence |y − p| = 0 holds. It is a contradiction with p ∈ (x, y).
Case (iii) can be considered analogously to case (ii). Thus, p ∈ (x, y) contradicts

the supposition {x, y, z} ∈ MB. �

|y-p| y|x-p|x ᴿ

Figure 3.
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Theorem 7.15. The metric space (M, dM) is minimal MB-universal.

Proof. From Lemma 7.13 and the definitions of dM and X, it follows that

M = X ⊔R =





∐

Y ∈PL1

Y



 ⊔R.

Hence, {R} ∪ PL →֒ M . Moreover, using Definition 7.2 and Lemma 7.3, we see
that, for every Z ∈ MB, either Z →֒ R or there is Q ∈ PL such that Q ≃ Z.
Consequently, MB →֒ M and the set PL1 ∪ {R} is a minimal MB-universal subset
of MB. Hence, it suffices to show that M is a minimal universal metric space for
PL1 ∪ {R}. Condition (iii) of Theorem 6.8 implies that M is minimal universal for
PL1 ∪ {R} if and only if for every Z ∈ PL1 ∪ {R} there is a unique SZ ⊆ M , such
that SZ ≃ Z. Indeed, all Z ∈ PL1 are unshifted as finite metric spaces and R is
unshifted by Lemma 3.23. Moreover, it follows from Definition 7.2, Lemma 7.3 and
the definition of PL1 that any distinct Z,W ∈ PL1 ∪ {R} are incomparable. Thus,
conditions (i) and (ii) of Theorem 6.8 hold and it remains to prove condition (iii).

Let S ⊆ M and S ≃ R. We must show that S = R. Since R is unshifted, it
suffices to prove the inclusion S ⊆ R. Suppose contrary that S ∩ X 6= ∅, where
X =

∐

Y ∈PL1 Y . Note that every point x0 ∈ X is an isolated point of M . Indeed,
the inequality

dM(x0, y) ≥ r

holds if y ∈ R (see (7.11)) or we have the inequality

dM(x0, y) ≥ diamZ0,

if x0 ∈ Z0 ∈ PL1 and y ∈ Z1 ∈ PL1, Z1 6= Z0 (see (7.8)). Moreover,

(7.17) dM(x0, y) ≥ min{dM(x, y) : x, y ∈ Z0, x 6= y} > 0,

holds if x0, y ∈ Z0 ∈ PL1, x0 6= y. (Note that the second inequality in (7.17) holds,
because Z0 is finite.) Hence, if S ∩X 6= ∅, then S contains an isolated point, which
is impossible in the case S ≃ R.

Suppose now that S ⊆ M and S ≃ Z, with Z ∈ PL1. If S ⊆ X, then the
equality

(7.18) S = Z

was, in fact, proved in the proof of Proposition 7.12. The inclusion S ⊆ R does not
take place since S ≃ Z and Z 6 →֒ R. Consequently, condition (iii) of Theorem 6.8
does not hold if and only if

S ∩X 6= ∅ and S ∩R 6= ∅.

Since |S| = 4 and S ∩X 6= ∅, we can consider the following possibilities

|S ∩R| = 3, |S ∩R| = 2 or |S ∩R| = 1.

Case |S ∩R| = 3. Let S ∩R = {x, y, s}, x < y, S ∩X = {z} and let

dM(x, y) = diam(S ∩R).

Since S ≃ Z and Z ∈ PL1, the statement {x, y, z} ∈ MB holds. Consequently, by
Lemma 7.14, we have p 6∈ (x, y) (see Figure 3). For example, if x < y ≤ p, we obtain

diam{x, y, s} = dM(x, y) = |x− y| < |x− y|+ dM(y, p) + r + dX(b, z) ≤ diamS.
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Thus,

(7.19) diam{x, y, s} < diamS.

Now note that Lemma 7.3 implies the equality diam{x, y, s} = diamS, contrary to
(7.19).

Case |S ∩ R| = 2. Let S ∩ R = {x, y} and S ∩ X = {s, z}. As in the case
|S ∩R| = 3, we can show that {x, y} is not a diametrical pair for S. Moreover, using
Figure ??, it is easy to see that x or y is not a diametrical point for X, contrary to
Lemma 7.9.

dX(z, b)

x y|x-y| ᴿ

dX(z, b)

  |x-y| yx ᴿ

Figure 4.

