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Abstract. In this paper, we study a class A(\, n, m) of self-similar sets with m exact overlaps
generated by n similitudes of the same ratio A. We obtain a necessary condition for a self-similar
set in A(X,n,m) to be Lipschitz equivalent to a self-similar set satisfying the strong separation
condition, i.e., there exists an integer k > 2 such that 22* — ma® + n is reducible, in particular, m
belongs to {a': a € N with i > 2}.

1. Introduction

Recall that a compact subset K of Euclidean space is said to be a self-similar
set [6], if K = J]_, S;(K) is generated by contractive similitudes {S;}; with ratio set
{ri}: € (0,1) satistying |S;(z) — S;(y)| = ri|lz —y| for all z,y. The classical dimension
result under the open set condition (OSC) is

(1.1) dimy K = s with 27_1(”)8 = 1.

In particular, K is said to be dust-like when the strong separation condition (SSC)
holds, i.e., S;(K) N S;(K) = 0 for all i # j, then the open set condition holds and
thus (1.1) is valid.

The self-similar sets with overlaps have complicated structures, for example,
Hochman [5] studied the self-similar sets

Ey=Ey/3U (Ep/3+0/3)U (Es/3+2/3)

and obtained dimy Fy = 1 for any 6 irrational. If 6 is rational, Kenyon [8] obtained
that the OSC is fulfilled for Ej if and only if § = p/q € Q with p = ¢ # 0 (mod3).
Rao and Wen [11] also discussed the structure of Fy with 6 € Q using the key idea
“graph-directed structure” introduced by Mauldin and Williams [9].

Recently, Jiang, Wang and Xi [7] investigated a class A(A, n,m) of self-similar
sets with exact overlaps where A € (0,1) and m,n € N with 1 < m < n —2. Let
filx) =Adz+b; with0 =0y <by <---<b,=1— X Write I =[0,1] and I; = f;(I).
Assume that

% e {0,\} if ;NI #0, and Ij{l M :A} =m.
(2
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We call E = U, f;(E) a self-similar set with exact overlap, denoted by E €
A(X,n,m). Tt is proved in [7] that dimy E = _l‘ifgﬁ)\ where the P.V. number § > 1 is
a root of the irreducible polynomial 2% —nx+m = (x — ) (z — 8') with |#'| <1 < .

In this paper, we will compare self-similar sets in A(\, n,m) with dust-like self-
similar sets in terms of Lipschitz equivalence.

Two compact subsets X, X5 of Euclidean spaces are said to be Lipschitz equiv-
alent, denoted by X; ~ X, if there is a bijection f: X; — X5 and a constant C' > 0
such that for all z, y € X,

Cla —yl < |f(2) = f(y)| < Clz —yl.
Cooper and Pignataro [1], Falconer and Marsh [3], David and Semmes [2] and Wen
and Xi [12] showed that two self-similar sets need not be Lipschitz equivalent although
they have the same Hausdorff dimension.

We concern the Lipschitz equivalence between two self-similar sets with the SSC
and with overlaps respectively.

(1) David and Semmes [2] posed the {1,3,5}-{1,4,5} problem. Let H; = (H,/5)
U(H1 +2/5) U (Hy 4+ 4/5) and Hy = (Hy/5) U (Hy + 3/5) U (Hy + 4/5) be {1, 3,5},
{1,4,5} self-similar sets respectively. The problem asks about the Lipschitz equiva-
lence between H; (with the SSC) and Hs (with the touched structure). Rao, Ruan
and Xi [10] proved that H; and H, are Lipschitz equivalent.

(2) Guo et al. [4] studied the Lipschitz equivalence for K, = (AK,) U (AK,, +
A"(1—A)U (MK, +1— ) with overlaps and proved that K,, ~ K, for all n,m > 1.
In particular, for n = 1, Ky € A(\,3,1) is Lipschitz equivalent to a dust-like set
F=O\F)U\2F+1-)\172).

We will state our main result.

Theorem 1. Suppose E € A(\,n,m) and P(x) = 2*> — nx +m. If there is a
dust-like self-similar set I’ such that E/ ~ F', then there exists an integer k > 2 such
that

P(2*) = 2® — na® 4+ m is reducible in Z[x].
In particular, we have
m € {a'|a € N and i € N with i > 2}.

