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Abstract. This paper deals with the smoothness and strongly pseudoconvexity of p-Weil-
Petersson metric. This metric is a complex Finsler metric on the p-integrable Teichmiiller space of a
Riemann surface satisfying Lehner’s condition, which is an extended concept of the Weil-Petersson
metric on the square integrable Teichmiiller space.

1. Introduction

The Teichmiiller space of a Riemann surface of analytically finite type has a
complex structure modeled on the complex Hilbert space consisting of harmonic
Beltrami differentials on the surface equipped with hyperbolic L2-norm. The Weil-
Petersson metric is an Hermitian metric induced by this Hilbert manifold structure
and is studied in many fields. In the complex analysis, Ahlfors |2, 3| proved that the
Weil-Petersson metric is a Kdhler metric and has the negative holomorphic sectional
curvature, negative Ricci curvature and negative scalar curvature. In the hyperbolic
geometry, Wolpert [17, 18| gave the several relations between the Weil-Petersson
metric and the Fenchel-Nielsen coordinate.

In general, that Hilbert manifold structure cannot be introduced to the Teichmiil-
ler space of a Riemann surface of analytically infinite type (cf. [9]). Takhtajan and
Teo [15] realized this structure as a distribution on the universal Teichmiiller space.
Cui [5] accomplished the same result on the subset of the universal Teichmiiller space
independently of Takhtajan and Teo. Hui [6] and Tang [16] extended the argument
of Cui to the subset modeled on p-integrable Beltrami differentials for p > 2, which
we call the p-integrable Teichmiiller space. Later, Radnell, Schippers and Staubach
[11, 12, 13] composed a Hilbert manifold structure on a certain refined Teichmiiller
space of a bordered Riemann surface, which is refered to as the WP-class Teichmiiller
space.

In [5, 15], the Weil-Petersson metric was studied for each Hilbert manifold struc-
ture. In particular, it was shown that this metric is negatively curved (cf. [15]) and
complete (cf. [5]). Recently, Matsuzaki [8| researched some properties of the p-Weil-
Petersson metric on the p-integrable Teichmiiller space of the unit disk for p > 2.
This metric is a certain extended concept of the Weil-Petersson metric on the square
integrable Teichmiiller space. In fact, it was proved in [8] that the metric is complete
and continuous.

Based on their results, the author [19] introduced some complex analytic structure
on the p-integrable Teichmiiller space of a Riemann surface with Lehner’s condition

https://doi.org/10.5186/aasfm.2019.4413

2010 Mathematics Subject Classification: Primary 30F60; Secondary 32G15, 30C60.

Key words: Teichmiiller space, p-integrable Teichmiiller space, Weil-Petersson metric, complex
Finsler metric.



16 Masahiro Yanagishita

for p > 2. In particular, this structure is modeled on p-integrable holomorphic qua-
dratic differentials, or equivalently on p-integrable harmonic Beltrami differentials.
We will remark the latter case in Section 2. Here, a Riemann surface satisfies Lehner’s
condition if the infimum of the length of all simple closed geodesics on the surface is
positive.

It is well-known that the metric structure and analytic structure of the Teich-
miiller space can be inherited from those of the universal Teichmiiller space in many
cases. In fact, for every hyperbolic Riemann surface R, there exists a canonical em-
bedding of the Teichmiiller space of R into the universal one, whose image becomes a
submanifold. Moreover, the embedding becomes a contraction mapping with respect
to their Teichmiiller distances. We emphasize that this result does not follow in the
p-integrable Teichmiiller space because the hyperbolic LP-norm is affected by the fig-
ure of Riemann surfaces better than L>*-norm (see Proposition 2.2). Therefore, we
have to study the p-integrable Teichmiiller space without using the results of Cui,
Takhtajan and Teo as they are.

In the recent paper [20], the author proved that the Kéhlerity and negativity
of the Weil-Petersson metric on the square integrable Teichmiiller space, which was
proved originally for the Teichmiiller space of a compact Riemann surface (cf. [2]).
We expect that this result is generalized to the p-integrable case and that other results
given by Ahlfors and Wolpert would also hold in our case, which is our motivation.

