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Abstract. In this paper, we prove a family of sharp Caffarelli-Kohn—Nirenberg inequalities on
stratified Lie groups. Our result sharpens the inequalities obtained recently by Ruzhansky, Suragan
and Yessirkegenov [22], and extend the classical Caffarelli-Kohn—Nirenberg inequalities to a new
class of exponents (negative or smaller than 1) which we believe to be new in literature. Finally,
we generalize our result to the more general setting of homogeneous groups with any homogeneous
quasi-norm.

1. Introduction

Let us recall the classical Caffarelli-Kohn—Nirenberg (shortly, CKN) inequalities
[2]: let n > 1 and let p, q, r, a, B, 7, 0 and o be real number such that

(1.1) p,g>1, r>0, acl01],

and

(1.2) %+%>0, %+§>O, %+%>O,
where

(1.3) v =00+ (1—9)p.

Then there exists a positive constant C' such that the following inequality holds for
any function f € Cg°(R")

vy ([amaras) <o ([ ierrac)” ([ vt |

if and only if the following conditions hold

(1.5) 1+1:5(1+“;1)+u—®<3+5),

r o n \p q n

(this is dimensional balance)

(1.6) a—c>0 if §>0,
and
1 1 —1
(1.7) a—o<1 if 6§>0 and ~+ ==+
r n p n
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The CKN inequalities (1.4) are a very useful tool in theorey of partial differential
equations. Since its appearance in [2], such inequalities of this kind have been inten-
sively studied in many setting. For examples, the CKN inequalities was generalized
to the stratified Lie groups, the homogeneous groups, the metric measure spaces, to
Riemannian manifolds with negative curvature and to derivatives of fractional order,
etc. We refer the readers to [5, 7, 8, 6, 13, 15, 16, 17, 18, 20, 21, 24, 23, 25| for
dicussions on this subject.

It is an interesting and non-trivial problem to look for the sharp constant in the
CKN inequalities (1.4). In this direction, Xia proved a subfamily of (1.4) with an
explicit constant (see [25])

1 1 p(r—1) pTil
r P p D p—1
L9 / I ) < / v / =
re |27 n—ar \Jra |z|?P S

for any function f € C§°(R™) where r > p > 1 and «, 3, satisfy

1 1
(1.9) Loasg 12840 2o,
p n n r o n
and
1 p-1
(1.10) ML k)
pr

The constant r/(n — r) is sharp in (1.8) if

(1.11) n—ﬁ<<1+a—é)u.

p) p—1

In this case, a family of optimal fuctions is given by
F@) = c(A + |z 7)7F, ceR, A > 0.

We refer the reader to [4, 14| in which the authors computed explicitly the sharp
constant in the other cases of Caffarelli-Kohn—Nirenberg inequality.

The CKN inequalities on stratified Lie groups (or homogeneous Carnot groups)
were recently established by Ruzhansky and Suragan [20]. Let G be a stratified Lie
group with NV being the dimension of the first stratum and let | - | be the Euclidean
norm on RY (see Section 2 for more details on the stratified Lie groups). We denote
by «’ the variable from the first stratum of G. Then, Ruzhansky ans Suragan proved
the following inequality

p

f

|27

Vauf

||

f

B
|| »

IN —p|
D

(1.12)

Y

LP(G)

p ‘

(G) Lr(G)

for any f € C3°(G \ {2/ = 0}) where 1 < p < oo, 7p = 1+a+p771ﬁ, and Vg
denotes the horizontal gradient on G. Furthermore, if N # ~p then the constant
V=l g sharp. The case 5 = pv, the inequality (1.12) covers the sharp weighted
Hardy inequality for horizontal gradient on stratified Lie groups (see [20] for the
discussions).

The inequality (1.12) recently was extended to a larger range of parameters as
follows (see [22]): let p,¢ > 1, 7 > 0 with p +¢ > r and § € [0,1] N [=Z, 2] and

r
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a,b,c € R such that % + @ =1land c=0d(a—1)+b(1 —0). Then the following
inequality holds for any function f € C3°(G \ {2’ = 0})

1)
p a -
< [ | Wl

The constant |p/(N + p(a — 1))|° is sharp for p = ¢ with a — b = 1 or p # ¢ with
p(1—a)+qgb#0ord=0,1. The proof of (1.13) given in [22] is the applications of
the Holder inequality and the horizontal weighted L,-Hardy inequality on G. The
applications of these two inequalities lose the sharpness of (1.13) in some cases. It
is worthy to mention here that the inequalities (1.12) and (1.13) was generalized to
the homogeneous spaces with any homogeneous quasi-norm in [18, 24, 23|.

