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Abstract. Our aim in this paper is to establish variable exponent weighted norm inequalities
for generalized Riesz potentials via norm inequalities in non-homogeneous central Herz—Morrey
spaces.

1. Introduction

Let I,(x) = |2|*™" be the Riesz kernel of order o (0 < o < N) on the Euclidean
N-space RY. The classical Sobolev’s inequality for Riesz potentials is

[ o f |l Lo ) < Cll fllo@y)
for f € LP(RY), 1 < p < N/a, where 1/p* = 1/p — a/N. For weighted Lebesgue
spaces LP" Muckenhoupt—Wheeden [13| showed
HI‘J‘fHLP*va*/p(RN) < Ol fll oow @y

under certain conditions on the weight w. In case w(x) = (1 4 |x|)~%, the condition
is N — Np < a < N — ap. These results have been extended to the case of variable
exponent; see [1| and [4] for unweighted spaces, and [11], [12] and [14] for weighted
spaces.

The above inequalities may be called of LP-LP" type. In [7|, Kurokawa gave a
LP-LP type inequality

o f | oatra@mry < C| fllra@mny,

where LP?(RY) = LPY(RY) with w(z) = (1 +|z])™ (0 < a < N — ap). Kurokawa
also gave similar inequalities for generalized Riesz potentials I, ; f, which are defined
as

Lad @) = [ Tase)f(0)dy

whenever the integral is well-defined, where
Io(z —y) for |yl <1;
m
Lok(@ ) = Y L(z —y) = 3 Z(D*L)(~y) for [yl >1
lul<k—1""

for integers k > 1.
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Our aim of this paper is to extend Kurokawa’s results to variable exponent case.
To this end, we consider variable exponent non-homogeneous central Herz—Morrey
spaces HP() 4« (RN) (whose definition will be given in Section 2) and we shall establish
norm inequalities for the operators f — I,f and f — I,;f from HPOa9(RN) to
HPO)0w-a(RN) (w_o(r) = r~w(r) for r > 1). Then the required results follow from
the observation that LPO«(RN) = Hp()p(ec)w!/?=) (RN

Throughout this paper, let C' denote various positive constants independent of
the variables in question.

2. Preliminaries

Throughout, let p(-) be a measurable function on RY such that
1 <p :=essinfp(z) <esssupp(r) =:p" < o
z x
and assume that it is log-H6lder continuous at oo:

C
- < forall RV,
Ip(x) — p(o0)| < og(e + [2]) orall x €

For a measurable set  C RY, we consider the variable exponent Lebesgue space

LPOQ) = {f € LL.(Q): £l 2otr ) < 00},

p(z)
||f||LP<-><Q>:inf{A>0: /ch(f)‘) d:cgl}.

Let w(r): (0,00) — (0,00) be a measurable function satisfying the doubling
condition, that is, there exists a constant c¢; > 1 such that

where

clw(r) <w(t) < cqw(r) whenever 0<r <t <2
We consider the variable exponent weighted Lebesgue space

LPOCRN) = {f € LioRY): || f]| ooy < 00}

p(z)
11w vy = inf{A > 0; /RN“’("””') ('fg‘””) iz < 1}.

Let B(z,7) = {y € R": |y — x| < r} and A(r) = B(0,2r) \ B(0,r) for z € RV
and r > 0. For ¢ > 0, we consider the variable exponent non-homogeneous central
Herz—Morrey space

where

PO RN) = {f € LLRY): [|f s mny < 00},

where

o] d’/‘ 1/q
Hf”?—tp(')vq’w(RN) = ||f||LP(')(B(O,2)) + (/ (W(T)||f||Lp<-)(A(r)))q 7) .
1
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Lemma 2.1. Let o > 0. Let F(z) be a non-negative measurable function on
RY \ B(0,79) and v(r) be a positive measurable function on [rg,00) satisfying the
doubling condition. Then

o o(|z])F(z) de < /oov(r) (/Am F(z) dx) dr

RN\ B(0,2r0) ro r
< C/ v(|z|)F(x) dx
RN\ B(0,70)

with a constant C > 0.