This paper corresponds to the first step to study the metric structure of the p-
integrable Teichmiiller space. Our aim is to consider smoothness and strongly pseu-
doconvexity of the p-Weil-Petersson metric because these properties are necessary
for our research in the future.

2. Complex structure on p-integrable Teichmiiller space

In this section, we will give the detail of the complex structure on the p-integrable
Teichmiiller space moleded on harmonic Beltrami differentials, which is necessary for
the next section. This structure is biholomorphic equivalent to the one obtained
from Theorem 4.4 in [19]. Some readers, which are familiar with complex analytic
structure of the Teichmiiller space, may skip this section because we apply how to
construct its structure.

First, we define the p-integrable Teichmiiller space. Let I' be a Fuchsian group
acting on the upper half plane H = {z € C | Imz > 0} and £L>(H,I") be the Banach
space of Beltrami differentials on H for I' and finite L®°-norm

|14l o = ess sup |u(z)],
z€N

where NNV is a fundamental region on H for I'. Here, a complex valued measurable
function g on H is a Beltrami differential for T if (o )y /7 = p for every v € T.
Let Bel(H,I") be the open unit ball of £2(H,I"). Each element in Bel(H,I") is called
a Beltrami coefficient on H for I'. For u € Bel(H,T'), let f* be the quasiconformal
self-mapping of H satisfying the Beltrami equation df = pdf and normalized by
fixing 0,1, co. Two Beltrami coefficients u, v € Bel(H,T") are Teichmiiller equivalent
if f*lg = fY|r. Then the Teichmiiller space T(I') of I' is defined as the quotient
space of Bel(H,I') by the Tei chmiiller equivalence relation. Each element of the
Teichmiiller space is called a Teichmiiller equivalence class. Let [p] be the Teichmiil-
ler equivalence class represented by pu € Bel(H,I'). In particular, the Teichmiiller
equivalence class represented by the zero function on H is called the base point,
denoted by 0. For a linear map A on £>*(H,T"), we usually use the representation
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Alp] as the image of € L>°(H,T"). Hereafter, the reader should be careful so that
he/she does not confuse how to use the bracket “[ |”.

For p > 1, let £LP(H,T') be the Banach space of Beltrami differentials for I" with
finite hyperbolic LP-norm

il = ( [ o) om(er dg@)% |

where pg(z) = (2Im2)~! is the Poincaré metric on H and do(z) = dxdy for z =
x +iy. Set Ael’(H,I') = Bel(H,I') N LP(H,I"). The p-integrable Teichmiiller space
TP(T") of a Fuchsian group I' is defined by T7(I") = {[u] € T(I") | n € Ael’(H,T")}.

Next, we introduce the complex structure on 77(I'). Let H* = {z € C | Im z < 0}
be the lower half plane. A quadratic differential ¢ on H* for I' is bounded if the
hyperbolic L*>-norm

lelloc = sup | (2)|pr-(2)
z€N*

is finite. Here N* is a fundamental region of H* for ' and pg:(2) = (—2Im2)!
is the Poincaré metirc on H*. Similarly, A quadratic differential ¢ on H* for T is
p-integrable if the hyperbolic LP-norm

oty = ([ oo om0

is finite. Let B(H*,T") and AP(H*,I") be the Banach space and the Hilbert space
of bounded and square integrable holomorphic quadratic differentials on H* for I,
respectively.

There exists a relation between the hyperbolic LP-norm and L*°-norm for Fuch-
sian groups with Lehner’s condition:

Proposition 2.1. |7, 10, 14] A Fuchsian group I' satisfies Lehner’s condition if
and only if there exist an index p > 1 and a constant C,(I") depending only on I" and
p such that

(2.1) [elloo < Cp(D)]leell
for every ¢ € AP(H*,T"). Especially, A»(H*,T") is contained in B(H*,T").
Let us introduce harmonic Beltrami differentials. Set
1 P -
plel(z) = Z'OH(Z) 2p(2) = (Im2)? o(2)

for p € AP(H,T"), where AP(H,T") is the Hilbert space of p-integrable holomorphic
quadratic differentials on H for I'. Let £P*°(H,I') = LP(H,T") N L>*(H,T"). We see
that £7°°(H,T") forms a Banach space equipped with norm || - |[p00 = || [l + || - || -
Then pfg] belongs to £7>°(H, T').

