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Abstract. We study the boundary behavior of the so-called ring @)-mappings obtained as a
natural generalization of mappings with bounded distortion. We establish a series of conditions
imposed on a function Q(z) for the continuous extension of given mappings with respect to prime
ends in domains with regular boundaries in metric spaces.

1. Introduction

Problems of continuous extension of mappings with finite distortion in terms of
prime ends in R™ were recently investigated in [GRY] for n = 2, and in [KR] for
n > 2. The latter paper was devoted to the case of homeomorphisms between spatial
domains with regular prime ends. However, the case of mappings with branching
was not considered in these papers. The present paper solves similar problems in
general metric spaces and not only for homeomorphisms but also for more general
open discrete mappings, cf. [ABBS], [A] and [Sev,|.

The following definitions are from [A] and [ABBS]. Given a metric space (X, d, u)
with a measure u, a domain in X is an open path-connected set in X. Recall that
X is locally (path) connected if every neighborhood of a point z € X contains a
(path) connected neighborhood. We define the Mazurkiewicz distance dy; on X by
dy(x,y) = inf diam F, where the infimum is over all connected sets £ C X containing
x,y € E. Clearly, dj; is a metric on X. Let v be a curve in 2. We define its diameter
as follows:

diam v := sup d(z, y),

where the supremum is taken over all points x,y € v. When z,y € X, we have
dy(z,y) = d(z,y).
Set
B(xg,r) :={z € X:d(z,x9) <r}, S(xo,7r):={x€ X:d(x,xq) =7}

From now on we assume that the space X is complete and supports a p-Poincaré
inequality, and that the measure is doubling (see [ABBS]|). In this case, a space X
is locally connected (see [ABBS, Section 2|), and proper (see [BB, Proposition 3.1|).
The relation between spaces supporting the p-Poincaré inequality and the local con-
nectedness is due to Semmes [Se|, cf. the discussion at the end of Section 2 in [ABBS].
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If X is also connected then there exist constants C' > 0 and ¢ > 0 such that for all
r€X,0<r<Randye€ Bz, R),

MB(y:1) ( r )‘1

u(B(x,R)) = \R

see [ABBS, (2.2)]. Let Q & X be a bounded domain in X, i.e. a bounded nonempty
connected open subset of X that is not the whole space X itself. The completion of

(1.1)

Y

the metric space (€2, dy,) is denoted QM, and dj; extends in the standard way to oV
For dj-Cauchy sequences {z,}22 1, {y,}52, € 2 we define the equivalence relation

{zntnzs ~{yntnz, if nh_)lglo dy(Ty, yn) = 0.

Note that every Cauchy sequence is trivially equivalent to any of its subsequences.

The collection of all equivalence classes of d,,-Cauchy sequences can be formally
considered to be QM, but we will identify equivalence classes of d;-Cauchy sequences
having a limit in 2 with that limit point. By considering equivalence classes of dy;-
Cauchy sequences without limits in 2 we define the boundary of {2 with respect to
dyr as 0y §) = o \ €2. Since X is proper, we know that €2 is locally compact with
respect to dy, and it follows that {2 is an open subset of QY. We extend the original
metric dy; on € to QY by setting

(%) = Tin (),

if o* ={z,}2, € 0" and v ={yn}2, € 0", This is well defined and an extension
of dM

We call a bounded connected set £ & Q an acceptable set if E N OQ # @. By
discussion in [ABBS], we know that boundedness and connectedness of an acceptable
set E implies that E is compact and connected. Furthermore, E is infinite, as
otherwise we would have E = E C Q. Therefore, E is a continuum. Recall that a
continuum is a connected compact set containing at least two points.

We call a sequence {E}},-, of acceptable sets a chain if it satisfies the following
conditions:

1. By CE forall k=1,2,...,

2. dist (RN OEy11,2N0Ey) > 0forall k =1,2,...,

3. The impression (\,—, Ex C 0Q.
Here we have used a notation dist(A, B) := inf,ca yep d(x,y), where d is a metric
in a given metric space. The definition of chain given above corresponds to work

[ABBS], cf. [A] and [ES].

T

Figure 1. A prime end in domain (2.
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We say that a chain { £}, divides the chain {F;},-, if for each k there exists Iy
such that E;, C Fj,. Two chains are equivalent if they divide each other. A collection
of all mutually equivalent chains is called an end and denoted [Ej], where {Ej} -,
is any of the chains in the equivalence class. The impression of [E}|, denoted I[FEy],
is defined as the impression of any representative chain. The collection of all ends is
called the end boundary and is denoted Jg$2. We say that an end [E}] is a prime end
if it is not divisible by any other end. The collection of all prime ends is called the
prime end boundary and is denoted Ejg.

We say that a sequence of points {z,}7°, in Q converges to the end [Ej], and
write x,, — [F] as n — oo, if for all k there exists ny such that x, € Ej whenever
n = ng. If x, — [Ex] as n — oo, and [FEj] divides [Fj], then x, also converges to
[Fk]. Convergence of points and ends defines a topology on QU g2 (see e.g. [ABBS,
Proposition 8.4]). In this topology, a collection C' C Q U 0g{2 of points and ends is
closed if whenever (a point or an end) y € Q U 9 is a limit of a sequence in C,
then y € C.

In what follows, we set Q" = au Eq. We say that Q is finitely connected
at a point o € 0 if for every r > 0 there is an open set G (open in X) such
that xg € G C B(xg,r) and G N Q has only finitely many components. If € is
finitely connected at every boundary point, then it is called finitely connected at the
boundary. The following results have been proved in [ABBS].

Proposition 1.1. Assume that €) is finitely connected at the boundary. Then
all prime ends have singleton impressions, and every x € 0f2 is the impression of a
prime end and is accessible (see [ABBS, Theorem 10.8]).

Proposition 1.2. Assume that €) is finitely connected at the boundary. Then
there is a homeomorphism ¢ : 0" = 0" such that ®|q, is the identity map. Moreover,
the prime end closure Q" is metrizable with the metric mp(z,y) = dy(P(x), P(y)).
The topology on aQ given by this metric is equivalent to the topology given by the
sequential convergence discussed above (see [ABBS, Corollary 10.9]).

Recall, for a given continuous path «: [a,b] — X in a metric space (X, d), that
its length is the supremum of the sums

over all partitions a = tg < t; < ... <t = b of the interval [a,b]. The path v is
called rectifiable if its length is finite.

Given a family of paths I in X, a Borel function ¢: X — [0, o] is called admis-
sible for I', abbr. o € admT, if

/ ods >1
gl
for all (locally rectifiable) v € I'.

Everywhere further, for any sets £, F', and G in X, we denote by I'(E, F,G)
the family of all continuous curves v: [0,1] — X such that v(0) € E, y(1) € F,
and v(t) € G for all t € (0,1). Everywhere further (X,d,u) and (X', d’, u’) are
metric spaces with metrics d and d’ and locally finite Borel measures p and p’,

correspondingly. We will assume that u is a Borel measure such that 0 < u(B) < oo
for all balls B in X.
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Given p > 1, the p-modulus of the family I' is the number

M) = inf /X o?(x) dpu(x).

ocadm I

Should adm I' be empty, we set M,(I') = co. A family of paths I'; in X is said to be
minorized by a family of paths I'y in X, abbr. I'y > T'y, if, for every path v, € I'y,
there is a path v, € I'y such that 5 is a restriction of ;. In this case,

(12) ' >1y = Mp(Fl) < MP(F2)

(see [Fu, Theorem 1J).

Let G and G’ be domains with finite Hausdorfl dimensions o and o’ > 1 in
spaces (X, d,pn) and (X', d',u'), and let @Q: G — [0, 0] be a measurable function.
Given zg € 0G, denote S; := S(xg,r;), i = 1,2, where 0 < r; < ry < co. We say that
a mapping f: G — G’ is a ring Q-mapping at a point ro € OG, if the inequality

(1.3) Mo (f(T(S1, 52, 4))) < . Q(x)n*(d(x, x0)) dp(x)

holds for any ring
(14) A= A(l’o,’f’l,rg) = {SL’ eX:r< d(l‘,l’o) < 7"2}, 0<r <ry < oo,

and any measurable function n: (r1,72) — [0, 00| such that

/ n(r)dr > 1

holds. We also consider the definition (1.3) for maps f: G — X', where G C X is a
domain of Hausdorff dimension «, and X' is a metric space of Hausdorff dimension

a.

Remark 1.1. Sometimes, some another (similar) definition of ring -maps is
considered. Let G and G’ be domains with finite Hausdorff dimensions o and o’ > 1
in spaces (X,d, u) and (X', d’, u'), and let Q: G — [0, 00| be a measurable function.
Following [Sm|, we say that a mapping f: G — G’ is a ring (-mapping at a point
ro € G, if the inequality

(1.5) Mo (f(T(C, Co, G))) < Q)0 (d(x, xo))dp ()

ANG
holds for any ring

A:A(l’o,’f’l,rg) :{ZL’GXI 51 <d($,.§lﬁ0) <T2}, 0<r <ry < oo,

and any two continua Cy C B(xg,m1) NG, C; C G\ B(zo,r2), and any measurable
function n: (ry,r9) — [0, 00] such that

(1.6) /r2 n(r)dr > 1

holds.