Case |S ∩R| = 1. Let S ∩R = {x} and S ∩ X = {y, s, z}. Since S ∈ PL, we
have

(7.20) {y, s, z} ∈ MB.

As was shown in the proof of Proposition 7.12, statement (7.20) can be valid if
and only if there is W ∈ PL1 such that

{y, s, z} ⊆ W,

(see (7.11)). By Lemma 7.9, we obtain that W ≃ S. Without loss of generality, we
may suppose also that

(7.21) diamS = dX(y, z).

If b 6∈ W , then using (7.8) we obtain that

dM(y, z) = dX(y, z) ≤ dX(z, b) < dX(z, b) + r + |p− x| = dM(z, x).

Hence, dM(y, z) < dM(z, x) holds, contrary to (7.11). Consequently, b ∈ W holds. If
z = b, then

dM(y, z) = dM(y, b) < dX(y, b) + r + |p− x| = dM(y, x),
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that contradicts (7.21). Hence, we obtain z 6= b. Similarly we have s 6= b. Suppose
y = b. Since {y, z} is a diametrical pair for S, Lemma 7.9 implies that {x, s} is also
a diametrical pair for S. Using this lemma again, we obtain the inequality

(7.22) dM(x, s) > dM(x, y).

From the definition of dM , it follows that

dM(x, s) = dM(x, b) = |x− p|+ r and dM(x, y) = |x− p|+ r + dM(b, y),

(see Figure 5). Thus, dM(x, s) < dM(x, y), contrary to (7.22). Let us denote by t the
fourth point of the pseudo-linear quadruple W ⊇ {y, s, z}. Since b 6∈ {y, z, s} and
b ∈ W , we have t = b. Lemma 7.9 and {y, s, z} ⊆ W ∩ S imply that W ≃ S. In
particular, the equalities

dM(t, s) = diamW = diamS = dM(s, x)

hold.

y b=s

ᴿ

z

x

Figure 5.

It follows that

dM(t, s) = dM(s, x).

Now note that the last equality cannot hold, because

dM(x, s) = |x− p|+ r + dM(b, s)

(see Figure 6). �

w

s

x

t=b

ᴿx

Figure 6.

The following proposition gives us an example of a class M of metric spaces for
which all minimal M–universal metric spaces are isometric.
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Proposition 7.16. Let M be the set of all closed intervals [a, b] ⊆ R with
|a − b| < 1 and let I be the open interval (0, 1) ⊆ R. Then I is a minimal M-
universal metric space. Moreover, if X is an arbitrary minimal M-universal metric
space, then X ≃ I.

Proof. Let X be a minimal M-universal metric space and let p ∈ X. Then for
every t ∈ (0, 1) there is ft : [0, t] →֒ X. Write Xt = ft([0, t]). We claim that there
exists t0 ∈ (0, 1) such that the statement

p ∈ Xt

holds for all t ∈ [t0, 1). Suppose the contrary and choose a sequence (tn)n∈N such
that tn ∈ (0, 1) and limn→∞ tn = 1 and p /∈ Xtn for every n ∈ N. Then

Y =
⋃

n∈N

Xtn

is a subspace of X, p /∈ Y and M →֒ Y . (The last follows from the equality
limn→∞ tn = 1.) Hence X is not minimal M-universal, contrary to the condition.

Now it is easy to show that X ∈ MB. Indeed, X ∈ MB if and only if equal-
ity (7.1),

2max{dX(x, y), dX(y, z), dX(z, x)} = dX(x, y) + dX(y, z) + dX(z, x)

holds for all x, y, z ∈ X. Using the above proved claim we can find Xt∗ such that
x, y, z ∈ Xt∗ for given x, y, z ∈ X. It is clear that Xt∗ ∈ MB. Consequently equality
(7.1) holds, so that X ∈ MB. Proposition 7.4 implies that X is isometric to a
subspace of R. The metric space X is connected because Xt is connected for every
t ∈ (0, 1) and, for given x, y ∈ X, there is t∗ ∈ (0, 1) such that

x, y ∈ Xt∗ ⊂ X.

A subset of R is connected if and only if this subset is an interval. Hence X is
an interval. Let us denote by m(X) the length of X. It is clear that M 6 →֒ X if
m(X) < 1 and that X is not minimal M-universal if m(X) > 1. Consequently we
have m(X) = 1. Let a and b be the endpoints of X. Since M →֒ X \ {a, b} and
X is minimal M-universal, the interval X is open. Every open interval (a, b) with
|a− b| = 1 is isometric to I. Thus X ≃ I holds.

