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Abstract. Let (X,H) be a P-harmonic space and assume for simplicity that constants are
harmonic. Given a numerical function ¢ on X which is locally lower bounded, let

Jo(2) Z—Sup{/*wdu:uéjz(X)}v r € X,

where 7, (X) denotes the set of all Jensen measures p for x, that is, u is a compactly supported
measure on X satisfying [wdp < u(z) for every hyperharmonic function v on X. The main purpose
of the paper is to show that, assuming quasi-universal measurability of ¢, the function J, is the
smallest nearly hyperharmonic function majorizing ¢ and that J, = ¢ V jg,, where jﬁ(, is the lower
semicontinuous regularization of J,. So, in particular, J, turns out to be at least “as measurable
as” . This improves recent results, where the axiom of polarity was assumed. The preliminaries
on nearly hyperharmonic functions in the framework of balayage spaces are closely related to the
study of strongly supermedian functions triggered by Mertens more than forty years ago.

1. Representing measures for positive hyperharmonic functions

Let X be a locally compact space with countable base, let B denote the o-algebra
of all Borel sets in X, and let B(X), C(X) respectively be the set of all numerical
functions on X which are Borel measurable, continuous and real respectively. Fur-
ther, let W be a convex cone of positive lower semicontinuous numerical functions
on X having the following properties.

(C) Continuity: Every w € W is the supremum of its minorants in W N C(X).

(S) Separation: W is linearly separating, that is, for all z # y and v > 0, there
exists a function v € W such that v(z) # yv(y).

(T) Transience: There are strictly positive functions u,v € W N C(X) such that
u/v tends to 0 at infinity.

The fine topology on X is the coarsest topology on X which is at least as fine as the
initial topology and such that every function in W is continuous. Given a numerical
function g on X, let g, ¢/ respectively denote the largest lower semicontinuous, finely
lower semicontinuous respectively minorant of g.

We recall that (X, W) is a balayage space if the following hold:

e )V has the properties (C), (S) and (T).
o Ifv, e W, v, Tv, thenv e W.
e IfV C W, then inf V' € W,
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o Ifu,v,v" € W, u <v' +0”, then there exist v/, v” € VW such that u = v/ +u”
and v’ <o, v <.
See [4, 11] for an exposition of the theory in all details; for a description, which is
more expanded than the one given here, see [14, Appendix 8.1].

Examples 1.1. 1. If (X,H) is a P-harmonic space and *H*(X) is the convex
cone of positive hyperharmonic functions on X, then (X,*H*(X)) is a balayage
space. In particular, the theory of balayage spaces covers the potential theory for
large classes of elliptic and parabolic differential equations of second order (for details
the reader might consult |9, Section 7.1]). In addition, it covers, for example, the
theory of Riesz potentials.

2. If X is a Hunt process on X with transition semigroup P = (P;);~o such that
its convex cone

Fx:={ue B (X): sup Pu=u}
>0

of excessive functions satisfies (C), (S) and (T), then (X, Ep) is a balayage space. It
is easily seen that Ep satisfies (C), if the resolvent kernels V) := [ e MPdt, A > 0,
are strong Feller, that is, V) f € C(X) for every bounded f € B(X).

We observe that, conversely, for every balayage space (X, W) with 1 € W, there
exists a Hunt process X on X such that Fx = W.

In the following let (X, W) be a balayage space and let us fix a strictly positive
function uy € W N C(X). Further, let P(X) be the set of all continuous real poten-
tials, that is, functions p € W N C(X) such that p/v vanishes at infinity for some
strictly positive v € W N C(X). We shall say that a numerical function ¢ on X is
P-bounded, if |p| < p for some p € P(X); the set of all P-bounded functions in C(X)
will be denoted by Cp(X). For every numerical function ¢ on X, let ¢ denote its lower
semicontinuous regularization, that is, ¢(z) := liminf, ., p(y) for every x € X. If V
is a subset of W and v := inf V, then ¢ € W and 4(z) = ¢/ () := fliminf,, v(y),
x € X (lower limit with respect to the fine topology).

We recall that, for every numerical function ¢ > 0, a reduced function R, and

a swept function R@ are defined by
(1.1) R, =mf{lue W:u>¢} and R,:= é;.