Our aim of this paper is two folds. Firstly, we look for the sharp form for a
subfamily of the CKN inequality (1.13). Secondly, we extend the inequality (1.13)
to a new range of parameters in which ¢ does not need to be greater than 1, even we
prove an inequality for negative g. Our main result reads as follows

(1.13) 112" fll e

Theorem 1.1. Let G be a stratified Lie groups with N being the dimension of
the first stratum, and let |- | denote the Euclidean norm on RY. Suppose that p > 1,
r >0 and «, 3,7 € R such that

1 -1
—TaL Py
pr
Then the following inequalities hold for any f € C§°(G \ {a’ = 0})
(i) If r > 1 then we have

(1.14)

-1

r P g o v
a 2" [N =l \Ja [a']* e |

where dx denotes the Haar measure on G.
(ii) If 0 < r < 1 then we have

-1
p(r—1) =

- N (- ;
(1.16) I e 7 (/ [Var/| dx) / il —
G ‘ZL’ |A{T ‘N - 7T| G |LE |ap supp f ‘ZL’ ‘

where supp f denotes the support of f.

Furthermore, the inequalities (1.15) and (1.16) are sharp.

Let us comment something about Theorem 1.1. The difference between (1.15)
and (1.16) is the last integral in (1.16) is taken on the support of f (not all G).
The fact here is that when r € (0,1) then p(r —1)/(p — 1) < 0 so we must take
the integral on the support of f to make the inequality (1.16) being sense. The
inequality (1.16) gives an example of CKN inequality with negative exponent on
stratified Lie groups which we believe to be new. If r > p > 1, (1.15) gives a
generalization of the result of Xia (the inequality (1.8)) to the stratified Lie groups.
The sharpness of (1.15) sharpens the CKN inequality due to Ruzhansky, Suragan
and Yessirkegenov (1.13). The case 1 < r < 22=1 of part (i) also seems to be new
since in this case ¢ = p(r—1)/(p—1) < (0,1), thus (1.15) extends (1.13) to ¢ € (0,1).
In the abelian case G = R"™, Theorem 1.1 recovers the inequalities obtained recently
by the author [16]. Moreover, in [17], the author proved the CKN inequalities of
type (1.15) and (1.16) on Cartan-Hadamard manifolds (complete, simply connected
Riemannian manifolds with negative sectional curvature), but with an extra condition
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(1.9). Several rigidity results for complete Riemannian manifolds supporting the
sharp CKN inequalities of type (1.15) and (1.16) was also discussed in that paper.

Finally, we emphasize here that our results in Theorem 1.1 with the same best
constant can be easily extended to more general setting of the homogeneous groups
with any homogeneous quasi-norm (see Section 3 below).

The rest of this paper is organized as follows. In Section 2, we recall briefly
the necessary concepts in the theory of stratified Lie groups and fix notation. In
Section 3, we prove the CKN inequalities (1.15) and (1.16) (i.e., prove Theorem 1.1)
and discuss about their generalization to the homogeneous groups.

2. Preliminaries

We recall briefly, in this section, the basic concepts in the theory of stratified
Lie groups. A Lie group G = (R",0) is called a stratified group (or a homogeneous
Carnot group) if the following conditions holds:

(i) For some natural numbers Ny, Ny, ..., N, (with N = Nj) such that n =
N + Ny + - - -+ N,, the decomposition R* = RY x RM x ... x R is valid,
and for any A > 0, the dilation §,: R" — R" given by

on(x) = o, 2@, 2y = (A, NP )

is an automorphism of the group G. Here 2/ = 2 € RN and z®*) ¢ R
for k=2,...,r.

(ii) Let N be asin (i) and let Xj,..., X be the left invariant vector fields on G
such that X;(0) = a%k‘o for k=1,2,...,N. Then

rank(Lie{ X1, Xo, ..., Xn}) =n,

for any x € R", that is, the iterated commutators of X7, Xs, ..., X span the
Lie algebra of G.