It still remains to note that I is minimal M-universal. Indeed M →֒ I is im-
mediate. Now if 0 < p < t < 1 and 1 − p < t, then we evidently have [0, t] ∈ M

and

[0, t] 6 →֒ I \ {p}.

Thus I is a minimal M-universal metric space as required. �

8. Minimal universal subsets of R
2 for the class

of three-point metric spaces

Let F3 be the class of metric spaces X with |X| ≤ 3. It is a basic fact of the theory
of metric spaces that the Euclidean plane R

2 is a universal metric space for the class
F3. The main goal of the present section is to construct some minimal F3-universal
subsets of R2. Our first example of such subset is closely related to the so-called
Fermat–Torricelli point of a triangle. Recall that t ∈ R

2 is the Fermat–Torricelli
point of a triangle {a, b, c} if the inequality

(8.1) dR2(a, t) + dR2(b, t) + dR2(c, t) ≤ dR2(a, x) + dR2(b, x) + dR2(c, x).
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holds for every x ∈ R
2. The geometric construction of the Fermat–Torricelli points

can be found, for example, in Coxeter’s book [8, p. 21–22].
If all angles of a given triangle {a, b, c} are smaller than 2π

3
, then the Fermat–

Torricelli point t satisfies the condition

(8.2) ∠atb = ∠btc = ∠cta =
2π

3
.

For the convenience of the reader we repeat the following lemma here.

Lemma 8.1. Let {a, b, c} be a triangle in R
2. The following statements hold.

(i) All angles of {a, b, c} are smaller than 2π
3

if and only if there is t ∈ R
2

satisfying (8.2).
(ii) If R

2 contains t satisfying (8.2), then such t is unique and belongs to the
interior of the triangle {a, b, c}.

Proof. It suffices to note that for x ∈ R
2 the equality ∠axb = 2π

3
holds if and

only if x belongs to the symmetric lens afbf ′a (without points a and b) where the
lens is the union of the arcs afb and af ′b of two symmetric circles passing through
a and b such that the angles made by the chord ab and the tangents al and al′ are
equal to π

3
(see Figure 7).

π

3

l

l
′

f

f ′

a b
π

3

Figure 7. The locus of points x with ∠axb = 2π

3
.

Consequently, if ∠abc > 2π
3

, then the lenses corresponding to the sides [a, b] and
[b, c] meet at the point b only. Otherwise there is a unique point t satisfying (8.2)
and lying in the interior of the triangle {a, b, c}. �

Theorem 8.2. Let X ⊆ R
2 be the union of some rays

−→
oa,

−→
ob, and

−→
oc with

∠aob = ∠boc = ∠coa =
2π

3
.

Then X is minimal F3-universal.

Proof. It is clear that Y →֒ X holds for every Y ∈ MB with |Y | 6 3. Let a
triangle {e, f, g} /∈ MB and let ∠efg be the maximal angle of this triangle. Suppose

∠efg > 2π
3

. We can locate {e, f, g} such that f, g ∈
−→
ob and e lies between the rays

−→
oa

and
−→
ob (see Figure 8). Doing a parallel shift of {e, f, g} along the ray

−→
ob we can find a

position of its image {e1, f1, g1} such that e1 ∈
−→
oa (see Figure 8). Thus {e, f, g} →֒ X

holds.
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a

b

c

e

f

g

e1

f1

g1

Figure 8.

Suppose now that the maximal angle of the triangle {e, f, g} is strictly less than
2π
3

. Then {e, f, g} →֒ X holds by Lemma 8.1 (see Figure 9). Thus X is F3-universal.

a

bc
ef

g

o

Figure 9.

Let us prove the minimality. Let e be a point of X \ {o}. Without loss of

generality we may take e ∈
−→
ob (see Figure 9). Let us consider the points f ∈

−→
oc and

g ∈
−→
oa satisfying the equalities

(8.3) dR2(o, f) = dR2(o, g) = dR2(o, e).

