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Abstract. We study the chord-arc Jordan curves that satisfy the Cotlar-type inequality
T.(f) < M?*(Tf), where T is the Cauchy transform, T, is the maximal Cauchy transform and
M is the Hardy-Littlewood maximal function. Under the background assumption of asymptotic
conformality we find a characterization of such curves in terms of the smoothness of a parametriza-
tion of the curve.

1. Introduction

Consider a homogeneous smooth Calderén-Zygmund operator in R

Tf(x)=pv. [ o= p) K@) dy =l T.f(), =R

where T, is the truncation at level e defined by

Tef(x) = flx—y)K(y)dy, x€R",

ly[>e

and f is in LP(R™), 1 < p < oo. Here the kernel K is of class C* off the origin,
homogeneous of order —n and with zero integral on the unit sphere

{r e R": |z| = 1}.
Let T, be the maximal singular integral

T.f(z) = sup|T.f(z)], =e€R"
e>0
A classical fact relating T, and the standard Hardy-Littlewood maximal operator
M is Cotlar’s inequality, which reads

(L.1) T.(f)(@) < C (M(Tf)(x) + M(f)(x)). =€R"

Combining this with the L? estimates || T°(f)|l, < C||fll, and [|[M ()|, < C| £,
1< p< 00 one gets | T2(f)ll, < C|f 1 < p < o0,

It was discovered in [4] that if 7" is an even higher order Riesz transform, that is,
if K(z) = P(z)/|x|"™, with P an even homogeneous polynomial of degree d, then
one can get rid of the second term in the right hand side of (1.1), namely,

(1.2) T.(f)(z) < CM(Tf)(z), zeR™
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Hence ||T.()ll, < CIT()ll,, 1 < p < oo, in this case. However, if 7" is an odd
higher order Riesz transform, then (1.2) may fail and the right substitute turns out
to be (see [3])

(1.3) T.(f)(z) < CM*(Tf)(z), x€R"

where M? stands for the iteration of M.

Inequalities of the type (1.2) and (1.3) were first considered in relation to the
David-Semmes problem (see [4],[3] and [9]) and later on were studied in the context
of the Cauchy singular integral on Lipschitz graphs and C! curves by Girela-Sarrién
in [2]. Let I" be either a Lipschitz graph or a closed chord-arc curve in the plane, let
T be the Cauchy Singular Integral and M the Hardy-Littlewood maximal operator,
both with respect to the arc-length measure, and let 7, be the maximal Cauchy
Integral. Precise definitions will be given below. Girela-Sarrién showed in [2] that
the presence at a point z of the curve of a non-zero angle prevents (1.3), with =
replaced by z, to hold. This agrees with the intuition that (1.3) should help in
finding tangent lines, but suggests that it is a condition definetely stronger than the
mere existence of tangents. It was also shown in [2| that if " is a closed C" curve
with the property that the modulus of continuity w(z,d) of the unit tangent vector
satisfies

1
(1.4) w(z,é)gClOg(%), zel, §<1/2,
then (1.3) holds with x € R™ replaced by z € I". Observe that condition (1.4)
quantifies the absence of corners in a curve for which (1.3) holds. In this paper we
study the validity of inequality (1.3) in the context of chord-arc curves. A chord-arc
curve is a rectifiable Jordan curve I' in the plane with the property that there exists
a positive constant C' such that, given any two points 21, 2o € I' one has

l(z1,22) < C'lz1 — 2o,

where (21, 29) is the length of the shortest arc in I" joining z; and zy. Equivalently
I' is a bilipschitz image of the unit circle (see [5], Theorem 7.9). Then I' can be
parametrized by a periodic function v: R — I' of period T satisfying the bilipschitz
condition

1 T
135)  Fle—yl<shl@) -l <Lle—yl, zyeR, |r—yl=<,

for some positive constant L. We say, by slightly abusing language, that v is a
bilipschitz parametrization of I'. One can take, for instance, the T-periodic extension
of the arc-length parametrization of I' with T" being the length of T'.

One can easily define the maximal Hardy-Littlewood operator and the Cauchy
Integral on a chord-arc curve. Given z € I' let t € R be such that z = ~(¢). Set

L.ri=q({r: |7 =t <r}).

One should look at I',, as “balls” of radius r centered at z. Indeed, owing to the
bilipschitz condition (1.5), each I', . contains and is contained in a disc in I" of radius
comparable to r, for » < T'. It will be more convenient to work with I', , than with
the euclidean discs D(z,7) N I', where D(z,r) stands for the planar disc of center z
and radius r.
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Denote by u the arc-length measure on I'. For f € L'(T', ) and z € T, we define
the Hardy—Littlewood maximal function on the curve I' as

M f(z) :=sup

ol
fldu.
r>0 ,U(Fz,r> - | ‘
The Cauchy Integral is defined as
1 1
Tf(z)=p.v.—

T Jpw—2

Tf(z) = & /F . U

fw)dw = y—%lTEf(z)’ zel,

where

™ w—z

is the truncated Cauchy Integral at level e. The maximal Cauchy Integral is
T.f(z) = sulg}TEf(z)‘.
€>

Our aim is to investigate under what conditions on I' one has the inequality
T.f(z) <CMXTf)(z), z€T, feL*T,n),

where C' is a positive constant. Since we know that angles prevent the above in-
equality to hold, we need to require on I' a condition that excludes them. One such a
condition is asymptotic conformality. Given two points z1, zo € I' let A(z, 22) be the
arc in I" joining the two points and having smallest diameter (there is only one if the
two points are sufficiently close). The Jordan curve I' is said to be asymptotically
conformal if, given a positive number ¢§ there exists a positive €, so that for any two
points z1, zo € I satisfying |z; — 23| < € one has

|Zl_Z‘+|ZQ_Z‘ §(1+5)|Zl—22‘, ZEA(Zl,Zg).
Our main result reads as follows.