Proof. By the doubling condition on v and Fubini’s theorem, we have

[ren ([ r@ar) e [T([ werea)
e o[

= (logQ)Cd/ v(|z|)F(x)dx
RN\ B(0,r0)

and
/ v(r) (/ F(x) dx) dr > cgl/ </ v(|z|)F(x) dz) dr
ro A(r) r ro A(r) r
=l dr
20;1/ v(|z|)F(x) / — | dx
RN\B(0,2r0) lzj/2 T
—(og2;" [ uel) Fla) e
RN\ B(0,2r0)
as required. O

Lemma 2.2. Let v > 0 and ry > 1.
(1) If there is 5 > 0 such that

(2.1) / F(@) P dz < Mr®  for v > o,
A(r)
then

[ fllroragy <777+ C (/
A(r)

with a constant C' > 0 depending only on M, (3, v and cs.
(2) If there is 3’ > 0 such that

1/p(c0)
| f (z)[P@® dI) for r > rg

(2.2) 1Nl oo aryy) < M'r? for v > 1y,
then

[ 1@P @ <7 4 0 (o)™ for rz
A(r)

with a constant C' > 0 depending only on M’, ', v and cy.
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Proof. Let A(r) = || f|| o> (a(r))- Then

o3 [ (Y™ s

Assume (2.1). Let r > ro. If r=7 < A(r) < 1, then
CIN(r) 7P < A(r)7P@) < ON(r) 7P

for x € A(r) with a constant C' > 0 depending only on v and c. If A(r) > 1, then
A(r)7P@) < \(r)71, so that A\(r) < M7r? by (2.3) and (2.1). Hence, for x € A(r),
A(r)™P@) < CA(r)P°) with a constant C' > 0 depending only on M, 8 and cs.

Hence, by (2.3) again,
1/p(o0)
Ar)<C (/ | f ()] dl‘)
A(r)

in case A(r) > r~7, which implies the assertion of (1).

The proof of (2) is similar. O
Lemma 2.3. If

(2.4 et T <1

then

/ w(J2) | f@)P d <
RN\B(0,v?2)
with a constant C' < oo.

Proof. Suppose (2.4) holds, and set A(r) = || f|[ o) (a())- First we show
(2.5) A1) < Cuw(r) P for > /2.

Set 1(r) = || oo)(Bo.var B 7 = 1. Since B(0, V2r)\ B(0,7) C A(t) for r//2 <
t<r, pulr) < At) for 1 <r/v2 <t <r, sothat

w(r)pu(r)Pe) < 2 /T w(t)A(t)PC ) 4t <C <

- 10g2 r/\V2 t
by (2.4). Hence u(r) < Cw(r)~Y/P) for r > /2. Since A(r) < u(v/2r) + u(r), we
have (2.5).
Since w(r) is assumed to be doubling, there is 6 > 0 such that

(2.6) C™lr0 <w(r)<Cr® for r>1.
Let v > 4. Then

> d
(2.7) / w(r)r™7 " e

V3 r

By (2) of the previous lemma (note that (2.5) implies (2.2) for some /5’ > 0), we have

| 1@ ds <o oxeye
A(r)
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for r > /2, sothath(\/—|f 2)|P® dz < C and

[ ([, o) &
 dr

S/ ) — +C/ PYLF | ot agey) )P =
s

<(C < oo

by (2.7) and (2.4). Hence, by Lemma 2.1, the latter inequalities yield

/ W) (@) P de < C < o
RN\ B(0,2/2)

and we obtain the assertion of the lemma. 0J
Proposition 2.4. Assume that 0 < info,<; w(r) < supg.,<; w(r) < co. Then

O™l ey < 1 lgptreeratine sy < ClFlaorsqam)

Proof. First, let || f|l o¢).«@myy < 1, namely

| sabls@Pds < 1.
Then

/ F@)P® de < ©
B(0,2)
and

(2.8) / F@)P® de < cao(r)™ / w(la)|f (@)@ de < Cuofr)™
A(r) RN
for r > 1. Let v > 6/p(c0) for ¢ in (2.6), so that

