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Abstract. Riesz decomposition theorem says that a superharmonic function is locally repre-
sented as the sum of a potential and a harmonic function. In this paper we introduce a generalized
Riesz kernel and study the boundary growth for its potential as an extension of Gardiner [3] in the
variable settings.

1. Introduction

In the N-dimensional Euclidean space RY, we use the notation B(z,r) to denote
the open ball centered at = of radius r, whose boundary is written as S(z,r). Set
B = B(0,1). The spherical mean of u over S(0,r) is defined by

where |S(0,7)] = wy_1rV 1 with wy_4 denoting the area of the unit sphere and dS

denotes the surface area measure on S(0,1). It is known that if u is superharmonic in
B, then M (u,r) is nonincreasing. If u is superharmonic in B and lin% M (u,r) > —o0,
r—

then u is represented as the sum of the Green potential and a harmonic function :
u(z) = / G(z,y) du(y) + a harmonic function;
B

see Theorem 2.3 and Remark 2.4 below. For this, let us consider a generalized Riesz
kernel

I(x —y) when y € B(0,1/2),
1 m
Kam ) = T N ]' - a ) .
) (;Ij‘ y) (N_Q)WN—I X ZZ:; |y| ¢ ,K(I Y )

when y € B\ B(0,1/2),

where I,(z—y) = |z —y|*Y (0 < a < N) and m > 0 (see Section 2 for the definition
of ¢o¢,€(x> y*))
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The L7 ( 1 < ¢ < 0o) mean over the spherical surface S(0,r) for a function w is
defined by

S, (u, ) <|S e |/OT )[7dS (x ))1/q: <w;_1 /S(O’l) \u(m)\qu(a))l/q.

Our starting point is a result by Gardiner [3, Theorem 2| which states that when
(N=3)/(N-1)<1/g<(N=2)/(N-1)andg=>1,

liminf (1 — )V~ 1=W=D/2g (Gu,r) =0

r—1—

for a Green potential G on the unit ball B. We refer the reader to [10] for the plane
case and [4, Sect. 5] for versions of Gardiner’s result for Riesz potentials. Moreover,
in [8], the first and the third authors studied the existence of boundary limits for
BLD (Beppo Levi and Deny) functions u on the unit ball B of R" satisfying

/B Vu(@)P(1 — J2])" dr < oo,

where V denotes the gradient, 1 < p < oo and —1 < v < p — 1. More precisely, it
was shown that
tinint (1 — )V Dag, ) = 0

r—1—
when ¢ > 0 and (N —p—1)/(p(N — 1)) <1/¢ <(N —=p+7)/(p(N —1)).
Set
C(0,r) =B\ B(0,7)
for 0 < r < 1. For m > 0, denote by MP")™%(B) the family of all functions
f € Ll _(B) such that

HfHMP(‘)vm»W(B) = sup w(l— T)HfHLP(')’m(C(O,r)) <00
0<r<1

loc

with a variable exponent p(-) (see Section 3). In connection with Gardiner’s result
[3] and [8, Theorem 1], our main aim in this paper is to discuss the weighted limit:

lanilirjf (1 —7)%w(1 —7r)?PSs, (‘Ka’mﬂp(r)’ r)

for f € MPOmH+1w(B), where the exponent d will be given later and

(see Theorem 4.6 below). For Riesz potentlals Ko 1f(z) = [ 1a f(y) dy, we
refer to [6].
For further related results on spherical means, see e.g. [5], [7] and [9].

2. Generalized Riesz kernels

Throughout this paper, let C' denote various positive constants independent of
the variables in question. The symbol g ~ h means that C~'h < g < Ch for some
constant C' > 0.

Write

o=yl =le—y" + 1y’ =z =y A+ /[ -y,
where t =1 — |y|?, y* = y/|y|? and s = t?|y*|* + 2t(z — y*) - y*. Note that
j

(1+a+b)”=§;(})(ajtb)j:j:k:o(}) (i)akbﬂ'—k.



Boundary growth of generalized Riesz potentials on the unit ball in the variable settings 127

The double series converges absolutely when |a|+|b| < 1. Hence we have the following
lemma.

