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Abstract. In this paper, we study the following fractional Schrédinger Kirchhoff type problem

u=K(z)f(u) inR3,
Q) {u € H*(R?),

where £7 is a nonlocal operator defined by

Liu ( //R3><R3 o= y|3J(r?S|2 dx dy + —/ Ju d:z:> (€25 (= A)*u + V(x)ul,

€ is a small positive parameter, 2 7 < s < 1is a fixed constant, the operator (—A)® is the fractional

Laplacian of order s, M, V, K and f are continuous functions. Under proper assumptions on M,
V, K and f, we prove the existence and concentration phenomena of solutions of the problem (Q.).
With minimax theorems and the Ljusternik—Schnirelmann theory, we also obtain multiple solutions
of problem (Q.) by employing the topology of the set where the potentials V' (z) attains its minimum
and K (z) attains its maximum.

1. Introduction and main results

In this paper, we consider the following fractional Schrédinger Kirchhoff type
problem
Q) Lu = K(x)f(u) in R3,
‘ u € H*(R?),

where £7 is a nonlocal operator defined by

Lu=M <e3 5 //RSXR3 P |332)‘2d dy +ei3 RV(x)uzdx) [ (= A)* ut-V (z)ul,

3

€ is a small positive parameter, 3 7 < s < 1is a fixed constant, the operator (—A)®
is the fractional Laplacian of order s, which can be defined by the Fourier transform
(—A)u=F1(E*Fu). M:[0,00) > R", f: R> R, V:R> > Rand K: R®> -
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R are given continuous functions satisfying (M7)—(Ms), (f1)—(f1) and (Py)—(Fz) given
below. The feature of (Q.) is that the term

o) w0 :
(5 [l e 5 [ Vit

makes (Q.) a nonlocal problem.
First, we collect some useful results about the fractional order Sobolev spaces
(see [7, 20, 24]). For any 0 < s < 1, the fractional Sobolev space H*(R?) is defined

by

(1.1) H*(R?) = {u € L2(R?): M € L2(R® x R3)}
r—=y

endowed with the norm

9 1
Hs(R3) (/ |U| T+ S ‘ZII’ — |3+23 Yy )
where the term

is the so-called Gagliardo seminorm of u. Also, in hght of [[7], Proposition 3.4 and
Proposition 3.6], we have

2s 2 _ ‘“ u(y)l®
|2_/ |§| | dg C //RSXR3 ‘,j(:— |3+2s dx dy’

where 4 stands for the Fourier transform of « and
1 —cosC !
(15) )= ([ “mmmtdc) L C= (66
r: [C]
In particular, if s = 1, then

9ulg = -kl = Jeq [ DU gy g,

Moreover, (—A)*u can be equivalently represented as (see [[7], Lemma 3.2])

16 (-Ayu(z) = - /R 3 ulz+) +|1;(|f+; W= 2u0) gy e eRS

[SIE

(1.2) [l

(1.4) A)2u

We denote || - ||gs by || - || in the sequel for convenience.
Ifa>0,b>0,M(t)=a+ %(1)15 where C(1) is given in (1.5), e =1, s = 1 and
V(x) = 0, then (1.4) shows that (Q.) with R? replaced by € reduces to

{—(a +0 [, IVul?)Au = f(z,u), =€,

1.7
(17) u=0, x € 010,

where Q2 C R? is a bounded domain. In recent years, a great interest has been
devoted to problem (1.7), which is related to the stationary analogue of the equation

@ _ P() | |2 0 u —0
P o h 2L oz
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proposed by Kirchhoff in 13| as a model of the classical D’Alembert’s wave equations
for free vibration of elastic strings. In [17], Lions introduced an abstract functional
analysis framework to the following equation

(1.8) st — (a+b/9 |Vu\2d:c) Au = f(z,u).

After that, (1.8) received much attention, see [1, 2, 3, 5, 6] and the references therein.

Kirchhoft’s model takes into account the changes in length of the string produced
by transverse vibrations. In (1.7), u denotes the displacement, f(x,u) the external
force and b the initial tension while a is related to the intrinsic properties of the string,
such as Young’s modulus. We have to point out that such nonlocal problems also
appear in other fields as biological systems, where u describes a process which depends
on the average of itself, for example, population density. For more mathematical
and physical background of the problem (1.7), we refer the readers to the papers
[1, 3, 5, 10, 12, 13, 15| and the references therein.

When M =1, (Q.) becomes the fractional Schrodinger equation

{623(—A)su +V(x)u= f(x,u) in R3,

(1.9) u € H*(R?).

Solutions of the problem (1.9) are related to the existence of standing wave solutions

of the form v(z,t) = e ¢ u(z) to the following fractional Schrédinger equation of
the form
. aw _ 2s S 3
ZEE =€ (_A) ¢+V($)¢—f($a |¢D7 VzeR ’
where E is a constant and u(z) is a solution of the problem (1.9). The fractional
Schrodinger equation is a fundamental equation in fractional quantum mechanics.
It was introduced by Laskin [14] as a fundamental equation of fractional quantum
mechanics in the study of particles on the stochastic fields modeled by Levy process.
We refer to [7] for more physical background.
Now, we give some hypotheses about M, V', K and f.
(Py) V, K € L>(R?) are uniformly continuous on R? and there exist # € R3, & €
R3 such that V(2) = Vi, = mingegs V > 0, K(2) = Kpax = Max,ers K > 0
and K, = inf,crs K > 0;
Set
V={rcR® V(r)=Vyn=minV}, V, =liminfV(z),

zeR3 |z|—o00

K={rcR® K()= Kpx =max K}, K. =limsupK(z).
zeR3 || — 00
(P1) Viin < Voo < 400 and there exists an z; € V such that K(z;) > K(x) for
|x| > R with R > 0 sufficiently large;
(Py) Kpax > Ko > inf K > 0 and there exists an 25 € K such that V(z,) < V()
for |x| > R with R > 0 sufficiently large;
(P5) VK #0;

(Py) We assume that V and K are Z3-periodic functions, that is, V(z +y) = V(z)
and K(z +y) = K(z) for all z € R? and for all y € Z3.

Obviously, if (P;) holds, we can assume K (z1) = max,cy K (z), and set

Hi={zeV: Kx)=Kx)}U{zgV: K(z) > K(x1)}.
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If (P,) holds, we can assume V(x2) = min,cx V(x), and set
Ho={z e K:V(x)=V(r)}U{x g K: V(z) < V(xsg)}.
Clearly, H; and H, are bounded sets. Moreover, if VNK # (), then H; = Hy = VNK.
(V1) V € C(R? R) and wienplig Viz) =V, > 0;

(V3) For each ¢ > 0 there is an open and bounded set A = A(§) C R? depending
on ¢ such that

Vo:= inf V(z) <minV(z), M={zeA:V(z)=V}#0,

r€R3 2€0A
and
= {z € R": dist(z,II) < §} C A.
(M) M € C(R;{,R*) and t 11151{f M(t) > a > 0, where a > 0 is a constant;
(M3) The function t — M(t )elsO increasing on [0, +00);
(M3) The function t — t( ) is nonincreasing in (0, +00);
(M) There exists a 6 € (4,2%) such that

lim % Fﬁ(ﬂ) _ %M(t?)ﬂ] ~ 4o,

t—o0 2

where M fo s)ds, 2F =
(Ms) The functlon t— éM(ﬁ) _
(M) For all t; > t, > 0,

M(h) _ M(t) _ (l _ l) .

3—2s 2s’

TM(¢?)t* is increasing on [0, +00);

t1 o 1 1o
From (M;)—(Ms), there exists an r > 0 such that
(1.10) M(t) <r(l+t), Vt>D0.

A typical example of a function satisfying the conditions (Mj)-(Ms5) is given by
M(t) = a + bt, where a > 0 and b > 0. In this case, (Q.) becomes the standard
Kirchhoff equation.

n f@)
lim —= =
U0 i %
(f2) Thereisap € (4, 6) such that
t—o0 tP—1

(f3) There is a ¥ € (4,6) such that
0 <VF(t) < f(t)t, Vt>0;

(fi) f(t)=o0(t) ast — 0, f(t)t >0 for all t # 0 and f(t) =0 for all £ < 0;
(f2) There exist constants o, ¢ € (4,2%), Cy > 0 such that

(1.11) f(t) = Cot™™!, forallt >0, and lim tfq(tz —0,
where 2 = z5;
(f3)
(1.12) 0 < OF(t) < f(t)t, Vt>0,

where F(t fo s)ds, 0 is given by (M,);
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(f1) The application
f(t)

is increasing in (0, 0o).

A typical example of a function satisfying the conditions (f;)—(f4) is

£ =y Ciet

where4<q,~<2::%andC’,-20f0ralliwith1SiSNandC'i>0foratleast

one i. The hypotheses (Fy)—(P,) appeared in [11] and [24], (V})-(V2), (]\/4\3), (j?l)—(fg,)
and (f4) appeared in 9] and (M;)—(M;) were given in [2].
Recently, the following Kirchhoff type equation

- —(a+b frs [Vulde) Autu= f(z,u) in R,
. u e HY(R3)

has been studied extensively by many researchers where f € C(R?* x R,R), a,b > 0
are constants.