For a holomorphic function f, the function

ANl n\ 2
1
o (£Y _1(f
f 2\ f
is the Schwarzian derivative of f. For p € Bel(H,I'), we extend u to a function on C

by letting 0 on H*. Then f, is defined as the quasiconformal mapping on C with the
extended Beltrami coefficient ;1 that is normalized by lim,_,o(f.(2) — 2) = 0. Let

(22) elu2) = 2RO = = [ @“_(2)4 4 ()
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for p € LP>(H,I') and z € H. Here ®(u) = Sy,),,. is the Bers projection and D®
means the Fréchet derivative of ®. Note that ® is a holomorphic map of Ael”(H,T")
into AP(H*,T"). It follows that

(2:3) plu] = b2 (pr1)
for every p € £LP>°(H,T"). Here by is the Bergman projection. In other words,

ba()(z) = > /H p22(C) 2 0() Kan(2.C) dor(2)

™

for a measurable quadratic differential ¢, where Ky (z,¢) = (2 —¢)~* is the Bergman
kernel on H. Then ¢|[u] is an element of AP(H,T"). It follows from formula (2.3) and
the reproducing formula of the Bergman kernel that for every ¢ € AP(H,T),

(2.4) elulel] = ¢
Set
(2.5) Hlp)(2) = plplu])(2) = —%pH(Z)‘2D<1>(0)[u](Z)

for p € L£P>°(H,T'), which is called the harmonic Beltrami differential for p and
z € H. By formula (2.4), we have

Hlulell = u[(¢lulel])] = nlel
for every ¢ € AP(H,T"). This fact implies that
(2.6) H*=HoH=H.
In other words, H is a projection of £7°°(H,T). If we set HBP(H,T') = H (LP>~(H,T)),
then we have the direct sum decomposition
(2.7) LP°(H,T') = HBP(H,T") @ Ker H.

Since H is a bounded linear operator, HB?(H, I") is a Banach subspace of £LP*°(H,T").
Now let us introduce a complex structure on 7%(I).

Re T 1
ACP(H,T) —— 7 AelP(H,T7) 0k
o
w wr [
incl.
TP(T) Py TP(T'7) o AP(H* T7) HBP(H,T7)
Figure.

For7 € T(T'),let I'™ = f*T'(f*)~! be the Fuchsian group deformed by 7 where v €
7. We note that I'" is defined independently of the choice of v. Let w,: Bel(H,I'") —
T(I'") be the canonical projection and

ﬁ'r([ﬂ]) = Sfu\H*

be the Bers embedding on 7'(I'"). It is known that f3, is a homeomorphism of T'(I'7)
into B(H*,I'"). Theorem 4.4 in [19] means that 3, is also a homeomorphism of
TP(I'7) into AP(H*,I'"). In the proof, Proposition 2.1 is applied essentially.
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Let By(1) = {p € AP(H*,I'") | ||l¢ll, < 2/C,(I'")}. By inequality (2.1), we have
lollee < 2 for every ¢ € By(7). Then it follows that for every ¢ € B,(7), the
Ahlfors—Weill section of ¢

X(©)() = —gpm-(2) 20(5) = 1 [25(3)] (- € H)

belongs to HBP(H,I'"). Indeed, x is an isometry of A?(H*,I'") onto HB?(H,T'") by
formula (2.5).

For p,v € Bel(H,T), let R, (1) be the Beltrami coefficient of f# o (f*)~" and
Ryy([1]) = [R,(p)]. We call R, and Ry, the right translation map for v and [v],
respectively. Let DE(7) be the Douady—Earle extension for 7 and e(7) be the Beltrami
coefficient of g; o DE(7) o g5 ', where g, go are the conformal maps of D = {z €
C||z| < 1} onto H such that g; o DE(7) o g5 * fixes 0, 1, co. By Proposition 5.1 in
[19], the right translation map R (resp. R,) is a homeomorphism of Ael’(H,T)
onto Ael?(H,I'") (resp. of TP(I") onto T?(I'7)).

Set V; = x(B,(7)) C HB?(H,T'). Then the collection

(U, =wo R4 (V,) | 7€ TP(I)}

is an open covering of TP(I'). In fact, 7 belongs to U, for every 7 € T?(I') and
U, coincides with the preimage of the open set V. under the homeomorphism ¢, =
X © B8 o R,;. Thus we obtain the family

A={Us ) [7eTD)}.