Observe that (1.3) implies (1.5). In fact, assume that (1.3) holds. Let Cy C
B(zg,r1) NG, C; C G\ B(zg,72) be two continua. Assume that v € I'(Cy, Cy, G).
Given a curve v: [0,1] — G, we set |y| := {x € G: It € [0,1]: v(¢t) = 2}. Note that
|7] is not included entirely both in B(zg,72) and G \ B(xg, r2), therefore there exists
y1 € S(xg,r2) N |y| (see [Ku, Theorem 1, §46, item I|). Let v: [0,1] — G and let
t1 € (0,1) be such that v(t;) = y;. There is no loss of generality in assuming that
V0,00 C B(zo,r2). We put 71 := 7|j4,). Observe that |y,| C B(zo,rs), moreover,
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71 is not included entirely either in B(xg,r;) or in G \ B(zg,71). Consequently,
there exists to € (0,t1) with 71 (t2) € S(xo,71) (see |Ku, Theorem 1, §46, item I]).
There is no loss of generality in assuming that |v1|p, )| € G\ B(x,71). Put 7, =
Y1[to,1]- Observe that 7, is a subcurve of . Hence, I'(C, Co, G) > I'(S1, Ss, A) and,
consequently, f(I'(Cy,Co, G)) > f(I'(S1,S2, A)). Now, by (1.2),

(1.7) Mo (f(T(Ch, Co, G))) < Mar(f(T'(S1, 52, A)))-
Combining (1.3) with (1.7), we obtain (1.5).

We say that the boundary of the domain G is strongly accessible at a point
xo € 0G, if, for every neighborhood U of the point z, there is a compact set £ C G,
a neighborhood V' C U of the point xy and a number § > 0 such that

M, (T'(E,F,G)) >0

for every continuum F' in G intersecting OU and 0V. We say that the boundary
0G is strongly accessible, if the corresponding property holds at every point of the
boundary.

For instance, so-called Q) FD-domains in R™ have strongly accessible boundaries,
see [MRSY, Remark 13.10]. In particular, the unit ball and half-plane are domains
with strongly accessible boundaries, that directly follows from [Vuy, Lemma 4.3| and
IMRSY, (7.29)]. Consider also the following examples.

Example 1. Let us give an example of a domain with a strongly accessible
boundary. Consider the unit disk with a cut. Note that it is a plane domain,
whose boundary consists only of finite number of components, and which is finitely
connected on the boundary. Applying [Nas, Theorem 6.2 and Corollary 6.8|, we
obtain the desired conclusion, see Figure 2 for illustration.

Figure 2. An example of a domain with a strongly accessible boundary.

Example 2. Let us to give an example of domain without strongly accessible
boundary. Let X = R? be equipped with the Euclidean distance d(x,y) = |z — y|
and the Lebesgue measure. Consider the square [[ = (0,1) x (0,1) = {z = (z,y) €
R?: z € (0,1),y € (0,1)}, on the base of which we construct a desired domain D
as follows. Let [ be a segment [, = {z = (z,y): x = 1/k,0 < y < 1/2}, where
k=2,3,...1s fixed. Put D =[]\ U,—, Ik, see Figure 3.

We show that D has no strongly accessible boundary, say, at a point zp = (0,1/2).
By definition, we need to show that there exists a neighborhood U of z; such that,
for every neighborhood V' C U, compact £ C D and a number § > 0 there exists a
continuum F', intersecting QU and 0V, such that

(1.8) M(D(E, F,D)) <6,
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where M denotes modulus of family of paths in R?. Put U := B(2g,1/3), where
2o = (0,1/2). Fix V C U, a compact E C D and a number § > 0. Let R, =
1/k, k = 1,2,.... Since E is a compact in D, there exists kg > 0 with E N
B(zo, Rgy—1) = &. We can consider that all points z = (z,y) € FE satisfy the
condition = > 1/(ky — 1). Let Ej be a sequence of continua, defined by Ej =

{z = (z,y): x = % <% + ﬁ) ,% <y < vo} , where vy is some positive number with

v < 1/2,1/2—v < dist (z9,0V). Let us to show that ExNOU # & and ExNIV # &
for some k1 € N, k1 > ko, and every k € N. Indeed, let z; = <% <% + (kil)) ,%),

Y = <% (% + ﬁ) ,vo> are the “lowest” and the “highest” points of Ej, corre-

spondingly. Now |29 — xx| — 3/8, |20 — yx|] — 1/2 — vy, k — oo. Thus,
xy & B(z0,1/3) = U and y;, € V for sufficiently large k > k. Now, ExN(D\U) # @
and Ey NV # & for k > kg. Now, by [Ku, Theorem 1.1.5, §46] we obtain that
E,NoU # @ and E, N0V # . Let ky be a smallest k > kg, for which above
relations hold.

D

Ey

Ef E,
V) 13 1/2

Figure 3. An example of a domain without a strongly accessible boundary.

Let Ly be a sector of the disk B(zo, Rx—1), defined by L, = {z = (x,y) =
2o+re®: 0 <r < R1,0 €0,7/2)}. Put P, = {2z = (z,y) € D:0 <z <
1/(k—1),0 <y < 1/2} and Dy := Ly U Py. It is clear, that Dy is a domain, and
that Ey C Dy. By construction, E C D\ Dy, for k > k.

Let T’y be a family of paths, joining Fjy and E in D. In what follows, || is a locus
of v. If v € I'y, then |y|N Dy # & # |y| N (D \ Di). Now, by |[Ku, Theorem 1.1.5,
§ 46] we obtain that |y| NdDy # &. Since the path v belongs to D, we conclude that
there exists subpath v; < 7, joining S(zy, Ri_1) and E, k > kq. Similarly, we may
show that v has a subpath, joining S(zp, R_1) and S(zp, Rk,—1) in R Thus,

(1.9) Fk > F(S(Zo, Rk—l)a S(ZQ, Rk0—1)> R2), k> ]{50.
By [Va, Theorem 7.5]
2

Riy—1
Rp—1

(110) M(F(S(%Q,Rk_l),S(%O,Rko_l),R2)) = 1Og

-0, k— o0
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By (1.9) and (1.10) we obtain that M(I'(E, Ex, D)) — 0, k — oo. From here, we
obtain that there exists ko > k; such that M(I'(E, Ey, D)) < 6. Put F' = E,. By
properties of Fy, k > kq, established above, FNOU # @ and F NIV # &. Moreover,
F satisfies (1.8). Thus, boundary of D is not strongly accessible at z.

Let X and Y be metric spaces. A mapping f: X — Y is discrete if f~1(y) is
discrete for all y € Y and f is open if it takes open sets onto open sets. Given a
domain D C X, the cluster set of f: D — Y at b € 9D is the set C(f,b) of all
points z € Y for which there exists a sequence {b;}7°, in D such that b, — b and
f(bx) = z as k — oo. For a non-empty set E C 9D let C(f, E) = JC(f,b), where
b ranges over set £. A mapping f: G — Y is closed in G C X if f(A) is closed
in f(G) whenever A closed in G. A mapping f is proper if f~}(K) is compact in
D whenever K is a compact set of f(D). A mapping f is boundary preserving if
C(f,0D) C Of(D).

Let D C X, f: D — X' be a discrete open mapping, 3: [a, b) — X' be a curve,
and z € f~'(B(a)). A curve a: [a, ¢) — D is called a mazimal f-lifting of 3 starting
at x, if (1) a(a) = z; (2) foa = Blg,eq; (3) for ¢ < ¢ < b, there are no curves
a': [a, ') = D such that a = o/|[5,¢) and foa’ = Blj, ). In the case X = X' = R",
the assumption on f yields that every curve 8 with z € f~!(8(a)) has a maximal
f-lifting starting at = (see |Ri, Corollary 11.3.3], [MRV, Lemma 3.12]). Consider the
condition

A: for all 8: [a,b) — X' and z € f~'(B(a)), a mapping f: D — X' has a

maximal f-lifting in D starting at x.

Remark 1.2. As noted above, the condition A holds in R™ for open discrete

mappings. We give some examples of other spaces with a similar property.

1) Riemannian manifolds. The existence of maximal liftings under open
discrete mappings of a domain of a Riemannian manifold into another Riemannian
manifold is established in [IS, Proposition 2.1].

2) Riemannian surfaces. The existence of maximal liftings for open discrete
mappings may be obtained similarly to item 1).

3) Carnot and Heisenberg groups. We refer the reader to the results of
works [MV, Theorem 3.6] and [UV, Lemma 5|. Although these results apply only to
particular cases of open discrete mappings, the general case can be proved similarly.

In a more general situation, the existence of maximal liftings under open dis-
crete mappings of arbitrary orientable topological manifolds is established in [OR,
Theorem 3.4], cf. [HR, Example 1.4(a)].

Let G be a domain in a space (X, d, u1). Similarly to [IR], we say that a function
¢: G — R has finite mean oscillation at a point g € G, abbr. ¢ € FMO(xy), if

— 1 _
(111 T B D) o, P~ P @) < o0

where

. = ; T T
ve p(B(zo,¢€)) /B(xo,e)w( ) diu()

is the mean value of the function ¢(z) over the set B(xg,e) = {z € G: d(x,x9) < €}
with respect to the measure u. Here the condition (1.11) includes the assumption
that ¢ is integrable with respect to the measure p over the set B(zg,¢e) for some
e > 0.
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Remark 1.3. Some examples of functions of finite mean oscillation in Euclidean
space are well known. For example, the function ¢(z) = log |x ” has a finite mean
oscillation at every point zy € R", see e.g. [RR, p. 5. On this ba51s it is not difficult
to construct at least three simple examples of such functions in more general metric
spaces.