He and Zou in [10] studied (1.13) under the conditions that f(x,u) := f(u) €
CH(R*,R") satisfies the Ambrosetti-Rabinowitz condition ((AR) condition in short):

Jp > 4, 0<,u/0uf(s)ds§f(u)u,

hm|u\—>0 f(u)/|u|3 = Oa hm\u|—>oo f(u)/|u|q = 0 for some 3 < q < 5 and f(u)/u3
is strictly increasing for u > 0, that is, f(u) behaves like |u|P™?u (4 < p < 6).
They showed that the Mountain Pass Theorem and the Nehari manifold can be used
directly to obtain a positive ground state solution to (1.13).

Similarly, Wang et al. in [22], He, Li and Peng in [12| and Li and Ye in [16]
used the same arguments as in [10] to prove the existence of a positive ground state
solution for (1.13) when f(z,u) := Af(u) + |u|*u, which exhibits a critical growth,
where limy, o f(u)/|u]* =0, f(u)u >0, f(u)/u® is strictly increasing for v > 0 and
|f(u)] < C(1+|ul?) for some 3 < q < 5, that is, f(z,u) ~ Mu[P72u+|u|*u(4 < p < 6).
For the case f(z,u) = |u|P"2u (3 < p < 4), Li and Ye in [15] used the constrained
minimization on a new manifold which is obtained by combining the Nehari manifold
and the corresponding Pohozaev’s identity to get a positive ground state solution to
(1.13).

Recently, He and Li in [11] studied the problem

—EAu+V(z)u — AW u = K(z)u? ! +u>? 1, z € RV,
(1.14) N
u > 0, reRY,
where € > 0 is a small positive parameter, N > 3, 2* = ]3—1172, 4<q<2-2,Vand K

are bounded locally Holder continuous functions. Under the assumptions (F), (P)
and (P,), they proved the existence and concentration phenomena of soliton solutions
of the problem (1.14). With minimax theorems and Ljusternik—Schnirelmann theory,
they also obtained multiple soliton solutions by employing the topology of the set
where the potentials V(x) attains its minimum and K (z) attains its maximum.
Some authors studied problems of the type (Q.). For example, in [9], Figueiredo
and Santos proved a result of multiplicity and concentration behavior of positive
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solutions of the following problem

Au=f(u), zeR3
(1.15) uw>0, z e R3,
u € H'(R?),

where € is a small positive parameter, 2. is a nonlocal operator defined by

Au=M <1 / |Vul? dz + l V(z)u? dx) [~ Au + V (2)u),
R? R?

the potential V satisfies (V7)—(V42), the function M: Rt — R satisfies (M;), (M),
(M3), and the nonlinearity f € C(R3, R) satisfies (f1)—(f3) and (/f4).

In [24], Yu, Zhao and Zhao studied the following fractional Schrédinger—Poisson
system

(1.16) 62 (—A)su V( Ju+ ¢u = K(z)uP2u, =€ R3
' e (=A)p = u? r € R3,
where € > 0 is a small parameter, % <s<l,4<p<2i=3%,V(x)e CR*N

L>*(R3) has a positive global minimum, and K (z) € C(R?*)NL>(R?) is positive and
has a global maximum. Under the assumptions (F), (P;) and (F2), they proved the
existence of a positive ground state solution by using variational methods for each
e > 0 sufficiently small, and they determined a concrete set related to the potentials
V and K as the concentration position of these ground state solutions as € — 0.
Moreover, they considered some properties of these ground state solutions, such as
convergence and decay estimate.

Motivated by the works described above, particularly, by the results in |9, 11, 24],
we will study the existence and concentration phenomena of positive ground state
solutions of the problem (@) via variational methods in this paper. Moreover, we
will prove the existence of multiple solutions to problem (Q).) by using the Ljusternik—

Schnirelmann theory.
We define

FE = {u c H'R? | | V(z)udzx < oo}

RS
with the norm

Jullz = (//RR |“|z_ |3i2)| dx dy+/Rg V(:)s)|u|2d9:)%.

It is easy to see that (F, || - ||g) is a real Banach space.
We call u € E' a weak solution to (Q.) if for any ¢ € E, it holds that

M (63}28 [u]? + 613 /RS V(z)u dx) //RSXRS |x(y));ﬁix22 — W) dx dy

+/RS V(:)s)ugpdat] = K(z)f(u)pdx.

RS

We recall that, if Y is a closed set of a topological space X, catx(Y) is the
Ljusternik—Schnirelmann category of Y in X, namely the least number of closed and
contractible sets in X which cover Y.
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For I € C*(E,R), we say that {u,} C E is a Palais-Smale (PS) sequence at
level ¢ (henceforth denoted (PS).) for I if {u,} satisfies

I(uy,) ¢ and I'(u,) =0 as n— oo.

Moreover, [ satisfies the (PS). condition if any (PS). sequence possesses a convergent
subsequence.
Our main results are as follows.

Theorem 1.1. Assume that (F), (M;)—(Ms) and (f1)—(f4) hold.

(A) Suppose (Py) holds, then for all small € > 0.

(i) The problem (Q.) has a positive ground state solution u.;

(ii) The solution u. obtained in (i) possesses a global maximum point x. such
that, up to a subsequence, . — xy as € — 0, lim._,odist(z.,H1) = 0,
and v.(r) = uc(ex + x.) converges in H*(R3) to a positive ground state
solution of

(1.17) //R3xR3 |u|x_ ‘34(r2)| dz dy —0—/R3V($0)u2dx)[(—A)su+V(xo)u]
= K(x)f(u).

In particular, if VK # 0, then lim_,o dist(z.,V N K) =0, and up to a
subsequence v converges in H*(R3) to a positive ground state solution

drd min d s V;nin
(1.18) (//RSxRS oy y|3+23 v R u dr | [(=A)u uj

maxf( )7
(iii) There exists a constant C' > 0 such that
C 3+2s
(1.19) uc(z) < ‘ VzeR?

€3+28 + |[L’ _ $5|3+257

(B) Suppose (Py) holds and replace (Hy) by (Hsz), then all the conclusions of (A)

remain true.

We denote by
(VNK); = {zr € R?*: dist(z, VNK) < 6}
the closed d-neighborhood of V N K, and we have the following multiplicity result:

Theorem 1.2. Suppose that (Fy), (P1) (or (P)), (Ps)—~(Fy), (My)—(Ms) and
(f1)—(fs) hold. Then, for any given § > 0, there exists a s > 0 such that, for any
e € (0,€5):

(i) The problem (Q.) has at least catynx),(V N K) solutions;

(ii) Ifwu, denotes one of these solutions, then u. possesses a global maximum point

x. such that, up to a subsequence, x. — xg as € — 0, lim._, dist(z., VNK) =
0, and v (x) = uc(ex + x.) converges in H*(R3) to a positive ground state
solution of

(1.20) (//RR |u\x_y|3(+2)| dx dy +/Rg vmmu2dx) [(—A)*u + Vit
= Knax [ ();
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(iii) There exists a constant C' > 0 such that

3+2s
(1.21) ue(x) < Ce , VzeR

— 3+2s + |LE _ x6‘3+2s

Remark 1.3. Theorem 1.1 generalizes the main result in [24], Theorem 1.2 gen-
eralizes the main result in [11], respectively. Here, we explain why the condition
s € (%, 1) was imposed. We use the Mountain Pass Theorem to get a critical point

of the energy functional I,(u) of the problem (Q,.). To guarantee that I, possesses
the mountain-pass geometry, the condition (fs) is required. If I.(u) possesses the
mountain-pass geometry, we can get a (PS). sequence of I.(u). To prove that the
(PS). sequence is bounded, the condition (f;) ((AR) condition) and (M,) are re-
quired. The conditions (M,), (f2) and (f3) hold only when S € (2,1). In fact, we Can
easily see from (My), (f2) and (f3) that 4 < 0,6 < 2 = 2~ that is 4 < 2} =

so we get s > %, note that 0 < s < 1, thus s € (4,1).

—28’

The proof of our main results is based on variational methods. We would like to
emphasize that the main difficulties are the appearance of the non-local term involv-
ing the function M and the lack of compactness due to the unboundedness of the
domain R®. As M is a more general function than those in [10], [12] and [15], we
have an additional difficulty: to verify that the weak limit of a Palais—Smale sequence
is a weak solution of the related autonomous problem. Our assumptions, which are
similar to those given in [2], and careful analysis make us possible to overcome this
difficulty. Moreover, as the function f is only continuous, we cannot use standard
arguments on the Nehari manifold as in the papers [11, 24]. To overcome this diffi-
culty, we use some variants of critical point theorems of Szulkin and Weth [21]. As
we will see later, the competing effect of the nonlocal term with the nonlinearity f(u)
and the lack of compactness of the Sobolev’s embedding prevent us from using the
variational methods in a standard way. Finally, as in [24], there is a competition
between the potentials V' and K: each would try to attract ground states to their
minimum and maximum points, respectively. This causes difficulties in determining
the concentration position of the solutions.