Theorem. Let T be the Cauchy Integral on an asymptotically conformal chord-
arc curve I and let v be a bilipschitz parametrization of I'. Then the estimate

(1.6) T.(f)(z) < CMX(T[)(2), z€Tl, feL*T,p),
holds if and only if there exists C' > 0 such that
€
1. —€)—2 <
(1.7 e+ €)+ 5w =) = 21(0)] < C s

for each e satisfying 0 < € < T and for each x € R.

One should recall that condition (1.7) implies that 7 is differentiable almost ev-
erywhere in the ordinary sense and the derivative is a function of vanishing mean
oscillation (see [11]). Therefore, for chord arc curves satisfying the background as-
sumption of asymptotical conformality, inequality (1.6) is equivalent to the precise
form of differentiability described in terms of second order differences in (1.7). Also
notice that if 7 is the arc-length parametrization of a C' curve, (1.4) implies (1.7),
so that the Theorem generalizes Girela-Sarrion’s result.

In Section 2 we prove a couple of Lemmas which allow to express condition (1.6)
in an equivalent form in terms of a function related to the geometry of I'. Section 3
is devoted to take care of a technical question, namely, that it is enough to estimate
truncations at small enough levels. In Section 4 we prove the Theorem by means
of three lemmas, one on them making the connection between the function carrying
the geometrical information and the second difference condition (1.7). In Section 5
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we present an example of a spiraling domain that enjoys the equivalent conditions
in the Theorem but whose boundary is not of class C*. This example justifies the
efforts made in order to extend the condition (1.4) to a less regular case since new
geometric behaviors can be detected.

Our terminology and notation are standard. We let C' denote a constant inde-
pendent of the relevant variables under consideration and which may vary at each
occurrence. The notation A < B means that there exists a constant C' > 0 such that
A< CB. We write A 2 B it B S A. The disc centered at z of radius r is denoted
by D(z,r).

2. Two preliminary lemmas

The beginning of the proof follows the ideas of [2], so that we will be rather
concise. Given a function f € L*(T, u) we denote by mr_ (f) = fF“ f(w) du(w) the
mean of f on I', . with respect to the arc length measure p. We let K, . denote the
Cauchy kernel truncated at the point z at level €, that is,

1 1
K. (w) = w2 Xr\rz’é(w), wel.

Set g, = T(K,.) and let N > 1 be a big number to be chosen later. Following |2,
p. 673] we obtain the identity

~T.f(2) =1+ I + 111,

where
Lim [ Tfw) (gealw) = mr_ (920)) o
Fz,Ne
Il = mpZ’Ne(g%E)/ Tf(w)dw
1—‘z,Ns
(2.1) 111, ::/ Tf(w)g:.(w)dw.
F\Fz,Ns

Following closely the argument in 2] one can prove that

L] < CM*(Tf)(2),
(1| < C M(Tf)(2),

where the constant C' does not depend on the choice of N. Since clearly M(g) <
M?(g) for any g, we are left with the task of estimating ITI.. The next lemma
provides an expression for /71, in terms of a function encoding the smoothness of I'.
To state the lemma first we need to clarify the definition of a branch of the logarithm
of w — 2z, as a function of w with z € I fixed, in an appropriate region.

Given z € I let A, be a curve connecting z and oo in the unbounded component
of C\ I'. Such curves exist and indeed we will construct a special one in Section
4 (under the additional assumption of asymptotic conformality). Hence C \ A,
is a simply connected domain containing I' \ {z} and so there exists in C \ A, a
branch of log(w — z). In particular, if z = y(x) for some z € R, the expressions
log(y(z + €) —v(x)) and log(y(x — €) — y(x)) make sense for 0 < e < T.

Lemma 1. Let I be a chord-arc curve and ~y a bilipschitz parametrization of T'.
Let z € T' and let x be a real number such that v(z) = z. Then for almost every
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w € I'\I', ye we have

1
T(K..e)(w) = 20z —w) [F(z,€) + G..c(w)],
where
F(z,¢e) =log(y(z +€) —v(z)) —log(v(z —€) — y(x)) + mi
and
C
(2.2) |Gmwnsv_;y
Proof. Take w € I'\I', n. . Then
1. 1
P = =50 | e €= C =0

1 1 1 1
— = —lim ( - ) dc.
2w — 2620 Jp\r, sur..) \C— W (— 2

Let y € R with 7(y) = w . Then the latest integral in the above formula is
log (7(y — 6) —7(y)) —log (v(z +€) —~(y)) +log (y(x — €) —(y))
—log (v(y +8) = 7(y)) — (1o (+(y — 8) = 7(x)

—log (v(z + €) = 7(x)) +log (v(z — €) = () —log (v(y + 9) — 7(2)) )

Assume that v is differentiable at the point y and the derivative 7/(y) does not vanish.
Then we have that

lim <log (v(y —0) —v(y)) —log (v(y +0) — v(y))> = i,

—0

because the curve A, lies in the unbounded component of C \ I', and then to the
right hand side of I, oriented according to the parametrization . Taking limit as

goes to 0 we obtain
1 1

T(K-)(w) = = ———((log(1(x + &) = 1(2)) ~ logr(z = €) = 7(x)) + i)

~ (log(y(z + ) = (1)) — log(x(z — ) = 7(v))) ).