It follows that A forms an atlas of TP(I") for every p > 2 and every Fuchsian group
with Lehner’s condition. We omit the proof since it is given almost similarly to
the proof of Theorem 2.3 in [20] by replacing the letter “2” with “p” and by the
post-composition of A, = 3, o R, by x.

Since a chart (U,,¢,) is modeled on the Banach space HB?(H,I'") for every
7 € TP(I"), we obtain the following representation of the holomorphic tangent space
of TP(T") at 7:

TYOTP(T) ~ HBP(H, 7).

We end this section by remarking the relation between p-integrable (—1, 1)-differentials
for two Fuchsian groups.

Proposition 2.2. Let I' be a Fuchsian group and I be a subgroup of I'. Then
the following three conditions are equivalent:

(1) I': 1] < o0

(2) LP(H,T) is a subspace of LP(H,I") as a Banach space;

(3) (£P(H,T) 1 £P(H, ) \ {0} £ 0.

The proof is given similarly to Proposition 2.4 in [20].

For every subgroup IV of I", the Banach space £~ (H, I) is a subspace of L (H, I")
since their L*-norms coincide in £%°(H,I"). Comparing this point with the above
proposition, we see that the metric and complex structures of 7?(I") does not inherit
those of TP(I") generally, and we emphasize that our study is not given as a corollary
of the results obtained in [2] and [15] for infinitely analytic type Fuchsian groups.

3. Definition of p-Weil-Petersson metric

In this section, we define the p-Weil-Petersson metric on the p-integrable Teich-
miiller space. We first introduce the complex Finsler metric.
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Definition 3.1. Let M be a complex manifold modeled on a Banach space. A
real valued function F' of the holomorphic tangent bundle T%°M is a complex Finsler
metric on M if the following two conditions are satisfied:

(1) For every (z,v) € T"M, F(z,v) >0, and F(z,v) = 0 if and only if v = 0;

(2) For every (z,v) € TH'M and A € C, F(z,\v) = |\ F(z,v).

For example, the Kobayashi metric and Carathéodory metric on a complex man-
ifold M are upper semicontinuous complex Finsler metrics. Other example is the
Hermitian metric on M, which induces a canonical C'*°-smooth complex Finsler met-
ric. Here, a complex Finsler metric on M is C™-smooth for n € N U {oo} if F is
C"-smooth on THOM \ {0}, where 0 means the zero section on the holomorphic tan-
gent bundle TV°M. In fact, if F is C*-smooth on TH°M, then F is induced by an
Hermitian metric on M. Note that the complex Finsler metric in many other papers
is defined as the C'*°-smooth one in this paper.

Let z € M and F be a complex Finsler metric on M that F(z,-) is twice differ-
entiable on the holomorphic tangent space T}°M. Then F is strongly pseudoconvex
at z if

2
5 8E(Z’U +¢) . > 0

for every v, € THM \ {0}, where G = F?. If F is strongly pseudoconvex at
every z € M, then F is called strongly pseudoconvex on M. When M is a finite
dimensional manifold, this condition means that the Levi matrix {G,z(2)} is positive
definite for every z € M. The strong pseudoconvexity allows us to define a Hermitian
metric on the vertical bundle of M and to consider its holomorphic flag curvature
(see Chapter 2 in [1]).

In order to define the p-Weil-Petersson metric, we deal with the coordinate trans-
formation on the tangent bundle T%°T?(T"). Take 7,7" € T?(T") with U, NU,» # () and
¢ € U, NU,. Since every chart of A is determined uniquely by some point in 77(I"),
we may assume 7' = £. Let us consider the derivative of the coordinate transforma-
tion ¢¢ = ot (U NUe) = (U, N Ug). Tt clearly follows that ¢.¢(s-(£)) = 0.
Since v, (§) = R_l)(gT(f)) belongs to the Teichmiiller equivalence class &, éw(g) is a

e(r N
lift of Re. In addition, R, ) = R, (¢) © Re(r) by the definition of righ t translation
maps. Then we have

e =06 =(xofeoRe)o(wok])
=xo0feo(weo Rw({)) ) ée_(lT) =yxodo égT(g).
This implies that

Dse(:(€)) = D(x 0 ® o Re_6))(s,(£))
= X0 D®(0) 0 DR (¢)(s-(§)) = H o L,

where L© = DR_¢(s,(£)) is a bounded linear isomorphism of £7>(H,T) onto
LP=(H,T¢).