1) Riemannian manifolds. Let d(z,y) be a geodesic distance in a Riemannian
manifold M", n > 2, see [IS]. Now, we put ¢;(z) := log d( . Since in so-called
normal coordinates (¢, U) of a neighborhood U of the point the geodesic distance
d(z, x) equals to |¢(z) — ¥(zo)|, € U, the fact that the function ¢; belongs to
FMO(xg) follows from the corresponding result for Euclidean space.

2) Hyperbolic space. Let D be the unit disk on the plane. The hyperbolic

distance in the unit disk D is given by the formula
1 + 1 |Zl — 22‘

1.12 h =log —, t=—-—
( ) (21722) Og 1_t7 |1_le—2‘7
while the hyperbolic area of a set S in D is calculated as the integral h(S) =
s ‘idﬁf% see e.g. [RV, (2.4)-(2.5)]. Given a Borel function p: D — [0,00], a
Lebesgue measurable set S C D and a locally rectifiable path v: (a,b) — D we
set

(1.13) /Sp(z) dh(z) ::/S%, /p(z) dsp(2) 2:/%.

Now, we put ps(z) := log h(zO = log — 1+\ -. Since ¢y(2) ~ log ﬁ as z — 0, we may

1H

obtain a two-sided estimate C| - log X o S < pa(2) < Cy-log |—i| in some neighborhood U
of the origin under some constants C, Cy > 0. Putting B, (0,¢) := {z € D: h(z,0) <
e}, we observe that h(B,(0,7)) = m(e”/? — e7"/?)2 see [Berd, Theorem 7.2.2]. Since
e/ —e/? ~ r as r — 0, there exist constants Cs, Cy > 0 such that Csmr? <
h(B(0,7)) < Cymr? for sufficiently small » > 0. Finally, the function 4/(1 — |z|?)?
is bounded from below and from above as z — 0, thus, C5 < 4/(1 — |2]*)? < Cg in

some neighborhood of the origin for some positive constants C; and Cj. Using the
definition of FMO in (1.11), let us to show that ¢o(2) € FMO(0). Given ¢ > 0
sufficiently small, we obtain that

Cs - Cy / 1 _ 1 /
log _ dm z < gp e — SO zZ dh z
me? - Ci Jp,00 |2 B <%= 3B, 0.0 BA(02) (2 b

. 1
< 062 C / log — dm(z),
me? - Cy B (0,e) |2|

where dh(z) = (i‘dﬁz Setting @, 1= - th(Ova) log ‘—i‘dm(z), we obtain that ¢y (z) —

Pa2. < Ch }log o gpe‘, where C; = max{Cy, (Cs - C1)/Cy}. Similarly, @5, — ¢2(z) <

Cs ’log|—i| — ©.| , where Cy = max{Cy, (Cs - Cy)/Cs3}. Let C = max{a, /C’\;} Now
1 / C-Cq / |

— © ©a.| dh(z log — — @.| dm(z).

h(Bir(0,¢)) B;L(O,e)‘ 2(2) ~ Pacl dh(z) < Cs - me? Jp(o,2=1) |2| =)

Here we have used that By,(0,¢) = B (0, i:i) and ;H e ase — 0. By [RR, p. 5],
a(z) € FMO(0).
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3) Riemannian surfaces. The Poincaré uniformization theorem (1908) states
that every Riemann surface S is represented (up to the conformal equivalence) in the
form of the factor S /G, where S is one of the canonical domains: C, C or the unit
disk D in C and G is a discrete group of conformal (= fractional) mappings of S onto
itself. Assume that S has a hyperbolic type, that is, S =D. Moreover, assume that
S = D/G. Note that D/G is a Riemannian surface, see e.g. [Berd, Theorem 6.2.1].

Let p; and py € D/G. Then by the definition p; and py are orbits G,, and G,
of points z; and 2, € D, see [RV]. Set

(1.14) R(pr,p2) = inf h(gi(z1), ga(22)),
91,92€G

where h is a hyperbolic metric in D. Observe that % is a metric on D/G (see [RV]).

Let 7: D — D/G be the natural projection. Putting py € D/G, we can find zy €
D such that 7(zy) = po. Let Dy be Dirichlet polygon for G centered at z;. Without
loss of generality, we can consider that zy = 0. Observe that 7|p, is a homeomorphism
of Dy onto some open set Uy C D/G, cf. [Berd, Proposmon 9.2.2(iv)]. Putting

¥ = (7| p,) ', we define the area h of a set E C Uy by h(E fw(E (?dﬁ‘z

find a neighborhood Vj C Uy of py such that h(p Do) = h(@b( ),0) for every p € Vp,
where h is a hyperbolic metric in D. Now, we put ¢3(p) := log h 111(17) . Using item

2), we obtain that p3 € FMO(py).
The following result holds.

Theorem 1.1. Let D and D’ be domains with finite Hausdorff dimensions
a and o' > 2 in spaces (X,d,pu) and (X', d’, p'), respectively. Assume that X is
complete and supports an a-Poincaré inequality, and that the measure is doubling.
Let D be a bounded domain which is finitely connected at the boundary, and let
Q: X — (0,00) be a locally integrable function. Suppose that f : D — D', D’ =
f(D), is a discrete, closed and open ring Q-mapping in 0D, for which A-condition
holds. Moreover, suppose that 0D’ is strongly accessible and D’ is Is compact in
X'. Then f has a continuous extension f: Dp — D', f(Dp) = D', whenever
Q € FMO(OD,).

By correspondence [Ey| — f([Ek]), [Ex] € Ep, f([Ek]) € 0D’, we mean the
following. If {x)}72, is a sequence with x; — [Ex], k — oo, then we set: f([Ej]) :=
klim f(zx). The statement of the Theorem 1.1 includes that this limit exists, and it

—00

does not depend on a sequence {z}7°, which converges to [Ej] (see the Figure 4).

f

We can

Figure 4. A correspondence of prime ends and boundary points under a mapping.
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Remark 1.4. Theorem 1.1, presented above, generalizes [A, Theorem 5|, that
corresponds to the case of bounded function @ in (1.3). Together with Example 5
in [A], this theorem shows that homeomorphisms with the condition M, (I")/K <
M, (f(I)) < K- M,(T") have continuous boundary extension in terms of prime ends.
Note that, the estimate of the modulus of families of paths used here, unlike (1.3), is
two-sided. On this point, cf. [A, Theorems 4, 5 and Corollary 2| and Theorems 1.1
and 4.2.

Remark 1.5. In fact, the FMO type condition that is present in Theorem 1.1
can be replaced by the following more general and more fundamental assumption,
which will be used later in proving all the main results. Given a point zy € D, assume
that there exists a Lebesgue measurable function ¢: (0,00) — (0,00) such that

(1.15) I(g,g9) := /60 Y(t) dt < oo

for every € € (0,e9) and I(g,&9) — 0o as € — 0, and

e [ Q) ) du) = o U%e ) €0
e<d(x,xp)<eg

2. Main Lemma

The following statement holds (see also [Vu;, Theorem 3.3] for space R™).

Proposition 2.1. Let (X,d, ) be metric space with Borel measure u, and let
D be a domain in X. Assume that the measure is doubling. If f: D — X' is a
discrete, closed and open mapping of D onto a set D', then f is boundary preserving.
Moreover, f~(K) is a compact for every compact set K C D’.

Proof. Since f is open, D’ is a domain. Assume, to the contrary, that f is not
boundary preserving. Then there exists xy € 9D and y € D’ such that y € C(f, x¢).
Now, we can find a sequence xp, — xg as k — oo, xp € D, k = 1,2, ..., such that
flxy) =y as k — oo.

Without loss of generality, we can consider that f(z;) #y forallk=1,2.... In
fact, by continuity of f, for every k € IN there exists d; > 0 such that

(2.1) d'(f(x), f(xy)) < 1/k Y x € B(xg, o).

We can consider that B(xy,dr) C D and 6 < 1/k. Let r — 0 in (1.1) at y =
x = xy. Now, we obtain that pu({zx}) = 0. Fix i € N. Since, by assumption on
w, w(B(zg, 8x/2%)) > 0, we obtain that B(zy,d;/2%) contains at least two points.
By increasing of 7, i = 1,2,..., we obtain a sequence zy, € B(xy,0;/2") such that
Tip — Ty as ¢ — oo and x;, # xp for every i € N. By discreteness of f, we can
consider that f(x;) # yo for all i € N. Fix some such ig € N and set zg := x;yx.
Now, by the triangle inequality,

d(zg, o) < d(zg, x) + d(zg, x0) = 0, k — o0,
and, simultaneously, by (2.1)

d'(f(zx),y) < d'(f(2n), fx) +d'(f(2r),y) < 1/k+d'(f(2r),y) =0, k— oc.
So, zx € D, 2z, = xg as k — 00, f(zx) = y as k — oo, and f(z) # y for every
k € N. On the other hand, note that {z;}%2, is closed in D, but {f(zx)}32, is not
closed in f(D), because y & {f(xx)}52;. Now f is not closed in D. This contradicts
assumptions of the proposition and disproves that f is not boundary preserving.
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It remains to show that f~'(K) is a compact for every compact set K C D'. If
this is not true, there exists a sequence z € f~1(K), such that x;, — xg € D. As
was shown above, f(z) — yo € D', which contradicts condition z € f~1(K). O

The following statement was proved in [GRY, Lemma 5.1] for homeomorphisms
in R%.