Define

G.c(w) =log (v(x — €) = 7(y)) —log (v(z + €) = (y))-
It remains to show the decay inequality (2.2). According to the choice of A,, we have
a well defined branch of log(y(z +t) —w), —e <t < e. Thus

(23) G (w)=— /_ %log(v(x +t) —w)dt = —/_E %

Since w = y(y) € I'\ I'; e, we have y ¢ (z — Ne, x + Ne) and so

dt.

y—a , Ne
L L

jw—z[ =y(y) —~(z)| =
which gives, taking N > 2L2,
lw—=7(@+1t)| = |lw—z[—[y(@) = (= + 1)

|w—z\+N6 L>\w—z|
=2 T T2
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Hence, by (2.3),

€ /
|Ge(w)] S/ Mdt < ﬂ ]
’ —e v+ 1) —w| jw — 2|

Lemma 2. Let I be a chord-arc curve and ~y a bilipschitz parametrization of T'.
Then the inequality

(2.4) T.(f)(z) < CMX(T[)(2), z€Tl, [feL*T,p),
is equivalent to

(2.5) |F(x,€)||log(e)| < C, 0<e<T, ze€R.
Proof. Assume that (2.5) holds. Then by Lemma 1

111, = / Tf(w) T(K.)(w) dw
NI, ne

_ F(x, e)/ Tf(w)d 1 G (W) dw
T Ne

— T
2 Z—w w+7r2 T\T. e fw) Z—w

= F(x,e) IV, + V,

where the last identity is a definition of the terms IV, and V.. One can break the
domain of integration in the integrals in IV, and V, into a union of dyadic annuli

Aj:’}/{yGRZN€2j<|y—SL’|§N€2j+l}, j=0,1,...,

then perform standard estimates and apply (2.2) to get, thanks to the quadratic
decay of the integrand,

(2.6) Vel < CM(T(f))(2).

For IV, one only has a first order decay, which gives
NL
[1Vi] < C|1og (=) |M(TF)(2),

thus completing the proof of the sufficient condition.
Assume now (2.4). Recalling that I11, = F(x,€) IV, + V. and (2.6), we obtain

(2.7) |F(z,e) IV.| < CM*(T(f))(2), z€T, feL*T,p).

The Cauchy Singular Integral operator T is an isomorphism of L*(T', 1) onto itself.
This is proved in Lemma 1 of [2, p.661| for Lipschitz graphs, and the same proof
works in our context. Thus (2.7) can be rewritten as

(2.8) ’F(m,e) /F\F g(w) dw) <CMg)(z), z€eT, geL*T,p).

Z—Ww

To simplify the notation take z = 0 = (). Assume first that 0 < e < 1. Apply
(2.8) with g the characteristic function of v((€",¢€)), where n is a large integer to be
chosen. Then

\F(O,e)|‘/5: 77((;)) at| <
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and

A | .
[ 20 ] = st - st

> J1og(11(9)]) ~ loa(|7(€")])| > los (507

> _2log(L) + (n — 2) log (%) +log (%) > |log(e)|

provided n = n(e) is large enough so that —2log(L)+ (n—2)log(1/€) > 0. Therefore
(2.5) follows in this case.

If 1 < e < T then we take as g the characteristic function of v((e™",¢€)). In this
case we get

‘9@
/En 0 dt‘ > —2log(L) + nlog(e) + log(e) > | log(e)|

provided n is chosen so that —2log(L) + nlog(e) > 0. O

3. Reduction to estimating truncations at small levels

In this section we reduce the proof of (1.6) to estimating the truncations 7, f for
small €. In the previous section we showed that the estimate of T f can be reduced
to that of the term 71, in (2.1).

Lemma 3. If €p Is a given positive number, then there exists a large positive
number N = N(L) so that

‘/ W) goe(w)dw| < CM(Tf)(2), zel, e <e,
F\FZNE

for a positive constant C' = C/(eg, L).
The small number €y will be chosen in the next section.

Proof. Recall that

1 1 1 1
— . _ d
w2w—zpvﬁ\rze(< v <—z)c

1 1 1 1
=-= p.V./ —d( + p.V./ d¢
Tw—z r\r“C w 2w — z F\Fm(’—z

where in the last identity we defined h(w) and k(w).
Applying the bilipschitz character of v we conclude that

2

1
. < 2
(3.1) )| < 57

The estimate of h(w) is a little trickier. We have

1 1 1 1 1 1
h(w) =—— p.v./—d(+—2 p.v./ —dC
Trw — 2z r¢—w Trw— 2z r..C—w

length(I'), wel\I',n., € <e€.
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A simple application of Cauchy’s Theorem gives that, if I' has a tangent at w,

1
p.V./—d(zm'.
r¢—w
As before, the bilipschitz character of v yields

N
w—2]> =5 wel\ Ty
I
and

N
w=¢l 2=z —|z=¢|2e(T-L), wel\ly, (el

Choose N so that N/L — L > 1. Then
|w_C|2€a wer\rz,Nea CEFZ,G‘

Gathering all the previous estimates we finally get

(3.2) h(w)| < 1 L +ilength(l“)

T Ne w2 €0 ’

wel\T, N, € <e.

