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Abstract. In this paper, we establish the sharp estimate of the Lipschitz continuity with
respect to the Bergman metric. The obtained results are the improvement and generalization of the
corresponding results of Ghatage et al. [3] and Hosokawa et al. [4].

1. Introduction and main results

Let C" denote the Euclidean space of complex dimension n. For z = (z1,...,2,) €
C", the conjugate of z, denoted by Z, is defined by z = (Z1,...,%,). For z and
w = (wy,...,w,) € C" we write

n n 1/2
(z,w) =z -w= sz@k and |z| = (2, 2)/* = Z | 2]
k=1 k=1
For a = (ay,...,a,) € C", we set

B"(a,r)={z€ C": |z—al| <r}.
Also, we use B™ to denote the unit ball B"(0,1) and let D = B'. In the following,
we always treat z € C" as a column vector, that is, n X 1 column matrix

21

Zn

The class of all holomorphic functions from B™ into C" is denoted by H (B™, C").
Let Aut(B™) be the automorphism group consisting of all biholomorphic self map-
pings of the unit ball B" (cf. [8]).

For z € B™, let
(1 —]2*) + A(2)

(1—1[z?)?
be the Bergman matriz, where I is the n X n identity matrix and

B(z) =

2121 " Z1Z2n
A(z) =
ZnZ1 " ZnZn
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For a smooth curve v: [0,1] — B", let

ww=A<mwmv@nwW”w

For any two points z and w in B", let §(z,w) be the infimum of the set consisting
of all ¢(v), where ~ is a piecewise smooth curve in B" from z to w. Then we call 8
the Bergman metric in B™ (cf. [11]).

The prenorm || f||pm,.q) of f € H(B™ C") is given by

1 fllp(n.a) = sup Dy“(2),
zeB”

where o« > 0 and
a(n+1)

1
Dy (z) = (1= [2]*) "2 | det f'(2)]7.
For more details on prenorm, we refer to [6].

Let Bp(n,a) be the class of all holomorphic mappings f € H(B", C") satisfying
| fllpn,a) < o0o. We call f € Bp(,,qa) a Bloch type mappings. In particular, Bp( q) is
the classical family of a-Bloch functions (cf. [10, 11]).

For z,w € D, the pseudo-hyperbolic distance is defined as

Z—Ww

p(z,w) =

1—wz

In particular, if n = 1, then, for z,w € D, tanh 5(z,w) = p(z, w). In [3], Ghatage et
al. showed that Djlf’l(z) is Lipschitz continuous with respect to the pseudo-hyperbolic
metric, which is given in Theorem A below.

Theorem A. [3, Theorem 1| Let f € Bp(1,1). Then, for all z,w € D,

D} () = Dy (w)] < Clfllpaplz w).
where C' = 3.31.

We remark that the constant C' = 3.31 in Theorem 1 is not sharp.
In [5], Hosokawa and Ohno proved

(1) DY (=) — DY (w)| < 20[| Iy plz, w),

and they used it to discussed the composition operators on the Bloch spaces (cf.
[4, 5]). For more details on this topic, see [1, 2, 7, 9].

Let ¢ be a holomorphic mapping of B™ into B™. For all f € Bp(,,q), let C,: f —
f o be a composition operator. As an application of Theorem A, Ghatage et al. [3]
proved

Theorem B. |3, Theorem 2| Let ¢ be a holomorphic mapping of D into D. If
for some constants r € (0,1/4), and € > 0, for each w € D, there is a point z, € D
such that
1 — |20|?
— ¥ ()] > €
1 —[eo(zw)[?

then Cy: Bp(1,1) — Bp(,1) is bounded below.

plp(zp),w) <r, and

In this paper, by using a different method, we generalize Theorems A and B to
several dimensional case and obtain the sharp estimate of the Lipschitz constant with
respect to the Bergman metric.
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Theorem 1. Let f € Bp(,1). Then, for 2,z € B",
(2) | D} (22) = D (21)] < M(n)|| fllpay) [ tanh B(21, 22)] ™
where M(n) = (24 n)2 (Z—ﬁ)% . Moreover, the constant M(n) in (2) cannot be
replaced by a smaller number.

The following result is an application of Theorem 1.
Theorem 2. Let f € Bp(1,1). Then, for z € D,

®) a1 |20y @] + [0 < 2L

b (24 ) U flleay
0 [CC/ER s i

Moreover, the extreme functions f(z) = £3v/32%/4 show that the estimates (3) and
(4) are sharp.