By this theorem, if m € {2,3,5,6,7,10,11,12,13,14,15,17,-- -}, then we cannot
find a dust-like self-similar set to be Lipschitz equivalent to £ € A(\, n,m).

Example 1. For n = 3 and m = 1, we have P(r) = 22 — 3z + 1 and an example
K, ~ F = (AF)U\Y2F+1-)"2)in [4] as above. Now, P(2?) = (2?—2—1)(2*+2—1)
is reducible and 1 € {a' | a € N and i € N with ¢ > 2}.

The paper is organized as follows. In Section 2 we show any self-similar set in
A(X, n,m) has graph-directed structure and obtain the logarithmic commensurability
of ratios for the dust-like self-similar set by the approach of Falconer and Marsh
[3]. Using the dimension polynomials and their irreducibility, we give the proof of
Theorem 1 in Section 3.

2. Logarithmic commensurability of ratios

At first, we show that any self-similar set with exact overlaps will generate a
graph-directed construction.

Lemma 1. There are graph-directed sets { E; }*_, with ratio A satisfying the SSC
and E1 =F.
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Proof. Consider the set G in the following form
G:Ule(E+ai) with 0=a; <as <---<a; and k<n-—1
such that (I + a;) N (I + a;11) # 0 with I =0, 1] for all i < k — 1 satisfying

|([—|—CLZ> N (I+ai+1)‘ =0or A\

Let G be the collection of all sets in the form as above. For every G € G,
considering the natural decomposition at the touched point (|(I4a;)N(I+a;1)] = 0)
or on the exact overlapping ( |(I +a;) N (I 4+ a;+1)| = A), we have the decomposition

¢ = J NG +bice)
G'eG 1
which is a disjoint union. That means we obtain a graph directed construction
satisfying the SSC. In fact, we only need to choose a subgraph generated by E with
k=1. OJ
The main result of this section is the following Proposition 1. We will use the

approach by Falconer and Marsh [3]. In [3], the authors discussed the dust-like
self-similar sets, now we will deal with the graph-directed sets.

Proposition 1. Suppose E € A(A\,n,m) and F = U;Zl g;(F) is a dust-like self-
similar set such that E ~ F. Assume r; is the contractive ratio of g; for any j. Then
there is a ratio r € (0, 1) and positive integers k and ky < ko < --- < k; such that

k k1 ko
A Lo

=7r", ri=r" ro=r ke,

cy, Ty =T
Without loss of generality, we only need to show that

log 7

log A €Q

or %) ¢ Q with s = dimy E = dimy F. Suppose f: F — E is a bi-Lipschitz

bijection and ¢ > 1 is a constant satisfying
Mo —yl <[f(@) = fW)| < clz —y| forall z,y € F.

Denote ¥* = [J,»o{1,- -+, t}*. For any j = ji - - ji € ¥*, we write F} = g;,..;, (F).
Suppose e is an admissible path of length |e| in the directed graph beginning at
vertex v = b(e), then

(2.1) |Eo| = NeI|E,| and H*(E.) = MU (E,) = NIIH (Bye)).
Because of the SSC on F', we assume that there is a constant £ > 0 such that
(2.2) d(Fy, F\Fj) > ¢|Fj| for all j e X7,
and
(2.3) €|Ey| < |F| < €7VEy| forall je 3,

where we denote by F,,(C E) the smallest copy containing f(Fj).

Lemma 2. There is a positive integer N such that for any copy F; of F' and
smallest copy Ee,(C E) containing f(Fj), there is a set A; composed of pathes €'
with length N satisfying
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Proof. Now let N = [W] + 1. It suffices to show that if 2 € E¢ . With

Eepe N f(F;) # 0 then z € f(F}). In fact, if z € f(F\F}) and 2’ € Eeer N f(Fj), by
(2.2 )-(2.3) we have
|2 = | = d(f(F}), f(F\F})) > ¢ €| F| > 7 €| Eg.
On the other hand, using (2.1) and the fact that 1 = |E| < |E,| < n — 1, we have
|2 = 2 < |Beper| < AV (n = 1)|Egy| < 7'€%| B,
this is a contradiction. O