We claim that

(8.4) Ψ({e, f, g}) = {e, f, g}

holds for every Ψ: {e, f, g} →֒ X. Indeed, it is easy to show that the sets

Ψ({e, f, g}) ∩ (
−→
oa \ {o}), Ψ({e, f, g}) ∩ (

−→
ob \ {o}) and Ψ({e, f, g}) ∩ (

−→
oc \ {o})

are non-empty. Moreover, we have the equalities

∠Ψ(e)oΨ(f) = ∠Ψ(f)oΨ(g) = ∠Ψ(g)oΨ(e) =
2π

3
.

Since {Ψ(e),Ψ(f),Ψ(g)} is an equilateral triangle, Lemma 8.1 implies that o is the
incenter of {Ψ(e),Ψ(f),Ψ(g)}, i.e., the point of the intersection of the interior angle
bisectors of this triangle. Consequently we have

(8.5) dR2(o,Ψ(f)) = dR2(o,Ψ(g)) = dR2(o,Ψ(e)).

In view that {e, f, g} is equilateral and that

{e, f, g} ≃ {Ψ(e),Ψ(f),Ψ(g)},

(8.4) follows from (8.3) and (8.5).
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Using Lemma 8.1 we see also that {e, f, g} 6֒→ X \ {o} if {e, f, g} is an triangle
with an angle equal to 2π

3
. This finishes the proof. �

Theorem 8.3. Let Xα ⊆ R
2 be a set consisting of two rays

−→
oa and

−→
ob without

the point o and let α be the smaller angle between these rays. Then the metric
space Xα is F3-universal if and only if 0 < α < π

3
and, in addition, Xα is minimal

F3-universal if and only if π
5
6 α < π

3
.

Proof. It is easy to see that in the case when π
3
6 α 6 π the inscribing of any

equilateral triangle in Xα is impossible.
Let us prove the F3-universality of Xα in the case when 0 < α < π

3
. For the

triangles {e, f, g} ∈ MB, it is trivial. Now let {e, f, g} /∈ MB. Without loss of
generality suppose ∠feg > π

3
. Write β = ∠feg for short. Let us locate {e, f, g} in

the way depicted on Figure 10.

o a

b

e

f

ge1

f1

g1
α β β

Figure 10. If 0 < α < π

3
, then Xα is F3-

universal.

o a

b

z

z1

z2

z3

x

x
x

x

x

Figure 11. If π

5
6 α < π

3
, then Xα is mini-

mal.

Doing a parallel shift of the {e, f, g} along the ray
−→
oa we can find a position of

its image {e1, f1, g1} with e1 ∈
−→
ob. Moreover, we have e1 6= o because β > α. The

desired embedding is obtained.
Let us prove that the space Xα is minimal F3-universal for π

5
6 α < π

3
. It suffices

to show that after deleting any point z from the set Xα there exists a triangle which

is not embeddable into Xα \ {z}. Suppose, without loss of generality, that z ∈
−→
oa

(see Figure 11). Let us choose z1 ∈
−→
ob and z2 ∈

−→
ob such that

dR2(o, z) = dR2(o, z1) and dR2(z, z1) = dR2(z1, z2).

We claim that {z, z1, z2} 6֒→ Xα \ {z}. Let z3 ∈
−→
oa with dR2(z, z1) = dR2(z, z3).

It is easy to see that {z, z1, z2} ≃ {z, z1, z3}. Let us show that there are no other
triangles in Xα which are isometric to {z, z1, z2}. For the angle x, we have the equality
x = π

4
− α

4
(see Figure 11). The double inequality π

5
6 α < π

3
implies π

6
< x 6 π

5
, i.e.,

x 6 α. The last inequality and a simple geometric reasoning show that the inscribing

of {z, z1, z2} into the set Xα such that the angles x and α have the common rays
−→
oa

or
−→
ob is impossible (see Figure 11).
Let us prove that Xα is not minimal if 0 < α < π

5
. It suffices to show that for

every point z ∈ Xα and every triangle {e, f, g} there are some embeddings {e, f, g} →֒
Xα \ {z}.
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o a

b

e

f

g

e1

f1

g1

α
2

α
2

Figure 12.

Consider first the case when {e, f, g} is not isosceles. Without loss of generality

assume z ∈
−→
oa. Let Ψ: {e, f, g} →֒ Xα be an isometric embedding with Ψ(e) = z

(see Figure 12).

o a

b

e

f

g

e1
g1

α z

c

g2

Figure 13.