Now we sketch the proof of our main results. The problem (Q.) is equivalent to
the following problem

N < //R 3 R3 le)s)E gy dy + /R V(er)u? d:c) (—A)*u + V(ex)u]
@) Kenf

ue H S(Rg)
by using the change of variable v(x) = u(ex). The corresponding energy functional
associated with problem (Q.) is defined by

1~
(1.22) I(u) = —M(||u||f) — / K(ex)F(u)dx
R3
where M fo s)ds and F(t fo s) ds, which are well defined on the space
H. given by

H. = {u c H*(R?): /m V(ex)u® dz < oo} :

The norm of u € H is defined as ||ulle = ( [[gs, gs % dx dy+ [gs V(ex)|ul? dz)z
and H. is a Banach space under the norm || - || given above. The energy functional I,
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is well defined in the fractional Sobolev space H*(R?) and it possesses the Mountain
Pass geometry, hence a bounded (P.S.). sequence is obtained. First, we obtain a
positive ground state solution of (@e) via variational method for each € > 0 small
enough. Next, we establish the L>° and decay estimate of these solutions to study the
concentration behavior of these solutions as ¢ — 0. Finally, we determine a concrete
set related to the potentials V' and K as the concentration position of these solutions.

The proof of Theorem 1.2 is mainly based on the Ljusternik—Schnirelmann theory.
Using the technique introduced by Benci and Cerami in [4] (see also [11]), we establish
a relation between the category of the set VN K and the number of critical points of
I..

Throughout this paper, we use standard notations. LP = LP(R?) (1 < p < o0) is
the usual Lebesgue space with the standard norm | - [,. We use “ — 7 and “ — 7 to
denote the strong and weak convergence in the related function spaces, respectively.
C and C; will denote positive constants unless specified. Br(z) := {y € R3||ly —z| <
R,z € R?}. (-,-) denote the dual pair for any Banach space and its dual space. The
Fourier transform and its inverse in R? are denoted by F and F~!, respectively.

The paper is organized as follows. In Section 2, we present some preliminary
results and the main embedding results for fractional Sobolev spaces. In Section 3,
we study the limit problem of (@) and prove the existence of positive ground state
solutions. In Section 4, we study the concentration phenomenon and convergence of
ground state solutions. In Section 5, we obtain the decay estimate of solutions while
the multiplicity of solutions are given in Section 6.

2. Preliminaries

In this section, we give some preliminary results which will be used in the paper.
Making the change of variable x — ez, we can rewrite the problem (@) as the
following equivalent problem

@) M< R3|(—A)5u\ dx +/R3V(ex)u dx) [(—A)*u+ V(ex)u] = K (ex) f(u),
u € H*(R?).

If u is a solution of the problem (Q.), then v(z) = u(?) is a solution of the problem

(Q¢). Thus, to study the problem (Q.), it suffices to study the problem (QVE) In view
of the presence of the potential V' (z), we introduce the space

(2.1) H, = {u c H*(R?): /R V(ex)u? do < oo} :

which is a Hilbert space equipped with the inner product

(2.2) (u,v) = //R3 - (u(z) = uly)(v(z) = v(y)) dx dy + /R3 V(ex)uwv de,

|z — y|3+2

and the equivalent norm

2 ‘“ u(y )‘2 2
23)  Jull? = (u, ). //RR M dedy [ Ve de

Moreover, it can be proved that u € H, is a solution of problem (@e) if and only if
u € H, is a critical point of the functional I.: H. — R defined as

(2.4) I (u) = —M (J]2]?) / K(ex)F(u)dx.
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It is clear that the functional I, is well-defined for every u € H. and belongs to
CY(H.,R). Moreover, for any u,v € H,, we have

(2.5) (I(u), v) = M(||ull?)(u, v)e — /RS K(ex) f(uv dr.

Let us define the Nehari manifold of (Q.) by
(2.6) Ne={u e H\{0}: (I{(u),u) = O}.

Next we review the main embedding result for this class of fractional Sobolev
spaces.

Lemma 2.1. |7, Theorem 6.5] Let 0 < s < 1. Then there exists a constant
C' = C(3,s) > 0, such that
(2.7) lul2; < Cllullms@s)

for every u € H*(R?), where 2} = % is the fractional Sobolev critical exponent.

Moreover, the embedding H*(R3) C LP(R?) is continuous for any p € [2,2}], and is
locally compact whenever p € [2,2%).

Lemma 2.2. 19, Lemma I1.4| Assume that {u,} is bounded in H*(R?) and

(2.8) lim sup / |, (7)]* dx = 0,
Br(y)

n—oo y€R3

where R > 0. Then u,, — 0 in L?(R?) for every 2 < p < 2%.
Lemma 2.3. The functional I. possesses the mountain pass geometry:

(i) There are a, p > 0, such that
I(u) > a,  with [julle = p;

(ii) There is an e € H \B,(0) with I.(e) < 0.
Proof. (i) For any v € H/\{0}, it follows from (M), (f1) and (fy) that given
€ € (0,a), there exists a C, > 0 such that
a—e

(2.9) I(u) > 5

||u||f — C’EKmax/ |u|? dzx.
RS

From the Sobolev inequality, we derive

a—e€
2

for some positive constant C. Since 4 < ¢ < 2%, the result follows. (ii) Fix vy €

CP(R?)\{0} with vy > 0 in R? and ||vg|lc = 1. By (1.10) and (f3), there exists a
Cp > 0 verifying

Ie(u) = lull? = Cllull?,

(210) [E(t’l}()) S g(t2 + t4) — OtJKinf/ ’Ug dx.
R3

Since 4 < o < 2%, the result follows by letting e = t,vy for some ¢, > 0 large
enough. U

Lemma 2.4. I, is coercive on N, i.e., I.(u) — oo as |jul|. = oo, u € N..
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Proof. Arguing by contradiction, suppose there exists a sequence {u,} C N,
such that |lu,|le = oo and I.(u,) < d for some d > 0. It follows from (M,) and (f3)
that

1 1~ 1
+1> SMJluall?) = ZM([[unl2)Juall2| — +o0
a contradiction. This completes the proof. ([l

Lemma 2.5. For eachu € H\{0}, there exists a unique t. = t.(u) > 0 such that
teu € N. Moreover, I.(t.u) = max;>o I (tu) and there exist Ty > Ty > 0 independent
of € > 0 such that T, <t. <Tj.

Proof. For u € H\{0} and ¢t > 0, let
1~
(2.11) g(t) = I(tu) = §M(Htu||f) — /R3 K(ex)F(tu) dz.

Clearly, g(0) = 0, g(t) > 0 when ¢ > 0 is small and ¢(¢) < 0 when ¢ > 0 is large.
Hence ¢ has a positive maximum at ¢, = t.(u) > 0. So that ¢'(t.) = 0 and t.u € N_.
The condition ¢'(t) = 0 is equivalent to

M (||tul|? 1 t
(2.12) (l “l'f’ = — K(ef)f( u??
[ |2 Jull? Jrs (tu)
Suppose that there exist ¢; > t; > 0 such that t;u, tou € N.. By (2.12), we have
M 2 M 2 1
(el _ M(ltsul®) ) (L2 S0

[Evul[? ez ull? Jrs (trw)®  (Lu)?

ut dr.

which contradicts to (M3) and (fy).
By t.u € N, we deduce from (1.10) and (f5) that

r(tellull? + tellulle) = M ([[teull2)lull? = /RS K(ex) f(teu)teu dz

ZC’lt‘e’/ |u|” dx.
R3

Since o € (4,2%), there exists a 77 > 0 independent of € such that ¢, < T3.
On the other hand, using t.u € N, again. We conclude from (M), (f1), (f2) and
Sobolev inequalities that

(2.13) at?||ull? < E2M(|[teull?)|ull? = /3 K(ex) f(teu)teu dr < E2|ul|? + Cet?ull?,
R
so, there exists a T > 0 independent of € such that ¢, > T5. O

Lemma 2.6. For any € > 0,
(i) there exists a p > 0 such that c. = infy. I. > infg, I, > 0, where S, = {u €
He: [lulle = p};
(i) M(JJul|®)||ull? > 2¢. > 0 for all u € N..
Proof. (i) For ¢ > 0 and u € H\{0}, it follows from (M), (f1), (f2) and Sobolev
inequality that
a—e
2

Thus, for sufficiently small p, we have infg, I. > 0. For every u € N, thereisa ¢t >0
such that tu € S, and c. = infy, I. > infg, I, > 0 by Lemma 2.5.

(2.14) Ie(u) = lull? = Cllullz.
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(i) For u € N, we deduce from (M;) that

(215) o< L) = gM(ul?) - / K{ex)F(w)de < 3 M (Jul?)ul.

The conclusion follows. O

Lemma 2.7. If W is a compact subset of H.\{0}, then there exists an R > 0
such that I.(tu) < 0 for each w € W and t > 0 with t||ul|. > R.

Proof. Since W is a compact subset of H.\{0}, there are positive constants C;
and Cj such that Cy < |Julle < Cy for each u € W. Also, there is a constant C' > 0
such that [g,|u|7dz > C for each u € W.