Lemma 2.1. [1, Lemma 2.1] Let z,y € RN and t € R. If [t||y*| < (V2 —1)]x —
y*|, then

oo

|$ i y* + ty*|a—N _ Z Z ag7j|£li' o y*|a—N—2j(z . y* o |y*|2)2j—£|y*|2(£—j) tf
=0 \¢/2<j<t

= Z ¢a,€($a y*)t67
£=0
where

QSOC,@(ZL"y*) — Z aé,j|ZL’ _ y*|a—N—2j(l. . y* _ |y*|2)2j_g|y*|2(g_j)
tj2<5<t

0 = ( ( —jN)/2 ) < ei j ) 92—t

In what follows, let m > 0. Now let us define

and

o — y|N when y € B(0,1/2),
Kom(t,y) = c(a,N) x { lz = y[* N => (1= [y]*) (2, y")
=0

when y € B\ B(0,1/2),
where ¢(a, N) =1/((N — a)wy_1).
Lemma 2.2. (cf. [1, Lemma 2.2]|)

(1) Fory € B and N > 2, AK, ,,(-,y) = 0, on B;
(2) there exists a constant C' > 0 such that

|Ka,m(xay)‘ < C|x - y‘a_N

for all x,y € B;
(3) there exists a constant C' > 0 such that

| Kamn(@,y)| < Clz —y|*=" 711 = [y
for all z,y € B.
Proof. First we show assertion (1). Consider F,(t) = |z — y* + ty*|*™". Then
Dol y") = B0/,
so that ¢ (-, y*) is harmonic in B. Thus (1) follows.
Next we show assertion (2). We may assume y € B\ B(0,1/2). Note that

|Gz, y")| < Z lag ||z — y* | N Hw -yt — |y Py D)
€/2<5<t

= 3 Jaglle — 1Ny ] — Ly )
/2<5<e
= Clz =y "y,
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so that
[Gae(z, y*) (1= [y) < Cle—y* 1>V f(1 = [y)) < Cle —y* >N

since

o—y| | W=l =1
1— |yl 1 -yl 1 -yl
Hence we obtain

| Kam(z,9)| < C(Jz —y|* N+ |z —y*|*Y) < Clz —y|*V
since
& =y > lylle —y| = |zllz" =yl = (Jo —y2+ 10— 20— [y)"* > |z —y].
Finally, we show assertion (3). If 1 — |y|? > |z — y|/4, then
| Kam(z,y)| < Clz —y|*™™ < Clz —y|* N1 (1 = |y

Hence we show the case 1 — |y|? < |z —y|/4 and 1/2 < |y| < 1. By Taylor’s theorem,
one can find 0 < 6 < 1 such that
1

K, = F(m+1) 1— 2 1— 2 m+1.
onl8:) = o P01 = ) (L~ o)
Set
G(S) = (1 + 8)e=M72
2(x —y)-y" Pl
S=95(t) =
T
and
H(t) = G(5(1)).

Then we see by induction on m that H™+V(t) is of the form

HOD() = 37 G 0(S(0) (SU(0)"T (sP0)

0<0<(m+1)/2
where ¢, are constants. Here note that in case 0 <t <1 —|y]* < |z —y|/4,
[z —yl <z —y'[ <o —yl+]y—y| <3z —yl/2,
[z —y" +ty"[ = o =y =ty = |2 —yl/2

and hence ) )

9= |z —y*[?
Thus

20y 201 =Py o
1S (#)] < + - < Clz -y
R |z — y*|?
and
|H(m+1)(t)| <C Z |:L’ _ y|—(m—i-1—2é)|a7 _ y|—2é < C|:L’ | (m+1)
0<I<(m+1)/2

when 1 — |y|? < |z — y|/4 and 1/2 < |y| < 1. Now we obtain
[ Kam(2,y)| < Cla =y "N [HOHD(O1 — Jy))] (1= [y
< C‘SL’ |(a N)—(m+1) ( |y| )m—l—l