(2.9) / cu(r)?“_W’(C’O)ﬁ < 00.
1

r

By Lemma 2.2 (1) and (2.8)

1/p(o0)
[ fll ey a@y <777+ C (/( ) |f ()P dz)
A(r

1/p(oc0)
<1 4 Cun(r) s / ()| ) )

{
for r > 1. Therefore, using Lemma 2.1 and (2.9), we have
o ) dr
[ G N )™
”
dr
D) T
e[, tairre ) S

1
<C {/ w(r)r"yp(
1
go{u/ Wl f (@) }so,
RN\B(0,1)
which implies || f]|, . (00 w1/p(0) <C.

(RY)
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> 1/p(c0)
(c0) dr dr
171 oo 0.2 + </ w(r) (11l aey)” 7) ~ <1
1

By Lemma 2.3,
/ w(l])|f(@)P® de < C.
RM\B(0,v2)

Also, ||f||LP<->(B(0,2)) < 1 implies

/ W) f(@)P® de < C.
B(0,/2)

Thus’ ||fHLP(-),w(RN) < C. -
For later use we prepare the following result.

Lemma 2.5. There is a constant C' > 0 such that

1 - 0o
[A(r)| A(r>|f(y)|dy§07“ NP £l 1o (agry

forr > 1.
Proof. Let r > 1 and f be a nonnegative measurable function on R" satisfying

1Nl o> a@yy < 1. Then

71 7|~ 1/p(e0) 1 f(y) Pt
0 L < 1A ) A(T)f(y)Q A(T)‘_l/p(m)) dy.

Since |A(r)[P® < C|A(r)|P(>) for y € A(r), we obtain

1 1
) dy < AG)| )+ QA #0000t [ g ay
|A(r)| A(r) |A(r)] A(r)
< CJA) ),
which proves the result. O

3. Norm inequalities for (generalized) Riesz potentials
For 0 < a < N and an integer k > 1, let I,(x) = |z|*™" and
Lo(z —y) for |y| <1;
L@ = L@-y— Y LD L) (—y) for lyl>1.
|| <k—1

For f € LL (RY), set

Lf@) = [ L= sy
and

Lad @) = [ Tase ) (0)dy

whenever the integrals are well-defined.
The following estimates are fundamental (see [9], [10] and [15]).

Lemma 3.1. (1) If 2Jz[ < |y| and |y| > 1, then |Iok(x, y)| < Cla|*ly[*=NF.
(2) If |z]/2 < |y| < 2|al, then [lo(z,y)] < Clo —y|*".
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(3) If 1 < [y| < [al/2, then |Lox(z,y)| < Claf*y|*= ==Y,
We consider the following condition (P) for p(-):
(P) The Hardy-Littlewood maximal operator M is bounded on LPU)(RY).

As is well known, p(-) satisfies (P) if p~ > 1 and p(-) is log-Hélder continuous
(locally as well as at co) (see, e.g., [3, Theorem 1.5] and [4, Theorem 4.3.8]). See also
[2, 5, 6, 8] for other conditions that guarantee the boundedness of M.

We consider the following two types of conditions for w(r):

(wl;v) r— ro*tw(r) is almost decreasing on [1, 00) for some €; > 0;
(W25 ) 7+ r==2tw(r) is almost increasing on [1, 00) for some g9 > 0.

Example 3.2. w(r) = (1 4 r)~° satisfies (wl;v) if and only if a > v; it satisfies
(w2; ) if and only if a < p.

