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Abstract. Let 0;, 7 = 1,...,n, be reverse doubling weights on R%, DR(R?) be the set of all
dyadic rectangles on R? (Cartesian products of usual dyadic intervals) and K: DR(R?) — [0, o)
be a map. In this paper we give the n-linear embedding theorem for dyadic rectangles. That is, we
prove that the n-linear embedding inequality for dyadic rectangles

Y K®]] / fidoi| < CTTIilios o)
=11/ R i=1

REDR(RY)
can be characterized by simple testing condition

K(R) f[ai(R) < cf[ai(R)p% R € DR(RY),

noo1
i=1p;
weights, we verify a necessary and sufficient condition for which weighted norm inequality for mul-

in the range 1 < p; < oo with > > 1. As a corollary to this theorem, for reverse doubling

tilinear strong positive dyadic operator and for multilinear strong fractional integral operator to
hold.

1. Introduction

The purpose of this paper is to prove the n-linear embedding theorem for dyadic
rectangles. We will denote by DQ(RY) the family of all dyadic cubes Q = 27%(m +
[0,1)), k € Z, m € Z¢, and by DR(R?) the family of all dyadic rectangles on R¢.
By dyadic rectangle we mean the Cartesian product of the dyadic intervals DQ(R).
Throughout this paper the letter n stands for an integer which is greater than one.

In a series of works [3, 4, 8, 11, 13, 14, 15, 16|, the n-linear embedding inequality
has been characterized for dyadic cubes. Let 0;, i = 1,...,n, denote positive Borel
measures on R? and let K: DQ(R?) — [0,00) be a map. The n-linear embedding

inequality for dyadic cubes
| s
Q

(1.1) > K@I]]
QEDQ(RY) i=1

can be characterized in the full range 1 < p; < co. The n-linear embedding theorem

(1.1), either can be reduced to the (localized) (n — 1)-linear embedding theorems, or

< CTT Il wrican
=1
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characterized by certain n-weight discrete Wolff potential conditions. The division

1

line is whether the exponents pi,...,p, are in the super-dual range Y ', o = 1

or in the strictly sub-dual range >, 1% < 1. The methods of each range seem to

be rather different (see [15]). The main technique used is that of “parallel corona”
decomposition from the work of Lacey et al. 7| on the two-weight boundedness of
the Hilbert transform. However, this powerful technique deeply depends on the tree
structure of dyadic cubes and one can not apply it to the case of dyadic rectangles.
Even though, it is natural to consider what happens in the case DR(R?) and the
partial answer is given in this paper.

By “weights” we will always mean nonnegative, locally integrable functions which
are positive on a set of positive measure. Given a measurable set £ and a weight w,
we use w(E) to denote the quantity [, wdz and use 1g to denote the characteristic
function of FE.

Let 1 < p < 0o and w be a weight. We define the weighted Lebesgue space LP(w)
to be a Banach space equipped with the norm

s = ([ 1P a)",

where we have used the notation dw := wdxz. Given 1 < p < 00, p/ = % will denote
the conjugate exponent of p.

Let R(R?) denote the set of all rectangles in R? with sides parallel to the coor-
dinate axes. We say that a weight w is “reverse doubling weight” if it satisfies that
there is a constant 3 > 1 such that fw(R') < w(R) for any R, R € R(R?) where R’

is any one of the two equal divisions of R. We shall prove the following theorem.
Theorem 1.1. Let 1 < p; < oo with Y7 | L > 1. Let K: DR(R?Y) — [0, 00)

pi
be a map and let 0;,7 = 1,...,n, be reverse doubling weights on R¢. The following

statements are equivalent:

(a) The n-linear embedding inequality for dyadic rectangles

(1.2) 3 )K(R)E / fido,

REDR(R4
holds for all f; € LPi(0;),i=1,...,n;
(b) The testing condition

n
<o [ 1illzricon
=1

n

(13) K@) [Joi®) < e [[ o)™

holds for all dyadic rectangles R € DR(R?).
Moreover, the least possible constants c¢; and cy are equivalent.
Corollary 1.2. Let 1 < p; < oo and 1 < ¢ < oo with Y, pii > %. Let
K: DR(R?) — [0,00) be a map and let 0;, i = 1,...,n, and w be reverse doubling
weights on R%. The following statements are equivalent:

(a) The weighted norm inequality for multilinear strong positive operator

(1.4) 1T ooy < e TLIl gonoirt
i=1
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holds for all f; € LP (o, "), i =1,...,n; Here,

) i=1 7R

REDR(R4

(b) The testing condition
(1.5) K(Rw(R) [[oi(R) < 2 [[os(R)%
; i=1

holds for all dyadic rectangles R € DR(RY).