Hence (3.1) and (3.2) yield
|G c(w)| < C, wel\T,ne, € <e,

where C' = C(eg, N, L,length(I')) is a constant depending on €y, N, L and length(T").
Therefore

/F T g. v < C / T f (w)| dys(w) < Clength(T)M(Tf)(2),

which completes the proof of the lemma. O

4. The proof of the Theorem
For z # 0 let Arg(z) denote the principal argument of z, so that 0 < Arg(z) < 2.

Lemma 4. Given a > 0 there exists a positive number ¢y = ¢y(L) with the
following property. Assume that 0 < €; < €y, €; /2 < € < € and that for a fixed
x € R we have v(x) = 0. If y(x — 7), 7 > 0, satisfies

€
2 <hlw-1)l <L,

then, for some 6 such that v(x — 1) = |y(z — 7)|e?, we have

0 — (Arg(v(z +€) +7)| < o

Proof. Consider the triangle with vertices 0, y(z—7) and y(x+¢) and side lengths
A=|y(x—71)|, B=|y(x+¢€)| and C = |y(z+¢€) —v(z —7)|. By the cosine Theorem

C? = A* + B* — 2AB cos(¢),
where ¢ is the angle opposite to the side C'. In other terms

(A+B-C)A+B+0)
2AB ‘

1+ cos(¢) =
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By asymptotic conformality, given § > 0 there exists 79 > 0 such that C' = |y(z +

€) —y(x — 7)] < no implies A+ B < (1 + 6)C. The bilipschitz property of v (1.5)

yields €; /2L? < 7 < L?¢;. Hence

(€1 +7)?
€1 T

1+ cos(¢) < 6L* < 25L5(1 + L)%
Taking 6 = Arg(vy(z + €)) + ¢ we see that |§ — (Arg(y(z +€)) + 7)| < « provided §
is small enough. Since

V(@ +€) —y(z—7)| < L(e+7) < 6 L(1 + L?),

one has to choose ¢ so that ey L(1 + L?) < 1y, which shows the correct dependence
of €y and completes the proof of the Lemma. O

Given a point z € ' we want now to construct a special Jordan arc A, connecting
z to 0o in the complement of I'. Assume, without loss of generality, that z = 0. Take
x € R with y(z) = 0. Let ¢y be the number given in the preceding lemma and define,
for j =0,1,2,..., a polar rectangle by

; € e L €
R; = {w = |wle®: 2J'+01L < |lw| < % and ’9 — Arg(v(m+ 2—2)) +7r’ < a}.
Applying Lemma 4 with € = ¢; = ¢y /27 we conclude that
€0 EoL
{vxz—71):0< T}ﬂ{w: ST lw| < ?} C R;.

We need to introduce another polar rectangle

L
8= Rin{w: 2= <qwl}, j=0,12,....

We define inductively A, = A on S; by just requiring that the Jordan arc AgNS;
lies in the unbounded component of the complement of I, S; being the closure of S;.
We then connect Ay NSy with co by a Jordan arc in the complement of I', with the
only precaution of not reentering the disc D(0, ¢y) once Aq has left it.

It is worth pointing out that the axis of two consecutive polar rectangles R; and
R;+1 make an angle less than «. This follows by the defining property of ¢, (see the
proof of Lemma 4).

Lemma 5.

log(y(z —€)) —mi =log(—y(x —¢)), xz€R, 0<e<e¢.
Proof. We know that
(4.1) log(v(x —€)) — mi = log(—y(z — €)) + 2mmi
for some integer m. Our goal is to compute the difference

log(7(z — €)) — log(—(z — ¢))

1
/—dz,
¢ 2

where ¢ is an appropriately chosen Jordan arc connecting —y(z — €) to y(z — ¢€) in
the complement of Ag.

by the integral



970 Carmelo Puliatti

v(x +¢€)

—y(x —¢)

Figure 1. The curve g.

Assume that € /277! < € < ¢y /27, for some non-negative integer j. Define N as
the smallest integer satisfying
L € €0
2i+N — [27+1°

This is equivalent to L? < 2V¥7! and so N depends only on L. Hence R, C
D(0,60/L 27T, k > 7+ N, and, in particular, Ry, k > j + N, does not intersect the
circumference 0D (0, |y(x — €)]).

The angle between the axis of the polar rectangle R;y; and that of R; is not
greater than la < Na, [ =1,2,..., N —1. Set § = Na, so that § can be as small as
desired by taking oo = (L) appropriately. We conclude that

Riyy C{w: w=|w|e” with |§ — Arg(y(z +¢) +7)| < B}, [=1,2,....,N—1

We are now ready to define the Jordan arc ¢. Let z(x,€) be the point at the
intersection of the circumference 0D(0, |y(z — €)|) and the ray

{w: w=|w|e” with § = Arg(y(x +€) +7) — 3}.

Let A stand for the arc in dD(0,|y(z — €)|) having —y(z — €) as initial point and
z(x, €) as end point (counterclockwise oriented).

There exists a rectifiable Jordan arc ¢ joining the points z(z,€) and y(x — €) in
the bounded component of the complement of I' with the property that

length(o) < C'|z(x,€) — v(x — €)|.

This can be seen readily as follows. Set ¥(e**) = v(x), # € R. Then 7 is a bilipschitz
homeomorphism between T and I' and thus can be extended to a global bilipschitz
homeomorphism of the plane onto itself (see [7, 8]). The existence of the arc o is
then easily proved by transferring the question via the extended bilipschitz homeo-
morphism.