Lemma 3.3. Let 5 € R. Ifw(r) satisfies (wl; N/p(oc0) — (), then for 0 < e < &;

- N s dt\ Ve
/ Py < ey (@ o) )
B(0,/)\B(0,1) 1/2

for all™ > 1 and f € L, .(RY).
Proof. We may assume that f(z) = 0 for + € B(0,1). Let jo be the smallest
integer such that 27¢ > r. By Lemma 2.5, we have

1
PN fw)ldy <C) (27r) ———=
/B(O,r)\B(O,l) Z |A(

- )l dy
277r)] A(zﬂ‘r)‘ )

< CZ 27NN £l oo aa-iny)-

j=1
In case ¢ > 1, by Hélder’s inequality and (wl; N/p(o0) — (), for 0 < & < &1, we
have
Jo
Z(Q Tr)P= NP £l oo ag-iny)

J=1

Jo /¢
< <Z ((2—%)—€+B—N/p(00)w(2—jr)—1)q/)

j=1

jo 1/q
Z w2771 £l oo ace- Jr)))q>

. 1/q’
Jo
< Cr—s1+ﬁ—N/p(oo)w(r>—1 (Z(2 7 )(51 €)q )

j=1

Jo 1/q
: (Z ((2_jr)€w(2_jr)||fHLP(‘)(A(2jr)))q>

j=1

. g dt\ M1
< Cp==tB=N/p(eo) (1)1 (// (EWOIf Il oo aey) _)
1/2

t

Therefore, we obtain the required result in this case.
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For the case 0 < ¢ < 1, by the fact that (a4 b)? < a? + b? for all a,b > 0 instead
of Holder’s inequality, we also obtain the required result. O]

Lemma 3.4. Let § € R. Ifw(r) satisfies (w2; N/p(o0) — f3), then for 0 < € < &9
[e8) dt 1/q
Lo Pl < e ety ([ e o) )
RN\B(0,r) r/2
for all™ > 1 and f € L .(R").

Proof. We consider only the case ¢ > 1, since the case 0 < ¢ < 1 is easily treated.
By Lemma 2.5, Holder’s inequality and (w2; N/p(co) — ), for 0 < € < &5, we have

"N f ) dy < CY(2r) e
/RN\B(o,r) o |A297)| J a2y

[f(y)l dy

< CZ(QJT)B_N/MOO) [ f1 Lo agiry)
=0

s 1/¢
- (Z ((2jr)e+6—N/p(oo)w(2jr)—1)q')

J=0

. 1/q
'@]wwmwwmmwmy>

J=0

00 1/¢'
S CT€2+B_N/p(OO)W(T)_1 <Z(2jr)(a—ag)q/>

=0

o 1/q
'@]wwmwwmmwmm>

=0

N ([ AN
S C’f’€+ﬁ_ /p(OO)w(’f’)_ (// (t_ew(t> HfHLp()(A(t))) 7) . I:'
r/2

For g € R, let

w(r) = rPw(r) forr>1;
o w(r) for 0 <r < 1.

Theorem 3.5. Assume that p(-) satisfies (P). If w satisfies (wl; N/p(o0) — N)
and (w2; N/p(c0) — ), then

Hafllaperasamny < CllFllaeo.aemm)-
Proof. Let Hf||Hp(.>,q,w(RN) <1land f > 0. Forr > 2, set

[ = fxso + fxBor/2\B01) + fXBOrNBOr2) + fXRNBO4r)
= fO + fl,r + .f2,7’ + f3,r-

Note here that
[ tway< [ s [ fepiasc,
B(0,1) B(0,1) B(0,1)

I.fo(x) < C’|x\°‘_N < CoreN

so that
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for x € A(r). Note from Lemma 2.2 (1) that
(3.1) 11| ot (agryy < Cr/P),
Hence
e foll oo (agry) < Cro ML poeragry < Cro-NHPE).
Using (wl; N/p(c0) — N), we have

o0 d o0
(3.2) / (T_aw(r>HIOrfOHLP(')(A(r)))q 7T < C/ (T_N+N/p(oo)w(7”))q
2 2

Since

dr

r

<C.