Lemma 2.1. Suppose that the assumptions of Theorem 1.1 are satisfied. More-
over, assume that, for every xy € D conditions (1.15)~(1.16) hold. Then f has a
continuous extension f: Dp — D', f(Dp) = D"'.

Proof. By Proposition 1.2, Dp is metrizable. Now, by metrizability of Dp, it is
sufficient to prove that

L=C(f P) = {yeX': y=lim f(zy), o = P, eD}

consists of single point yo € dD’. Since D’ is a compact, L # @&. By Proposition 2.1,
L coD'.

Assume, to the contrary, that f cannot be extended to P continuously. Now,
we can find at least two points yo and zg € L. Set U = B(yo,70), where 0 < ry <
d(yo, z0). Now we can find a sequences y;, and z; in f(Eg), k = 1,2,..., P = [E}],
such that d(yo, yx) < 1o and d(yo, zx) > 70 and, besides that, yp — yo and 2z — 2
as k — oo. By Remark 4.5 in [ABBS] we can consider that the sets Ej, are open.
Moreover, by Remark 2.6 in [ABBS] the set Ej is path connected for every k € N.

Denote zg := I([Ey]) (see Proposition 1.1). Now we show that, for every r > 0
there exists £ € N such that

(2.2) Ey C B(xg,7)N D.

Assume, to the contrary, that there exists » > 0 with the following condition: for
every k € N there exists z, € Ey \ B(zg,7). Since p is doubling, X is complete if
and only if it is proper (i.e. every closed bounded set is compact), see [BB, Propo-
sition 3.1]. Since D is bounded, D is compact. Now, we can find a subsequence
xy, € D with xy, — T as | — oo for some 7 € D. Given i € N, there exists Iy € N
such that k; > i for every | > ly. Consequently, xy, € Ey, C E; for every [ > [y and
thus, Tg € E;. Since i is arbitrary, we obtain that Tg € (), E; = {z0}. So, xg = Tp.
It remains to show that x, — x¢ as k — 0o. Assume the contrary, then there exists
a subsequence z,,, € D with z,,, — (p as | — co. Arguing as above, we obtain that
(o = xo, that disproves the contradiction mentioned above. Now z, — xg as k — oo
and thus, zy € B(xg, ). The inclusion (2.2) have been proved.

Since yx, zx € f(E), one can find at least two sequences xy,z; € Ej such that
f(zg) = yr and f(z)) = 2. By (2.2) 2 — x¢ and x;, — x¢ as k — oco. According
to the definition of a strongly accessible boundary at a point yo € 9D’, for any
neighborhood U of this point one can find a compact set Cy C dD’, a neighborhood
V' of the point yy and a number § > 0 such that

(2.3) M, (D(CLFE,D")) =6 >0

for an arbitrary continuum F' that intersects OU and dV. By Proposition 2.1, C' :=
f7HCy) is compact subset of D. Consequently, &y = dist(xg, C') > 0. Then, without
loss of generality, we can assume that Cy N B(xg,9) = &. Since Ej, is connected, the
points 2 and z; can be connected by a curve 7y lying in Ej. Since f(zx) =yp € V
and f(z]) =z, € D'\ U for sufficiently large £ € N, one can find a number ky € N
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such that, by virtue of (2.3),
(2.4) Mo (L(Cg, f(), D)) 2 6 >0

for all k£ > kq. Let Iy, denote the family of all semiopen curves Sy : [a,b) — D’ such
that B(a) € f(vx), Be(t) € D' for all t € [a,b), and

. e /
tk{foﬁk(t) =B, € CO’

It is obvious that

(2'5) Ma’(rk) = M, (F (C(),af(’yk)aD,))

For each fixed k € N, k > ko, we consider the family I', of maximal liftings
ag(t): [a,¢) — D of the family I'y, with origin in the set 7. This family exists
and is well defined by virtue of A-condition. First, note that no curve ay(t) € T},
ag: [a,¢) = D, can not tend to the boundary of the domain D ast — ¢ — 0 by
virtue of the condition C(f,0D) C 0D'. Then C(ak(t),c) C D. Now assume that
the curve ag(t) does not have a limit as t — ¢ — 0.

Consider

G= {xEX:x: lim oz(tk)}, tr € la, ¢), lim t; =c.
k— oo k—o0

Letting to subsequences, if it is need, we can restrict us by monotone sequences .
For z € G, by continuity of f, f (a(tx)) — f(z) as k — oo, where t;, € [a, ¢), tx, — ¢
as k — oo. However, f(a(ty)) = B(ty) — B(c) as k — oo. Thus, f is a constant
on GG. On the other hand, @ is a compact set, because @ is a closed subset of the
compact space D (see |[Ku, Theorem 2.11.4, §41]). Now, by Cantor condition on the
compact @, by monotonicity of « ([t, ¢)),
¢ =) al o) #e.
k=1

see [Ku, 1.I1.4, §41]. Now, by [Ku, Theorem 5.I1.5, §47|, @ is connected. By dis-
creteness of f, G is a single-point set, and «: [a, ¢) — D extends to a closed curve
a: [a, ¢] = D, and f (a(c)) = 5(c).

Therefore, there exists lim; ,. o ag(t) = Ay € D. Observe that, in this case,
by the definition of maximal lifting, we have ¢ = b. Then, on the one hand,
lim; o a(t) := Ag, and, on the other hand, by virtue of the continuity of the
mapping f in D,

f(Ag) = lim fla(t)) = lim 5y(t) = By € Cy.

According to the definition of Cj, this implies that A; belongs to Cy. We imbed
the compact set C into a certain continuum C} lying completely in the domain D
(see Lemma 1 in [Sm]). Taking a smaller value of g > 0, we can again assume that

C1N B(xp,e9) = @. Now we have that I'}, C I'(y, Ch, ) Passing to a subsequence,
if necessary, we can consider that x;, and x; € B(xo,2~%). Observe that the function

_Ju)/I1(27% &), te (27 e),
n(t) = {0, teR\ (2%, &),

where I(e) := [7°4(t)dt, satisfies a normalization condition of the form (1.15).
Therefore, by Remark 1.1 and conditions (1.15) and (1.16), we get

(2.6) Mo (f (T%)) < Mo (f(T(, C1, D)) < A(R),
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where A(k) — 0 as k — oo. However, I'y, = f(I')). Therefore, using (2.6), we
conclude that

(2.7) M, (D) = Mo (F(T) < A(K) > 0 as k — oo,

Relation (2.7), together with equality (2.5), contradicts inequality (2.4), which proves
the possibility of continuous extension f: Dp — D',

It remains to show that f(Dp) = D’. It is clear, that f(Dp) C D’. Now we
show the inverse inclusion. Let (, € D’. If {; € D’, then there exists & € D
with f(&) = (o and, consequently, (y € f(D). Assume that (;, € dD’. Now there
exists (;, € D' (i = f(&n), &n € D, such that (,, — (o as m — oo. By [ABBS,
Theorem 10.10], Dp is a compact metric space. Now, we can consider that &,, — Py
as m — oo, where P, is some prime end in Dp. Now ¢y € f (ﬁp). The inclusion
D’ C f(Dp) has been proved. Consequently, f(Dp) = D’. Lemma is proved. O

3. Proof of the main result

We will say that a space (X, d, ) is upper a-regqular at a point xy € X if there is
a constant C' > 0 such that
u(B(xo, 7)) < Cr®
for the balls B(zg,r) centered at o € X with all radii r < r¢ for some rq > 0. We
will also say that a space (X, d, ) is upper a-reqular if the above condition holds at
every point zy € X. The following statement can be found in [RS, Lemma 4.1].

Proposition 3.1. Let G be a domain in Ahlfors upper a-regular metric space
(X,d,p), a > 2. Assume that o € G and Q: G — [0, 00| belongs to FMO(xy). If

1
(3.1) (G N B(wg,2r)) < v -log* 2 = - u(G N Bz, 7))
r
for some ro > 0 and every r € (0,1g), then Q) satisfies (1.16) at xy with ¢ (t) := ﬁ.
Proof of the Theorem 1.1 follows from Lemma 2.1 and Proposition 3.1. Indeed,

X is upper regular by (1.1), and (3.1) holds because the measure is doubling by
assumptions. So, the desired statement follows from the Lemma 2.1. O

4. Homeomorphic extension to the boundary

Now we prove results about homeomorphic extension of mappings to the bound-
ary in terms of prime ends. Let us give the following definition (see [MRSY, sec-
tion 13.3], cf. [Va, Definition 17.5(4)| and [Nay, Definition 2.8|). Let (X,d, ) be
metric space with finite Hausdorff dimension o« > 1. We say that the boundary of D
is weakly flat at a point xy € 0D if, for every number P > 0 and every neighborhood
U of the point x¢, there is a neighborhood V' C U such that M, (I'(E, F, D)) > P
for all continua £ and F' in D intersecting OU and 0V. We say that the boundary
0D is weakly flat if the corresponding property holds at every point of the boundary.
Given P € Ep and f: D — X', set

L=C(f,P) = {yeX': y=lim f(zy), o = P, eD}.

Analog of the following lemma was proved in [MRSY, Lemma 13.4] (see also [KR,
Lemma 4] and [Sm, Lemma 5]).

Lemma 4.1. Let D and D' be domains with finite Hausdorff dimensions « and
o' > 2 in spaces (X, d, ) and (X', d’, '), respectively. Assume that X is complete
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and supports an a-Poincaré inequality, and that the measure is doubling. Let D be a
bounded domain which is finitely connected at the boundary, and let Q) X — (0, 00)
be integrable function in D, Q(x) = 0 for x € X \ D. Suppose that f: D — D',
D’ = f(D), is a ring QQ-homeomorphism in 0D, moreover, suppose that 0D’ is
weakly flat and D' is compact in X'. If P, and P, are different prime ends in Ep,
then C(f, P)NC(f, P2) = @.