Just suppose that the conclusion were not true, then for each n, there exist
u, € W and t, > 0 with ¢,[|u,|e > n such that I.(t,u,) > 0. By (f2) and ¢, >

> C% — 400, we have

l[unlle

Ie(tnun):%]\?(ﬂtnunﬂf)— / K (ex)Ftyu,) d
RB

_(t2’|un||2+t4“un” ) — tUKmf/ |un|” da

(2.16) 2
=1, <2ti U||un||2+ t ||un||4 lnf/ |un|” d:L’)
<t (Qti ”C§+ Lpocd - mfc)
which is a contradiction. This completes the proof. O

The following assumptions and propositions come from [21, page 9, Chacter 3,
Ay, Ay and Ajz)]. Let E* be a Banach space such that the unit sphere S in E* is
a submanifold of class (at least) C' and let ® € C'(E*,R) and ®(0) = 0. The
corresponding Nehari manifold is N := {u € E*\{0}: (®'(u),u) = 0}. A function
¢ € C(Ry,R,) is said to be a normalization function if p(0) = 0, ¢ is strictly
increasing and ¢(t) — oo as t — oo. The authors in [21] give the following further
assumptions:

(A1) There exists a normalization function ¢ such that

[l
Wi Plu) = / o(t)dt € CH(E"\{0},R),

J =1 is bounded on bounded sets and (J(w),w) =1 for all w € S;
(A2) For each w € E*\{0} there exists a s, such that if a,(s) := ®(sw), then
al,(s) > 0for 0 <s <s,and ol (s) <0 for s > s,;
(A3) There exists § > 0 such that s,, > ¢ for all w € S and for each compact subset
W C S there exists a constant C)y such that s, < C)y for all w € W.
Proposition 2.8. [21, Proposition 8, Proposition 9, Corollary 10|

(I) Define the mappings m := E*\{0} — N and m: S — N by setting
m(w) := s,w and m = mlg.

Suppose ¢ satisfies (A2) and (As). Then:
(a) The mapping 1 is continuous;
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(b) The mapping m is a homeomorphism between S and N, and the inverse
of m is given by m~(u) = u/||ul.
(IT) Set the functionals ¥: E*\{0} — R and V: S — R defined by

U(w) = O(rm(w)) and: & = Ts.

Suppose E* is a Banach space satistying (A;). If ® satisfies (Ay) and (As),
then ¥ € C'(E*\{0},R) and

(¥ (1), ) =

for all w, z € E*, w # 0.
(III) Suppose E* is a Banach space satisfying (Ay). If ® satisfies (As) and (Ajs),

then
(c) ¥ € CYS,R) and
(V' (w), 2) = [m(w)||(®'(m(w)), 2)

for all z € T,,(S) = {z € E*: (J(w),z) = 0};

(d) If{w,} is a Palais-Smale sequence for ¥, then {m(w,)} is a Palais-Smale
sequence for ®. If {u,} C N is a bounded Palais-Smale sequence for ®,
then {m~'(u,)} is a Palais-Smale sequence for ¥;

(e) w is a critical point of W if and only if m(w) is a nontrivial critical
point of ®. Moreover, the corresponding values of ¥ and ® coincide and
infg W = inf, .

Now, we define the mappings m.: H\{0} — N and m.: S. — N, by setting

(2.17) me(w) =t,w and me = mg,.

Thus, the hypotheses of (A1), (A2) and (Aj3) are satisfied by Lemma 2.5, 2.6 and 2.7.

We also consider the functionals Y.: H\{0} — R and T.: S — R defined by
(2.18) T.(u) = I(Mc(u)) and T.=Ts,.

By Proposition 2.8, we have the following result.

Lemma 2.9. Suppose (M;)—~(Ms) and (f1)—(f4) hold, for each ¢ > 0, then
(i) the mapping m. is continuous; mapping m, is a homeomorphism between S,
and N, and the inverse of m, is given by m_'(u) = u/||ul|¢;
(ii) Y. € CY(S., R) and (YL(w), z) = ||mc(w)||{I.(m(w)), 2) for all z € T,,(S,) =
{veH.: (wv)=0}
(iii) If {w,} is a PS sequence for Y, then {m¢(w,)} is a PS sequence for I.. If
{u,} C N, is a bounded PS sequence for I, then {m_'(u,)} is a PS sequence

for Y;
(iv) w is a nontrivial critical point of Y. if and only if m.(w) is a nontrivial
critical point of I.. Moreover, the corresponding values of T, and I, coincide
and infg. Y. = infp. I..
Remark 2.10. As in [21]|, we have the following minimax characterization of
the infimum of I, over N_:

(2.19) ce= inf I(u) = inf max/[ (tw)= inf max I (tw).
uENe weHAN{0} t>0 weSe t>0
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3. The limit problem

In this section, we study the autonomous problem

{Suu =vf(u), in R?

(QW’) = HS(R?)),

where

2
Lu= (// ule 3<2)‘ da:dy+/ uu2dx) [(—A)*u + pul,
RexRs | — Y|P RS

>0 and v > 0. The corresponding energy functional is defined by

(31) Lu(u (//RR |“|x_y|3(+22|2d dy+/RS ? d:)s) —V/RS F(u).

I, € C'(H,,R) is well defined on the Hilbert space H, = H*(R?) with the inner

product
o ] STOCEEIO P
R xR3 |z — y[3t2s R3

and the norm
2 |u ( )|2 / 2
dx d dx.
el //RSxRS |95— |3+2s v RSMU !

The associated Nehari manifold N, of I, is given as

(3-2) N = {u € H\{0}: (1}, (u), u) = 0}.
We define the ground state energy associated with (@) by
(3.3) = ] ().

The number ¢, and the Nehari manifold N, have properties similar to those of

c. and N, such as Lemmas 2.4-2.7. Hence, for cach v € H,\{0}, there exists an

unique ¢, > 0 such that t,u € N,,. Recall that S, = {u € H,: ||ul, = 1} and

define the mapping m,,: H,\{0} — N, by m,(v) = t,u, and m,, = my,ls,.

Moreover, the inverse of my,, is given by m_;(u) = u/||ul,. Define the functional
H,\{0} = R by

(3.4) Y (u) = Ly (my,(u) and YT, =Tuls,.
We have similar results as Lemma 2.9 for functional Y,,. Moreover,
(3.5) Cp = érj%/fw L (u) = 611{2{{0} max I, (tu) = uléasf max L, (tu).

It is easy to see that I, possesses the Mountain-Pass geometry.

Lemma 3.1. Let p; > 0 and v; > 0, 7 = 1,2, with 1 < pe and vy > 1. Then
Conn < Cuguy- I particular, if vy > vy or py < g, then ¢, < Cuyuy-

Proof. Let u € N,,,, be such that

(36) Cugvy = [MZVQ (u) = I?BOX Iu2l/2(tu)'
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Let ug = tyu be such that I,,,, (ug) = max;~o [,,,, (tu). We have

Cusvy = luzl/z (u) > luzl/z (uO)

(3.7> 1 l[uoll?,
=1, (uo) + —/ M(t)dt + (v, — 1/2)/ F(ug) dz > ¢y, -
I

2 uo”il R3
This completes the proof. O
Proposition 3.2. Suppose (M;)—(Ms) and (f1)—(f1) hold. Then for any u > 0
and v > 0, problem (Q),,) has a nonnegative ground state solution.

Proof. Let {w,} C S, be a minimizing sequence of T ,,. By Ekeland’s variational
principle [23, Theorem 2.4], we may assume T,,(w,) — ¢, Y, (w,) — 0. Set
Uy, = My, (wy,) € Ny, for all n € N. Then

(3.8) L (up) = ¢y and T, (u,) = 0

as n — 0o. Arguing as in the proof of Lemma 2.4, we see that I, is coercive on N,
Thus, {u,} is bounded in H*(R?), then, up to a subsequence, there exist u € H,
and po > 0 such that

ltnlly — po in R, u, — w in HY(R?), wu,(z) = u(z) ae. R

u, — u in L (R?) for all t € (2,25).

loc

We claim that there is a sequence {y,} C R? and constants R, n > 0 such that

(3.9) lim inf/ U, |* dz > 1 > 0.
BR(yn)

n—oo

If not, for any R > 0,

lim sup / |y |? dz = 0.

" yeR3 J Br(y)
By Lemma 2.2, we get u,, — 0 in LP(R?), 2 < p < 2*. We deduce from (f;) and (f5)
that

(3.10) lim v [ f(un)u,dz =0.
n—00 R3

Since M (||u,|2) > a and (I}, (uy), u,) = 0, we have

(3.11) u, =0 in H*(R?).

This leads to ¢, = 0, a contradiction.
Thus, there exist {y,}, R and n such that (3.9) holds. So we can choose R’ >
R > 0 and a sequence {y,} C R? such that

n—o0

liminf/ |2 dz > 2 > 0.
B (yn) 2

Since I, and N, are invariant under translations of the form v — u(- + k) with
k € Z3, we assume that {y,} is bounded in R3. Then u, — u # 0.
From the continuity of M, we get

M ([lunllz) = M(pp),
since I}, (u,) = o(1), we obtain that u is a positive solution of the problem

M(pp)[(—=A)*u + pu] = vf(u) in R? u € H(R?).
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To conclude our proof, we need to prove that

(3.12) M(pg) = M(||ull})-

In order to prove (3.12), as u,, — u in H*(R?), we have
tim inf [, > [Jull.