Therefore, in an open neighborhood U, C T?(I"), the p- Weil-Petersson metric
on U, is defined as

(3.1) Wp (& 10) = |[H o L], _

for £ € U, and p € HBP(H, ") ~ T1OTP(T"). Here, ||-||,.- is the hyperbolic LP-norm of
LP(H,T'7). From the argument above, the holomorphic tangent vector (£, u) € U, X
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HBP(H,T'7) is identified with (¢, H o Ls"©[u]) € Uz x HBP(H, T¢). This observation
implies that hYp is invariant under coordinate transformations, that is, hfyp becomes
a complex valued function on the holomorphic tangent bundle TH°T?(T"). Moreover,

since || - ||, is a norm, it clearly follows that h{yp becomes a complex Finsler metric
on TP(T).

Remark. In [8], the p-Weil-Petersson metric is defined for the Banach manifold
structure modeled on the Banach space AP(D*) of p-integrable holomorphic quadratic
differential on D* = {z € C | |z| > 1}. Since D* is conformally equivalent to
the lower half plane H* and HB?(H, 1) is isometrically isomorphic to A?(H*), our
definition is essentially equivalent to Matsuzaki’s one when I' = 1. Here, 1 = {idg}
means the trivial group.

4. Some lemmas

This section is devoted to some lemmas for the main theorem. Let K(z,w) =
(z —w)™% for z,w € C. For u € Bel(H, 1), set

K (2.18) = K(£(2), Frlu)) o ()0 () = 2L 200
(£1(2) = Fr(w))

and F,(u) = —K,(z, Z). The operator F,(u) means the deformation of the Poincaré
metric by u since F,(0) = —K(z,2) = pu(z)?. There exists some estimation for

F.(u) around p = 0 as follows:

Lemma 4.1. [15, Lemma 2.5| For every € > 0, there exists a constant 0 < § < 1
such that for every p € HB*(H, 1) with ||| < ¢ and every z € H,

|Fo (1) = pu(2)| < epu(2)*.
We note that this lemma is actually given for the unit disk D instead of H in
[15]. Since D is conformally equivalent to H, this lemma clearly follows.
For a (Fréchet) differentiable complex valued functional f on a domain U of a
complex Banach space B, let us define

D'f(z)[v] = % (Df(2)[v] —iDf(2)liv]),
1

D" f(2)[o] = 5 (Df(2)[v] +iDf(2)[iv])

for (z,v) € U x B. Then D'f(z) is a bounded complex linear functional and D" f(z)
is a bounded complex anti-linear functional. If D”f(z) = 0, then f is holomorphic
at z. Moreover, it follows that D'f(z) = Df(2).

The next lemma is an analogy of Lemma 4.1 for the first variation of F,.

Lemma 4.2. For every € > 0, there exists a constant 0 < ¢ < 1 such that for
every u € HB*(H, 1) with ||u]le < d, K € HB*(H, 1) and z € H,
|D'F (1) [s]] < ellsllooprr(2)”.
Proof. Fix zy € H arbitrarily. Let
_ w—Re f*(2)

Alw) = T 7 () B(z) = (Im z9)z + Re z.
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Then A, B are Mobius transformations preserving H. Set g = Ao f#o B. By simple
computation, g fixes ¢ and satisfies

09" (i) = pr(z0) "> Fxy ().