In particular, we have R4 := Ry, <wvand R := Ry, < R for AC X and v € W,
which leads to reduced measures 2 and swept measures é2, x € X, characterized
by [vde? = RA(x) and [vdé? = RA(x), v € W. Let us observe that ¢4 = &4 for
every = € A°, since RY = R on A° (see [4, VI.24]). If # € A, then ¢? = ¢, and,
by [4, VL9.2], 2 = &4 ({a})e, + (1 — et ({a})er .

For every z € X, let M, (W) denote the convex set of all representing measures
for x with respect to W, that is, (positive Radon) measures u on X such that, for

every w € W,

(1.2) /wdu < w(x).

Since every function in W is an increasing limit of a sequence in P(X), (1.2) holds
for functions in W, if it holds for functions in P(X). Let B* denote the o-algebra of
all (B-)universally measurable sets in X. By [4, VI.12.5, 2.2, 4.3, 4.4],

(1.3) E={c} Ac X} ={e,}u{e?: Ac B, Afinely closed, = ¢ A}
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is the set of extreme points of M, (W). The set M, (W) is weak*-compact, that is, for
every sequence (fi,,) in M, (W), there exists a subsequence (i, ) and p € M,(W)
such that limy_,eo [ f dtm, = [ fdu for every f € Cp(X) (see [4, VI.10.1]). So we
know by Choquet’s theorem that, for every pu € M, (W), there exists a probability
measure p on F such that, for every f € Cp(X),

(X)
(1.4) [ran=| ( / fdv) dp(v).

and then (1.4) holds for every Borel measurable function f > 0 on X. (We might
note that, for a given u, the measure p does not have to be unique; see [12]).
By definition, a subset P of X is polar if RY , = 0. Every polar set P is contained

in a polar set in B (see [4, VI.2.2]). Let B, B+ respectively denote the o-algebra of
all sets A in X for which there exists a set B in B, B* respectively such that the
symmetric difference A A B is polar. We note that BN B* is the o-algebra B” of all
nearly Borel sets in X (see [3, page 57|).

If pe M,(W), z € X, then p does not charge polar sets P in X \ {z}. Indeed,
given £ > 0, there exists a function w € W such that w = ug on P and w(x) < €, and
we have [ uodp < [wdp < w(x) < e (cf. [5, Corollary 1.8]), whence p*(P) = 0. So
we know that B* is contained in the completions of B with respect to the measures

pwe M,(W), zeX.

2. Positive nearly hyperharmonic functions

Let U, denote the family of relatively compact open sets in X and V¢:= X \ V,
V € U.. We first recall that VW is the set of positive hyperharmonic functions on X,
that is, W consists of all lower semicontinuous numerical functions v > 0 on X
satisfying

(2.1) /udegc <wu(x) foralzeV el,

(see [4, II1.2.1]). Extending the definition given for harmonic spaces in [1, Sec-
tion II.1] and [6, p. 119], let us say that an arbitrary function u: X — [0, o] is nearly
hyperharmonic provided

(2.2) / ude)” <wu(r) forall V€U.andz €V,

where we may replace upper integrals by integrals, if u is B*-measurable.
Obviously, the following holds.

Proposition 2.1. The set N of all positive nearly hyperharmonic functions
on X is a convex cone which contains V. It is closed under increasing limits and, in
contrast to W, closed under arbitrary infima.

Let us note that, for all V' € U, and ¢: X — [0, oo|, the function

(2.3) Hjyp:x— / wdeV*
is lower semicontinuous on V; see [4, I111.3.4] (it is even harmonic on V', if ¢ < w for
some w € WNC(X), a consequence of [4, VI.2.6]). This implies the following.

Proposition 2.2. Let u € N*. Then v € N for every function v satisfying
u < v < wu. In particular, 4 € W.
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Proof. Indeed, if V' € U, then Hj,u < u, whence Hjyjv < Hju <a<vonV. [
Moreover, by [4, 111.6.14], for all w € Nt and = € X,

(2.4) a(z) = o/ (z) :sup{/*udegcz reV euc}

and, if x € X is not isolated,
(2.5) u(xr) = lim {/ udeY :x eV e Llc} .
Vi{a}

Of course, @(x) = @/ (z) = u(z) for isolated points z in X. Hence we have the
following (cf. [1, p.48]).

Proposition 2.3. (i) For all u,v € N, 4+ v = @ + 0.
(ii) If (up) is a sequence in N* and uy, 1 u, then u € N* and 1, 1 4.