Proof. Assume that C) N Cy # @, where C; = C(f, P;), i = 1,2. Now, there
exists yo € C1 N Ch.

I Let P, = [Ey|, k =1,2,..., and P, = [G4], l = 1,2,...,. By Remark 4.5 in
[ABBS| we can consider that the sets Ej and G, are open. By Remark 2.6 in [ABBS]
the sets E) and G, is path connected for every k,[ € N.

Let us show that there exists ky € N such that

(4.1) ExNGy=92 VkZ=k.
Suppose the contrary, i.e., suppose that for every | = 1,2, ... there exists an increasing
sequence ki, | = 1,2,..., such that a3, € £y, NGy, [ =1,2,.... Now 2, — P, and
xy, — P2, | — o0o. Let mp be the metric on Dp defined in Proposition 1.2. By
triangle inequality,

mp(Pr, P) <mp(Pr,ay,) +mp(zy, P2) =0, 1 — oo,

that contradicts to Proposition 1.2. Thus, (4.1) holds, as required.
II. Denote xy := I([E]) (see Proposition 1.1). Arguing as in the proof of
Lemma 2.1, we can show that, for every r» > 0 there exists N € N such that

(4.2) E, C B(xg,m)ND Vk=>N.

Since D is connected and FEjy,1 # D, we obtain that 0Ey,11 N D # & (see [Ku,
Ch. 5, §46, item I]). Set 7o := d(zo, 0Fk,+1 N D). Since Ej, is compact, 1o > 0. By
(4.2), there exists mg € N, mg > ko + 1, such that

(43) EkCB($Q,TQ/2)ﬂD \V/]{?Zmo
III. Set Dy := Epyt1, Dy := Giyy1- Let us to show that
(44) F(DQ, D*, D) > F(S(ZL’Q, 7’0/2), S(ZL’Q, ’l“()), A(ZL’Q, 7“()/2, ’l“())),

where A(zg,71,72) is defined in (1.4). Assume that v € I'(Dy, D,, D), v: [0,1] — D.
Set
|v| :=={z e D: 3t € [0,1]: y(t) = x}.

By (4.1), [7| N Egoy1 # @ # 7| NV (D \ Eiyq1). Thus,

(4.5) V[N OEk 1 # @
(see [Ku, Theorem 1, §46, item I]). Moreover, observe that
(4.6) V(1) € OBk 41

Suppose the contrary, i.e., that v(1) € 0Ey,+1. By definition of prime end, 0E}y,+1 N
D C Ey,. Since dist (D N 0By, D NOE,) > 0 for all k = 1,2,..., we obtain
that 0Ek,+1 N D C Ej,. Now, we have that v(1) € E), and, simultaneously, v(1) €
Gmo+1 C Gg,. The last relations contradict with (4.1). Thus, (4.6) holds, as required.

By (4.3), we obtain that |y| N B(xo,70/2) # &. We prove that |y| N (D \
B(xzg,70/2)) # @. In fact, if it is not true, then v(t) € B(xo,70/2) for every t € [0, 1].
However, by (4.5) we obtain that (0E,+1 N D) N B(xg,re/2) # @, that contra-
dicts to the definition of ro. Thus, |y| N (D \ B(zo,70/2)) # &, as required. Now,
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by [Ku, Theorem 1, §46, item I, there exists t; € (0, 1] with y(¢t;) € S(zo,70/2).
We can consider that ¢, = max{t € [0,1]: v(t) € S(zo,70/2)}. We prove that
t1 # 1. Suppose the contrary, i.e., suppose that t; = 1. Now, we obtain that
v(t) € B(xg,10/2) for every t € [0,1). On the other hand, by (4.5) and (4.6), we
obtain that 0Ey, 1N B(xg,r0/2) # &, which contradicts to the definition of ry. Thus,
ty # 1, as required. Set vy 1= Y|, 1)

By the definition, |vi| N B(zo,70) # @. We prove that || N (D \ B(zo,70)) # @.
In fact, assume the contrary, i.e., assume that v,(t) € B(xg,ro) for every t € [t,1].
Since v(t) € B(wzg,79/2) for t < t1, by (4.5) we obtain that |v| N 0Ek,+1 # 9.
Consequently, B(xg,79) N (0Ek,+1 N D) # @, that contradicts to the definition of
ro. Thus, || N (D \ B(xg,r0)) # &, as required. Now, by [Ku, Theorem 1, §46,
item I], there exists to € (¢1,1] with y(t2) € S(zo,7). We can consider that ¢, =
min{t € [t;,1]: y(t) € S(xo,70)}. We put 75 := 7|y, ,1,)- Observe that v > v, and
72 € T'(S(z0,70/2), S(x0,70), A(x0,70/2,70)). Thus, (4.4) has been proved.

IV. Consider the function

o 2/’/“0, te(’l“()/Q,’l“o),
”@»_{o, teR\ (ro/2,70).

Note that n satisfies (1.6) with r; := rq/2 and ry := rq. Set Sy := S(xg,70/2),

Sy = S(xg,r0), A:= A(z0,70/2,70). Thus, by (1.2), (1.5) and (4.4), we obtain that
2 (0%

(4.7) Mo (f(I(Do, Dy, D))) < Mas(f(I'(51, 52, A))) < (E) Qo) < oo

Set My = <3>a @l L1(py, 0 < My < 0o. Now, by (4.7) we obtain that

T0

(4.8) Mo/ (f(T(Do, Dy, D))) < Mo,
V. Let us to show that there exists [ > 0 such that
(4.9) S(Wo,lo) N f(Do) # 2,  S(yo,lo) N f(Ds) # 2.

In fact, since yo € C1NCy, we obtain that yo € f(Dy). Now, given r; > 0, there exists
x1 € B(yo,m1)N f(Dy). Similarly, yo € f(D.), and there exists 5 € B(yo, 1) N f(Dy).
Set lo := min{d'(yo, z1),d"(yo, x2)}. We have that f(Do) N B(yo,lo) # @ # f(Do) \
B(yo, lo) and f(D,) N B(yo,lo) # @ # f(D.) \ B(yo,lp). By [Ku, Theorem 1, §46,
item I| we obtain (4.9), as required.

Since 0D’ is weakly flat, there exists r, € (0,ly) such that

(4.10) M,.(D(E, F,D")) > M,

for each continua F and F in D’ such that E N S(yo,lo) # @ # E N S(yo,r«) and
F N S(yo,lo) # @ # F N S(yo, ). By (4.9) there exist curves ¢; and ¢, which join
S(yo,lo) and S(yo,7s) in domains f(Dy) and f(D,), correspondingly. Put E := ¢;
and F' := c¢y. Observe that I'(cy, c2, D) C f(I'(Do, D+, D)). Now, by (4.10) we obtain
that

MO < Ma/(r(cla Ca, D,)) < Ma’(f(F(D0> D*> D)))>
that contradicts (4.8). Thus, C(f, P,) N C(f, P,) = @, as required. O
There are two important statements which follow from Lemma 4.1.

_ Theorem 4.1. Under conditions of Lemma 4.1, f ! has a continuous extension
f~t:D’"— Dp such that f~1(D') = Dp.
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Proof. Let us to show that, given (; € D', a set C(f ', () is a single point
& € Ep, where Ep denotes prime ends space of D. In fact, assume that xy L (o as

k — oo and y a (o as k — oo. By [ABBS, Theorem 10.10], Dp is a compact metric
space. Thus, we can consider that f~!(zy) — P, € Ep and f~'(y) — P» € Ep as
k — oo. If Py # P, then (y, € C(f, P)NC(f, %) that contradicts to the lemma 4.1.

Thus, we have the extension f ! of f ' on D’ such that C'(f ~',0D’) C Dp\ D.
Let us to show that C(f~1,0D') = Dp \ D. Given Py € Ep, we can find z,, — P,
as m — oo. Since u is doubling, X is complete if and only if it is proper (i.e. every
closed bounded set is compact), see |BB, Proposition 3.1]. Since D is bounded,
D is compact. By assumptions of the theorem, D’ is compact, as well. Thus, we

may assume that x,, — zo € 9D and f(z,,) L (o € 0D’ and m — oo. Thus,
Py e C(f~1, (), as required.

Finally, let us to show that f—1: D’ — Dp is continuous in D’. In fact, assume
that ¢, — (o as m — 00, (m, (o € D'. If {; € D', the desired conclusion is obvious.
Now, assume that (o € 0D’. We choose ¢, € D’ such that d'(¢, () < 1/m and
mp(f (), F1(CE)) < 1/m, where mp is the metric defined in Proposition 1.2.

Since ¢;, % o, we obtain that F=1(C;) — F1(Go) as m — co. Thus, F=1(C,) —
f~1(¢o), as required. o

Example. Givenn > 2, p > 1 and a € (0,n/p(n — 1)), set

LAz
| ]

f(z) x, x€B"\{0}.

It is not difficult to see that f is a ring ()-homeomorphism of B" \ {0} onto A :=
{1 < |y| < 2}, where Q(z) := (l;raa)n_l, r = |z| (see, e.g., [MRSY, Proposition 6.3]).
Moreover, ) € L?(B").