For any Borel set B C F', we let

H(f(B))
B)= ——*/7.
"= )
Since f: F' — F is bi-Lipschitz, we have
d = sup h(Fj) < oo.
jen+
Lemma 3. There is a finite set A such that
h(Fjsj)
h(Fj)
for allj € ¥* and all j € {1,--- ,t}.
Proof. We note that
W(Fpg) _ HFE)H (Fg) _ HAE) Nl 1 (f()) /A
h(Fj) He(f(F;))/Hs(F;) He(Fyy) Nl H3(f(F))/Asledl

Ho(F)
M (Fyg)
ej.; and e;, we have

€A

Now € {(r;)~°}=,. Suppose M is a upper bound for difference of lengths of

)\s|e-*-|
AH e VR k< M)
which is a finite set. By Lemma 2, we also obtain that
Hs(f(E])) _ Ze’EAJ HS(Eej*e’) _ )\s(\ejH-N) Ze’EAJ HS(Eb(e’))
\slesl slesl \slesl
S )\SN {Z HS(Eb(e/))I A C {e': |e'| = N}}
e’cA
which is also a finite set. OJ
Lemma 4. There is a copy F},..;,. of F' and a constant d > 0 such that
H(f(B) -
2-4 —_— d
(2.4) (D)

for Borel set B C Fj,..;,..

Proof. Suppose o = maX,e(—co,yna & < 1 or v = 1/2if (—00,1) N A = ). Take
€ > 0 such that

(2.5) miax(arf +(1+e)(l—1r))) <1,
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Let d = supjes+ h(F}) < oo and take a sequence j =ji - - - jp~ such that h(F) <
1 + e¢. We notice that

7~ HS(F* ) * S
d = h(F}) = Z ”HS(IJU’]) Fj;) with Z J j = Z(Tj) =1,
j J j
i.e., we have

(2.6) 1= Z(rj) S Jfﬂ with Z (r;)* =

j .]

We will first show that h(Fj.;) > h(Fj) for all j. Otherwise, without loss of
generality, we assume that h({”;) < 1. Then

h(Fju) h(F5))

——— < ¢« and <

h(E;) h(F5) — h(Fj)
It follows from (2.5) that

<l+e€ for j>2.

h(Fj;
1= Z(rj)s (Fwy) <ari+(1+e¢(1 -1 <1,
J
this is a contradiction. Now h(Fj.;) > h(Fj) for all j, by (2.6) we obtain that
h(F.;) = h(F}) =d for all j.
In the same way, we have
h(Ej*jl*j2) = h(E]) = CZ for all jl,jg.

Again and again, we obtain

h(Fy) =d for any j with prefix j.
Then (2.4) follows. O

Proof of Proposition 1. Take j =j;---ji+ in Lemma 4. For any j, we consider

the sequence j[j]* = j* [j]* where the sequence [;j]* is composed of k successive digits
J. Then

A(F:qw

M) 3 ith k> K.

h(Fige)

Hence we obtain that
L H* (Fjpye) — h(E) . ZGIGAJW H (Eber)
HS( ,][] ) h(Ej[ﬂk) ZGIEAJU]M HS(Eb(e/))
2eoen i T (Eer)

- Dwea, 0 M (Eue)

From the finiteness, we can find &k # k' such that A;;;» = A0 then

ooyl =leg )

(’l“]

. AS(‘eJ[J]k ‘_Iej[j]k/ D .

/ Atk 1€
(T;)k_k — )\5(|9J[J]k| ‘eJ[J]k")’

Y e. .ul—le. /| .
that means (r;)* % = Aol o

logr;/logA € Q
for all 5. Then Proposition 1 is proved. O
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3. Proof of Theorem

3.1. Dimension polynomials. From [7] we have
Plz)=2>—nz+m=(z—0)(z—F) with |5 <1<p.

Using notations in Proposition 1, we consider the following two polynomials

(3.1) P(z) = P(z") and Q(x Zxkt

Proposition 2. Let s = dimy E = dimy F' and r the ratio in Proposition 1.
Then

PO = QU =0,
Proof. 1t follows from [7] that for s = dimy E,
A2 =n(A*)+m=0.
On the other hand, for s = dimg F', by the SSC we have