Given ¢: X — [0, 00], let

(2.6) Ny :=inf{u e N*:u > ¢}
so that N, is the smallest nearly hyperharmonic majorant of . Clearly,
(2.7) N, < R,,

since W C N'". Further we easily obtain the following, where f V g for functions f, g
on X denotes the pointwise maximum of f and g.

Proposition 2.4. Let ¢: X — [0,00] and N, := ]/V;.
(i) Then N, = p V ]\Af@.
(ii) If ¢ is finely lower semicontinuous, then N, = ]\Af@ =R, eW.
(iti) If @1, @2, ... : X — [0,00] and @, 1 ¢, then N,, 1 N, and N, 1 N,,.

Proof. (i) Clearly, v := ¢ V Nw satisfies Nw < v < N,. Therefore v € N, by
Proposition 2.2, and N, < v because of ¢ < wv.

(ii) If ¢ is finely lower semicontinuous, then w := N¢ €W and w > ¢, by (2.4).
Sow >R, > N, > w.

(iii) Consequence of Proposition 2.3,(ii) and (2.4). O

For all functions ¢: X — [0,00] and z € X, let

M) = sup{/*wdui we wav)},

M () = sup{/ pdeY 1z €V e Llc} :
M (x) := sup {/ @deX . K compact in X \ {x}} :
M () := sup {/ wde?: A € B, A finely closed, = ¢ A} :

where we may replace the upper integrals by integrals, if ¢ is B*-measurable.
Proposition 2.5. Let ¢ be a positive numerical function on X. Then

(2.8) M:p = M:p' = M:p” < M,.

If o is B*-measurable, then oV M, = M,.
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Proof. Of course, MS’D Vv M;’ < M;” < M,. Let us fix x € X.

Let A be a finely closed Borel set, ¢ A, and b < [“¢ded. By [4, VL4.6],
g4 is supported by A. So there exists a compact K in A such that f* lgpded > 0.
By [4, V1.9.4], 1xej < ef, hence b < [T1xpdel < [Todelf < M(x). Thus
M (x) < M (x).

Next let K be a compact set in X \ {z}, b < ¢ < [Tpdef and p € P(X),
p > 0. Then there exists m € N such that ¢’ := ¢ A (mp) satisfies [ ¢'def > c.

Since ¢ := mp is a potential, there exists, by [4, I1.5.2], a relatively compact open
neighborhood U of {z} U K such that [¢qdel" < ¢ —b. Let us define V := U\ K
and v = 1y.e¥". By [4, V1.9.4],

(= c
v<e’ and  ef =1xe)" + U5

Therefore

/qdl/KS/qdl/S/qdz—:ch<c—b and c</ gp’dsfﬁ/ <pd5¥c+/qdl/K.

Sob < [Tpde), and we conclude that M/(x) < M/ (x) completing the proof of the
equalities in (2.8).
Finally, we suppose that ¢ is B*-measurable and fix u € M,(W). Let us assume

for the moment that [ ¢ du < oo. There exist positive Borel measurable functions
fyg on X such that f < ¢ < g and

(2.9) /fduz/soduz/gdu-

Using the integral representation (1.4), we see that [ fdv = [ gdv for p-a.e. v € E,
and hence

/fdu = /cpdl/ < @(x) Vv M) () for p-ae veEE.

Thus [@dp = [ fdu < @(x) v MY (x), by (1.4) and (2.9). In the general case,
we apply the previous considerations to the functions ¢ A (mug), m € N, and let
m — 00. 0

Corollary 2.6. Let u be a positive numerical function on X and x € X. Then
the following properties are equivalent:
(i) For every V € U, containing z, [“ude!" < u(z).
(ii) For every subset A of X \ {z}, [Tude? < u(x).
(iii) For every compact K in X \ {z}, [Tudef <wu(x).

If u is Bv*—measurable, then these properties hold if and only if [wdp < u(zx) for
every j € M,(W).

Moreover, we have the following.

Proposition 2.7. Let u € N be B*-measurable and let j1, v be measures on X
such that [wdp < [wdv for every w € W, and [pdv < oo for some strictly
positive p € P(X). Then [udp < [udv.

Proof. By [4, VI.12.6], there exists a kernel V on X such that V(z,-) € M,(W)
for every x € X and p = vV. By Corollary 2.6, Vu < u. Let f be a B-measurable
function on X such that 0 < f <wand f =u (v+ p)-a.e. Then [udu= [ fdu=
fodl/, where V f < Vu < u. Thus fud,ugfudy. O
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So our (positive) nearly hyperharmonic functions are functions which in |2, 3, 7,
8, 17, 19] (mostly assuming additional measurability properties) are called strongly
supermedian.