Let us construct a new triangle {e1, f1, g1} which is symmetric to {Ψ(e),Ψ(f),
Ψ(g)} with respect to the bisector of the angle α (see Figure 12). If dR2(o,Ψ(e)) 6=
dR2(o,Ψ(f)), then f1 does not coincide with z so that we have found the desirable
embedding. Otherwise, let us consider the triangle {Ψ(f), g1, g2} which is the reflec-
tion of {Ψ(e),Ψ(f), g1} with respect to the bisector of ∠Ψ(e)Ψ(f)g1 (see Figure 13).
Here we have dR2(Ψ(e),Ψ(f)) 6= dR2(Ψ(f), g2) because {e, f, g} is not isosceles. Do-

ing a parallel shift of the {Ψ(f), g1, g2} along the ray
−→
ob one can find a position of

its image such that the point g2 belongs to the ray
−→
oa. The desirable embedding is

obtained.
Consider the case when {e, f, g} is isosceles. Let z ∈ Xα and let

Ψ: {e, f, g} →֒ Xα with z ∈ {Ψ(e),Ψ(f),Ψ(g)}.

Assume that z ∈
−→
oa. We are interested only in the cases when two of the vertices of

{Ψ(e),Ψ(f),Ψ(g)} are symmetric with respect to the bisector of the angle α and one
of them coincides with z. Otherwise one can find a desirable embedding as above.

Let us show that in the case under consideration there is Ψ: {e, f, g} →֒ Xα with
z /∈ {Ψ(e),Ψ(f),Ψ(g)}. Further, without loss of generality, we assume that Ψ(e) and
Ψ(f) are symmetric with respect to the bisector of α. There exist three cases:

(i) Ψ(g) ∈
−→
ob and dR2(o,Ψ(g)) > dR2(o,Ψ(f)) (see Figure 14);

(ii) Ψ(g) ∈
−→
ob and dR2(o,Ψ(g)) < dR2(o,Ψ(f)) (see Figure 15);
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(iii) Ψ(g) ∈
−→
oa and dR2(o,Ψ(g)) < dR2(o,Ψ(e)) (see Figure 16).

o a

b

e

f

g

e2

f2

g2

e3

f3

g3

x

x

x

x

Figure 14. Case (i): x =
π

4
− α

4
.

o a

b

e

f

g

e2

f

2
g

2

f3

g3

x

x

x

e3

α

Figure 15. Case (ii): x =
π

4
+

α

4
.

Consider case (i). Write x = ∠Ψ(f)Ψ(e)Ψ(g) = ∠Ψ(f)Ψ(g)Ψ(e). A simple
geometric reasoning gives us x = π

4
− α

4
. If 0 < α < π

5
, then π

5
< x < π

4
. Hence x > α.

In virtue of the last inequality there exist {e2, f2, g2} ⊆ Xα and {e3, f3, g3} ⊆ Xα

such that

{e2, f2, g2} ∩ {e3, f3, g3} = ∅ and {e2, f2, g2} ≃ {e, f, g} ≃ {e3, f3, g3}

(see Figure 14). Consequently we have z /∈ {e2, f2, g2} or z /∈ {e2, f3, g3}. The
existence of Ψ: {e, f, g} →֒ Xα \ {z} follows.

o a

b

x x

x

e

f

g
α

e2f2

g2

e1

e3

f3

g3

αα

Figure 16. Case (iii): x =
π

2
− α

2
.

Cases (ii) and (iii) are similar. �

There exists a simple example of a metric space X which is minimal F3-universal
but not embeddable in any Hilbert space H ,

F3 →֒ X 6 →֒ H.

Example 8.4. Let −→oai, i = 1, 2, 3, be a distinct rays in R
2 with the common

vertex o and let

X =

(

3
⋃

i=1

−→oai

)

\ {o}.

Define a metric on X as

(8.6) dX(p, q) =











dR2(p, q) if p, q ∈ −→oai for i ∈ {1, 2, 3},

dR2(o, p) + dR2(o, q) if p ∈ −→oai, q ∈ −→oaj, i 6= j,

and i, j ∈ {1, 2, 3}.
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Using Lemma 1.2.1 from [7], and the definition of dX we can prove that X is minimal
F3-universal. To prove X 6 →֒ H it suffices to note that the set

3
⋃

i=1

−→oai

with the metric defined by (8.6) is isometric to the completion of X for which −→oa1∪
−→oa2

and −→oa2 ∪
−→oa3 are distinct geodesic lines with the common geodesic ray −→oa2.
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