Moreover, the least possible constants c¢; and co are equivalent.

Remark. We notice that (1.5) is equivalent to the condition that

holds for all dyadic rectangles R € DR(R?). This is known as the Fefferman—Phong-
type condition which was first observed in [2]. In [1], the corresponding results were
established for the multilinear fractional strong maximal operator. In [5], two-weight
inequalities of various type for the strong fractional maximal functions and potentials
with multiple kernels defined on R? were also established. In the recent paper [12],
using our iteration method (see Lemma 2.2 below), Sawyer and Wang proved that
the inequality (1.4) holds if the weights satisfy the theta bump condition.

In the last section (Section 5) we shall apply Corollary 1.2 to multilinear strong
fractional integral operator.

The letter C' will be used for constants that may change from one occurrence
to another. Constants with subscripts, such as C, (5, do not change in different
occurrences. By A ~ B we mean that ¢c™!B < A < ¢B with some positive finite
constant ¢ independent of appropriate quantities.

2. Lemmas

We need two lemmas and we will give their proofs for the sake of completeness.

Lemma 2.1. Given a weight 0 in R and 1 < p < ¢ < oo, the following
statements are equivalent:

(a) The Carleson type embedding inequality for dyadic cubes

(2.1) S 6@ (ﬁ/@f@)q < (/Rd f”da)p

QEDQ(RY)

holds for all nonnegative function f € LP(c);
(b) The testing condition

(2.2) Y 0@)F <@
e

holds for all cubes Q € DQ(RY).

Moreover, the least possible constants c¢; and cy are equivalent.
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Proof. The necessity of (2.2) follows at once if we substitute the test function
f = 1g into inequality (2.1). To show that inequality (2.2) is sufficient, we fix a (big
enough) dyadic cube Qy € DQ(R?) and we prove the inequality

(2.3) > g(Q%( /fda) < Cey (/Qofpda)%.

QeDO(RY)
QCQo

We define the collection of principal cubes F for the pair (f, ). Namely,

F = D ./_"k,
k=0

where Fy := {Qo},
Fir = | J chr(F)

FeF

and chz(F) is defined by the set of all maximal dyadic cubes @) C F such that

ﬁ/@fda>%ﬂfda.

Observe that

F%;(F)U(F’) < <% /F f do—>_ Fg; fao
(s fyrw) frar="5
and, hence,
(2.4) o(Er(F) =o [F\ |J F|> @

F'echr(F)

where the sets in the collection {Ex(F): F € F} are pairwise disjoint.
We further define the stopping parent, for @ € DQ(R?),

77(Q) :=min{F D Q: F € F}.
Then we can rewrite the series in (2.3) as follows:

3 o) (ﬁ/@fda) DD O—(Q)% <ﬁ/@fda)q

QCQo FerQ:mr(Q)=

F€f< / fda) Q)

Q: mr(Q)=F

§2qc2 ( /fda) o g,
FEF

where we have used the condition (2.2).
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Using || - |li» > || - ||lze, for 0 < p < ¢ < 00, and (2.4) we can proceed further that

Zoo—(@%< /fdo—) <Cc2{F€f( /fda) o( }g
<u {5 (e [ r00) st}

< Ca ( MDQ[leO]pda)

Qo

< Ce, (/ fpda)”,
Qo

where M7, stands for the dyadic Hardy-Littlewood maximal operator with respect
to the measure do and we have used its LP(o)-boundedness. This completes the
proof. O

We denote by P;, ¢« = 1,...,d, the projection on the z;-axis. For the dyadic
rectangle R € DR(RY), the dyadic interval I € DQ(R) and j = 1,...,d, we define
the dyadic rectangle

R; I,j]: (HP ) x(i:]ﬁla(}z)).

Lemma 2.2. Given a weight 0 in R and 1 < p < ¢ < oo, the following
statements are equivalent:

(a) The Carleson type embedding inequality for rectangles

(2.5) > o(R)

REDR(R)

< /fda) <cl</Rdfde)q

holds for all nonnegative function f € LP(o);
(b) The testing condition

(26) S ollR: L3P < co(R)?
1)

'G\»Q
3

holds for all dyadic rectangles R € DR(R?) and j =1,...,d.
Moreover, the least possible constants ¢, and cy enjoy ¢; < ch and ¢y < ¢y.

Proof. The necessity is clear, so we shall prove the sufficiency. We use induction
on the dimension d. To do this, we assume that the lemma is true for the case d — 1.
We assume that the weight o in R satisfies the testing condition (2.6) (d-dimensional
case). We will write x = (z1,...,24-1,2q4) = (T, xq).