3. Identity of M, and N,
In this section, we shall give a fairly straightforward proof for the following result.

Theorem 3.1. For every B*-measurable numerical function p>0o0n X,
M,=N,=¢VN,.

In particular, M, is the smallest nearly hyperharmonic majorant of v, and M, is (at

least) “as measurable as ”, that is, if A is any o-algebra on X such that B C A C B
and ¢ is A-measurable, then M, is A-measurable.

Remark 3.2. In a more general setting, this has been shown by more involved
methods for the smaller class of functions ¢ > 0 which are nearly Borel measurable
or, slightly more general, nearly analytic (see [16, 8, 2, 3]).

To prove Theorem 3.1 we start considering the case, where ¢ is upper semicon-
tinuous and P-bounded. We first recall the following (|11, Corollary 1.2.2|).

Proposition 3.3. For all upper semicontinuous P-bounded positive functions
WY, 1,19, ... on X the following holds:

e The function R, is upper semicontinuous. It is harmonic on X \ supp(¢).
e If 1) is continuous, then R, is continuous.

o If 1, | ¢, then Ry, | Ry.

The following consequence of the theorem of Hahn-Banach is known in more
general situations (see e.g. [18, p. 226]). For the convenience of the reader we include
a complete proof.

Proposition 3.4. Let v > 0 be upper semicontinuous and P-bounded. Then,
for every x € X, there exists p € M, (W) such that [ ¢ du = Ry(z).

Proof. (a) Let € X and ¢ € Cp(X), ¢ > 0. Since the mapping f — R+ (z) is
sublinear on Cp(X), there exists a linear form p on Cp(X) such that

() = Ry(x) and p(f) < R+ (x) for every f e Cp(X).

If feCp(X)and f <0, then u(f) < Ro(x) = 0. Therefore p is a measure on X. Of
course, ;1(p) < p(z) for every p € P(X), and hence pp € M, (W).

(b) There exist ¢, € Cp(X) such that ¢, | ©. By (a), for every m € N, there
exists a measure fi,,, € M (W) such that ,,,(¢r) = Ry, (z). We may (passing to
a subsequence) assume without loss of generality that the sequence (p.,,) converges
to a measure p € M,(W) (that is, lim,, e m(f) = p(f) for every f € Cp(X)).
Then, for every k € N,

Ry(r) = lim Ry, (2) = m p(pm) < T (o) = p(or)-
Letting k — oo, we get Ry(z) < [¢dp. Trivially [ du < [ Ry dp < Ry(z). O

Corollary 3.5. Let ¢: X — [0,00] be upper semicontinuous and P-bounded.
Then

My =Ny =Ry =9V Ry,
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Proof. By Proposition 3.4, Ry, < M,. By Proposition 2.4,(i), the nearly hyper-

harmonic function u := N, = w\/]% is Borel measurable, and hence, by Corollary 2.6,
My < M, < wu. The proof is finished, since u < Ry, by (2.7). O

For every ¢: X — [0,00], let ¥, denote the set of all bounded upper semicon-
tinuous functions 0 < ¢ < ¢ with compact support in {¢ > 0}. We are now able to
prove even more than announced in Theorem 3.1.

Theorem 3.6. Let p: X — [0,00] be B*-measurable. Then
(3.1) M, = sup{Ry: ¢€\Pw}:N¢:S@VN¢a
and there is an increasing sequence (1,,) in V., such that
(3.2) N, = oV sup,,cx Ry,, = @V sup,,cx Ry, -

If o < s for some s € WNC(X), then M, is harmonic on any open set, where
M, > ayp for some o > 1.

Proof. Clearly, M, = sup{My: ¢ € U}, where My = Ny, = Ry = ¢V Ry, for
every ¢ € W, by Corollary 3.5. Since (p An)ly € ¥y, € X, n € N, we obtain
that

(3.3) M, =sup{Ry: ¥ € U} =@ Vsup{Ry: ¢ € U,} < oV N, = N,.

In particular, M, is B*-measurable. By [4, I.1.7], there is an increasing sequence (1)

in W, such that sup,,cn f%wm = sup{}?d,: Y € U, }. Then ¢V wam T M, as m — oo.
We now claim that

(3.4) M, eNT,

and therefore N, < M,,. Having (3.3) this implies that (3.1) and (3.2) hold.