Define ¢ = AUo, oriented as already specified. Note that ¢ lies in the complement
of Ay, by the previous discussion, in particular, the definition of N and . Therefore

log(1(z — €)) — log(—(z — €)) = / Sz

S
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On one hand we have
1
/ —dz=mi+ O(pB)
A 4
and on the other hand

If 8 is small enough so that O(p) < m, then, by (4.1), we get that m = 0, and the
lemma is proved. O

We need a final lemma, which concludes the proof of the Theorem.

Lemma 6. Let I' be an asymptotically conformal chord-arc curve and let v be a
bilipschitz parametrization of I" (in the sense of (1.5)). Then there exists a constant
C > 1 and a positive number €y such that

(e +a(z—e) —29(x)]
(4.2) €

< [F(z, €l

o @ +e) +7(z — ) — 29(2)

Y

forx € R and 0 < € < €.

Proof. Without loss of generality assume that y(z) = 0. Let ¢ be the small
number provided by Lemma 4. By the construction of the arc Ay described in the
proof of Lemma 4 we have that the segment joining —y(x — €) and y(z + €) lies in
the complement of Ay. We have, by Lemma 5,

F(z,e) =log (y(z +¢€)) —log (y(z —€)) + i
=log (v(z +¢)) —log (—v(z —¢))

and so

dt
:/1 Y@ t+e) +y(x—e)
o =

x—¢€)+t(y(x+e€) +y(r—c¢)

Set, to simplify notation, a = —y(x — €), b = y(x + €) and let 6 denote the angle
between a and b. By Lemma 4 we know that 6 is as small as we wish. In particular
we can assume that cos(f) > 1/2. Thus, using the cosine Theorem,

la+t(b—a)? = (1 — £)%|al® + £2[b]> + 2(1 — t)t|a]|b] cos(6)

62

(1= D)l +1])* > 57,

F(z,€) = /0 4 log (—y(z —€) +t(v(z +€) +y(xz —¢))) dt

-
2
and
V2L
Pz, < E=h(+ 6 + 9 - o),

which is the upper estimate in (4.2).
For the lower estimate we set z = —y(x —€) + t(y(x + €) + y(x — €)). Since
Re(zt) > |z|/2 and |z| < 2Le

' 'R | 1
‘/—dt>Re —dt:/ e(zzt)dtz/ dt > ——.
0 0 “t EA o 2[z] AL e
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To complete the proof of the Theorem one only needs to combine Lemmas 2, 3 and
6. OJ

Remark. Let a = y(z) — v(x —€), b = v(z + €) — y(z) and let a(z,€) be the
angle spanned by a and b. For a bilipschitz parametrization ~ such that

T
cle—yl<(2) =Wl < Clz -yl zyeR, |z-yl <<,
we have the estimate

V(z + €) +y(x —€) — 2v(2)|* < 2C%€* — 2c%¢* cos a(x, €).

So, in the general case, we can guarantee just a linear decay of the second finite
difference |y(z + €) + v(x — €) — 2y(x)| and the logarithmic condition (1.7) gives
informations about the local behavior of the best constants ¢ and C' around x and
about the decay of a(z, €) for € small. This remark will be useful in the next section.

5. An example

In this section we provide an example of curve v which is not C! but for which
the improved Cotlar’s inequality (1.6) holds. The curve will be constructed in a
recursive way and will be parametrized by arc-length. Without loss of generality, we
will focus on defining a curve which is not closed. Indeed, possibly by connecting
the ends of this curve in a smooth way, we can reduce to the same environment of
the previous sections. The idea in the construction of the example is that the curve
should resemble a suitable spiraling sequence of smoothened corners of decreasing
aperture.

Let 0 < a < /2. Let F,: [0,1] — R be the function with support in [1/4,3/4]
which is linear in [1/4,1/2] and [1/2,3/4] with slope tan« in [1/4,1/2] and —tan«
in [1/2,3/4]. In other words

1 1
F,(t) := max {O, (Z — ’t — 5‘) tana}.
Let £ > 0. For t € R we define the function
t\ 1
ne(t) = n(—)—,
¢(t) )¢
where 7 is a smooth, even and positive function such that suppn C [—1,1] and
[ n(t)dt =1. For 0 < £ < 1/100 we define the regularized function
>\a = Fa * Te.
We will call the curve A, = (¢, Aa(t))te[o,l}
An a-patch has the following properties:

a-patch.

e A, is the graph of a function A,: [0, 1] — R which is symmetric around 1/2.

e if we denote by [a, b] the segment joining the points a, b € R?, then A, contains
the segments I, := [(0,0),(1/4 — £,0)], 11, := [(1/4 + & Etana), (1/2 —
£, (1/4—=¢&)tana)|, 111, :=[(1/2+&,(1/4 — &) tana), (3/4 — £, Etan a)] and
IV, :=1[(3/4+&,0),(1,0)]. We denote by C?, i = 1,2, 3 the remaining three
non-affine parts of the graph. Precisely, C! joins the segments I, and I1,,
C? the segments I1, and I11, and C? the segments 11, and IV,.

e the function ), is convex on the intervals below C} and C? and concave on
the interval below C2.

The idea is that the a-patch is a smoothened corner, as shown in Figure 2.
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v,

Figure 2. An a-patch.