If these two conditions (i) and (ii) hold, we then say that the triple G = (R", 0, d))
is a stratified group. Such groups have been thoroughly investigated by Folland [11].
We refer the reader to [1| for more details on stratified Lie groups and to [10] for
more detailed discussions from the Lie algebra point of view. The class of stratified
Lie groups includes the Euclidean space (the abelian groups), the Heisenberg group
as the main example, as well as more general H-type groups and other groups.

The number r in the definition of the stratified Lie group above is called the step
of G. The left invariant vector fields X, ..., X are called the (Jacobian) generators
of G and the number

Q=> kNi;, N =N,
k=1

is called the homogeneous dimension of G. The second order differential operator

N
L=) X}
k=1

is called the (canonical) sub-Laplacian on G. This is a left invariant homogeneous
hypoelliptic differential operator and it is known that L is elliptic if and only if the
step of G is equal to 1. Let us recall that the standard Lebesgue measure dz on R"
is the Haar measure on G (see [10, Proposition 1.6.6]). The left invariant vector field
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X; has an explicit form and satisfies the divergence theorem (see, e.g., [19] for more
details). More precisely, we can write explicitly

X, = + ay) (o). aT)) —
O IZ; ; oy

see also [10, Section 3.1.5] for a general presentation. Let us denote the horizontal
gradient on G by
VH = (Xla"'aXN)
and the horizontal divergence by
divgv = Vg - 0.
Then the sub-Laplacian £ has the form
More general, for any 1 < p < oo, the horizontal p-sub-Laplacian is defined by
Lof =diva([VuflP~*Vuf),

here for 2/ = (z},...,7%y) € RV,
|2 = \faf + -+ 2R

denotes the Euclidean norm on RY.
Using the explicit representation of the left invariant vector fields X, above, we
can easily check that

(2.1) Vala'|"| =yl
and

. ' N —~
22 o () = o

for any v € R and [2/| # 0.

3. Proof of Theorem 1.1

In this section, we will adopt the notation from Section 2 to prove Theorem 1.1.
The proof is quite simple by using integration by parts and Holder inequality, but it
gives us the sharp constant in a subclass of the CKN inequalities (1.13). Let us remark
that in the abelian case G = (R", +) we then have N =n, Vg =V = (0y, ..., 0,).
Theorem 1.1 hence implies the following subfamilies of CKN inequalities on G = R™:
Let p>1,r >0 and a, 8,7 € R such that the condition (1.14) holds. Then we have
for any f € C5°(R™\ {0})

(i) If r > 1, then

-1
p(r—1) =

il r ( V1P ) [N
e A </ . ol d“") '

(ii) If » € (0,1), then

1 p(r—1) p
r p P p—1
(3.2) / L do < — (/ Vi dz) / miﬁ dx .
R" ‘x|~/r |n_fyr‘ R" |x‘ap suppf ‘SL’|




1078 Van Hoang Nguyen

Here |z| = /23 +--- 4+ 22 denotes the Euclidean norm on R™ and n # ~r. The
constant r/|n —~r| in the inequalities (3.1) and (3.2) is sharp. The inequalities (3.1)
and (3.2) was recently proved by the author [16] under the extra conditions that

1 1
(3.3) oasg 1.0 12220
p n ron n

While the inequality (3.1) was earlier proved by Xia [25] under the conditions r >
p > 1 and (3.3). Furthermore, Xia proved that if the following extra assumption

é)MT—D
p r—p
holds then a family of optimal functions of (3.1) is given by

n—pg< <1+a—

F@) = (A + |z 7)), ceR, A > 0.

For the case 0 < r < p and «, 3,y satisfying (3.3), it was proved by the author [16]
that the sharp constants in (3.1) and (3.1) are attained by

—1

f@)=c(\— [z, ceR,A>0,

ifl+a-— g > 0, where ay = max{a, 0} denotes the positive part of a number a,

8 —

flz)=c (|z|1+a_5 - )\) T ceR,A>0,
+

if1+a—§<0andn—5+(1—l—oz—§>p )>O and

(r—
p—r
flz)=c(A—Injz), 7, ceR,AeR

if1+a—2=0. The 1nequahtles (3.1) and (3.2) provide several new inequalities of

CKN type when 0 < r < == r # 1 since in this case ¢ = ’% < 1 (and maybe

strict negative) which is dlfferent from the classical CKN inequalities (1.4) and from
the inequality of Ruzhansky, Suragan and Yessirkegenov (1.13). We refer the reader
to [17] for the generalizations of (3.1) and (3.2) to Cartan-Hadamard manifolds, and
to a stronger versions where V f is replaced by radial derivative 0, f.