Applying Theorem 1, we get the following result which is an improvement of
Theorem A.

Theorem 3. Let ¢ be a holomorphic mapping of B" into B™. Suppose that

1
there is constants 0 < r < M%n) (;‘T*s) " and € > 0 such that, for each w € B", there
is a point z, € B" satisfying tanh B(p(z,), w) < 1" and |7,(2,)| > €, where

n+1

_ 1_|Zw|2 n e (5
o) = (Topiege) e el

and M (n) is defined as in Theorem 1. Then, for all f € Bp,1), there is a constant
k(n,r,e) > 0 depended only on r, ¢ and n such that

1Co (NP1 = E(n, o)l fllpem)-
The proofs of Theorems 1-3 will be presented in Section 2.

3=

2. Proofs of the main results

We begin the section by recalling the following results which play an important
role in the proofs of Theorem 1.

Lemma C. |2, Lemma 1.1] For z € [0,1], let

a(n+1)
a(n 1 1 2
o(z) = 2(1 — 22" Ja(l+ 1) +1 [%
and
1
CL(](O[) = .
a(l+n)+1

Then o is increasing in [0, ag()], decreasing in [ag(c), 1] and p(ap(a)) = 1.
Theorem D. |2, Theorem 1.2] Suppose that f € H(B", C") such that || || p(n.a) =

1 and det f'(0) = A € (0,1]. Then, for all z with |z| < %, we have

: : A(ma(N) — |2])
(5) |det f'(2)| > Re (detf (z)) > OV — M (V2]
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where m,(\) is the unique real root of the equation ¢(x) = A\ in the interval

[0,a0(c)] and, ¢ and ag(«) are defined as in Lemma C. Moreover, for all z with
|z] < 716”_0513‘)(;;; O‘a%?), we have
Alma(N) +12))
Ma(A) (14 ma(A)]z])o D+

Moreover, the estimates of (5) and (6) are sharp.

(6) | det f'(2)] <

Proof of Theorem 1. Without loss of generality, we assume that ||f|p@m,1) = 1
and D} (z) < D' (21). Let ¢ € Aut(B") such that ¢(0) = z; and w = ¢~!(22). For
z € B", set g = f(¢(2)). By [11, Proposition 1.21|, we have

tanh 8(z1, 22) = tanh 8(¢ ™" (21), ¢ '(22)) = tanh B(0,w) = |w|.
Since .
L—o(=)*) =
1—1z? ’

det (2} = (

we see that
+1

(7). |detg'(0)]7 = |det f'(¢(0))]7|det ¢/ (0)|7 = | det f'(21)|7 (1 — |2]?) 5%

and

(1 [w[?) 2 | det g'(w)|» = (1 — |w]|?) = | det f'(¢(w))|=] det ¢/ (w)|
it L /1— 2\ z0
®) — (= oty et e (L0

n+1

= [det, /()| (1 = |=*) 57
Case 1. If | det ¢’(0)| = 0, then it is obvious.
Case 2. Let det ¢’(0) = X\e®, where A > 0 and 6 € [0, 27]. Applying Theorem D

_i0 ao(1)+m1(N)
(5) to e*ng(z), for |z| < m, we have

ot qer (o) o M)~ )
©) Re (et () = R = OV

where my(A) and ag(1) are defined as in Theorem D.
Subcase 2.1. |w| < mq(N). It is easy to know that
ao(l) + m1(>\)
10 A) < .
10) ) S T e ()
On the other hand, by calculations, we have

n+1 n+42

(1= JwP) ™" > (1= Jwlmi (V)5 > (1= Jwlmi(\)

and

3=

mi(A) = w|n < (my(N) — |w])™,
which gives

1 (1 — |w|?) e (ma(A) — |w])= 1
11 mi (A) — S < |w|r.
" ™ (I =mi(N)|w|) ™= v

By Lemma C and Theorem D, we have

n+1

(12) (N1 = m3() % (M(n)" =
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which, together with (7), (8), (9), (10) and (11), implies that
D' (1) — D' (22) = | det g'(0)]7 — (1 — |w[?) %+ | det ¢/ (w)|
= Av — (1= |w]?) = | det g/ (w)| =
_ (o) A ) = Jul)
mp (V)1 = my (\)w]) ™

AV = e ) —
= mf)‘_ nt2
() [ N e

< AR

243

< () Tulf = M1 =m0l < Mool

my(\)
Subcase 2.2. |w| > mq(A). Then, by (7), (8) and (12)
D (z1) — DM (z2) = | det g'(0)]7 — (1 — |w]?) 5 | det ¢'(w)]7
<A =mi () (1= m3(N) ™ M(n) < M(n)wl*.