which proves the result. O
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For reader’s convenience we show Riesz decomposition theorem in the following.
Theorem 2.3. |1, Theorem 5.5] Let u be superharmonic in B.
(1) If

ll_rg M(u,r) > —00,

then
u(e) = [ Kaoley) duty) + hia),
B
where h is harmonic in B.
(2) If
limilnf (I —=7r)*M(u,r) > —00
r—

for some a > 0, then

ulz) = /B Ko, y) dia(y) + ho(2),

where hg is harmonic in B and m is an integer greater than a.
Remark 2.4. Note that
Kap(x,y) = Gla,y) + (lyP~" = D]z —y 7.
If w is superharmonic in B and

lim M(u,r) > —o0,

r—1

then
u(z) = /B G, ) dyu(y) + v(x) = /B Kao(z,y) du(y) + h(z),

where v and A are harmonic in B.

3. Variable exponent on the unit ball

Let p(+) be a variable exponent on B such that

(pl) 1 <p~ =inf,epp(z) < sup,egp(z) = pt < oo

(p2) |p(x) —p(y)| < log(e/HCB for z, € B with a constant cg > 0.

| = lyll)
By (p2), we see that p(-) is uniformly continuous on B and a radial function on B.
Thus we have

(p3) there exists a constant p > 1 such that
B
p(z) —pl| <
log(e/(1 — |z]))

For simplicity, we set p(r) = p(x) with r = |z|. A typical example of p(-) is of the
form

for x € B.

PL) = P e e/ = Ja]))

as in [2].
Let 2 be a measurable set in B. For m > 0, the variable exponent Lebesgue
spaces

LOm(Q) = {f € L@ [ (L= dy < oo}
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is a Banach space with respect to the norm

_ m p(y)
||f||L,,<.),m(Q):mf{A>o;/Q((1 |y|; \f(y)|) dy§1}.

Further we consider a weight w such that
(wl) w(r)>0for 0 <r <1;
(w2) w is almost decreasing in (0, 1], that is, there is a constant C' > 0 such that
w(t) < Cw(s) when 0 <s<t<1;
(w3) w is doubling on (0, 1].
Throughout this paper, we always assume that w satisfies all of (wl)—(w3). We
see that w(r) = r~(log(e + 1)) is almost decreasing when v > 0 and 7 € R. Set

C(0,7r)=B\ B(0,7)

for 0 < 7 < 1. For m > 0, denote by MP")™«(B) the family of all functions
f € L, .(B) such that

HfHMP(‘)vm’W(B) = sup w(l— T)HfHLP(')’m(C(O,r)) < 0.
o<r<1

Let us begin with the following elementary estimates for spherical means.

Lemma 3.1. |6, Lemma 2.1] Let 0 < a < 1 and ¢; be positive constants. If
y € B and 1/2 <t < min{1, ¢;|y|}, then there exists a constant C' > 0 such that

/ to — gV dS(o) < Clt — |yl
5(0,1)

For later use, we need a version of Lemma 3.1 when a > 1.

Lemma 3.2. |6, Lemma 2.2 Let 1 < a < N and ¢, be positive constants. If
y € B and 1/2 <t < min{1, ¢;|y|}, then there exists a constant C' > 0 such that

/ ito — N dS(0) < C(1 — 1)+
{0€S8(0,1): [to—y|<1—t}

= )| d
( 1/p(z)
- ( / o dy) |
|B L, t | :ctﬂB

where |B(z,t)| denotes the volume of balls B(z,t). Then I is estimated by J as
follows.

Lemma 3.3. [6, Lemma 2.4| Let v > 0. If J < ;t77 for some constants
b1, B2 > 0, then there exists a constant C' > 0 such that

I<C@+J)

forallx € B,0 <t < 1and f € L. (B), where a constant C depends only on 3, [,
~v and c;.

Set

and

Finally it is convenient to see the following estimates.