Proof of Theorem 1.1. For any function f € C§5°(G \ {2’ = 0}), using (2.2) and
integration by parts, we get for N — yr £ 0 that

e o o )

3.4 = — r2r Vi fd
(3.4 [ e P o Vad da
which easily implies
Ik S R
de < " d
o S e L e |y v
|f|r—1 1 ZL'/

3.5 — / L Vuflde,
(35 Vo] Jo 5 o 1] "

here we used (1.14) which is equivalent to yr — 1 = a + ijl .
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Suppose that r > 1. Applying Holder inequality to (3 5) yields

(3.6) r / \x'\ VHf‘ If\f” i ’
|f6’\’“‘ |N vl \Jg  |af|or '

é—:' -Vuf| <|Vuf]| then (3.6) implies our desired inequality (1.15). It should

be mentioned here that in the abelian case G = (R", +), we have % -Vuf=0f
the radial derivative of f. Hence (3.6) implies (3.1). However, the inequality (3.6) in
the Euclidean space was already proved in [16].

Suppose that r € (0,1). In this case, (3.4) is replaced by

i [ 2
N—fyr/ de = —r - fI~ f -V fder,
N=m) | oy |7 w LT | .

which implies

Since

1

r—1
-V d
W <1 L ] |,| uf | dr
, FSE R
(3.7) - Vuf|de.
|N—’}/’f’| suppf |[L’| B |$/|a ZIZ'/|

Applying Hoélder inequality to (3.7) and the fact

‘ﬁ—:‘ -VHf} < |Vgf]|, we obtain the

desired inequality (1.16).

It remains to check the sharpness of (1.15) and (1.16). To do this, we concentrate
to treat the case of equality in Holder inequality applied in the proof of (1.15) and
(1.16), i.e

:L,/

Bl v/
]
for some ¢ > 0 with remark that when r € (0, 1) the equality holds on the support of

f. We concentrate to find f to be the nonnegative function of |2'|, i.e., f(z) = h(]2']).
Then the equation (3.8) becomes

(3.8) f=—cf[Ft £l

(3.9) H(s) = —ch(s)r1 577, s>0,

for some ¢ > 0 with remark that when r € (0,1) the equality holds on (0, R) with
R = sup{|2’|: ' € suppf}. The explict solutions of (3.9) are as follows depending
on p,r and «, 3, 7:

(i) If1<p<rand1+oz—§7é0,then

r—p steE \77
h(s)={A+c
5) p—ll—i-oz—g
for some ¢, A > 0.
(ii) If1<p<rand1+a—§:o,then

h >\+c lns)pr
(s) = ( )’

for some ¢ > 0 and A € R.

i
L
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(iii) If0<r<pand1+oz—§7é0,then

p—r Sl—l—a—% p—r
h(s)=|A—c 3 ,
p—ll+a—-=
r/
for some ¢, A > 0.

(iv) If0<r<pand1+a—§:(),then

h(s) = ()\—cp_:lns) "

p—
for some ¢ > 0 and A € R.
(v) pr:rand1+oz—§7é0,then

_B
_#spﬁa D

h(s) = Xe L+a=3

for some ¢, A > 0.
(vi) pr:rand1+oz—§:O,then

h(s) =As™°¢
for some ¢, A > 0.

From these expressions of h, we obtain the explicit function f in (3.8). By approx-

imating this function f on R" and the constant function on R x --- x R by
compactly supported function, we obtain the sharpness of (1.15) and (1.16) (see [9]
for a special case p = ¢ = r in R"). O

We conclude this section by remark that Theorem 1.1 and its proof can be easily
extended to the more general setting of homogeneous groups (which contains the
stratified Lie groups as the main examples). The analysis on homogeneous groups
was developed by Folland and Stein [12]. For more recent developments, we refer
the reader to [10]. Let us briefly recall some basic notions of homogeneous groups.
A homogeneous group G is a simply connected Lie group equipped with a dilation
structure defined as follows. Let g denote the Lie algebra of G. We consider a family
of dilations on g as follows

Dy =Exp(Aln)\) = > %(AlnA)’f, A >0,
k=0

where A is a diagonalizable positive linear operator on g. Each dilation D, is a
morphism of g, i.e.; a linear map from g to its self with compatible with Lie bracket
on g, that is,

(D)X, D,Y]=D\)[X,Y], A>0, XY €g.
Since the exponential map Expg: g — G is a global diffeomorphism, it induces a
dilation structure on G (still denoted by Dy(x) or Az)

Dy(x) = Az == Expg(Dx(Expg'z)), =€ G.