So, given ¢ > 0, there exists ng € N such that, for n > ny,

[unllp = lully = -

We conclude from (M) that M(|u,l|%) > M((|lull, — <)?) for n > ng. Letting
n — oo, and after ¢ — 0, we obtain

M (pg) = M([[ull;)-
Arguing by contradiction, suppose that M (pg) > M (||ul|?), we deduce that
(3.13) M ([l lullf < M(pp)ullf = V/RS f(u)udz.

(3.13) implies that (I}, (u),u) < 0. Hence, there exists at € (0, 1) such that tu € N, .
Combining this information with the characterization of mountain pass level, we have

_ _ 1 _
Cur < L (tu) = 1, (tu) — —(1},,(tu), tu)

(3.14) L o .
= |SH) — MO ] +o [ @ - F)] do

It follows from (Ms) and (f4) that
1~ 1 1
319) < |SH0) - P ]+ [ [ P

On the other hand, by Fatou’s Lemma, we obtain

. 1
i inf | () = ), 0
(3.16) 1 1 1
> |SFT) = )] +v [ P d
R3
So, € < liminf, o[l (un) — (I, (), un)] = €, a contradiction. This way,

M(pg) = M(||lul|?). Hence, u,, — u in H,,.

It remains to prove that the ground state solution is nonnegative. Put u® =
max{=+u,0} the positive (negative) part of u. We note that all the calculations
above can be repeated word by word, replacing [/ju(u) with the functional

1~
(3.17) I:[V(u) = §M(||u||i) — 1// F(ut)dx.
R3
In this way we get a ground state solution u of the equation
(3.18) M(JJull)[(=A)u+ pu] = vf(u®), = e€R

Multiplying (3.18) by u~ and integrating by parts, we have

M) | (8w + ) do =0,

/ (—=AYu-u" dr = —,u/ lu~|*dz < 0.
R? R?

SO
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But we know

:/Rs(_A) u d 92 ,//RSXRS |[L’ —y|3+28 d d’y
o) (u(x) — u(y))(~u~ (1))
2 ( //{u>0}><{u<0} |x — y|3+2s dx dy
(v () — u™(y))’
* //{u<0}><{u<0} |Zl§' — y|3+25 dx dy

(u(z) —uly))u”(z)
' //{u<0}x{u>0} |x — y|3+2s dz dy) > 0.

Thus, v~ = 0 and v > 0. Moreover, if u(zy) = 0 for some z; € R?, then
(—A)*u(xg) = 0 and by (1.6), we have

(—A)su(l’o) _ _C;‘S) /R3 u(xO + y) + T;Eg_; y) — QU(xO) dy,

>

(3.19)

S0,

/ u(ro +y) +u(ro — y) d

MR

yielding u = 0, a contradiction. Therefore, u is a positive solution of the problem
(@) and the proof is completed. O

Lemma 3.3. Let {u,} C N, be such that I.(u,) — ¢ and u, — 0 in H.. Then,
one of the following conslusions holds:

(i) u, — 0 in H, or
(ii) there exists a sequence {y,} C R3, and constants R, n > 0 such that

liminf/ U, |* dz > n > 0.
BR(yn)

n—oo

Proof. By Lemma 2.4, we know that {u,} is bounded in H.. Suppose (i) does
not occur. We deduce from Lemma 2.2 that u,, — 0 in L¢(R?) for ¢ € (2,2}). By
(M), (f1) and (fa), we have

(3.20) 0 < allu,ll < /R3 K(ex) f(up)u, dx = o(1).

Therefore (i) is true. O

Without loss of generality, up to a translation, we may assume that

1 = 0e V,
SO
V(0) =Viimn and k:=K(0) > K(z) forall |z| > R.
Lemma 3.4.
(3.21) limsupe. < ¢y, g-

e—0
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Proof. Set VZ(x) = max{z, V(z)}, K%z) = min{d, K(z)}, V7(x) = V*(ex) and
K3(x) = K% (ex), where z, d are positive constants. For any v € H*(R3), define

#(u // u(z) —u@) dy+/ V2 (2)u? da
R3xR3 \x—y\3+2 RS
—/ K%(x)F(u) dx
R3

which implies that Iq(u) < I74(u), and thus c,q < ¢*?, where ¢ is the least energy of
I*?. By the definition of Vi, and Ky, we get V.Vmin(z) = V(ex), KKmax () = K (ex).
Therefore, we have

(3.23) [YminEmax () = [ (u),

and VVmin(z) — V(0) = Vipn, KX (2) — K(0) = £ uniformly on bounded sets of
x as e — 0.

Now, we claim lim sup,_,, cVminfmax < ¢y, - Indeed, take w € H*(R3) such that
Iy «(w) = ¢y ., then there exists a t. > 0 such that t.w € NYminKmax where
N YminKmax jg the Nehari manifold of the functional [Yminmax Thus

(324) Cz/minKmax S IevminKmax (tEw) — nt-l;abx IevminKmax (tw)

(3.22)

We have

[tew]2+ [ V(ex)|tew|?

IevminKmax (tEw) — Ivminfi(tﬁw) + 5'/‘ M(t) dt

[tEw]g"‘fRB vmin|t€w|2

(3.25)
+ /3(5 — KEmox(2))F(tew) da.

By Lemma 2.5, we can assume that t, — 5 as € — 0. Since w € L*(R?), for any
n > 0, there exists a R > 0 such that

/ |w|? dz < 1.
R3\Bg(0)

/[tew]§+fR3 V(ex)|tew]?
[

So,

M(t) dt

< C/ (V(ex) — Vipin)|tew|? da
RS
< Ctgn + o(1),

here use the fact that V.Ywin(z) — V5, uniformly in x € Bg(0), we obtain

/Rg(V(e:c) — Viain) |tew|? dzz = o(1).

(3.26)

téw]§+fR3 Vmin‘tew|2

Similarly, we have
/3(& — K(ex))F(tew) dx = o(1).
Thus, by (3.25), we have .
(3.27) [YminEmax(t p) = Iy, (tew) + o(1) = Ty, o (tow)
as € — 0. Consequently;,

cymi"K‘“a" < Iymi"K‘“a"(tEw) — Iy x(tow) < max Iy . . (tw)
(3.28) 20
- ’[V m"i( ) = C‘/min"‘i'
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From (3.23), we obtain ¢/minfmax = ¢ This completes the proof. O

Proposition 3.5. c. is attained at some positive u. € H, for small ¢ > 0.

Proof. By Lemma 2.6, we have ¢, > 0 for each € > 0. Suppose u. € N, satisfies
I.(ue) = cc, then T.(m-(uc)) = ¢, and m 1 (u,) is a critical point of T.. We deduce
from Lemma 2.9 that u, is a critical point of I.. Next we show that there exists a
minimizer u, € N, of I..

By Ekeland’s variational principle [[23], Theorem 2.4|, there exists a sequence
{w,} C S with Y (w,) — ¢ and Y. (w,) — 0 as n — oco. Let u, = mc(w,), we
know that u, € N, for all n € N. It follows from Lemma 2.9 that I.(u,) — c
and I'(u,) — 0 as n — oo. By Lemma 2.4, we know that {u,} is bounded in H..
Suppose that u, — u. in H,, if u. # 0, then by an argument similar to the proof of
Proposition 3.2, we obtain that u,, — u. in H..

Next we show that u. # 0 for small € > 0. Arguing by contradiction, suppose
that there exists a sequence ¢; — 0 such that u., = 0, then

u, =0 in H., wu, — 0 in L} (R?), t € [1,2), wu,(x) = 0 a.e. in R’

loc
By (P1), take 7 € (Viuin, Vo) and consider the functional Igj”“. Let t, > 0 be such
that t,u, € NZ", it follows from Lemma 2.5 that {#,} is bounded. Assume t, — o

as n — oco. By (P;), we know that the set O, = {x € R?: V.(z) < 7 or K.(z) > K}
is bounded. Since I, (t,u,) < I, (uy,), we obtain

F < I (tyuy)

€5
[tnun]g"'fRS Ve; (x) |tnun|2

= I (taun) + 5 / M(t)dt
[tnun]g'i'be’ V(ejx)ltnunl2
+/ (K(ejz) — KT (2)) F(thun) do
R3
1 [tnun]f—l—foej T|tntn|?
= I, (tnun) + —/ ‘ M(t) dt
[t

2 nun]§+foéj V(ejz)|tnun®

(3.29)

+ /S(K(ej:)s) — R)F(tyuy,) dz

< I, (tpun) +o(1) < I (un) +0(1) = c;.