Lemma 3.4. [6, Lemma 2.5] For 1/2 <r < 1,
w(l —7)P" ~w(l—7)P, (1 —7)P") ~ (1 —7)P.
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4. Spherical means near the boundary

In what follows we prepare several estimates for Riesz potentials of functions in
MPL)m+le(B), For this purpose, write

Ko f(2) = / Ko, 9)f () dy
B(z,(1-x])/2)

T / Kom(sy) F(y) dy
{yeB\B(z,(1—|z|)/2): 1—|y|<1—|z|}

T / Ko, 9) £ () dy
{yeB\B(z,(1—|z|)/2): 1—|y|>1—|z|}

We first give an estimate for K;(z). For this note by Lemma 2.2 (2)
[Ki(x)] < C | —y|*V f(y) dy.
B(z,(1-]z[)/2)
Set
A(0,7) = B(0,r+ (1 —r)/2)\ B(0,r — (1 —1)/2)

for 1/2 <r < 1.

Lemma 4.1. Let 1 < g < o0.

(1) Let 5 > 0. Suppose

(N—-1)/g <N —ap.

Then, for € > 0, there exist constants C' > 0 and 1/2 < r; < 1 such that
Sy (|K1|p(’"), r) < Cw(l— r)_p{(l — )P 4 (1 — )= D= (m+bp

% / |7“ _ |y||ap(r)—a(2p(r)—1)—N+(N—1)/q (w(l _ |y|)(1 _ |y|)m+1f(y))10(y) dy}
A(0,r)

for all 1y < r < 1 and nonnegative measurable functions f on B with

||fHMP(')’m+1,w(B) <1
(2) Suppose

(N—-1)/g> N — ap.

Then there exist constants C' > 0 and 1/2 < r; < 1 such that
Sy (K70, 7) < C(1 = ) DN+ 0=l (g )

for all ry < r < 1 and nonnegative measurable functions f on B with
HfHMP(')’mH’W(B) <L
Proof. Let f be a nonnegative measurable function on B with || f|| MpOmtLeB) <

1 and let 1/2 < r = |z| < 1. First we show the assertion (1). Let § > 0 and let ¢ > 0
such that

(N—=1)/g< N—ap+e(2p—1).
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We have

|Ky(z)| < C lz—y|* N fy) dy
Bla,(1-r)/2)

1—r 1
SC/ <7/ ly dy) 21 gy
0 |B(z,t)] JB(z,nnao, ()

1—r 1
§C’1—r€/ <7/ 7= f(y dy)tf—ldt
( ) 0 |B(z, )| J B@ynao.m v)
since B(z, (1 —1)/2) C A(0,r). Take 1/2 < r; < 1 such that

Cip= sup {ap(r) —e(2p(r) —1) = N+ (N —1)/q} <0.

ri<r<l1

Letting s =7 — (1 —r)/2, we see that

[ = na= e dy

A(0,r)

<[ (- s/ w) dy
C(0,s)

<0 [ -0 w) <
so that
(@) | wa=na- sy ay < c.
A(0,r)

Note here from (4.1) that

1/p(r
(B 8- st ) ™ < v
for0 <t <1.
Take v > 0 such that
v >max {e(2 - 1/p*) =, B/p—a+m+1}.
By Jensen’s inequality and Lemmas 3.3 and 3.4, we have

(w(1 = 7)(1 = )72 Ky (2)])"

< C(w(l — 7)1 —p)Em

1—r p(r)
<[ (# 2 (1 [y f () dy) ta—ldt)
0

|B(2, )| J Bapnao.
S C(l . T)—s—(m—l—l)p

1-r 1 p(r)
Ny p—— 2 200(1 = ) (1 = y])™ £ (y) dy) i
/o ( |B(2, )| J Bz.pnaon
— 0(1 . 7ﬂ)—a—(m—i-l)p

p(r)

1—r 1
[ e (e [ e ) e
0 |B(z,t)| JB.nnaon
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1-r
<CO(1 - 7a)—ef—(n"ﬂrl)p{/ pop(r)—e@p(r)=1)+p(r)=1 1,
0

1—r
b [ e (] (L= 0= )™ )" ) ¢t
0 B(z,t)NA(0,r)

< C{(l — p)@mm=lEnp=2ep o (] _ p)me=(mElp

1—r
/ la=2e)p(r)—N (/ (w(l —r)(1— |y|)m+1f(y))17(y) dy) pe1 dt}
0 B(z,t)NA(0,r)