Ifun(2) < CroN / f(y) dy

B(0,r/2)\B(0,1)
for x € A(r), by Lemma 3.3

—eta— 00 - ' e dt Va
Lofurte) < e utry ([ @l lowo)' T)

for x € A(r) and 0 < € < £;. Hence, by (3.1),

N Ay AN
o firll ooy agy < CrFow(r) ™! </ (taw(t)Hf”LP(')(A(t)))q —) :
1

/2 t
Therefore,
<, dr
| e i) 5
2 T
<, " dt\ dr
<o [T ([ Elflpomn)T)
2 1/2
(3.3)

r

T < dr\ dt

<c| (tw<t>||f||Lp(.>(A(t>)>q(/ , q_)?
1/2 ] r

- dt
< C1/' (w(t)HfHLP(')(A(t)))q 7 < C.
1/2

Similarly, since
L@ <C [ )y
RN\ B(0,4r)
for x € A(r), by Lemma 3.4 and (3.1) we have
: AN S adt\ "
[ Lo fs.0ll o Ay < Cr5 T w(r) </ (t : W(t)||f||Lp<->(A(t))> 7)
for 0 < &’ < e5. Hence,

~ dr
/ (rw () afsrllracy) ' —
2

o0 o 00 . N dr
SC/Q (/ (2w o) 7) o

o / q t ) d,r dt
<C =< w(t (- g dr\ di
< / (@O lorae ) (/ ) :

~ dt
S 0/2 (w(t)HfHLP(')(A(t)))q 7 S C.
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If € A(r), then B(0,4r) C B(z,6r). Hence

Iofo(z) < / & — 91N fory) dy < CroM fo, (2)
B(z,6r)

for x € A(r). Hence, using (P), we have
o forll ey agyy < CTNM forll oo aey < CT forll oo @y
< Cr(1f e caey2yy + 1 e cagyy + 1 e caeny)s
which implies

(3.5) / () M Far o acey)
By (3.2), (3.3), (3.4) and (3.5),

q dr

r

<C.

= —Q dT’
[ el £ <

Finally we obtain

2 1/q
_a dr
o f | ro)(B0,2)) T </ (rw(r) o f || oo capryy) 7) < Clafllrey(B0,4))
1

< CH[a(fXB(OB))HLP<->(B(0,4)) + CHIaf3,2||LP(')(B(O,4)) <C. U

Theorem 3.6. Assume that p(-) satisfies (P). If w satisfies (wl; N/p(o0) — o +
k —1) and (w2; N/p(c0) — ac+ k) for an integer k > 1, then

H[a,kaHP(')vaWfa(RN) < CHfH’Hp(-),q,w(RN).
Proof. Let || f|l3p0).0w@myy < 1and f > 0. For [z] > 2, set

Lo (@) = La(FXB00) (@) + / T 9)f () dy

B(0,]z]/2)\B(0,1)

+ / Lox(z,9)f (y) dy + / Lox(z,9)f (y) dy
B(0,2|x)\B(0,|x|/2) RN\B(0,2|z|)

= uo(l’) + Ul(l’) + u2(gj) + Ug(l’)
Let » > 2. In the proof of the previous theorem, we have shown
||u0||LP(')(A(r)) < O N+N/ploo),

Since by Lemma 3.1

ur(2)] < Claft / N6 () dy

B(0,|z|/2)\B(0,1)
< orh / N6 () dy
B(0,7)\B(0,1)

for x € A(r), using Lemma 3.3 and (3.1) we have

Cta _ r dt 1/q
]l oer (agry < Cr=Hw(r) ™ (/1/2 (Ew O f ] oo (agy)” 7)

for 0 < & < g1. Similarly, since by Lemma 3.1

jus(z)| < Claft / N () dy < O / N ) dy

RN\B(0,2|z|) RN\ B(0,2r)



Variable exponent weighted norm inequality for generalized Riesz potentials 573

for x € A(r), we see by Lemma 3.4 and (3.1),

o s x adt\
sl < v ([ (2wl o) F)

for 0 < &’ < 9. Since |ua(z)| < Cla(fXB04r)\BOr/2))(x) for € A(r) by Lemma 3.1,
we have

[uzll ooy aey) < CTrUfll oo caesoy + 1 e agyy + 111 v agary)

as is shown in the proof of the previous theorem. From these estimates, we obtain

RPN dr
/ (W ol pa0n)
2

r
as in the proof of the previous theorem. Finally, noting that |1, x(z,y)| < Cl.(x—y)
for |x| <4 and |y| > 1, we obtain

<C,

2 ‘ dr 1/q
asflisomoan + ([ 67 Oarflmouen)” )

1
< Olaf v 0,4y < C,

as in the proof of the previous theorem. O

Remark 3.7. For 0 < A < N/p™, let p,(-) be defined by
1 1 A

pa(z)  plx) N
By modifying the methods expanded in the proof of Theorems 3.5 and 3.6, one can
prove: Assume that p(-) satisfies (P). Let 0 < A < N/p* and A < a.