It clearly follows that the function (u, z) — f*(z) is C*°-smooth on U x H, where U
is a sufficiently small neighborhood at 0 in HB*(H, 1) (see Theorem 11 in [4]). This
implies that the function G,,: u — |0g”(i)|? is also C*°-smooth in U. In particular,
its z-derivative D'G,, = pgu(z9) 2D’'F,,, which is a map of U into the Banach space
of bounded complex linear functionals on HB*(H, 1), is continuous at p = 0. Hence
for every € > 0 there exists a positive constant 6 > 0 such that

ID'Gy (1) = D'G, (0)]] < €
for every u € HB*(H, 1) with ||p||~ < d, that is,
(4.1) | D'G (1)[K] = D'G (0)[]] < l|]]oc-
By Lemma 2 in [3], we have
0
D'F,(0)v] = —=Kw(20,20)] =0
ot =0
for every v € HB*(H, 1). This result and formula (4.1) imply that

pr(20) 2| D' Fuy (1) [r]] < e]|Ailloc-
Since zj is taken arbitrarily, the lemma holds. O

Let us denote by B.(z,r) and Bp(z,7) the Euclidean and the hyperbolic open
ball centered at z of radius r, respectively. The following lemma is a generalization
of Lemma 3.2 in [20] for p > 2.

Lemma 4.3. For p > 2 and r > e, let u(r) = loglogr and H(r) = {z € H |
|z| > r}. Then

B0 - [ e (/. G SREG) do() =0

asr — oQ.

Proof. Let Area(By,(i,u(r))) = wsinh?u(r) be the Euclidean area of By, (4, u(r)).
Then it follows that

E(r) < Area(By(i,u(r))) sup pm(2)*" </H( ) |K(z, C)\2d0(<))

z€Bp (i,u(r))

< 272 sinh? u(r) (log )P~ (/H do(¢) ) 5

(r) MiNze B, (iu(r) ¢ — 2|*

1 e d ’
— op—2, <%) (sinh2u(7’)/ , 'U(O — 4> .
sinh u(r) H(r) Wiz, (iur) [C — 2]

By the proof of Lemma 3.2 in [20], logr/sinhu(r) — 1 and

d
sinh® u(r)/ . 7(¢) — =0
H(r) M, () [ — 2|

as r — 00. Therefore the lemma holds. O

2

[SIiS]
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5. Main theorems

This section deals with the proof of the main theorems. We first prove the
smoothness of hfyp, which is based on |2, 3].

Theorem 5.1. Let I' be a Fuchsian group with Lehner’s condition and p > 2.
If p is an even number, then the p-Weil-Petersson metric hyp is C*-smooth on
THOTP(T) \ {0}, otherwise hkp is CP)=1-smooth on T°TP(T') \ {0}. Here | - | is the
floor function.

Proof. The definition of h{yp depends essentially on right translation maps, whose
action is nothing but replacing each point 7 in T?(I") with the base point in T?(I'7).
Then it is sufficient to consider the behavior of hyp on the chart Uy at the base point
TP(T"). We identify Uy with V; € HB?(H,I"). Note that the holomorphic tangent
vector space at each point in Vj can be regarded as HB?(H, T").

Let us first consider the Géateaux z-derivative of hiyp. We define h, (€ + tk) as
hEyp (€ + ti, ) for € € Vi, p, k € HBP(H,T) \ {0}, and t € C with £ + trx € V. We
first deal with the case of & = 0. Set u(t) = L™[u], a(t) = H[u(t)], (t) = L*[x].
Then we have

lts) = O = [ (RO o) dof)
/ AP Kz 2 (1= [t6()) doa)

where f''= f* N(t) = ), Ky = Ky, and

Ay(z) = ﬂ(?f)(ft(Z))3J““t(2)2pH(J”(Z))2 - %/I{M(C)Kt(ia ¢)*do(C).

Then we obtain

) oh 1 _
(5.1) Dgh,,(tr)[k] = a_t“(m) = ]—thv’vp(m, u)l P+ I + 13),

where
h= [ A K7 50~ ()P do(:)
=1 [ AP I AP () do),
L= [ AP GG~ () o)
= (1= ) [ AP KKl )| 7 g Kal )0 = () ) o)
b= [ SAGI KA1~ tr() ) do(:)

2

Note that hyp(tk, ) # 0 by Condition (1) in Definition 3.1. We have to show
the commutativity between the signs of differentiation and integration in the above
computation. It is sufficient to prove that I, I5, I3 converge absolutely and uniformly
with respect to t in an open neighborhood of 0.