We need two observations. First, we verify that, for any dyadic interval I; €

DO(R), if we let
v, (T) == / o(T,zq) dxy,
14
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then vy, () satisfies the testing condition (2.6) ((d — 1)-dimensional case). Indeed,
for any R € DR(R?1), setting R = R x I, we have that, for j =1,...,d — 1,

> (B L) = > o([R Lj])r < c20(R)r = covr,(R)>.
TeEDQ(R) IEDO(R)
ICcP;(R) ICP;(R)

’E\Q

We next verify that, for a.e. 7 € R, if we let
vz(xq) = o(T, x4),

then wvz(z4) satisfies the testing condition (2.2) (one-dimensional case). We must
prove that the inequality

(2.7) > uaD)r < eovglly)?

IeDQ(R)
ICIy

holds for any I; € DQ(R). For a cube Q € DQ(R41), it follows by setting R = Q x I,
that
Y o([R; Ld))» < e0(R)?.

IeDQ(R)
ICPd(R)

Dividing the both sides by the volume |@|%, we have that

1 _ > 1 _ N\
Z <@ /QXIU(:);,zd)dxddx) < ¢y <|Q\ /QXIdU(x,:L'd)dzddz) )

IeDQR)
ICP4(R)

In the both sides of this inequality, considering the Lebesgue point 7 with respect
to the integral averages over (), which exists a.e. in R%"! because our argument is
countable, and shrinking @) to 7, we obtain

Z </10@’ Ta) dxd)% < e (/Ida@, ) dxd)% ,

IEDQ(R)
ICIy

which means (2.7).
By the use of these two observations we can prove the lemma. Fix a nonnegative
function f € LP(0). We shall evaluate

where we have used R = R x 1.
There holds

Z Z U1y (E> z

I;€DQ(R) ReDR(R4-1)

« (wjﬁ) /ﬁ ( BEETLCEN dxdvld(f)_l) v, (%) df)q.
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Since vy, (T) satisfies the testing condition (2.6) ((d — 1)-dimensional case), by our
induction assumption, we have that

H<cg™ Y ( /R

I,€DO(R)

q
P

( Idf(f> 24)0 (T, Tq) dxdvld(f)_l)pvjd(f) df)

d—1

By integral version of Minkowski’s inequality,

S

g

i) =9 > ( /R < ; f(f,xd)a(f,xd)dzdvld(f)_l>pvjd(f)df)p

I,€DO(R)

S

dz

hSESY

< /R D> (Id f(f,xd)a(f,xd)dxdvfd(f)_l)qwd(f)

I,€DO(R)
- J.

Since vz(z4) satisfies (2.2) (one-dimensional case), by Lemma 2.1

(i) < 05/ / f(@, xg)Po(T,xq) degdT = 05/ fPdo.
Ri-1 JR Rd

Altogether, we obtain
(i) < Ccs (/ 1P da)
Rd

This proves the lemma. U

Q3

1

va(la)? <m I

q
(@, xq)vz(za) dxd> dz.
I,€DO(R)

B

3. Proof of Theorem 1.1

In what follows we shall prove Theorem 1.1. We first notice that, if o is a reverse
doubling weight on R¢ with 3 > 1, then it satisfies the testing condition (2.6).
Indeed, for the dyadic rectangles R € DR(R) and j = 1,...,d, we have that

> o([R: 14)r = > o([R; 1,41)»'o([R; I, 4])
I€EDO(R) k=0 IEDO(R)
1CP(R) ICP;(R), |T|=2*|P;(R)|
< 7 1\r .
< (5—) dRET Y (R L)
k=0 I€EDO(R)

ICPy(R), T=2-|P;(R)
. o0 1 %—1 q
:O'(R)pz<@) :CO'(R)p
k=0

The necessity of (1.3) follows at once if we substitute the test functions f; = 1g,
i =1,...,n, into inequality (1.2). To show that inequality (1.3) is sufficient, we take
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g > pi, 1t = 1,...,n, with Z?:1é = 1. This is possible because Y | p%— > 1. It
follows from testing condition (1.3) and Hélder’s inequality that

/f,da, <c Y Ha, (ﬁ/}zwdm)

ReEDR(R?) i=1
1 / qi
Ji dUz')
7) J "

§c2ﬁ 3 ai(R)i—i(ai(

i=1 \ ReDR(R?)