(1) If w satisfies (wl; N/p(c0) — N) and (w2; N/p(cc) — ), then
o llporrer gy < Il acny
(2) If w satisfies (wl; N/p(oco) —a+k—1) and (w2; N/p(c0) —a+k) for an integer
k > 1, then
i lraen o ey < O sy
The case A = « obtains the Sobolev type inequality.

Combining Theorems 3.5 and 3.6 with Proposition 2.4, we obtain our main the-
orem:

Theorem 3.8. Assume that p(-) satisfies (P). Assume that 0 < info.,<; w(r) <
SUPgpcy wW(r) < 00.
(1) If w satisfies (wl; N — Np(o0)) and (w2; N — ap(c0)), then
H‘[afHLp(')’“’fap(oo)(RN) S CHfHLp(')’“’(RN)’
(2) If w satisfies (wl; N — ap(oco) + (k — 1)p(o0)) and (w2; N — ap(oo) + kp(oo))
for an integer k > 1, then
’|‘[a7kfHLP(')’Wfap(oo)(RN) S C||f“LP()7W(RN)

In case w(r) = (1+7)~?, we denote HP)4+(RN) by HP)4¢(RN) and LPO)«(RN)
by LPO):2(RN). In view of Example 3.2, we have the following corollaries for this
special weight:

Corollary 3.9. Assume that p(-) satisfies (P).
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(1) If N/p(co) = N < a < N/p(c0) — a, then
[ Lo fllpporaatemny < Clf laperae@mny-
(2) If N/p(co) —a+k—1<a < N/p(oo) —a+ k, then
[ ok f 30 aara@ny < Cllfllperaamn)-
Corollary 3.10. (cf. |7, Theorem B|) Assume that p(-) satisfies (P).
(1) If N — Np(o0) < a < N — ap(oo), then
[ o f 1 reratareor@ny < Cllf || Loeramy-

(2) If N —ap(oo) + (k—1)p(c0) < a < N —ap(oco) + kp(co) for an integer k > 1,
then

[ ok f || o) atarcor @y < CILf I Locr.a@mmy-

4. The limiting case

In Corollaries 3.9 and 3.10, there appear conditions that the value of a is in some
open intervals. We can show the following in the case a is equal to the lower limiting
value.

Proposition 4.1. Assume that p(-) satisfies (P). Let 6 > 1 and § > 1/q.
(1) If a = N/p(co) — N, then

1(Qog(2 + | - )™ Lafllaweraara@ny < [flawoaa@m);
(2) if a = N/p(oco) —a+ k — 1 for an integer k > 1, then

10082 + | - D) Lo lpwcramsaqamy < 1S lastrmoqeuny-

Proof of (1). Let ||fllzpraemyy < 1 and f > 0. For r > 2, set f = fo+ fi,+
for + f3, as in the proof of Theorem 3.5. We know

[ afoll Lee)agy) < Cre—N+N/p() _ pota

Hence

S - dr
/ (r= @ (og(2 + | - ) Laollotrcaey)” —
2

< C'/ (log(2+r))_5q% =C <
2

since 6 > 1/q. Let jo be the smallest integer such that 270 > r. For x € A(r)

Iofop(x) < Cro—™ / f(y) dy

B(0,r/2)\B(0,1)

Jo . 1
co S
j;( ) |AR7)] Ja@-in )

Jo
(4.1) < COre N 2(2_]T)_aHf||LP(')(A(2*jr))
j=2

by Lemma 2.5.
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In case ¢ > 1, by Holder’s inequality, for 0 < e < 1/¢/, we have
Jo