Since DA consists of two spheres S"™! and S(0,2), which are C*-manifolds, A
is a collared domain, i.e., each boundary point of the domain has an arbitrarily
small neighborhood such that the part of the neighborhood inside the domain is
quasiconformally equivalent to a ball, see [Nay, Section 2.2], cf. [Va, Theorem 17.12]
and [Na;, Remark 1.5]. Thus, we may consider that all prime ends in A are single
points of OA (see [Nay, Theorem 4.1]). Observe that f has no continuous extension
at 0, however, the inverse mapping f~!(y) = %(|y| — 1)/ is continuous in A. In

particular, f~1(S""1) = 0. Thus, the statement of the Theorem 4.1 is not valid for

f, but is valid for f~1. In this case, Q € FMO(0).
Combining Theorem 1.1 with Lemma 4.1, we obtain the following statement.

Theorem 4.2. Let D and D' be domains with finite Hausdorff dimensions « and
o' > 2 in spaces (X, d, ) and (X', d’, '), respectively. Assume that X is complete
and supports an a-Poincaré inequality, and that the measure is doubling. Let D be a
bounded domain which is finitely connected at the boundary, and let Q) X — (0, 00)
be an integrable function in D. Suppose that f: D — D', D' = f(D), is a ring Q-
homeomorphism in 0D. Moreover, suppose that 0D’ is weakly flat and D’ is compact
in X'. Then f has a homeomorphic extension f: Dp — D', f(Dp) = D', whenever
Q € FMO(OD,).
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5. Equicontinuity of families of homeomorphisms

Now we prove that the corresponding families of ring (-homeomorphisms are
equicontinuous in Dp = DU Ep, where Ep is a prime ends space. In this section, we
restrict us by a case of homeomorphisms, only. Let us recall some definitions. Let
(X,d) and (X', d’) be metric spaces with distances d and d’, respectively. A family
§ of mappings f: X — X' is said to be equicontinuous at a point xy € X if for every
e > 0 there is 6 > 0 such that d'(f(z), f(zo)) < € for all f € § and z € X with
d(z,z9) < 0. The family § is equicontinuous if § is equicontinuous at every point
zo € X. In what follows, X = Dp and d = mp, where mp is defined in Proposition
1.2. The next definition can be found, e.g., in [NP]. A domain D is called a uniform
domain if, for each r > 0, there is § > 0 such that M, (I'(F, F'*, D)) > 6 whenever F’
and F'* are continua of D with d(F) > r and d(F'*) > r. Domains D;, i € I, are said
to be equi-uniform domains if, for » > 0, the modulus condition above is satisfied
by each D; with the same number 9. It should be noted that the proposed concept
of a uniform domain has, generally speaking, no relation to definition, introduced
in [MS].

Given 0 > 0, D C X and a measurable function Q): D — [0, 00], denote Rg 5(D)
the family of all ring ()-homeomorphisms f: D — X'\ K; in D, such that f(D) is

some open set in X' and d’(Ky) = sup d'(x,y) > J, where Ky C X'is a continuum.
:c,yEKf

The following statement holds.

Lemma 5.1. Let (X,d, ) and (X',d’, i) be metric spaces, let D be a domain
in X with finite Hausdorff dimension o > 2, and let X' be a domain with finite
Hausdorff dimension o' > 2. Given zy € D, assume that conditions (1.15)—(1.16)
hold. If X is locally path connected and locally compact space, and X' is a uniform
domain, then Rq (D) is equicontinuous at x.

Proof. The idea of a proof is closely related to [Sevy, Lemma 2|. Assume the
contrary, i.e., assume that Mg 5(D) is not equicontinuous at zy. Now, there is exists
x, € D and fi € Rgs(D) such that x — x¢ as k — oo and

(5.1) d'(fr(zr), fu(zo)) = €0

for some (. Since X is locally connected by assumption, there is a sequence of balls
B(zg,ex), k = 0,1,2,..., ¢ — 0 as k — oo, such that Vi3 C B(zg,er) C Vi,
where the Vj are continua in D. There is no loss of generality in assuming that
xr € Vi. Now, zy and x; can be joined by a curve 74 in the domain V. Note that an
arbitrary curve v € I'(Kjy,, fi(7x), X') is not included entirely both in fi(B(x, o))
and X'\ fx(B(xo, o)), therefore there exists y; € |v|N fi(S (20, €0)) (see [Ku, Theorem
1, §46, item I]). Let v: [0,1] — X’ and let ¢; € (0,1) be such that v(t1) = y1.
There is no loss of generality in assuming that |v|jo¢)| C fe(B(2o,0)). We put
Y1 = Y|y, and a; = f; ' (11). Observe that || C B(wg, o), moreover, ay is not
included entirely either in B(xg,e,_1), or in X \ B(zg,e,_1). Consequently, there
exists to € (0,t1) with aq(t2) € S(wo,ex-1) (see [Ku, Theorem 1, §46, item IJ).
There is no loss of generality in assuming that |oy |y, +)] € X \ B(2o,€5-1). Put
Qg = 11y, 1,]- Observe that v, := fi(aw) is a subcurve of . By the said above,

DK fulm), X7) > T(fr(S (20, €5-1)), fu(S (w0, €0)), fr(A))
where A = A(xg,ex-1,€0), and by (1.2) we obtain

(5.2)  Mar(I(Ky,, fely), X)) < Mar(U(fie(S(20, €k-1)), fe(S(20,€0)), fr(A))).
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Since I(e,&9) — o0 as e — 0, we can consider that I(ey, e9) > 0 for every k = 1,2, .. ..
Consider the family of measurable functions

me(t) = (t)/1(er,€0), 1t € (e, €o).
Observe that f;ko ni(t) dt = 1. Now, by (1.3), (1.16) and (5.2), we obtain that
(5.3) Moo (D(K gy, i), X)) < plew),

where ¢ is some function with ¢(g;) — 0 as k — oo. On the other hand, it follows
from (5.1) that min{d'(Ky,),d'(fi(yx))} = ro for some rqg > 0 and every k =1,2,... ..
Now, since X’ is uniformly domain, we obtain that

(5.4) Mo (T(K gy, fr(e), X)) 2 do
for some dy > 0 and every k = 1,2,...,. Now, (5.4) contradicts with (5.3). Thus,
Mo s(D) is equicontinuous at xy, as required. O

Given 0 > 0, D C X, a continuum A C D and a measurable function Q: D —
[0, 00|, denote Fg 5.4(D) the family of all ring ()-homeomorphisms f: D — X'\ K;

in D, such that f(D) is some open set in X’ and d'(K;) = sup d’(z,y) > § and
:c,yEKf

d'(f(A)) > 0, where Ky C X' is a continuum. An analog of a following result was
proved in [NP, Theorem 3.1].

Lemma 5.2. Let D and D; := f(D), f € §qs4(D), be domains with finite
Hausdorff dimensions o and o’ > 2 in spaces (X, d, u) and (X', d’, p'), respectively,
and let X' be a domain with finite Hausdorff dimension o' > 2. Assume that X is
complete and supports an a-Poincaré inequality, and that the measure is doubling.
Let D be a bounded domain which is finitely connected at the boundary, and let
Q: X — (0,00) be a Iocally integrable function. Assume that, for every xy € D
conditions (1.15)-(1.16) hold. If D} := f(D) and X' are equi-uniform domains over

f €38gsa(D) and D—Ji are compacts in X', then every f € §g s 4(D) has a continuous
extension f: Dp — D_j’c, and Fq.5.4(D) is equicontinuous in Dp.

Proof. Observe that 0D} = 0f (D) is strongly accessible for every f € §qs5.4(D).
Indeed, assume that zy € 0D]’c. Given a neighborhood U of xg, there exists £1 > 0

such that V' := B(zg,e1), B(xo,e1) C U. Assume that OU # @ and 0V # &, now
g9 :=d'(0U,0V) > 0. Since D} are equi-uniform, we obtain that M, (I'(F, G, D})) >
9 for some ¢ > 0, because d'(F') > €5 and d'(G) > e9, whenever F and G are continua
in Dy with FNOU # @ # FNOV and GNOU # & # GNIV. Thus, dD; = df (D)
is strongly accessible, as required. Now, by Lemma 2.1 every f € Fgs4(D) has a
continuous extension f: Dp — D_]i

Since p is doubling, X is complete if and only if it is proper (i.e. every closed
bounded set is compact), see |[BB, Proposition 3.1|. Now, X is a locally compact
space. Since X is complete, X supports an a-Poincaré inequality, and the mea-
sure is doubling, we obtain that X is locally connected (see [ABBS], see also [Ch,
Theorem 17.1]). Moreover, X is locally path connected by the Mazurkiewicz—Moore—
Menger theorem (see in [Ku, Theorem 1, Ch. 6, § 50, item II|. Thus, all conditions
of Lemma 5.1 are satisfied. Now, by Lemma 5.1, Fg5.4(D) is equicontinuous at x
for every xy € D.

It remains to show that Fgs5.4(D) is equicontinuous on Ep = Dp \ D. Assume
the contrary, i.e., assume that there exists Py, € Ep such that §gs4(D) is not
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equicontinuous at Py. Now, there is exists P, € Dp and fi, € §g.s.4(D) such that
P, — Pyas k — oo and

(5.5) d'(fr(Pr), fr(Po)) = €0

for some £;. Since f; has a continuous extension on Dp, given k € N, we can find
x € D with mp(xy, Pr) < 1/k and d( fe(zg), fe(Pr)) < 1/k. Thus, we obtain from
(5.5) that

(56) d,(fk(l'k), fk(Po)) 2 80/2 Vk = 1, 2, e

Similarly, we can find z; € D such that z; — Py as k — oo, and d'(fr(x}), fr(P)) <
1/k, k=1,2,.... Thus, we obtain from (5.6) that

(5.7) d'(fr(zr), fe(zg)) = e0/d YE=1,2,...,

where z;, and z;, € D satisfy conditions z, — Fy, ), — Fy as k — oo.