=8 [ (AT A+ A AT ) A e A (1)) o).
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We first consider [;. Let Dy(t,r) = N(t)NBp(i,u(r)) and N(t,r) = N(t)\D1(t,r)
for r > e as Lemma 4.3. We note that the family {D,(¢,7) | > e} is an exhaustion
of N(t). There exists a constant §; > 0 such that (|t|*> + |t])|x(2)[* < 1 for |t| < &
and z € H. This implies that

/ [ AP [Ke(z, )] P16 (2) P do(2) < (130 v 7.
(F (N ()

Since H is a bounded linear operator, we have

1O e lp < THIP ) e 15

By estimation (3.8) in [20], ||x(t)|n@r|lp converges to 0 uniformly with respect to ¢
as r — 0. Hence I; converges absolutely and uniformly with respect to t.

Next, we deal with I5. By Lemmas 4.1 and 4.2, for every € > 0, there exists a
constant 0 < dy < 1 such that pg(2)? < (¢ + 1)|Ky(z, z)| and
0

EKt(%?)

for |t| < 0, and z € H. These inequalities imply that

/ AP V2 | K2 1= est2) ) do)
(SN ()

= |D'F.(tr)[s]| < elllsopm(2)?

€(€+1)Ilﬁlloo/(t) e A" [Ke(z, 2P (L = [ts(2)|*) do(2)

= (e + Dl llooll 28 e 15

Therefore I, also converges absolutely and uniformly with respect to t as the case of
L.
The last part is to check the convergence of I3. Since

o . 1 Af ()01
—Ki(z,() = ——
gt (% ¢) /I—I (w = f1(2))2(w = f4(C))?

O =8 /H HOKAZ O Ko, Q) do(0),

G = 2 [ OO K, 0 do ),

K(t)(w) do(w),

we have
=2 [ RGO 0O T . DK (.0 dal.)
T N(t)xH
+/ () () at) (2) P2 () () Tay (2, O K (2, ) do (2, C)},
N(t)
where
Jrgu 2:0= [ (o)) o
and

To(:6) = | RO K (w, K (w,) dofw)

It is sufficient to show the absolute and uniform convergence of the first integral. Let
Do(r) = HN B.(0,7) for r > e. Then {D;(t,r) x Do(r)|r > e} is an exhaustion of
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N(t) x H. The complement of D;(t,r) x Dy(r) in N(t) x H has the disjoint union
decomposition

(N(t) x H) \ (D1(t,r) x Da(r)) = (N(t,7) x H) U (Dy(t,r) x H(r)),
where H(r) = H\ Dy(r). It is sufficient to show that two integrals
L(t,r) = /N(t - () ()"~ () () Ty (2, O K (2, Q) dor (2, ),
Li(t.r) = / |£(t) ()"~ () () Ty (2, O K (2, Q)| dor (2, €)
Di (7)< H(r)

converge to 0 uniformly with respect to ¢t as r — 0. It follows from the Schwarz
inequality that

Li(t,r) S/N(t )Iﬁ(t)(Z)lp_lllu(t)K(z,-)IlzllTn(o(Z,-)Ilsz(Z),

where

o)l = ([ 1uto) >\2do—<<>)%,
1Ty (2. )lla = ( / T (2, O do (¢ >)%.

By Hoélder’s inequality, we have

52) ||u<t>K<z,->||§s(/ ORGP0 [ 1 opas))

= (e [ QP GO do(0)
We apply the isometry property on the Hilbert transform. Then we obtain
63 ITala )l = [ K 20w o)
< 7llk(t)]% / K (w, 2)[* do(w) = 7°[|k() |5 pra(2)*.

It follows from inequalities (5.2), (5.3) and Holder’s inequality that

3

Li(t,7) Sﬂll%(t)lloo/w )|ﬁ(t)(z)|p_lpH(2)||N(t)K(Za')||2 do(z)

1
P

IA
3

21 () oo | 08 v 127 (/N(t )pH(Z)HIIu(t)K(Z, -)Ilé’dU(Z))

OOl ([ IOOPIEE OR (=)

IN
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Let us transform the integral in the last line of this inequality. By the invariance of
u(t) and K(z,() on the action of I'"® we have

(5.4) /N o HOOPIEE OPdo(z,)

= Y WOQPIK G OF (e, 0)

et

=3 o HOGOPEGELACER QPR (OF dotz.)