Remark 1. Let us denote by 7(«) the difference between the length of the (non-
smoothened) graph of F,, and the length of A,. For what follows, we need to estimate
its behavior for small values of . It suffices to observe that

7(a) := length(F,) — length(A,)

Gy / (V11w m0)) = (VTR )

! |fa * mel*(t) — I fal*(2) dt < 2||f!
_ < 2] f!||oo = 2tana.
/o (\/1+|fé*ng|2(t)> + ( 1+|f&|2(t))

Definition of the curve I'. Let a; :=1/j for j = 1,2, ... positive integer. For
the sake of notational convenience we replace the subscript o by j; for instance, we
write A; for A, I; for I, ..., IV} for IV, and C; for ng. Moreover, 7; := 7(a;).
Now we can define I' according to the following recursive steps:

® Fl = A1~

e We would like to glue on I/; an appropriate rescaled, translated and rotated
copy Ay of Ay. The angle of rotation is a;. The scaling factor and the
translation are chosen so that the origin of Ay is (1/4,0) and the end is

(1/2, (tana)/4). Denote by I1, the image of 11, via the same affinity which

maps Ay to Ay; let us use the tilde to denote the images of the other parts of
the patch via the same map, too. Delete the segment /1; from A; and add
/~\2. Now the endings of /~\2 should be deleted in order to make a connection
with A;. The precise expression for the second step curve is

FQ = ((Al\lll)UAg) \ ((iQUﬁ/Q)\[Il)

e given [',,, which is a “gluing” of affine copies /~\j of Aj for j € {1,...,n}, where

ﬁn is the image of /1; under the same affinity which maps A; to /~\j, we define
Papr = (A \ T10) U Ri) \ (T U IV i) \ 11,),
n+1

where /~\n+1 is an re-scaled copy of A, 41 rotated by an angle ) ;7, a; whose
vertices coincide with the images of (1/4,0) and (1/2, tan ov/4) via the trans-
formation of the plain that sends A,, to A,,.

Then, {I',}, converges in the Hausdorff distance (a similar case is presented, for
example, in [1]) and we can simply define I" := lim,, T',,.
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v,

N

Figure 3. The second step in the construction of the curve I'.
Let us now state an estimate that we will use in what follows.

Lemma 7. Given 0 < a < 7/2 and z1, z3 € A,, we have

|Zl —22\

(5.2) (21, 22) <

COS «v

where [(z1, z9) denotes the length of the arc of A, joining z; and z;.

Proof. Let t; := A;!(z1) and ¢, := A (22). We have [t; — to] < |21 — 23]
Moreover, because of the way we constructed A,, we have that |\ (¢)] < tana« for
every t € [0,1]. Collecting all these observations,

to t2
l(zl,zg):/ \/1+|>\;(t)\2dt§/ V14 |tana|?dt
t —
ity — 1| /T T Tramap = 2=l oA O

COS & COs &
Remark 2. Notice that the inequality (5.2) keeps holding for a scaling of A,, in
particular for the A;, j € N.

Let us define L; = 1/2 and, for n > 1,

n—1

-1
L, =272+l ( H cos ozj> ,

j=1

which is half of the diameter of the rescaled patch A,, in the construction of the curve
I'. Indeed, some trigonometry gives

1 1/1 1 1/1 1 1/1 1
Li=5 L= 5 (50——) Ly = 5(5Le——), -+ Lo = 5(5La-1——):
2\2 “cosqg 2\2 “cosas 2\2 COS Oty

2
Observe that the definition of L,, does not depend on «,, because the scaling of A,
is determined just by the previous (n — 1) angles. We will use L, as a quantifier of
the scale.

Lemma 8. For every ¢ > 0 there exists k € N big enough such that for zy, 29 €
N (UjZ,A;) we have

(53) l(Zl, 22) (1 + 5)|Zl — 2’2|
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Proof. Let us start with some geometrical observation. Let £ € N and ¢y, (2 € T'.
Suppose, moreover, that (; € I, and (, € I'V. It is useful to define

Ry, = Z(Cla@) - |C1 - C2|-

Observe that the definition of Ry does not depend on the choice of (; and (; in the
respective segments. In particular, by the construction of the curve I' and by the
definition of the error term 7; in (5.1), it is not difficult to check that we have

(54) Rk == (3 i Lj —Lk> - i 2Lj7—j-

The term between parentheses in the right hand side is the length of the gluing of
the ‘non-regularized’ a-patches in the construction and the second sum is an error
term due to the smoothing in the definition of a-patch.

Because of how we chose L; and 7;, the quantity R}, represents the error we make

in estimating the length of the arch of the curve between ¢; € I, and ( € IV,
compared to |(; — (2. The presence of factor 2L; in the last sum in the right hand

side of (5.4) is due to the fact that the diameter of /~Xj is equal to 2L; and, thus, the
error term 7; has to be rescaled by that value. It turns out that

R
(5.5) E 50 as k— oo,
Ly

which justifies the interpretation of Rj as an error term. Indeed, recalling that
cos oy > cos ay, for [ > k, we have

3 00 oo 3 7j—1 -1
j=k+1 j=k+1 1=k
9 i—k
<3 Z ( 1 ) _ 3
Pt 4 cos o, 4dcosay — 1

and the last term tends to 1 as k — oo. Moreover, using (5.1) and since L; < 2" 7L,
for j > k, we have that

1 [e.e] o0 )
L_ Z 2LjTj SJ Th+1 Z 2k_] —0 as k— o0,
k jmk+1 j=k+1

so that (5.5) follows.