Denote xy := I([Ek]) (see Proposition 1.1). By Remark 4.5 in [ABBS| we can
consider that the sets Ej are open. Moreover, by Remark 2.6 in [ABBS] the set E, is
path connected for every k € IN. Arguing as in the proof of Lemma 2.1, we can show
that, for every r > 0 there exists k& € N such that E, C B(xg,r) N D. Thus, there is
no loss of generality in assuming that xy, 2] € Ey and Ey C B(xg,27%). Let v be a
path, joining a3, and x/ in Ej. Observe that A C D\ B(xg,2 %) for all k > ky and
some ko € N. We can consider that 2 % < g4. Let 'y, be a family of curves joining
Y and A in Dy . By Remark 1.1, we obtain that

(58) Ma’(fk(rk)) < Ma’(fk(r(s(x()a 2 _k)’ S(an 2 _k0)> A(an 2 _ka 2 _ko))))
Observe that

B Y(t)/1(27F,27k), e (27k 2o,
n(t) = {0, teR\ (27F,2 ),

I(e,0) := [Z°(t) dt, satisfies the condition (1.6) at r; = 27% and ry = 270, By the
definition of a ring -homeomorphism at a boundary point, (1.16) and (5.8) imply
(5.9) M, (fe(Tr)) < a(27%) = 0

as k — oo, where a(e) is some nonnegative function with a(e) — 0 as ¢ — 0.

However, fi(T'x) = I'(fe(w), fu(A), Dj,). By assumption, d'(fi(A)) > 6, k =
1,2,..., moreover, by (5.7) we obtain that d’(fi(v)) = €0/4, k = 1,2,.... Since Dy,
are are equi-uniform domains, we obtain that

(510) Ma/(fk(rk)) 27’0, k= 1,2,...,
for some ry > 0. But (5.10) contradicts (5.9). Thus, Fg.s.4(D) is equicontinuous at
Py, as required. O

The following main result holds.

Theorem 5.1. Let D and D} := f(D), f € §qsa(D), be domains with finite
Hausdorff dimensions o and o’ > 2 in spaces (X, d, u) and (X', d’, u'), respectively,
and let X' be a domain with finite Hausdorff dimension o' > 2. Assume that X is
complete and supports an a-Poincaré inequality, and that the measure is doubling.
Let D be a bounded domain which is finitely connected at the boundary, and let
Q: X — (0,00) be a locally integrable function. Assume that, Q € FMO(D).
If D := f(D) and X' are equi-uniform domains over f € §qsa(D) and D—J’c are
compacts in X', then g 5.4(D) is equicontinuous in Dp.
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Proof of the Theorem 5.1 follows from Lemma 5.2 and Proposition 3.1. Indeed,
X is upper regular by (1.1), and (3.1) holds because the measure is doubling by
assumptions. So, the desired statement follows from the Lemma 5.2. O

Remark 5.1. By definition, §¢54(D) C Res(D). The following example shows
that this inclusion, generally speaking, is strict. For simplicity, let X = X' =C, u =
p' = m, where m is the Lebesgue measure in C, and let d(z,y) = d'(x,y) = |z — y|.
As above, D denotes the unit disk in C.

As known, the linear-fractional automorphisms of the unit disk D C C onto itself
can be written by the formula f(z) = ¢?2=2, 2 € D, a € C, |a] < 1, 6 € [0,27).
These mappings f are ring 1-homeomorphisms at every point zy € D, see e.g. [MRSY,
Theorems 8.1 and 8.6]. It is easy to see that all conditions of Theorem 5.1 are satisfied,
except, possibly, the condition d’(f(A)) = § in the definition of the class §gs.4(D).
We may take here Q(z) = 1 and § = 1, because f omit infinitely many continua of
diameter greater than 1 outside of the unit disk D.

If, for instance, 6 = 0, a = 1/n, n = 1,2,..., then f,(z) = i:ijz = ’;Z__Zl. Let
A =10,1/2]. Now f,(0) = —=1/n — 0 and f,(1/2) = 2”__21
fn satisfies the condition h(f,(A)) > § for 6 = 1/4 and sufficiently large n € N.
Thus, f, € §1,1/4,0,1/21(D) for some ng € N and each n > ny.

Now, let g,(2) = IZ__Z((T; __11))/ /7; = ZZ_;LZE It is easy to see, that g,(z) converges
locally uniformly to —1 inside of D, but g¢,(1) = 1. Thus, g, is not equicontinuous
at zop = 1 and, consequently, ¢, & §1.1,4(D) for any continua A in D by Theorem 5.1.
However, g, € Ri1(D). Thus, Fosa(D) C Ros(D) and Fgs4(D) # Ros(D), in
general.

Here we took into account that all prime ends of the unit disk are singletons,
see [Nay, Theorem 4.1].

Remark 5.2. We give one simple example of family ring (-mappings between
metric spaces, different from R". Let h be a hyperbolic metric, and let ds; and dh
are elements of hyperbolic length and area, correspondingly, see (1.12) and (1.13).
We write p € adm, T, if f p(z)|dz| = 1 for every (locally rectiﬁable) path v € T

Put M,(T) := mf po z) dm(z). Similarly, p € adm, T, if [0 p(2 dsh ) =1 for
pE
every (locally rectlﬁable) path v € I'. Define M,,(T") := mf fD p*(
1) Observe that

(5.11) M, (T) = M,(T).

Indeed, if p € adm, I, then f ,0 )|dz| = 1 for v € T" and, thus, pi(z) := M €
admy, I, because f p1(2) dsp(z f 2 12(1 |‘Z‘2 |dz| > 1 for v € T'. Thus, Mh(F) <
f 4% fD p°( ). Letting here to inf over p € adm, I, we ob-

tain that M, (") < M (I'). The 1nequahty M(T") < My(I") can be obtained similarly.

)leen0<r1<r2<ooandO<R1<R2<1 define A —{ZGD R, <
2l < R}, Ai={zeD:r <h(z,0)<m}, Si={zeD:|z| =R}, S ={z ¢
D: h(z,0) = r;}, i = 1,2. Now, we prove the following statement: if f: D — D
satisfies

(5.12) Me(f(T(S1, 52, A))) </R< . Q) (|2]) dm(2)
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for 1: [Ry, Ro] — [0, 00] with [; n(t) dt > 1, then

613 OMUECESAN< [ Q@R 0) )
ri1<h(z,0)<r2
C: [r1i,r1] — [0, 00], f:f((t) dt > 1. Indeed, assume that (5.12) holds for every

0<R <Ry<1l Given0<r; <ry < oo,ﬁvobserve that A := {z€D:r <h(z2,0) <
ro} ={zeD: 92 <[] <22} and S; = {z € D: |2 = &3}, i = 1,2. Let

e"1+1 e"2+1 e"i41
C: [r1,71] — [0, 00] be a Lebesgue measurable function with frrf ¢(t)dt > 1. Arguing
as in the proof of [RV, Lemma 3.1], putting n(r) := ﬁ - (log %), we observe that

51277(15) dt = 1, where R; = z:i—ﬁ and Ry = z:;;} Thus, (5.13) directly follows
from (5.12) and (5.11).

3) Now, let D/G be a Riemannian surface of hyperbolic type and 7: D — D/G
is a universal covering mapping of D onto D/G (see item 3) of Remark 1.3). Let
po € D/G be such that w(0) = po, let Dy be a Dirichlet polygon for G' centered at
the origin, and let ¢ = (r|p,) ~*. Putting Uy := 7(Dy), we can find a neighborhood
Vo C Uy of py such that h(p,po) = h(¢(p),0), where h is a metric on D/G defined
by (1.14).

Let p > 1 be a number, such that 2/p < 1. Put a € (0,2/p). We define a
sequence of mappings f,,: D — D in the following way:

fm(2) = {1;6'& 2 I/ms <L

14(1/m)®
Sz 0< |2 < 1/m.

Notice, that f,, satisfies (5.12) and, consequently, (5.13) for Q = 22 ¢ LY(D) at

alz| @

every zy € D, see [Sevy, proof of Theorem 7.1]. Now, mappings

gm(p) = 142‘((11//:))a . w(p), pE ‘/0 N W(O < |Z‘ < 1/m)

{%ﬂg-wm,pe%mmwm<M<n,

a ring ) o ®»-homeomorphisms of Vy C D/G into D at py.

Similarly, if D/G, is another Riemannian surface, and m,: D — D/G, is a
universal covering map of D, we may assume that pj € D/G, is some point with
7.(0) = p§. Let D be a Dirichlet polygon for group G, centered at origin, and let
Y. = (m|pg) ' Putting Ug := m,(Df), observe that there exits a neighborhood

Vi C Ug of p§ such that h*(p,po) = h(¢.(p),0) for p € V. Here h* is a metric on
D/G,, defined similarly to (1.14). Let k& € N be so large that g,,(p)/k € ¥.(Vf) for
every p € Uy. Now, mappings h,,(p) := m.(gm(p)/k) are ring @ o 1»-homeomorphisms
at po of Uy into V(.