X

+ (1 =)o (mh / ( | — y|?PO =@ D=N (51— [y[)(1 = [y])™ " f ()" dy}

for 1 < r < 1, since
ap(r) —e2p(r)—1) = N<—=(N—-1)/qg+Cy, <0
for ry < r < 1. Then Minkowski’s inequality and Lemma 3.1 yield
S, (‘Kl‘p(r)7 r)

< Cuw(l - 7“)"’{(1 —1)? 4 (1 — )= D=t
Sl =y = 1 ) ) dy
0,r
< ==+ @ =y

x / [ — Jy|| PO CPOD=NEN=D/a (51 — |y|)(1 = [y)™ f(y))" dy}
A(0,r)

for r; < r <1, since r ~ |y| on A(0,r) and
ap(r) —e@2p(r)—1) =N+ (N—-1)/¢<Cy, <0

for r; < r < 1. Thus assertion (1) is proved.
Next we shall show assertion (2). Let € > 0 such that

(N—-1)/¢g>N —ap+e(p—1) > 0.
Take 1/2 < 1 < 1 such that

inf {ap(r) —e(p(r) —1) =N+ (N —-1)/q} >0,

ri<r<l1

sup {ap(r) —e(p(r) —1) = N} <0

ri<r<l1
and v > 0 such that
v>e(l—1/p") —a.
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As in the above considerations, we obtain by Lemma 3.2
S (w1 =@ =)=l r)

< C’(l _ T)—e—(m+1)p{(1 _ T)ap—e(p—l)ﬂp

+ /A(O )Sq(| . —y|ap(r)—s(p(r)—l)—NXB(y,(l_r)/z),7’) (w(l —r)(1- |y|)m+1f(y))p(y) dy}
< C(l - r)—a—(m—i-l)P{(l _ T)Olp—a(p—l)+»yp

+ (1= p)er=ee-D-N+(N-1)/g /
C0,r—(1-1)/2)

(w(1— )1 — [y f ()" dy}
<O(1— T)(a—m—l—E)p—NJr(N—l)/q

for r; < r < 1. Thus assertion (2) is proved. O

Let d(-) be a valuable exponent on [0, 1) such that
(d]_) O < infte[Ql) d(t) S Supte[Ql) d(t) < ].,
(d2) there exists a positive constant 0 < d < 1 such that

() = dl < - G for 0 <t <1

(e/(1—1))
with a constant ¢z > 0.
Set

G(t) = (1— 1)’ / 1t~ Lyl Og(y) dy

A(0,t)
for a nonnegative measurable function g.
To complete the estimate for K7, we use the following result.

Lemma 4.2. |7, Lemma 2.7| Let M > 0. If sup / g(y) dy < M, then there
A(0,¢)

0<t<1
exists a constant C' > 0 such that

inf G(t) < CM for each positive integer j.
1-2-i+l <t<1-2-

Next we treat Ko(z). For this note from Lemma 2.2 (3) that

Ky(x)| < C / 2 — N )™ () dy.

{yeB\B(z,(1—|z])/2):1—|y|<1—|z}
Lemma 4.3. Let 1 < ¢ < oo, and suppose

(N—-1)/¢g< N —(a—m—1)p.
Then there exists a constant C' > 0 such that
Sy (|2l r) < O(1 — ) Dp Ve Dlagy (1 )

for all1/2 < r < 1 and nonnegative measurable functions f on B with || f[| yro().m+1.0(m)
<1

Proof. Let f be a nonnegative measurable function on B with || f[| yp).m+1.0(m) <
1 and let 1/2 < r = |z| < 1. Let £ > 0 such that