Let us combine this observation with (5.2) to prove (5.3). Let 21, 2o € I'. Observe
that each point of I" belongs to Kj for at most two different j. Let k; be the maximum
index such that z; € /~\k1 and let ko be the maximum index such that z, € /~\k2. The
rest of the proof works with minor changes if we take the minimum instead of the
maximum in the definitions of k; and k,. The use of this indices helps to make the
calculations more systematic.

Without loss of generality, suppose k; < ky. If k1 = ko, the points belong to the
image of the same patch. We have two possible scenarios depending on the relative
position of these points. The definition of R}, and the estimate (5.2) allow us to write
21 — 2|

5.6 ) <
( ) (ZlaZQ) = COS (Y, )
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if the point are at a distance |23 — 23| < Lg,41. For |z; — 23] > Ly, 41/4, we have
to consider the additional error term Ry, 1, which comes from the ‘spiraling’ part of
the curve. In particular

|21 — 20| | Ria

S — > 21 — 22
oS vy, COS (g, ALy, 11 | I

so that, invoking (5.5), the lemma is proven in the case ki = k.

Let us consider the other case, k1 < ko. If 25 € Kkl, (5.6) easily applies because
the two points belong to the image of the same patch. So we can suppose z, ¢ Kkl.
In this case

Lk‘1+1

Let zf, € Iy, be the orthogonal projection of z5 on the segment I1;,. The idea now
is, by means of projections, to reduce to the case in which the points belong to the
image of the same patch. For this purpose it is also useful to use the length of the
arcs of the m-th step curve I',,, that we used to define I'. By the triangular inequality
and denoting by

(5.8) hyy41 := min{h: Ay, 41 C [0, h]ny+V for some affine line V with normal ny}
the width of /~\k1+1, we have
(5.9) |21 — 25| < |21 — 22| + By 41

Let us remark that, by construction of T',

h
(5.10) Bl 50 as k— oo
Lkl-i-l

Given m € N and u,v € T',,, it is useful to denote by I,,(u,v) the length of the arc
of I',,, joining v and v. Now we want to prove that

(511) l(Zl, 22) S lkl (21, Zé) + Rk1+1.

Let us just consider the case z; € fkl, since the other cases are analogous. If z, €
Toys1 OF 2, € ﬁ/kHl, (5.11) holds trivially because zo = zj. Otherwise, let ¢ be
a point on ﬁ/k1+1 and let us consider the quantities [(29,() and |z5 — (|. Observe
that the consideration below does not depend on the auxiliary point ¢ of IV ki1 We
choose. Clearly [(z2,() > |25 — (| and, because of the definition of Ry, 1, the equality

l(’zlu Z2) + l(z27 C) = Rkl-l-l + lk1(zlv Zé) + |Zé - C|7
holds. So

l(Zl, 22) = lkl(zl7 Zé) + Rkl-i-l + (|Zé - <| - l(z2> C)) < lkl(zl? Zé) + Rkl-i-l'
The proof of the lemma is now over: indeed using (5.2), (5.5), (5.7), (5.9) and (5.10)
we get
W(z1,20) _ Uk (21,25) | Bra |21 — 23] Ry 1
|21 — 20| = |21 — 29 |21 — 22| T |21 — 22| cosay, |z — 29|
Lo, b ARy
cosQy,  C€OS g, Ly, +1 L, 11

IN

—1 as k; — oo. O
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A rectifiable curve T is said asymptotically smooth if, denoting by [(wq,ws) the
length of the shortest arc of I' between wq, wq € T,
l(wl, wg)

—1 as |w; —ws| — 0, wy,wy €.
w1 — ws

As shown in [6], an asymptotically smooth curve is also asymptotically conformal.
Proposition 1. T is asymptotically smooth but not C*.
Proof. Let Z; € T' be the image of the point z(’xj via the map which sends A;

to Kj. We have that the curve T' is not C' at the point zy := lim, z;, where z; is
an arbitrary point of /~\j. Indeed, by our choice of the angles in the construction,
Zj a; = 400 and the curve spirals close to z.

Let us now turn prove that the curve is asymptotically smooth. Notice that we
may write I' = I'y Uy U {2}, where I'; and T’y are smooth curves. Then, for every
couple of points {z1, 22} in one of those two smooth components we can exploit the
smoothness to state that for every ¢ there exists € such that for € < € and |21 — 23| =€
we have

[(z1,22) < (1 +0)e.
This, together with the result of Lemma 8 concludes the proof. U

Let us consider the arc-length parametrization + of I'. Being [ asymptotically
smooth, ~ is bilipschitz. In particular,

1
5|€U—y\ < |y(@) —(y)| < |z —y

for a constant C' > 1 and z,y € [0,L(')]. As in Remark 4 we denote by a(z,e€)
the angle between the vectors vy(z) — v(x — €) and y(x + €) — y(z). Because of the
geometrical considerations in Remark 4, we have that

2
(5.12) |v(z +€) +y(x —€) — 2y(z)]* < € (2 ~ g o8 a(z, e))
for e > 0 and x € [0, L(I")]. Now we want to prove the estimate
€
9 < _
-+ 0+ = ) = 20| S o

Being I smooth off the point zy and arguing as in [2|, the logarithmic condition (1.4)
and the estimate (1.6) are satisfied off that point. Hence it suffices to prove (1.6) for
() € Uik, Ay NT and ko big enough. To do that, we will study the behavior of
the angle a(z,€) and of the local value of the bilipschitz constant of v close to the
point zg.