Remark 5.3. Every homeomorphism f: D — S* of Sobolev class with finite
distortion between Riemannian surfaces S and S* is a ring ()-mapping for each py €
D, whenever Q(p) = K;(p) is a maximal dilatation of f at p € D and K;(p) is
locally integrable (see, e.g., [RV, Lemma 3.1]). There are known examples of ring
()-homeomorphisms on Carnot and Heisenberg groups (see, e.g., |[BFP, p. 7|, [UV,
Corollaries 2 and 3], cf. [Ma, Theorem 3.1]). We also point out a result for Riemannian
manifolds, see [Af, Lemma 6].



86 Evgeny Sevost’yanov

6. Equicontinuity of families of maps with A-condition

Given d > 0, D C X and a measurable function @Q: D — [0, co], denote &g 5 (D)
the family of all open discrete ring @Q-maps f: D — D'\ Ky in D with A-condition,
such that d'(Ky) = sup, yex, d'(z,y) = 6, where Ky C D’ is a continuum. The
following statement holds.

Lemma 6.1. Let D be a domain in locally path connected and locally compact
space X with finite Hausdorff dimension o« > 2, and let D' be a uniform domain
with finite Hausdorff dimension o’ > 2. Given xy € D, assume that conditions
(1.15)—(1.16) hold. Now, B¢ 5 a(D) is equicontinuous at x.

Proof. The idea of a proof is closely related to [Sevy, Lemma 2|, and similar to
Lemma 5.1. Assume the contrary, i.e., assume that &g s a (D) is not equicontinuous
at xg. Now, there exists x;, € D and f; € &g s5a(D) such that z, — xy as k — oo
and

(6.1) d'(fr(zr), fu(zo)) = €0

for some £¢. Since X is locally compact metric space, we can consider that B(xg, gg)
is a compact set in X. Since X is locally compact metric space, we can consider
that B(xo,ep) is a compact set in X. Since X is locally connected by assumption,
there is a sequence of balls B(zg,er), k = 0,1,2,..., ¢y — 0 as k — oo, such that
Vis1 C B(xg,ex) C Vi, where the Vj are continua in D. There is no loss of generality
in assuming that x; € V. Now, zy and x; can be joined by a curve 7 in the domain
Vi.
By [Sevq, Lemma 3], (1.16) implies that

(6.2) Mo/ (L(fr(B(z0,€)), 0fk(B(z0, £0)), D)) < afe)

as ¢ — 0, where a(e) is some function with a(e) — 0 as ¢ — 0. Thus, we obtain
from (6.2) that

(6.3) My (T(fe(vk), Ofr(B(xo,0)), D)) < afer—1) = 0, k — oc.

On the other hand, observe that I'(Ky,, fi(vk), D) > I'(fi(), 0fk(B(zo,c0)), D')
(see [Ku, Ch. 5, §46, item I|); consequently, by (1.2) we obtain

(6.4) Moo (D(K gy, fr(y), D7) < Moo (D (fi (i), 0fi(B(o, £0)), D).

By (6.1), we obtain that d’( fx(vx)) = €o for every k = 1,2, ..., moreover, d'(Ky,) > 0
for every k = 1,2,..., by assumption of the lemma. Now, since D’ is a uniform
domain, we obtain that

(6.5) Mo (D(Ky,., fr(w), D)) 2 7o

for each k =1,2,..., and some 79 > 0. Observe that (6.5) contradicts with (6.3) and
(6.4). Thus, &g s5a (D) is equicontinuous at xg, as required. O

Let 6 > 0, let D C X and let Q: D — [0, 00| be a measurable function. Denote
€os.a(D) the family of all open closed discrete ring Q-maps f: D — X’ in D with
the following conditions: 1) f satisfies A-condition in D; 2) given f: D — X'
there exists a continuum Ky C X'\ f(D) and d'(Ky) = sup, yex, d'(z,y) = 0; 3)
given f: D — X' there exists a continuum Ay C f(D) such that d’(Ay) > ¢ and
d(f*(Ay),0D) > 6. The following statement holds.

Lemma 6.2. Let D and D} := f(D), f € €gs5a(D), be domains with finite
Hausdorff dimensions o and o’ > 2 in spaces (X, d, u) and (X', d’, u'), respectively,
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and let X' be a domain with finite Hausdorff dimension o’ > 2. Assume that X is
complete and supports an a-Poincaré inequality, and that the measure is doubling.
Let D be a bounded domain which is finitely connected at the boundary, and let
Q: X — (0,00) be a locally integrable function. Assume that, for every zy € D,
conditions (1.15)-(1.16) hold. If D} := f(D) and X' are equi-uniform domains over
€osa(D) and D—]’c are compacts in X', then every f € €5 a(D) has a continuous
extension f: Dp — D—]’c, and €q 5 a(D) is equicontinuous in Dp.

Proof. Arguing as in the proof of Lemma 5.2, we obtain that 0D} = 9f(D) is
strongly accessible for every f € €gs5a(D). Moreover, we see that X is a locally
compact and locally path connected space. Now, by Lemma 2.1 every f € §gs.4(D)
has a continuous extension f: Dp — D—J’c By Lemma 6.1, we also obtain that
€0.sa(D) is equicontinuous in D, because € 5a(D) C &g s5a(D).

It remains to show that €gsa(D) is equicontinuous on Ep := Dp \ D. Assume
the contrary, i.e., assume that there exists P, € Ep such that €gsa(D) is not
equicontinuous at Py. Now, there is exists P, € Dp and f, € €gsa(D) such that
P, — Fyas k — oo and

(6.6) d'(fr(Pr), fr(Po)) = €0

for some £;. Since f; has a continuous extension on Dp, given k € N, we can find
x € D with mp(xy, Pr) < 1/k and d( fe(zg), fe(Pr)) < 1/k. Thus, we obtain from
(6.6) that

(67) d,(fk(l'k), fk(Po)) 2 80/2 Vk = 1, 2, e

Similarly, we can find z; € D such that z;, — Py as k — oo, and d'(fr(x}), fr(P)) <
1/k, k=1,2,.... Thus, we obtain from (6.7) that

d'(frlwy), fu(zy) = e0/4 Vh=1,2,...,

where x and z; € D satisfy conditions x, — Py, ] — Py as k — oc.

Denote xy := I([E)]) (see Proposition 1.1). By Remark 4.5 in [ABBS| we can
consider that the sets Ej are open. Moreover, by Remark 2.6 in [ABBS] the set EJ, is
path connected for every £ € N. Arguing as in the proof of Lemma 2.1, we can show
that, for every r > 0 there exists k € N such that Ey C B(zg,r) N D. Thus, there is
no loss of generality in assuming that xy, 2] € Ey and Ey C B(xg,27%). Let v be a
path, joining x) and z; in Ej. Let Ay, be the set from the definition of €g 5 (D).
Observe that f, '(As,) C D\ B(zy,27%) for all k > ko and some ky € N. We can
consider that 2 7% < g. Let [';, be a family of curves joining 7; and fk_l(Afk) in D.
By Remark 1.1, we obtain that

(6.8) Moo (fe(Tr)) < Mo (fo(T(S(z0,27%), S(w0,27%), Ao, 27, 27%)))).
Observe that
CJe@) 127k 27, te (275,270,
() = {0, te R\ (27F,27H),

I(e,e0) := [2°9(t) dt, satisfies the condition (1.6) at r; = 27% and ry = 27%. By the
definition of a ring -homeomorphism at a boundary point, (1.16) and (6.8) imply

(6.9) Mo (fe(Tr)) < a(27%) = 0

as k — oo, where a(e) is some nonnegative function with a(e) — 0 as ¢ — 0.
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On the other hand, let us consider the family I'(fx(vx), Ay, D},). Since D} =
frx(D) are equi-uniform domains, we obtain that

(610) Ma’(r(fk(’}/k)aAfkaD}k)) 27’0, k= 1a2>"'>

for some ro > 0. Let I'; be the family of all maximal fi-liftings of I'(fi.(x), A, Dy, )
starting at . (The family I'f is well defined in view of condition A). Arguing as
in the proof of Lemma 2.1, we can show that I'; C I'y. Besides that, fi(I'}) <
L(fe(x), Ay, Df,.). Thus, we obtain

(6.11) Mar(T(fr(ve), Ag, Dy,)) € Moo (fi(T'5)) < Mar(fi(T'%))-
But (6.10) and (6.11) contradict with (6.9). Thus, €g 5 a (D) is equicontinuous at P,
as required. ([l

The following main result holds.

Theorem 6.1. Let D and D} := f(D), f € €g5a(D), be domains with finite
Hausdorff dimensions o and o' > 2 in spaces (X, d, u) and (X', d’, p'), respectively,
and let X' be a domain with finite Hausdorff dimension o’ > 2. Assume that X is
complete and supports an a-Poincaré inequality, and that the measure is doubling.
Let D be a bounded domain which is finitely connected at the boundary, and let
Q: X — (0,00) be a locally integrable function. Assume that Q € FMO(D). If
D; = f(D) and X' are equi-uniform domains over f € €gsa(D) and D_]i are
compact in X', then every f € €g;sa(D) has a continuous extension f: Dp — D&,
and €g 5 A(D) is equicontinuous in Dp.

Proof of the Theorem 6.1 follows from Lemma 6.2 and Proposition 3.1. Indeed,
X is upper regular by (1.1), and (3.1) holds because the measure is doubling by
assumptions. So, the desired statement follows from the Lemma 6.2. 0
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