(N=1)/g<N—=(a—m—1)p—c(p-1).
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We have by Lemma 2.2 (3)

|Ka(z)| < C |z —y|* VTN — fy[)™ T f (y) dy
{yeB\B(=,(1—-[z])/2): 1-|y|<1—|z|}
2
1
<C (— fo.a(y) dy) T dt
(1—ry2 \|B@, )| Jp@s
2
1
S C (7 ta_m_1+€f2,x(y) dy) t—s—l dt,
(1-ny2 \IB(@: )| Jp@y

where f5.4(y) = (1=[y))" "' f(y) x5, (y) With Ep» = {y € B\B(z, (1=r)/2): 1-|y| <
1 —r} and xg is the characteristic function of E.
Note from (p3) that

tp(T’) — tptp(r)—P S Ctpt—CB/bg(e/(l—T’)) S Ctp(l _ T)_CB/IOg(e/(l_T)) S C'tP
and
p0) > Cpppen/ 06/ (1=0) 5 Cpp(] — pyen/loa(e/1-0) > Cp
for (1 —7)/2 <t < 2. Since
/ (@1 = 7) fau(y)"® dy < / (W =)=y f)" dy < €
B(x,t) c(o,r)
by the fact that E,, C C(0,7), we have

1 p(y) Hr) N/p~
- - 1— < Ot~ N/p
(|B(ZL’, t)| Bo.) ((.U( r)f2,x(y)) dy) = Ct

for (1 —r)/2 <t < 2. We have by Jensen’s inequality and Lemma 3.3 with v >
—(1-1/p)—a+m+1

(w(1 =)L = 7)* | Ka()| )"

2 1 p(r)
SO =ry / (7 T (L= 1) o) dy) £ dt
(1—ry2 \|B@: )] Jp@s ?
2 1
<C(1- r)€{1 + / plomm=ttep (7 (W(1 = 1) fou ()" dy) t—s—ldt}
(1-r)/2 |B(z,t)| J B ?

<= {1 [ o=yl e o ) )Py}
B

for 1/2 < r < 1, since

2
/ pla=m=1)pte(p—1)+yp—1 14 <C
(1-r)/2

and
(a—m—-1p+elp—1)—N<—(N-1)/¢<0.
By Lemma 3.1, we see that

/ to— g dS (o)
{0€5(0,1): [to—y|>(1-t)/2}

<

/ (Cl(L+ (1= t))o — g dS(o)
{c€S(0,1): |to—y|>(1-t)/2}

<OIQ+1=t) =yl < L=t
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for 1/2 <t <1and 1/2 < |y| < 1, when a < 1. Hence Minkowski’s inequality yields

Sy (@1 =)L =) K 1)

<C(l—r)y
X {1 +/B Sql| - =yl PNy p (), ) (w(l—7)(1 — |y|)m+1f(y))p(y) dy}
< C(l — r)e
) {1 T T)(a_m_l)pﬁ(p_1)_N+(N_1)/q/ (w(1 = )1 = g™ F(y))" dy}
c(o,r)

S C(l o T)(a—m—1+e)p—N+(N—1)/q

for 1/2 < r < 1, since
(a—m—-1Dp+elp—1)—N+(N—-1)/¢<0.

Thus the assertion is proved. O
Finally we treat K3(z). Note from Lemma 2.2 (3) that
Kl <C [ o= gV ) () dy.
{yeB\B(z,(1—|z|)/2):1-[y[>1—|x[}

Lemma 4.4. Let 1 < ¢ < oo, and suppose
(wd) tlamm=Dp+eo=N+(N=1)/ay,(+)=P js almost decreasing on (0, 1] for some gy > 0.
Then there exists a constant C' > 0 such that
S, (|K3|p(?“)’ 7a) <C(1- T)(a—m—l)p—NJr(N—l)/qw(l —r)7P

for all1/2 < r < 1 and nonnegative measurable functions f on B with || f[| yro().m+1.0(m)
<1

Remark 4.5. If (w4) holds, then
(a—m—-1p—N+(N-1)/g<0.

Proof of Lemma 4.4. Let f be a nonnegative measurable function on B with
1l apmirw@y < 1 and let 1/2 < r = |z] < 1. Note that ") ~ t* for ¢(1 —r) <
t<2.