Being the curve asymptotically smooth, as a corollary of Lemma 4 we know that
a(z,e) — 0 for € small. Then, the second factor in the right hand side of (5.12)
behaves as

2— =5 cosa(r,€) = {2 - %] - %a(m, )2 + 0 (a(z, )

for e — 0.
Let zg := v~ !(z). For € > 0, we denote by C, the smallest constant such that

1
5\36 —yl < |y(z) =v(y)| < |z =yl
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holds for z,y € [xg — €, 9 + €, i.e. the local value of the lower bilipschitz constant
close to xg.
Using this notation, to our purposes it suffices to prove that

(@, €)] < |loge|™

and

(5.13) [1 - Ci] < |loge|™

for € small and y(z) close enough to z.
The following two lemmas respectively prove the estimate for the angle and the
estimate for C..

Lemma 9. For every ¢, there exists an integer ko such that
la(z,€)] < |loge|™
for e < €y, |1 — mo| < €9 and y(v —¢€) € U2y, ApNT.

Proof. Let € > 0 and z = y(x) € I'. Moreover, let us define 24 := y(x + ¢). Let
k be the maximum index such that z € /~\k and let k4 be the maximum index such
that z. € Ay .. Without loss of generality, we will prove the lemma for z < xy. Let
us proceed with some geometrical consideration.

Figure 4. A schematic representation of the setting of the proof of Lemma 9.

Let L, denote the line passing through z and parallel to the segment /1, . Due
to the definition of the angle a(z,¢), we can fix the line L, and bound |a(z,€)| by
the absolute value of the smallest angle Z([z_, z|, L.) that L, forms with the segment
[2_, z] plus the absolute value of the smallest angle Z(|z, 24, L) that L, forms with
the segment [z, z.]|.

If 2z belongs to Ay, due to the properties of the oy, —patch, the arc v([z — €, z])
is entirely contained in a cone of vertex z and aperture Z([z_, z|, L,). By elementary

geometric considerations, we can write
(514) |4([Z—7Z]7LZ>| S Q.

Again, due to few geometric observations (that are not substantial for the sequel
and we decide to omit in order to make the proof more concise) and to the way I is
defined, it is not difficult to see that

(5.15) 1Z(24, 2], L.)| < 200 .

We are left to consider the case z & /Aikf. As we observed in Lemma 8, in this case
o0

ik 41 Kj NI is contained in a rectangle

we have |z_ — z| > Ly_41/4. Moreover, |J
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whose base lays on ﬁkf, whose length is smaller than, say, 5L;_1/3 and with height
hi_ 1 (for its definition we refer to (5.8) in Lemma 8). We recall that
hs

L_]-_>O for j — oc.

J

Now observe that z, € U;‘;,L Kj N I'. For every point z in this rectangle, using that
|z — 24| 2 Lg_.1, it holds that

(5.16) |£([2=, 2], L) | S o
and
(5.17) £([z, 4], L)) S o

Joining (5.14),(5.15),(5.16) and (5.17), we get

|z, €)] S ak_.

Then, by the construction of I" and the definition of L,,, Ly1/Ly, < 1/2 for every
m, that by iteration leads to
L, <2™™.

Now, if y(z —€) € /~\k7 for k_ big enough, we have that ¢ < Ly so that
k- 2 [loge|
for e small enough. So, gathering all the considerations and recalling that oy, = 1/k_,
we get the desired result. 0
Lemma 10. There exists €; > 0 such that the inequality (5.13) holds for € < €;.

Proof. Let us consider z1,2o € I'. Let k; be the maximum index such that
21 € /~\k1 and ko the maximum index such that z9 € /~\k2. Without loss of generality,
ki < ky and v71(21) < v7!(Z). The idea is to prove that C-! is greater than a
quantity which approximates cos ay,. It is convenient to split the study into different
cases. B

If ky = ky and v (22) < T or ky = k; + 1 and 29 € Iy, 1, then (5.2) gives

|21 — 29| > cosay, (21, 22).

If by = kg and v (zp) > T or ky =k + 1 and 25 € ﬁ//klﬂ, then we can write

R
|21 — 22| > cos ag, (l(zl,z2) — Rk1+1) = | cos ag, — cos ag, it (21, 22)
(21, 22)

and we recall that
ki1+1 < Rkl-i-l

1(21722) ™ L4
In the remaining cases, we know from the proof of Lemma 8 that
hk1+1 Ry, 1 )
[ 21, %2),
l(Zl, 22) ( )
so that, using the same argument as at the end of the proof of Lemma 9 together
with the Taylor expansion for the cosine, the proof is completed. O

— 0 for k; — oo.

|21 — 22| > <cosak1 — COS (g,

The two previous lemmas show that the arc-length parametrization v of I' is such
that the estimate

T.(f)(z) S MX(Tf)(2)

holds for every z € T.
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Final remarks on the curve I'. The curve I' that we studied in this section
can be considered as an example of a critical curve for which the main theorem holds.
Indeed, another look at the estimates we got tells that most of those concerning the
geometry of the curve are close to being sharp. Moreover, the finite second difference
|7(z+€) +7v(z —€) —27y(x)| has the right decay we need; the choice of a slower decay
for the angles «; causes worse estimates for |a(z,€)| and, hence, the finite second
difference estimate to fail. Let us notice that the spiraling of I' close to the point 2z
also gives an idea of how the critical curves may look like.

Asymptotically smooth curves that are not C' may also be defined by means of
complex analysis (exploiting, for example, the results in [6]) but we found a construc-
tive approach more convenient to our purposes.
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