J
Notice that ¢, < c:f, hence ¢, < ¢;. By Lemma 3.4, letting €; — 0, we have
Cri S C‘/min"‘“

which is impossible since ¢y, . . < c.. Hence, ¢, is attained at some u, # 0 for small
€ > 0. Arguing as in the proof of Proposition 3.2, we get u. > 0. U

4. Concentration and convergence of ground state solutions

In this section, we study the concentration behavior of the ground state solutions
te as € — 0. Our main result is the following:

Theorem 4.1. Let u. be a solution of the problem (@E) given by Proposition 3.5,
then u, possesses a global maximum point y. such that, up to a subsequence, ey. — xg
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as € — 0, lim_,q dist(ey., H1) = 0 and v(r) = u.(z + y.) converges in H*(R?) to a
positive ground state solution of

(Qo) (//Rg Rg ‘ulgv yr;iy%\ drdy + /R:;V(xo)u2 dx> [(—A)ou+ V(x0)u]
0 — K(u)f

u € HS(Rg).

In particular, if VO K # (), then lim._,o dist(ey., VNK) = 0, and up to a subsequence,
ve(z) converges in H*(R3) to a positive ground state solution of

(// ‘“‘gf y‘zjﬁs‘ dx dy + / Vinintt? d:z:) [(—A)*u + Vil
R3x R3 R3

= maxf
u € HS(R?’).

To prove Theorem 4.1, we need several lemmas.

(Qmin)

Lemma 4.2. There exists a ¢ > 0 such that, for all ¢ € (0,€"), there exist
{y.} C R?® and R, 7 > 0 such that

/ uf de > 7.
Bﬁ(ye)

Proof. Arguing by contradiction, suppose that there exists a sequence €¢; — 0 as
j — 00, such that for any R > 0,

lim sup / ufj dz = 0.
()

J—=eo yeR3 Br
We conclude from Lemma 2.2 that
ue;, =0 in LYR?) for 2 < g <2}
So,
allue 12, < M(Jlue [12)lug |12, = /Rs K(ejx) f(ue;)ue, dv — 0 as j — oo.
Hence, I, (ue;) — 0 as j — oo, which contradicts I, (uc,) — ¢;; > 0. O
Set ve(z) = ue(x + ye), then v, satisfies

Y ([Ue]g + [ Vet s dx) (—A) v, + V(e(z + )]

with energy

—~

J(ve) = §M ([ve]i +/ V(e(z + y.))v? d:v) — / K(e(x + ye)) F(ve) dz

= I.(u.) = c..

(4.2)

We may assume v, — u # 0 in H,, and v. — u in L (R3) for t € [1,27).
By V, K € L*®(R?), we may assume that V(ey.) — Vo and K(ey.) — K, as
e — 0.

Lemma 4.3. u satisfies the following results:
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(i) u is a positive ground state solution of

(//RSxRS % d dy + /Rs Vou® d‘”) [(—A)*u + Vou] = Ko f(u).
(i) ve — v in H*(R3).

Proof. Since V', K are uniformly continuous, we have
V(e(x+ye)) — V(eye)] >0 and |K(e(z+ye)) — K(eye)| >0 as e =0

uniformly on bounded sets of # € R?®. Therefore, V(e(z + y.)) — Vo and V(e(x +
y.)) — Ko as € — 0 uniformly on bounded sets of z € R?. By (4.1), using the similar
proof in Proposition 3.5, we obtain that v. — u in H*(R?®) and therefore u solves
(4.3) with energy

1~
(4.4) Ty, (u) = 5M ([uE + / Vou? dx) — / KoF(u)dx > cyk,.
R3 R3

Arguing as in the proof of Lemma 3.4, by Fatou’s lemma, we have

(4.5)

—_

CVoKo < IVoKo(u) = IVoKo(u) - 5<I\//0Ko(u>vu>

- (%mnunm - §M<||u||2vo>r|uu2vo) Ky (g /R Swyuds - /R P dx)
< lirggionf ”%]\//f ([vg]i —I—/ V(e(z + ye))v? dg:)
—%M ([ ]2+/ V(e(z + ye))v: da:) (vE +/ V(e(:):+ye))vﬁ2d:):>]
+ K(e(z + ve)) (/fvgvgda: /FU6 )]

= lim inf J(v.) < limsup I (ue) < cypk,-

=0 e—0

Hence,

(4.6) lim J,(v.) = hII(l) ce = Iy (1) = Cviry-

e—0

So, u is a ground state solution of problem (4.3). As in the proof of Proposition 3.2,
u is positive. O]

Lemma 4.4. {ey.} is bounded.

Proof. Arguing by contradiction, suppose that, after passing to a subsequence,
leye| — co. By V, K € L>(R?), we may assume that V(ey.) — Vj and K (ey.) — Ko
as € — 0. Since V(0) = Viuin and k = K(0) > K(z) for all |z| > R, we deduce that
Vo > Vi and Ky < k. It follows from Lemma 3.1 that cy,x, > cy . «-

However, we conclude from (4.6) and Lemma 3.4 that c¢. = cyyx, < cv,,.x, Which
is a contradlctlon Therefore, {ey.} is bounded. O

After passing to a subsequence, we may assume €y, — o as € — 0, then V) =
V(SL’(]) and KO = K(Io)
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Lemma 4.5.

lim dist(eye, H1) = 0.
e—0

Proof. It suffices to show that xq € H;. Arguing by contradiction, if zo & H1,
then by (P;) and Lemma 3.1, we deduce that cv(z0)k(z0) > Cvimr- S0, by Lemma 3.4,
we have

ll_I}(l] Ce = CV(20)K (z0) > CVpink > ll_E% Ce,
which is a contration. [

To establish the L>-estimate of ground state solutions, we recall the following
result which can be found in [24, Lemma 4.6].

Lemma 4.6. Suppose that f, € C'(R,R) is convex, f. and f. are Lipschitz
continuous with the Lipschitz constant L, f.(0), f.(0) = 0. Then for each u €
H*(R?), fi(u), fi(u) € H*(R?) and

(4.7) (A fulu) < flu)(=A)*u
in the weak sense.

Lemma 4.7. Let €, — 0 and v, be a solution of the following problem

Ve, () — Ve, (1) .
(//RSXRS 7 — ‘ZHS dx dy + /RS V(en(z 4 ye, )07 dI) [(—A)*v,,
+ V(en( +ye,))ve,] = K(en(z +9e,)) f(ve,) in R,

where vy, is given in Lemma 4.2. Then v, € L*°(R3?) and there exists C' > 0 such
that

|Ve, |oo < C' uniformly in n € N.
Moreover, v., — u in LP(R3), V p € [2, +00).
Proof. We denote v, and y,, by v, and y,, respectively. Define

1
h(x,v,) = EK(En(I + Ye ) f(0n) = V(€n(T + Ye,) ) Un
For ¢ € C°(R3,R) with ¢ > 0, by the assumption of v, , we have

a { —A)’v,, dx + / V(en(z + ye,)) Ve, @ d:c}
R3 R3

(
<ot (e [ Verwz ) | [ aruod

(4.9)
# [ Vit o]
R3
= K(En(z+y€n))f(U57L)¢dx 1n Rg‘
R3
So,
(4.10) (—A)%v,, < h(z,v,) in the weak sense.

From Lemma 4.3, we know that {v,,} is bounded in H*(R?), hence, for any p € [2, 2],
there exists some C' > 0 such that

[Vnlp < C
uniformly in n. We also have

(4.11) |7, v0)| < CJva] + [va]*™) < CO(

2;—1>.
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Arguing as in the proof of [24, Lemma 4.7|, we obtain v, € L™(R?) and |v,|s < C
uniformly in n € N. Moreover, we have v, — u in LY(R?), V ¢ € [2, +00). O

Lemma 4.8. [8, pages 1242-1243| Assume that u € H*(RY) satisfies the equa-
tion
(-AYu+u=g, ze€RY,
and g € L*(RN) N L*(RY), then,
u=Kxg,

where K is the Bessel kernel
1
K(z)=F ! .
(@) <1 T |€|25)

vp(x) = 0 as |z| — oo uniformly in n.

Lemma 4.9.

Proof. Since v, satisfies the equation

(=A)v, +v, =0,, zcR3

where
K n n n
O (x) = v @)~V (e, v () + Gole b)) - o ege
M ([vn]g + | K(en(z +yn))v2 d:c)
RS
Putting ©(z) = u(z) — V(xo)u(z) + M([u}%f}i?‘iiil)u? =) we deduce from Lemma 4.7
that
0, — 0 in LYR?), ¥ q¢€[2,+00),
and there exists a Cy > 0 such that
‘@n|oo < CQ, ¥V n e N.
By Lemma 4.8, we have that
Un(7) =G %O, = G(z —y)On(y) dy,
R3
where G is the Bessel Kernel
G(x)=F! < L )
- L[/
Now argue as in the proof of [[24], lemma 4.8], we deduce that
(4.12) vp(x) - 0 as || — o0
uniformly in n € N. O

Proof of Theorem 4.1.  First we claim that there exists a pg > 0 such that
|Un]oo = po, V n € N. Otherwise, suppose that |v,]. — 0 as n — oco. Let ¢ = Vfgi“,
then there exists a ng € N such that

min

Kax|vn|P5? < for n > ny.
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So, it follows from (f1) and (f) that given ¢ € (0, z*—), there is a C; > 0 such that

(f1)
( +/R3V (en(z +ye,))vn d:):)
<ar (1l + [ viatoewiar) (i | Vet s sy
/RK(en(ijyEn))f(vn)vndg; < Ko ( /R3U d:):+C/R3vq da:)

< Kupax | v2da + O Kpax|va|C? | v2da.
R3 R3

This implies that ||v,|| = 0 for n > ng, which is impossible because v,, — u in H*(R?)
and u # 0.