Solet z € V € U, p:=¢e¥". Toshow that [ M,du < M,(z) we may assume
that [ ¢ du < oo, since otherwise M, (z) = co. Let a < b < [ M, du. By (3.3), there
exist m € N and ¢ € ¥, such that

b</<pvﬁ’¢md,u and /(go—w)du<b—a.
Of course, we may assume that 1, < 1. Clearly, ¢ V Ry, < Ry + ¢ — 1. So
b</<p\/Rwd,u§/Rwd,u+(b—a),
and hence
a < /Rd, dp < Ry(z) < My(x).

Finally, suppose that ¢ < s for some s € W N C(X) and let U be an open

set, where ¢ vanishes. Then all functions g, := Ry, |v are harmonic on U, by
Proposition 3.3, and hence M|y = sup gy, is harmonic on U. An application of the
next Proposition completes the proof. O]

Proposition 3.7. Let F be a convex cone of numerical functions on a set Y and
fo € F, 0 < fo < 0. For every numerical function ¢ > 0 onY, let

F, =inf{f e F: f>p}

Then Fy ., = F, for every numerical function ¢ > 0 on'Y and every A C X such
that ap < F, A (M fo) on A for some oo, M € (1, 00).
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Proof. Clearly, it suffices to consider the case, where ¢ is not identically zero
on A. Trivially, u := F, < F,. For the reverse inequality let € > 0, v := u + € fo,

1x\a
p:=inf{be (0,00): p <bvon A} and ~vy:=1V}.

Then 0 < f < M/e and ¢ < v on X. Hence (/a)v(z) < ¢(x) for some € A and
F, < ~v, which leads to fv(z) < ap(z) < F (x) < vyv(z). Thus vy =1, v > F,, and
the proof is completed letting ¢ — 0. U

Remark 3.8. Suppose for a moment that every semipolar set is polar (axiom of
polarity, Hunt’s hypothesis (H)) and let ¢: X — [0, 00| be B-measurable. Then, by
[15, Theorem 2.2| and (3.2), there exists an increasing sequence (1,,) in W, such that

(3.5) R, = ¢ Vsup,en Ry, = No.

Let us note that the equality R, = N, will follow as well from Proposition 5.3.
Indeed, defining v := N, = ¢ V Nw, we trivially have R, = R,. By Proposition 5.3,
the set P := {& < u} is semipolar, hence polar because of hypothesis (H). So we
obtain that R(,_ga)1, = (u —4)1p and therefore

Ru S'&z‘l’R(u_ﬂ)lp :ﬁ+(u—ﬂ)1p:u§Ru

Thus R, = u, R, = N,.

In fact, the equality v = R, (= inf{w € W: w > u}) holds for every nearly
Borel measurable u € N even without assuming the axiom of polarity (see |2,
Theorem 6.4] or |3, Theorem 4.3.3] based on long and subtle preparations).

4. Application to Jensen measures

In this section, let us suppose that (X,)) is a harmonic space, that is, the
harmonic measures pY = &¥°, V relatively compact open in X, x € X, are supported
by the boundary 9V of V.

Given an open set U in X, let *H(U) denote the set of all hyperharmonic functions
on U, that is, lower semicontinuous numerical functions w > —oo on U such that
[wde¥" <w(x) for all open V, which are relatively compact in U, and z € V.

Given z € U, let J,(U) denote the set of all Jensen measures for = with respect
to U, that is, measures y with compact support in U satisfying

(4.1) /wd,u <w(z) for every w € *H(U).

In fact, it suffices to know (4.1) for all w € *H(U) NC(U), since every w € *H(U) is
an increasing limit of functions in *H(U) N C(U).
Since W = {w € *H(X): w > 0} and *H(X)|y C *H(U), we have

ex € To(U) C To(X) T M, (W), z€U

(where we consider measures in 7,(U) as measures on X). It will be convenient to
introduce also the union J)(X) of all 7,(U), U open relatively compact in X, x € U
(see [13] for properties implying that J/(X) = J.(X)).

Finally, for every locally lower bounded function ¢ on X which is B*-measurable,
we define functions J, and J;, on X by

Jo() :ZSUP{/sodu:uejx(X)} and  J(z) :ZSUP{/wdu:uejé(X)}-
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If ¢ > 0, then obviously M:D < J; < J, < M,. Therefore Proposition 2.5 and
Theorem 3.6 immediately yield the following.