2(2_jr)_a||fHLP(‘)(A(2*jr))

jo 1/¢ jo 1/q
<Z log(2 4 277r)) = ) <Z ((log(2 + 2_jr))8(2_jr)_a||f||LP(')(A(2jr))>q>
2

j=2

< C(log(2 + 1))t/ (// ((log(2 + 1))t aHf”LP(')(A(t)))q 7)
1/2

Therefore, in this case

(log(2 + 1))~ Mo il Lo (aery)
L dt

T 1/q
< CrNog(2-4-1) 02 ([ (or2-+ 0\ Wllsoiao)' F ) Mooy
1/2

aTQ —E&— ' g1—a dt l/q
< Ort(log(2 + 1)) <// ((log(2 + 1))t ||f||m<-><A<t>>)q7)

since 6 > 1. Thus,

- B dr
[ O g2+ 1) il a)”
2

<c /j(m(z o)) {/ (1082 + ) ("Il a0’ @} -

1/2 t r

~ dt
< C/ N ooy aey)” = < C.

1/2 t
In case 0 < ¢ <1, (4.1) implies
jo 1/q
Iofip(z) < Cro7Y <Z ((2_]T)_“||f!|Lp<->(A(2jr)))q>
=2

-N ' - th "
< O (/ (1 llrercaep) _)
1/2 !

for x € A(r). It then follows as above that

ara " —a dt 1/q
[ Lo f1rll ey aey < CT " </1/2 (t HfHLP(')(A(t)))q —) .

Hence,

® lata B dr
/ (r )| (log(2 + | - ) Lo frrll oo (agey) " —

00 r —a dt dr
< C/ (log(2 + 1)) % {/ E N e cacey) 7} -
2 1/2 "

00 dt dr
<o ([ M lowo) T ) [ tostz o)

_ dt
c/ ()l ) o < C
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since 0q > 1.
For 1, fs, and I, fs3,, we have the same estimates as in the proof of Theorem 3.5.
Thus, we obtain

> —(at+a — dr
/2 (r ) log(2 + | ) LaS s agy)” - < C-
The final part of the proof is the same as that of the proof of Theorem 3.5.
Proof of (2). Let || f[l3p)a0@yy < 1 and f > 0. For |z > 2, set

Topf(x) = uo(x) +ur(x) + us(x) + us(x)

as in the proof of Theorem 3.6. Let » > 2. We have shown

||u0||LP(‘)(A(r)) < C,ra—N-i-N/p(oo) _ Cra-i—a—(N—a-l—k—l).

Since N —a+k—1>0,

© L lera dr
/ G )||u0||LP<-><A<r>>)q7 <C.
2

Next, for x € A(r), we have by Lemmas 3.1 and 2.5

s (2)] < Claft? / [y N-E () dy

B(0,r)\B(0,1)
Jo

’ 1
k—1 —j..ya—(k—1)
<oty e [

J=1

where jg is the smallest integer such that 270 > r.
In case ¢ > 1, as in the proof of (1), we see

Jo
jur (z)| < Cr*t 2(2_jr)_a||f||LP(')(A(2*J'T))
=1

_ —e / " gq—a dt 1/q
< Cr*(log(2 + 7)) e </1/2 ((log(2+ )" f ||LP<'><A<t>>)q7)

for 0 <e < 1/q¢. Since k — 1+ N/p(c0) = a + a, it follows that
OO —(a+a — dr
/2 (r | log(2 + [ - 1) urll o ay) '~ < ©

as in the proof of (1). The case 0 < ¢ < 1 can be treated in the same way as in the
proof of (1).

For the rest of the proof, we can use the same estimates as given in the proof of
Theorem 3.6. ([

By Proposition 2.4, we have the following:

Proposition 4.2. Assume that p(-) satisfies (P). Let 0 > 1.
(1) Ifa= N — Np(c0), then

1(log(2 + | - ) Laf l| Lotrataseor@mny < CILF I poeram)-
(2) If a = N — ap(0) + (k — 1)p(o0) for an integer k > 1, then
1log(2 + | - ) Lok f (@) || Loratarcor @yy < Cllf || oora@ny-
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