We conclude from Lemma 4.7 and Lemma 4.9 that v, has a global maximum
point p, and p, € Bg,(0) for some Ry > 0. Hence, u., has a global maximum
point p,, + y,. Define ¢, (z) = uc, (x + pn + yn), where v,(z) = ue, (x + y,). Since
{pn} C Bgr,(0) is bounded, then {¢,(pn+y,)} is bounded and €, (p,+vy,) — xo € H;.
Since {u,,} is bounded in H*(R?), we know that {t,} is bounded in H*(R?), we
may assume that ¢, — ¢ in H*(R?), 1, — ¢ in L} (R3) for p € [1,2%). On the
other hand, we deduce from Lemma 4.2 that

/ V2 () dv > / P2 (z)de = / u? (z)dx >,
Bg, p (0) ja-+pnl <R B (yn)

R+Rg

(4.13)

so we obtain ¢ # 0. Moreover, similar to the argument above, we know that v is
a ground state solution of (4.3) and v, — ¢ in H*(R3). Thus, 1, possesses same
properties as v, and we can assume that y, is a global maximum point of u., . We
can then prove Theorem 4.1 by Lemmas 4.2-4.5. 0

5. Decay estimates

In this section, we estimate the decay properties of the solution v, to (4.1).
Lemma 5.1. There exists a C > 0 such that
C
vp(r) < ———————,
( >— 1+ |1»|3+28

Proof. According to [[8], Lemma 4.3|, there exists a continuous function @ such
that

vV x € R3.

_ C
and
S— Vmin_ . 3
(5.2) (—A)°w + 5 @=0 in R\ Bz(0)

for some suitable R > 0. From Lemma 4.9, we know that v,(z) — 0 as |z| — oo
uniformly in n. Therefore, by (M), (f1) and (f3), for € > 0 small enough and some
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large R; > 0, we obtain

M ([vn]i + /RS V(en(® 4 ye,))v2 dx) ((—A)Svn + Vr;“vn)

=M ([vn]f + /BV(en(x + Y., ) )v2 da:) ((—A)svn + Vien(x +ye,))vn

__<V@Ax+ymﬁ—‘%m)uo

= K(en(z +ye,)) f(vn) = M ([vnﬁ +/

.((V@Mw+ym»—‘%m)u9

Vmin
S <€Kmax —+ CEKmaX|Un|q_l — T) Un S 0

(5.3)

3

V(en(z + ye, )02 d:c)

for x € R®\Bg, (0). Now we take Ry, = max{R, R;} and set
zn = (m+ 1)w — b,

where m = sup,,cn |Vnloo < 00 and b = ming, )@ > 0. Arguing as in the proof of
[24, Lemma 5.1|, we obtain

vp(z) < ¢ vV z e R’

— 1+ |x‘3+2s’
]

Proof of Theorem 1.1. Define w,(x) = u, (%), then w, is a positive ground state

solution of problem (Q.) and z., = €,y, is a r;aximum point of w,. We conclude
from Theorem 4.1 that the Theorem 1.1(A)(i), (ii) hold. Furthermore, we have, V

r € R3,
x x C
= J— — - <
Wn(x) Up, <€n) Un, (En yn) = 1_'_ ‘i _ yn|3+28

342s 342s
Ce, Ce,

o €%+2s + |x _ 6nyn|3+23 o 6§L+23 + |x _ x6n|3+2s‘

(5.4)

Hence, the proof of Theorem 1.1(A) is completed.
The proof of Theorem 1.1(B) is similar. O

6. Multiplicity of solutions to (Q.)

In this section, we apply the Ljusternik—Schnirelmann category theory to prove
a multiplicity result for equation (Q.).
Let w € Ny, k... satisfying Iy, . g (w) = ¢y, Kk,.. by Proposition 3.2. Let us

consider a smooth nonincreasing cut-off function n with 0 <7 <1, n =1 on B;(0),
n =0 on R3\By(0), |Vn| < C. For any y € VN K, we define the function

i) = e =y (£=2)

€

and t. > 0 satisfying max;>o Ic(tt)e,y) = I(tct),) and %hztao = 0.
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Define ®&.: VN K — N. by ®(y) = tet),. By construction, ®.(y) has a compact
support for any y € VN K.

Proposition 6.1. Uniformly for y € V N K, we have
(61) hm IE((bE(y)) = CvminKmax'
e—0

Proof. Arguing by contradiction. Suppose that there exist some p > 0, {y,} C
VN K and ¢, — 0 such that

(62) |]57L(¢5n(yn)) - CvminKmax| Z p > O

First we claim that lim, ., ¢, = 1. In fact, by the definition of ., and Lemma 2.6,
we have

2CE S tan <[t6nw€nyn:|§ + t?n/\ V(Enz)¢?7Ly7L dx)
R3

(6.3) -([@Dgnyn]ij/'V(enx) ?nyn d:):)

= ten/ K(Enx)f(ten¢enyn)¢enyn dx.
R3

It follows from (f1), (f2) and (6.3) that ¢, 4 0, then t., >ty > 0 for some ¢, > 0.
Denote

(64) A?L = [¢57Lyn]§ + /R,S V(Enz)¢?7ly7l dflf

If t., — oo, by the boundedness of v, , we have

M@ A7) 1 f(te,Vensn)
65 En" N - K . €n €nYn 4 d
(65) D CR e R EC
as n — 00, which is a contradiction. Hence, 0 < t; < t,, < C. We assume that
te, — 1.
Next we show that T'= 1. By [[18], Lemma 5|, we have

: Venyn () = Ve, ()2 jw(x) —w(y)|?
6.6 lim // | nyn nyn dx dy = dx dy.
(6.6) n—=oo JJR3xR3 |z — y|3t2s Y RixRs |7 — Y3t Y

Denote A2 = [w]? + [gs Viminw? dz, it follows from Lebesgue’s theorem and (6.3) that

M(T?A2) 1 f(Tw) ,

. e = max dx.
(6.7) A2 AL /R Ty
Moreover, by the definition of w, we have
(68) MAAL = [ Kol de

RS

We conclude from (6.7) and (6.8) that
M(T?AL) — M(A) 1 f(Tw)  fw)) 4
. s — = = a1 Kmax - dz.
60 (M - A Lo (- ) e
By (M3) and (f3), we obtain that 7" = 1. It follows from (6.6) and Lebesgue’s theorem
that

hm Ien((bﬁn (yn>) = ]‘/minKmax (w) = C‘/minKmax7
n—o0

which contradicts to (6.2). This completes the proof. O
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Consider 6 > 0 and choose p = p(d) > 0 such that (VN K)s C B,(0). Let
I': R® — R3 be defined as I'(z) = z for |z| < p and I'(x) = px/|x| for |x| > p, and
consider the map f.: N. — R? given by

/ [(ex)u® dz
R3

/ u?dx
RS

Lemma 6.2. Uniformly iny € VN K, we have
(6.10) lin% Be(Pc(y)) =y uniformly for y € VN K.
e—

Be(u) =

Proof. Arguing by contradiction, suppose that there exist o > 0, {y,} C VNK
and €, — 0 such that

Using the change of variables z = <=¥2_we have

/ (F(enz + ) — ) In(en)w(2)2 da
RS

| ntersut)p ds

R3

Since {y,} C VNK C B,(0) and I'|g, ) = id, we deduce that
|Ben (P (yn)) = yn| = o(1),

which is a contradiction and the lemma is proved. U

Ben(Pe, (Yn)) = Yn +

Lemma 6.3. Let {u,} C Ny Koo (Un) = €y k.. Then,
either {u,} has a subsequence strongly convergent in H*(R3) or there exists a se-
quence {y,} C R? such that the sequence v, (x) = u,(x + y,) converges strongly in

H*(R3). In particular, there exists a minimizer for cy,

minKmax °

Kumax Such that Iy,

min

Proof. Arguing as in the proof of Lemma 2.4, we know that Iy, k... is co-
ercive on Ny .. So, {u,} is a bounded sequence in H*(R?). It follows from

-1 . Ce .
Lemma 2.9 that {my . (u,)} is a minimizer sequence of Ty, k... Let w, =

m‘_/nllin K. (Un). By Ekeland’s variational principle [23, Theorem 2.4|, we may assume

/
that TvninKmax (wn) — CVminKmax a’nd TVminKmaX (w”) — 0 Then7 we have

I

(6]‘1) ]VminKmax (un) - CvminKmax? I‘,/minKmax (un) - O a’nd <I‘,/minKmax (un)’ u”) = O?

where u, = my,_. k...(w,). Hence, passing to a subsequence, we may assume that
u, — uin H*(R3).