~ [ WP ([ 5GP ) dso) = rlutoly
Therefore, we obtain

L (t,r) < w26 () ool )l | A v 177"

Since ||£(t)||s and || p(t)||, is uniformly bounded on a neighborhood at t = 0, I (¢, )
converges to 0 uniformly with respect to t as r — 0.
By similar estimation, we have

L(t,r) < 72 IIH(t)HOO/D (t.r) () ()P~ pr(2) () K (2, ) rer |2 dor(2)

< 73|60l IOl | D5 B (r) .

This inequality and Lemma 4.3 imply the uniform convergence of I3 (¢, 7) with respect
to .

Therefore the computation of formula (5.1) is justified. It follows from the defi-
nition of Alyp that

55 Dinutnln] = ) = (G200 ) = (G = Do, T

Then h, has a z-derivative at ¢. Substituting ¢t = 0 for D h,(tk)[k], we have

Dty = =1l { [ PO OR . ¢ doen0)

xH

b [ P O G Qo) |

— =Sl [
(P2 + Q) Tulz, QK (2.) do(=.0).

The last expression is obtained by changing the role between 2z and ( in the second
integral in the middle expression and by transforming its integral as formula (5.4).
Note that I = 0 because 2 K(z,%)|,—o = 0. As the above computation, we obtain

Deu(©)l] =~ F@1; 7 [ (FOEIHOEPuE Q)

+ ﬁ(f)(()Iﬁ(ﬁ)(C)lp_Qu(ﬁ)(2)> T (2, Q) K(2,¢) do(z,C)
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for &€ € Vi, where u(&) = L&[u], (&) = H[u(¢)] and x(€) = L¢[x]. This implies that
Dy, (€) is a complex linear map. Similarly to the estimation for I3 (¢, r), we have

| D6l (E)[8]] < 6111(E)locllK(E) 5 < 6l(E) ool LI 1

Hence Dih,(€) is a bounded complex linear functional on HBP(H,T') and h{yp is
Gateaux differentiable on V.

Let us consider n times differentiablity of h{yp at the base point for n > 2. This
observation depends essentially on the smoothness of the function P(z) = |z|” on C
for p > 2. In fact, f(z) is C*°-smooth on C if p is an even number, otherwise P(z) is
CPI=Lsmooth on C because the |p|-th derivative of P(z) has a singularity at z = 0.
The integrands in the n-th derivative of ||fi(?)|[? with respect to t always contain one
of the following terms:

(1) The derivative of (1 — |tk(2)|?) (cf. I,);

(2) The k-th derivative of |K;(z, 2)[*7P (cf. L);

(3) The k-th derivative of |A,(2)[P (cf. I3).

Here 1 < k <n and 2z € H. Case (1) makes no problem since |tk(z)]? is C°°-smooth
on some sufficiently small neighborhood W at 0. In case (2), since Ki(z,z) # 0 for
every z € H and every t € W, |Ky(z,2)|'77 is C*°-smooth on W. We have to check
the higher order differentiablity of case (3). For z € H, the function A;(z) is C°°-
smooth on W. By this fact and the smoothness of P(z), which was remarked above,
| A;(2)|P is C*=-smooth on W when p is an even number, otherwise |A4,(z)|? is CP)~1-
smooth on W generally. We can prove the commutativity between differentiation
and integration by repeating or combining the methods used in the estimation of I,,
(m =1,2,3). From these results, our claim is satisfied completely. O

Let us prove the main theorem of this paper.

Theorem 5.2. Let I' be a Fuchsian group with Lehner’s condition and p > 2.
Then hiyp is strongly pseudoconvex on T?(T").

Proof. 1t suffices to show the strong pseudoconvexity at the base point. By a
simple computation similar to that in the proof of Theorem 5.1, we obtain
82

s g w0+ th)®

t=0

— 2 {2l [ ) Pz do ()

2
() }
2
for every pu,x € HBP(H,T") \ {0}. Note that the commutativity between the signs of
differentiation and integration clearly follows. By the Schwarz inequality, we have

\ /N PR pr2)? dor(2)| < Ilull? /N (P21 (=) Ppr2)? dor(2).

Hence it follows that

82

o Ot 02| = 2 [ ) oz dot)
N

This implies that hyyp is strongly pseudoconvex at 0 since p, k # 0. U

/N (P 2a ()R pra(2)do (2)

t=0
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