Let ¢ > 0 and e(p—1) < &o. Note from (w4) that t@—m—prep=D)=N+(N=1)/a,(t)=p
is almost decreasing on (0, 1] and

(N=1)/g<N—(a=m—1)p—e(p—1).
We see that
[ ettty <c [ =) dy < 0
B(0,1/4) B(0,1/4)

since || f|| pormirmy < w(1)”' < C. As in the proof of Lemma 4.3, we have

Kl |sc{1+/B|x gl g, <>dy}
2
SC{”/M (\Bm/“f“ ’dy)tawdt}
2
el i)
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where f3.(y) = (1= |y[)" " f(y)xE . (y) with
By = {y € B\(B0,1/4)UB(z,(1—)/2): 1— |y > 1 - ).
Since || f[| Lo().m+1m) < C, we have

) 1/p(r) .
<|B(:c )] /B( S saly)" dy) s e
) x,t

for (1 —r)/2 <t < 2. Since r ~ |y| for y € B\ B(0,1/4), in the same way as in the
proof of Lemma 4.3, we see that

(1= r)* | Ka(a)])"

2 1 - . p(r)
<C {(1 —7r)° (1 + / (7 M s 0 (y) dy) e~ dt) }
(1-ry2 \|B@, )] /@ ’

<o - r>€{1 A e A dy}
B

for 1/2 <r <1, so that

S (=)™ r)
<C-ry (1 4 [ S gl eI () ) ) dy)
B

<c—ry (1o [ e 0y )
B(0,r

for 1/2 < r < 1. Let jo be the smallest integer such that » < 1 — 27%~! Note here
that

/ (1— |y|)(a—m—1)p+€(p—1)—N+(N—1)/qfg’w(y)p(y) dy
B(O r)

< Z -, (1= [yl oD -XHEDa (00
B(0,1-2-3 1)\ B(0,1-2-7)
<C Z 9—i((a=m=1)p+e(p—1)=N+(N-1)/q) / Fr.o(y)P@ dy
= B(0,1—2-i-1)\B(0,1-2-7)

Jo

<C Z 2—9’((a—m—1)p+€(p—1)—N+(N—1)/q)w(Q—j)—p
=0

< 0(1 _ T)(oc—m—1)p+€(p—1)—N+(N—1)/qw(1 _ r)_p

for 1/2 < r <1 by (w4), which gives the assertion. O
We are now ready to show our main result.

Theorem 4.6. Let 1 < g < oo. Suppose (w4) holds for some €y > 0.
(1) If
N—-ap—-1<(N-1)/g<N —ap,
then there exists a constant C' > 0 such that
liminf (1 — )N lemm= = =D/ (1 — )P S, (|Kam f[P7,r) < C
<

r—

for all nonnegative measurable functions f with || f|| yre¢).m+1.0m) < 1.
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(2) If
N—-ap<(N-1)/g< N —(a—m—1)p,
then there exist constants C' > 0 and 1/2 < rq < 1 such that
Sy (1Eaimf P, 7) < C(1L= r)em D N4 D1 — g

for all g < r < 1 and nonnegative measurable functions f with || f || ysp¢).m+1.0m)
<1

Proof. Let f be a nonnegative measurable function with || f||ysec)merem) < 1.
For x € B, write

Ka,mf(x> = Kl(x) + K2(x) + K3(x)
as before.
We first show assertion (1). Let € > 0 such that
N—-—ap—1+e2p—1)<(N—=1)/g<N—-—ap+e2p—1) <N —ap+ (m+1)p.
Set
d=—-ap+e2p—1)+N—-(N—-1)/q
and
d(r) = —ap(r)+e2p(r)—1)+ N — (N —-1)/q.
Take 1/2 < ry < 1 such that ro > ry, inf, crc1d(r) > 0 and sup, ..., d(r) < 1,

where 77 is a constant appeared in Lemma 4.1. Let ro < r < 1 and § > 0. First note
by Lemma 4.3 that

(1— T)N—(a—m—l)p—(N—l)/qw(l —7)PS, (|K2|p(7’),r) <C.
By Lemma 4.4, we have
(1— T)N—(a—m—l)p—(N—l)/qw(l —7)PS, (|K3|p(7’),r) <C.
Finally, we obtain by Lemma 4.1 (1)
S, (|K1|p(’"), 7a)