We distinguish the following two cases.

Case 1. u # 0. In this case, by the same arguments used in the proof of
Proposition 3.2, it is easy to check that u, — u in H*(R?).
Case 2. u = 0. Since {u,} C Ny, k,..., arguing as in the proof of Lemma 2.6(ii),
we have M(|lunl[3 Munll¥: > 26y, K > 0. S0 [lun|l3. 7 0 as n — co. Since
Vi Kmax < CVi Koo, USIng the same arguments used in the proof of Lemma 4.2, there

exist {y,} C R? and constants R, o > 0 such that

n—o0

(6.12) lim inf/ U |* dov > o > 0.
BR(yn)

Let ,Un(x) = un(x + yn)’ then IvminKmax (Un) - CvminKmax a‘nd <[{/minKmax ('Un),'Un> = 0
It is clear that {v,} is bounded in H*(R?®) and there exists v € H*(R?) satisfying
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v, = v in H*(R?). We deduce from (6.12) and Lemma 2.2 that v # 0. Then the
proof follows from the arguments used in case 1. O

Lemma 6.4. Let ¢, — 0 and {u,} C N, such that I. (u,) = cv.. k... Then
there exists a sequence {y,} C R? such that ey, =y € VNK.

Proof. By Lemma 2.4 and 2.6, we know that {u,} is bounded and ||u,|l, # O.
Arguing as in the proof of Lemma 4.2, there exist a sequence {y,} C R? and positive
constants R, 8 > 0 such that

liminf/ |u,|*dz > B > 0.
Br(yn)

n—oo

Denote v, (z) = u,(x + y,), passing to a subsequence, we may assume that

(6.13) v, ~v#0 in H5(R*) and wv,(z) — v(z) ae. in R>.

Let t, C (0,00) be such that w, = t,v, € Ny._._
N = {0 € HERONO}: (T e (w), ) = O},

It follows from the definition of Iy, Koa that

min

Koy Where

Kmax and cy,

CVminKmax S ‘[VminKmax (wn) = ]‘/minKmax (tnvn) S ]En (tnun> S ]En (un> = CVminKmax _'_ 0(1)7

50, limy, o0 Iy, Koae (tnlin) — CvKmee- By Lemma 2.4, we know that {w,} is
bounded, it follows from the boundedness of {v,} that {t,} is bounded, we may
assume that t,, — to > 0. If {; = 0, by the boundedness of {v,} in H*(R?), we have
wy, = tyv, — 0 in H5(R3), then Iy, . . (w,) — 0, which contradicts cy.. x,... > 0.
Hence, ty > 0 and the weak limit of {w,, } is different from zero. Thus, up to a subse-
quence, we have w,, — w = tov #Z 0 in H*(R?) by the uniqueness of the weak limit.
We deduce from Lemma 6.3 that w, — w in H*(R?). Moreover, w € Ny, . .-

Now, we are going to prove that €,y, — y € VN K. First, we show that {€,y,}
is bounded in R3. Suppose that after passing to a subsequence, |¢,y,| — co. Then,

we deduce from the Fatou’s lemma that

C‘/minKmax = IVminKmax(w> < IvooKoo (w) = IVooKoo (w) - Z<I‘//minKmax(w)’w>

1~ 1
=-M|[wP+ [ Vew?dr | — M | [w)? +/ Vininw? dz
2 R 0 R?
2 2 Kmax
. ([w]s +/ VininW d:)s) —l—/ (Tf(w)w - KOOF(w)) dx
R3 R3
l]\/Z ([wn]g + / V(en + €nyn)w? d:z:)
2 R?
— 1]\4 ([wn]i +/ VininW2 dx) . ([wn]i +/ VininW2 dx)
9 R3 R3

+ /RS <Krgaxf(w”>wn — K(epx + Enyn)F(wn)) d:c]

= liminf I, (t,u,) < lminf I, (u,) = cv. Ko
n—oo n—oo

(6.14) < lim inf

n—oo

which is a contradiction. Thus, {€,y,} is bounded and up to a subsequence, €,y, — y
in R3. Now it suffices to show that V(y) = Vi and K(y) = Kpax. Arguing by
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contradiction again, suppose that V(y) > Viuin or K(y) < Kpax,

ClinKmax = Mo K (W) < Ty () (y) (W)

(615) S ].lm Ien(tnun> S ].lm [En(u’ﬂ> = CVminKmax7
n—00 n—00

which does not make sense, thus V(y) = Viin, K(y) = Knax and the proof is com-
pleted. O

Define
j\/’e = {U € A/’e: ]e(u) S CVinin Kmax + h(E)}’

where h(e) = [I(P(y)) — v kmal- We can deduce from Proposition 6.1 that
h(e) — 0 as € — 0. By the definition of h(e), we know that, for any y € VN K and

e>0, ®(y) € N, and N, # 0.
Lemma 6.5. I, satisfies the (P.S.). condition in N. for ¢ > 0.
Proof. Let {u,} C N. satisfying

(6.16) I.(u,) = ¢ and I(u,) — 0.

By Lemma 2.4, we know that {u,} is bounded, then there exists a function u € H,
such that u,, — v in H, and u,(r) — u(z) a.e. in R?. Arguing as in the proof of
Proposition 3.2, there is a sequence {y,} C R? and constants R, n > 0 such that

(6.17) liminf/ [u,|* dz > n > 0.
Br(yn)

n—oo

A direct computation shows that we can assume {y,} C Z3. Considering v, (z) =
Un (T +y,), since V and K are Z3-periodic function, we have that v,, is also bounded
in H*(R3) and its weak limit denoted by v is nontrivial, because the last inequality
together Sobolev embedding implies that

liminf/ lv]*dx > n > 0.
Br(0)

n—oo

Moreover, it follows from (6.16) that
I.(v,) = ¢ and I(v,) — 0.

Hence, we can assume that u # 0, then by an argument similar to the proof of
Proposition 3.2, we obtain that v, — v in H.. O]

Lemma 6.6. For any 0 > 0, there holds that

lim sup dist(Sc(u), (VN K)s) = 0.
e—0t+ weN.

Proof. Let €, — 0 as n — oo, for any n € N, there exists {u,} C N. such that

dist(Be, (un), VN K)s) = sujg dist(B, (u), VN K)s) + o(1).

So, it suffices to find a sequence {g,} C (VN K); satistying
(6.18) lim |3, (un) — €xyn| = 0.
n—oo

Since {u,} C N., C N.,, we have

C‘/minKmax S Cven S Ifn (un> S CVminKmax _'_ h’(En)
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So, I, () = ¢y Kuae- By Lemma 6.4, we can obtain a sequence {y,} C R?® such
that
€ntn >y EVNEKC(VNK)s

for n large enough. Thus,

/ (e + €nyn)u (2 + y,) dx
R3

/ uZ(z 4+ yp) dx
RS

Since €,z + €,y, — y € VN K, we have that the sequence {¢,y,} satisfies (6.18).
This completes the proof. O

ﬁsn(un) = €pYn +

Now, we are already to present the proof of the multiplicity results in the follow-
ing.

Proof of Theorem 1.2. Define v.(y) = m 1 (®(y)) for y € VNK. It follows from
Proposition 6.1 that

(619) hm TE(W*‘«(ZU)) = hm ]E((Dﬁ(y)) = C‘/minKmax
e—0 e—0
uniformly in y € VN K. Let
'/\/’E* = {w € SE: Tf(w) S CVminKInax + h(e)}
We deduce from (6.19) that N # ) for € > 0 small.

Given 6 > 0, we can use Proposition 6.1, Lemma 6.2 and Lemma 6.6 to obtain
some €5 > 0 such that for any € € (0, ¢5), the diagram

(VAW) 25 N 20 N N 2 (v W),

is well defined. By Lemma 6.2, for € small enough, we can denote by S.(P.(y)) =
y+0(y) for y € VNW, where |0(y)| < £ uniformly for y € VN W. Define S(t,y) =
y+ (1 —=1%)0(y). Thus S:[0,1] x VNW) — (VN W); is continuous. Obviously,
S(0,y) = Be(Pc(y)) and S(1,y) = y for all y € VNW. That is, S.0®, is homotopically
equivalent to the map Id: (WNW) — (VN W);. By [4, Lemma 4.3|, we obtain that

catys(N) > catrm), (VW NW).

We can conclude from Lemma 6.5 that . satisfies the (P.S.) condition in N, for all
small € > 0. It follows from Lemma 2.9 and from the category abstract theorem (see
[21], Corollary 28), with ¢ = ¢, < ¢y, k. + R(€) = d and K = N*, that T, has at

least caty(N) critical points on M. By Lemma 2.9 again, we deduce that I, has
at least Cat(ymg (VN K) critical points. Arguing as in the proof of Proposition 3.2,

we know that (Q.) has at least cat(yni), (VN K) nonnegative solutions and therefore,
up to a change of variables, (Q.) has at least catynx),(V N K) nonnegative solutions.
Proceeding as we prove Theorem 1.1, we can complete the proof. U
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