Now we prove the sharpness part. For any € € (0, M(n)], let
1
2

(13) mi(\) = min { {1 - (1 - ﬁ) *] ,a0(1)}

and

(1) A= mi) [1= (mi0)?] ()™
By (13), we get

(15) M(n) [1— (mi(\)?] ™ > M(n) — .

For z € B™, let

A(mi(N)—=¢)
f mi(A)(1 A)E)"“ ds

z
fa(z) = ,2 ,
Zn
which gives that det f{(0) = .
Claim 1.
(16) | fxllpm,ny = 1.
Now we prove (16). For z € B", let
Mmy)"
)
F(z) = =
Zn

By Lemma C, we have
(17) 1Ellpenn) = sup Di'(z) = 1.
zeB"
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For a = (m3(A),0,...,0) and z € B", set

miy = 1= ) a - )]

bal2) = L-miNz" miNa—-1 7777 mi(N)a —1

€ Aut(B").

Then, by (14), we have

n+1
2

(M) i () = 211 = (mi(V)?]
Lm0z

= |det (F(64(2)))

= |det F/(6u(2))] | det 6, (=)

_ [det F/(ga(2))] (1 = |6a(2)]) "+
n+1
(1—1[2?)"2
which, together with (17), implies that

Dyl (z) = (1= |2*) 57 |det (F(4(2)))"

— |det F'(¢a(2))]" (1= [$a(2)[)5" = DY (¢a(2)) < 1.

Hence (16) follows from (18). The proof of Claim 1 is finished.
Therefore, for w’ = (0,0,...,0) and w” = (mj(A),0,...,0), we have

tanh B(w', w") = mi(\),
which, together with (14), (15) and (16), yields that

| det f(2)] =

Y

1
n

(18)

D3 () = D (] = A% = M(m) i ()" [1 = (mi (0)7] 5
> | /sl P,y [ tanh B(w’, w")] " (M(n) —e).

The above inequality shows that the constant M (n) is sharp. The proof of this
theorem is complete. O

Proof of Theorem 2. For z = x4+ iy € D, let w = z + re?. Then, by Theorem 1,
we have

Af(z) = max [lim (‘D}’l(z);D}’l(w)\, r )]

0€(0,27] | r—0+ p(z,w)

= (1 —|2*) max 2Djlcl(z) cos 0 + gD}l(z) sin

0€[0,2x] | Ox
(1 —[2]%) 1,1 0 11 1,1 d 11
O (| 0y ) + i D )| + | o0 e) - 14072
0
= -1 (|2 pr o)+ |20 )]) < 21,

where

6€(0,27] \ r—0+ p(z,w)

Ap(2) = max (lim ‘D}l(z) —D}’l(w)‘> :
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On the other hand,

2 o]+ |20y )] = [+ TG
+=atrer+ R0 0 - )

> ()1 = [2) = 2201 (2)],
which, together with (19), gives that

0 0
/N 12) < 2AelIf )+ [ D )| + [ 52D )
3V3
22| fllp 1,1 N 33| Fllp _ (2‘Z| + 5 ) [RAITYERY
I 1— |z (1—1z?)
The proof of this theorem is complete. O

Proof of Theorem 3. Without loss of generality, we assume that || f||p@m1) = 1.
For z € B", it follows from Theorem 1 that there is a point w € B"™ such that

D?’l(w) >1—0

and 1
1\ 7= 1
o701 2 < |y (355) o Lot )¢
where )
M) () 1 /n2\*
7= 2(1 4 r) M(n)<1+n)

By the assumption, there is a point z,, such that

L 1 n+ 2 "
[ tanh B(p(z0), w)] ™ <7 < M (n) (H—”)

and |7,(zy,)| > €, which imply that

D?f(‘ﬁ(zw)) > D}’;l(w) — [M(n) (n i 1) i +o [tanh 5(¢(zw),w)]%

n -+ 2
1
1 n
21—0—[M(n)<212) +o|r
(19) N
zl—rM(n)(:iiQ) (147
1
1—7~M(n)(g—¢;) ;
= 5 > 0.

By (19), we conclude that
IC(N)llpma) = D3 ((z))Ip(20)] > k(n,1€),
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where

3=

[1 —rM(n) <Z—i;) ] €
k(n,r,e) = 5 :
The proof of this theorem is compete. O
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