S CC2 H HfiHLpi(Ui)v
i=1

ReDR( Rd

where we have used Lemma 2.2 by noticing that every o; satisfies the testing condition
(2.6). This completes the proof. O

4. Proof of Corollary 1.2

In what follows we shall prove Corollary 1.2. The necessity of (1.5) follows at
once if we substitute the test functions f; = 1goy, ¢ = 1,...,n, into inequality (1.4).
To show that inequality (1.5) is sufficient, we notice that the condition

1 1
IEES
— Pi 4
leads to the condition
— + Z —> 1.
i1 Di
By Theorem 1.1 we have that the 1nequahty

(4.1) S K(R /R gdw]] /R fida: < Cllgllww TT Il
i=1 =1

REDR(R4)

holds for all nonnegative functions g € LY (w) and f; € L (0;), provided that the
testing condition
n 1

(4.2) Haz < Cw(R)7 [[o:(R)™

i=1
holds for all dyadic rectangles R € DR(R?).

Since (4.2) is equivalent to our assumption (1.5), the inequality (4.1) is proper.
Rewrite fio; = h; in (4.1), then

Z K /Rgde/RhZ dz < CC?HQHLq’(w) H HhiHLm(gil*pi)'
i=1 i=1

REDR(R4)

This means that
/Rd 9Tk (h1, ..., hy) dw < CC2H9HL(I’(M) H HhiHLPi(gg”’i)
i=1
and, by duality,

[Tk (has .- hn)HLq(w) < Ce, H ||hi||Lpi(JZ_1*”i)v

i=1
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which yields the proof. O

5. Applications

In what follows we give some applications to multilinear strong fractional integral
operator.

For a number ¢ > 0 and a rectangle R € R, we will use cR to denote the rectangle
with the same center as R but with ¢ times the side-lengths of R. Let f;, i =1,...,n,

be locally integrable functions on RY. Let @ = (ay,...,aq) with 0 < a; < n. We
define the following “multilinear strong fractional integral operator” Iz(f1, ..., fu)(2),
r € R, by

fiyr) - fu(yn) dys - - - dyy

Is(fi,- - fo)(x) == /yl,...,yneRd (H?:1 max?_, |P;(z) — Pj(y,)|>

n—ag

where P;(x), j =1,...,d, is the projection on the z;-axis of the point z € R?. This
is different from the multilinear fractional integral operator defined in [10].

Remark. We examine the case n = 1. For @ = (aq,...,aq) with 0 < a; < 1,
= (z1,...,7q) €ERY u=(uy,...,ug) € R¥and f: R? - R, we have
=~ f(u) du
I5(f)(z) =

d Cas
e TT Joy —

This operator with product type kernel was treated on grand Lebesgue spaces by
Kokilashvili and Meskhi [6], where a; = -+ = a4 and R? is replaced by a bounded
rectangle. We are grateful to Eiichi Nakai for this information.

When n = d = 1, I5 is just the usual one-dimensional fractional integral operator.

We observe that, for s, € R with s # ¢, the minimal dyadic interval I € DQ(R)
such that I > s and 31 > ¢ satisfies

I
'—2‘<\s—t|<2|1\.

This observation and a calculus of geometric series enable us that, for any y1, ..., y, #
x’

> H|P N " 1g(z H13R Yi) (HmaXIP P;(y )|) .

REDR(RA) j=1

This equation and Fubini’s theorem yield the precise point-wise relation

(5.1) Talfieof)@) = Y H|P )| 1 g H/ filyi) dy,  x € R%

ReDR(RY) j=1

Since the right-hand of (5.1) can be controlled by the estimate based upon the finite
number of the systems of dyadic rectangles (see, for example, [9]), by Corollary 1.2,
we have the following.

>
. Let @ = (ov,...,0q) with 0 < a; < n and let oi, 1 =1,...,n, and w be reverse

Proposition 5.1. Let 1 <p; <oo,i=1,...,n,and 1 < ¢ < oo with > " 1p

1
q
doubling weights on R?. The following statements are equivalent:



38 Hitoshi Tanaka and Kb6z6 Yabuta

(a) The weighted norm inequality for multilinear strong fractional integral oper-
ator

a(fis- s oy < e [T il pos oy
=1

holds for all f; € LP (0, "), i=1,...,n;
(b) The testing condition

[T @)y [T o) < e [Joms

holds for all rectangles R € R(R?).
Moreover, the least possible constants c; and co are equivalent.

Lettingw =01 =--- =0, =1 and & = (a/d,...,a/d), we have the following
Hardy-Littlewood—Sobolev inequality for strong fractional integral operator.

Proposition 5.2. Let 1 <g< oo, 1 <p; < 0,0 < a < dn and
1 z": 1 «a
R — d

Then the multilinear norm inequality

Ta(f1, - Fa)llzaway < C T I fill os ey
i=1

holds for all f; € LPi(R%),i=1,...,n.

Remark. About the weighted estimate for multilinear fractional integral oper-
ators see, for example, [10]. We could not find any literature about the Hardy—
Littlewood—Sobolev inequality for our strong fractional integral operators.
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