The homogeneous dimension of G is ) = Tr A. Let Xy,..., X,, denote a fix basis
of g such that AX, = 14X}, i.e., A is diagonalized in this basis of the form A =
diag(v1,...,v,). Obviously, @ = v; + -+ + 1v,. For each z € G, we denote by
(e1(),...,en(z)) the coordinate of Expg'z in this basis, i.e.,

Expg'e = e () X1 + - + en(2) X,
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Thus, the dilation Dy on G has the form
Dyz = Az = Expg(\e1(2) X1 + - -+ + XN e, (2) X,),

or equivalently, e;(Az) = A\ie;(x). A direct computation shows that

—f rT) (Z T’k ka> (rax).
Define
R = Z Vk@X
=
we then have

d
= Jlra) =R (ra).

That is R is homogeneous of order —1. It plays the role of the radial derivative on
G. Evidently, R = 0, in the abelian case G = R".

Let |- |: G — (0,00) be a homogeneous quasi-norm on G, i.e., [z7'| = |z|,
[Ax| = Alz| for A > 0, and |z| = 0 if and only if x = 0. It is well-known that every
homogeneous groups admit a homogeneous quasi-norm. Let & denote the quasi-unit
sphere with respect to | - |, i.e.,

& ={reG:|z|=1}.

There exists unique positive Borel measure ¢ on & such that

(3.10) /G fdx = /0 h /@ f(ry)r®tdo(y) dr

where dz denotes the Haar measure on G which is homogeneous of order ) (see
[12, 10| for the proof of this statement).

With these notions and notation, we can generalize Theorem 1.1 to the homoge-
neous group G with homogeneous quasi-norm | - | as follows.

Theorem 3.1. Let G be a homogeneous group of homogeneous dimension ()
and let | - | be any homogeneous quasi-norm on G. Let p > 1, r > 0 and «, 3,7
such that v = O‘H + = lﬁ Then the following inequalities ho]ds for any functions

feCE(G\ (o)
(i) If r > 1 then we have

1 p(r—1) P
r p P P—
(3.11) /] dv < ——— < Rl dx) il Bl dx :
G |z Q —r| \Ja x| a |zl

(ii) If 0 < r < 1 then we have

—1
p(r—1 B

A . ( RfP ) %\ T
. d d d .
01 [ et gl (e (ff 2P

Furthermore, the constant r/|Q) — ~yr| is sharp in (3.11) and (3.12) for any homoge-
neous quasi-norm.

LA

Theorem 3.1 was proved in [18] for p = r. The inequality of type (3.11) was
proved in |24, 23] for a larger class of parameters p,r and «, 3,y but without sharp
constant. We believe that the inequalities (3.11) with 1 < r < 2” L and (3.12) are
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new in the setting of homogeneous groups. And they maybe suggest us a more general
class of CKN inequality with new type of exponents (smaller than 1 or negative).

The proof of Theorem 3.1 is similar with the one of Theorem 1.1. Instead of
using divergence theorem and (2.2), we use the formula (3.10) and integration by
parts as follows.

o= [7 [ 1ssplrsertasdoty

G |z

o [ [ R ds o
P [UITERE

Q—ryJa |z |2l

We now can apply Holder inequality to obtain our desired inequalities with remark
that if € (0, 1) we take the integral in the support of f.

The sharpness of r/|Q — ry| when @ — ry # 0 is verified as in the proof of
Theorem 1.1. Furthermore, we see that this sharp constant is attained in several
cases as follows:

MHl<p<randn—-pg<(l4+a-— g)ps%pl). A family of optimal functions is

given by
I4+a-—2\2=1
f(z) =c(\+ |z r)r=r c€ R, A>0.
i) 0<r<pr#landl4+a-— g > 0. A family of optimal functions is given by

fl@) = e\ — [z 5T, ceR, A>0.
(i) 0<r<pr#land l+a— g = 0. A family of optimal functions is given by

p—1

f()=cA—In|z[)r", ceR, N€R.

(iv) 0<r<p,r#l1, 1+a—g<0andn—ﬁ+(1+a—g)% > 0. A family
of optimal functions is given by

B p=1

flx)=c(lz["*» = N2, c€R, A>0.
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