Theorem 4.1. Let ¢ be a positive B*-measurable numerical function on X.
Then
J¢:J;:g0\/M:0:M¢:N¢:<p\/N¢.
In particular, J, is Borel measurable if ¢ is Borel measurable.
Similarly as in [15] we may now extend this result to functions ¢ which are not
necessarily positive. To that end let N denote the set of all nearly hyperharmonic
functions on X, that is, locally lower bounded functions w: X —] — 0o, co] such that

[Twde¥* < w(z) for all x € X and relatively compact open neighborhoods V' of x.
We immediately get the following generalization of Proposition 2.3.

Proposition 4.2. The set N of all nearly hyperharmonic functions on X has
the following properties:

(i) NV is a convex cone containing *H(X).

(ii) For every u € N, i = @/ € *H(X).
(iii) If (u,) is a sequence in N and u,, 1 u, then u € N and 1, 1 .
(iv) For every subset V of N' which is locally lower bounded, inf V € N.

Extending the definitions of J,, J, and M/ in an obvious way, we get the
following.

Corollary 4.3. Let ¢ be a locally lower bounded B*-measurable numerical func-
tion on X such that ¢ + h > 0 for some harmonic function h on X. Then

Jo=J,=¢VM,=N,=pVN,.
In particular, J, is Borel measurable if ¢ is Borel measurable.

Proof. It suffices to observe that ¢ + h is B*-measurable and that obviously
Jo=Jpn—h, J,=J,p, —h, Mj = M, ,;, — h, and N, = Nyyp, — h. O

Localizing this result we may deal with functions ¢ which are locally lower

bounded.

Corollary 4.4. Let ¢ be a locally lower bounded B*-measurable numerical func-
tion on X such that, for every relatively compact open set U in X, there exists
a harmonic function h on X with ¢ +h > 0 on U . Then

J, =@V M,=N,=¢VN,.
In particular, J:D is Borel measurable if ¢ is Borel measurable.

Proof. Let U, be relatively compact open sets in X such that U, T X as n — oc.
For every n € N, we apply Corollary 4.3 to the harmonic space (U,,*H*(U,)) and
obtain that, for x € U,

sup{/ odu: uejx(Un)} :gp(a:)\/sup{/ pdeY" :zeVel., VC Un}

= inf{w(z): w nearly hyperharmonic on U,,, w > ¢ on U,} =: v,(z),

where v, (x) = ¢(x) V v, (x). Defining v, (z) := p(z), z € X \ U, we easily see that
the sequence (v,,) is increasing to a nearly hyperharmonic function v on X, where
v =N, =¢V N,, by Proposition 4.2. The proof is completed letting n — oo. U
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Remark 4.5. By Remark 3.8, the results in this Section imply the results in
[15, Section 3.

5. Some improvement of the measurability

Let us now return to the general situation of an arbitrary balayage space (X, W).
Sometimes we can say a bit more about the measurability of NV, (and hence on the
measurability of J, in Section 4).

We recall that a set A in X is called thin at v € X if &4 # ¢,. 1t is totally thin
if it is thin at every z € X. Every totally thin set is finely closed and contained in
a totally thin Borel set. A semipolar set is a countable union of totally thin sets.

So the g-algebra B/ of all finely Borel subsets of X (that is, the smallest o-algebra
on X containing all finely open sets) contains all semipolar sets. By [4, VI.5.16]), for
every B € B/, there are By, B, € B such that B; C B C By and B, \ By is semipolar.
Thus B/ is the smallest o-algebra containing B and all semipolar sets. In particular,
we have B C B7.

Example 5.1. Suppose for the moment that X = RY x R, d > 1, and W is the
set of all positive hyperharmonic functions associated with the heat equation on R+
Let S be any subset of R? x {0}. Then S is semipolar; it is polar if and only if S
has outer d-dimensional Lebesgue measure zero. The function u := 1g + 1gay (0,00 18
nearly hyperharmonic, B/-measurable, and {@ < u} = S.

Proposition 5.2. Let S € B* be semipolar. Then there exists a sequence (K,,)
of compacts in S such that the set S\ |J,—, K, is polar. In particular, S € B.