t s 1
Zizl(ri) o
Then the proposition follows the relations in Proposition 1. U

3.2. Irreducibility of polynomial.
Proposition 3. For any @ € {zF — ‘;’.:01 bia':p > 1,b; € Z and b; > 0}, we

have
P(x9) 1 Q(x).
Proof. Let Q(x) = (3" a;2") (2?7 — nx? 4+ m). Suppose

Z&ixi:P0+P1+"'+Pq_1

where P, =5 a;x’ forv=20,1,--- (¢ —1). Then we have

t=v(mod q)
Q(z) = P P(z")® PP(z?)®--- @ P, P(a7),

where ¢ means the orthogonality of above polynomials in the basis {1, z, 22, - }.
Without loss of generality, we assume that

deg (Za, ) =u (modq) with 0 <u<g-—1.
Let ¢; = agitu, then
P, = 2"(co + c12? + e + - - - + qz'?) = 2"U(29).
Since p = 2q + deg (>~ a;z") = u (mod q), we have
U (z?)P(2?) = 2P — Z b;x?,
j=u(mod q)

which implies

p/
U(z)P(z) = 2" =) bja' with o € Z and b > 0.
i=0
Therefore we obtain that
I+1
(2% — nz +m)(co + 17 + e + - -+ ¢at) = 22 — Z b,
i=0
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where
(3.2) =1
We recall that
2 —nz+m=(z—B)(x—pF) with §>1>|5].
Now, we have the following
Claim 1. Forany 0 <: <[ —1,
(3.3) i1 < Bt <.

We will verify (3.3) by induction.
(1) For i = 0, we have ¢com = —b < 0 and thus ¢y < 0.
(2) For i = 1, we have —con + me; = —b) < 0 and thus

n
< —c<f <0
m
here & > 1> 37"
(3) Assume that (3.3) is true for i — 1, i.e., we have ¢; < ¢;_187 < 0. Hence
meip1 — ne; + fe; < meig —ne; + ¢ = =l <0,

which implies
n—p)

m

meip1 < ¢ =p"¢<0

due to @ = 7. Then (3.3) is verified. In particular, we have
] S 0
which contradicts to (3.2). O

Proposition 4. Suppose m ¢ {a’ | a € N and i € N with i > 2}. Then

P(z%) is irreducible in Z[z] for any ¢ > 1.

Proof. Note that P(z) = P(x!) is irreducible (e.g. see [7]). Without loss of
generality, we assume that ¢ > 2. Let w = €2™V~1/¢. Then

Pt = ([T —w's'n) - (TI, = w'(8)').
Suppose on the contrary that P(z9) = Q1(2)Q2(z) and Q1(z),Q2(x) € Z[x] with
deg (Q1,deg Q2 > 1. We note that
m = [P(0)] = [Q1(0)] - [Q2(0)],
where
(Qu0)] = 18" (8)" " € N and |Q2(0)] = |5(8)"*|"/ € N

with uq, vy, ug, v9 > 1.
We will show that u; = v;. Otherwise by symmetry we may assume that u; > vy,

the QO |Q:(0)]
wi—viy 1 0 q B 1 0 q
B = BE =

which implies

R(B) =0 with R(z) =m"z" ™" —|Q.(0)|? € Zx].
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By [7], we obtain that P(z) = 2® — nx + m is an irreducible polynomial satisfying
P(B) = 0. Therefore, we have

P|R but R only has roots with module g.

Now R(p') = P(f8') = 0 with |5’| < |B]. This is a contradiction.
In the same way, we have uy = v. Now we obtain that

u; =v; and ug = vy,

Let wy/q = j/i with (i,j) = 1 and j < i (i > 2), then uy/q = (i — j)/i since
u1 + up = q. Hence

|Q1(0)] = m? e N and |Q2(0)] = mi €N
and thus mi = a € N and m = a' with i > 2. This is a contradiction. ]

3.3. Proof of Theorem. It follows from Propositions 1-2 that there are r €
(0,1) and k, ky < ko < --- < k; € N such that

P(r=)=Q(r ™) =0,

where P and Q are defined in (3.1). Suppose on the contrary that P(z) = P(2*) =

2% — na® + m is irreducible in Z[z], then we have

¢
P(a®)|(a* =) " akh),
i=1

which contradicts to Proposition 3. Therefore P(z*) is reducible in Z[z], and thus
m € {a’ | a € N and i € N with i > 2} by Proposition 4.
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