Proof. By [10, Theorem 1.5] (which holds as well for balayage spaces), there exists
a measure p on X such that p*(B) > 0 for every subset B of S which is not polar.
There exists a subset Sy € B* of S such that the set P := S\ S is polar. Moreover,
there exists a sequence (K,) of compacts in Sy such that P, := Sy \ U~ K, is
a p-null set, and hence polar. Since Py U P; is polar, the proof is finished. O

The equivalence in the following proposition is obvious if u € N'T satisfies
(5.1) u=R,,

since then w is finely upper semicontinuous and the set {4 < w} is semipolar by
[4, VI.5.11]. We recall from Remark 3.8 that (5.1) holds if u € Nt is nearly Borel
measurable. It would be interesting to know if it is even satisfied if u is only B*-
measurable.

Proposition 5.3. For every u € Nt the following statements are equivalent:

(i) The set {t < u} is semipolar.
(ii) The function u is finely Borel measurable.

Proof. (i)=-(ii): For every ¢t > 0, the set {u > t} is the union of {u > t} € B
and the semipolar set {u >t > u}.

(ii) = (i): There is a semipolar Borel set Sy such that the function vy := ulx\g,
is B-measurable. Suppose that the set {4 < u} is not semipolar. Then the Borel set
A= {u < u}\ S is not semipolar. So, by [4, VI.8.9], there is a measure p # 0 on X
such that p(X \ A) = 0 and p does not charge semipolar sets. There exist functions
Vm € ¥, such that 1, T vy outside a p-null set B € B. By Corollary 3.5,

Ym < Ry, =Ny < N,=u, meN.
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Hence {sup,,cx Ry, < u} C BUS,. Further, the union S; of all sets {Ry,, < Ry, },
m € N, is semipolar, and we obtain that

> sup,en Ry, = SUpmen Ry, =u on X \ (BUS,U Sy).
Thus A C BUS; and pu(X) = p(A) = 0, a contradiction. O

Corollary 5.4. If p: X — [0,00] is B/ N l%;-measurab]e, then the function N,
is B-measurable.

Proof. By Theorem 3.6, the function u := N, is B/ N B*-measurable. Let t € R
and S :={u >t > a}. Then S € B* and S is semipolar, by Proposition 5.3. So
S € B, by Proposition 5.2, and {u >t} = {a >t} U S € B. O

Further, let A(X) denote the set of all numerical functions ¢ on X having the
following property: For every t € R, there exists an analytic set A in X such that the

set {¢ > t} A A is semipolar. By the discussion preceding Proposition 5.3, ¢ € A(X)
for every finely Borel measurable function .

Proposition 5.5. Let ¢ be a positive function in A(X) which is B*-measurable.
Then N, is finely upper semicontinuous and B-measurable.

Proof. By Theorem 3.6, we know that u := N, € A(X) and u is B*-measurable.
Let x € X and u(x) < a. We claim that {u < a} is a fine neighborhood of z.
Indeed, suppose the contrary. Then the set A := {u > a} is not thin at z. Let A’
be an analytic set such that A’ C A and A\ A’ is semipolar. We fix n € (0,1) such
that u(z) < an?. Since V := {ug(xz) > nug} is a neighborhood of z, we know, by
[4, VI.4.2], that either the analytic set A’V or the semipolar set S := (A\ A)NV
is not thin at x.

If ANV is not thin at z, then, by [4, VI.1.10 and 1.3.5] , there is a compact K
in ANV such that RY (x) > nuo(z). By definition of semipolar sets, S is the union
of totally thin sets T,,, m € N. By [4, VI.5.7], the union of finitely many totally thin
sets is totally thin. Hence we may assume without loss of generality that T, 1 S
as m — oo. If S'is not thin at x, we then obtain, by [4, VI.1.7], that RL"(x) > nug(z)
for some m € N.

Thus, in any case, there exists a finely closed set F' such that

FCANVeB and RE(z) > nuy(z).
Since u > a > anug(x)tug on ANV and ef(X \ (ANV)) =0, by [4, VL.4.6], we
conclude that
u(zx) > /ualei7 > anug(z) ™" /uo def = anuo(x)_lRfo(x) > an® > u(x),
a contradiction. By Corollary 5.4, the proof is finished. O

Corollary 5.6. Let ¢: X — [0, 00] be such that, for every t > 0, there exists an
analytic set A in X such that the set {¢ >t} A A is polar. Then N, is B-measurable.
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