< Cw(l—r)™" {(1 -+ (1= T)e(zp‘l"(m“)p/A [ = Iyl g(y) dy} :

(0,7)

where g(y) = (w(1 = [y))(1 = [y f(y))".
Note here that

| sty cut-rp [ (@l )y dy < c
A(r) A(r)
Therefore

(1 —r)N-(amm=bp=(N=D/q,,(1 _ P S, (|K1|p(r)’ T)

S C {(1 . T)N—(a—m—l)p—(N—l)/q—i-ﬁ + (1 - T’)d/

r— |yl g(y) dy} :
A(0,r)

In view of Lemma 4.2, we can find a sequence {r;} of positive numbers and a positive
integer jo such that rj, >ry, 1 — 279" <r; <1—277 and
J2730
which proves assertion (1).
Assertion (2) is obtained by Lemmas 4.1 (2), 4.3 and 4.4 . O
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Setting MPO)m+Lw(B) = MP™ 1Y (B) when p(z) = p and w(r) = 7" with v > 0,
we obtain the following corollary.

Corollary 4.7. Let 1 < p < g < oc.
(1) If
I N—-(x+v—m-—1)p

P p(N —1)

and
N—ap—1 1< N —ap

< -
p(N—=1) ¢~ p(N-1)
then there exists a constant C > 0 such that
lim inf (1 — p)Np-azvimtl=-(N=U/ag (1K, f|,r) < C
r—1—

for all nonnegative measurable functions f with || f||yem+1v @) < 1.
(2) If
N —ap _ 1 _ N—-—(a+v—m-—1)p
p(N—=1) "¢ p(N —1) ’
then there exists a constant C' > 0 such that
limsup (1 — p)N/pomvim+l=(N=D/ag (1), . f|,r) < C

r—1—

for all nonnegative measurable functions f with || f|ypm10@) < 1.

Remark 4.8. In Theorem 4.6 (1), “liminf” can not be replaced by “lim sup”.
For this purpose, we first note from the proof of Lemma 2.2 (2) that

Kom(z,y) > Clz —y|*™" = Clo — y*[*7.
Hence, if 0 < ¢ < 1 is small enough, then
Kom(z,y) 227z —y|*™  when |z —y| < (1 — |z])

since 1 — |z] < |z — y*|.
Let p > 1 and 1 < g < oo satisfy

1 N —ap
- <
q p(N-1)
and take a € R such that
N -1 N
o+ <a< —.
p

Let r; = 277 for each positive integer j and v > 0. Consider the function

e’}
j : —
Tj XBj7

7j=1
where a <m+1+ N/p, B; = B((1 —rj)e,j 'rj41) and e = (1,0,...,0), and set

/Kamzy y) dy.

Then, for 0 < r < 1, we have by a < N/p

/C’(O ) {(1 - |y|>m+1f(y) }p dy < C Z T§m+1)p(j—*/7,j>—ap+N

Jj=Jjo

< C(1 = r)tm ot N (log(e/ (1 — r)) 7ot
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where 1—r < 2790 < 2(1—r), so that f € MP""(B) with v = (m+1—a)+N/p > 0.
For x € B; with |z| = 1 —r;, we have by Lemma 2.2 (2) and o < a < N

w020 [ gl =0 [ ey ) dy

Bj

> C( )™ = Oy — N () N

k£
> O )™ = CY e N )N = O N (k) N
k<j k>3

> C(j )t = Ory N ()N = Oy TN (T )N T > O ) T

when j is large enough, so that

1/q
1
S(ul—r)>C| —-—— i~y )(mata)e g g
o1 =rj) 2 1S(0,1 —ry)] /S(o,1—rj)mBj ) (@)
> C(j—'yrj)—a+a+(N—1)/q
for large j. This gives
N/p—(a+v—m—1)—(N-1 —(a—a)—(N-1
r; /p—(a+ )—( )/qu(u,l—rj) :Tj( )—( )/qu(u,l—rj)

> Cj'y(a—a—(N—l)/q)
for large j. Hence if a + (N —1)/qg < a < N/p, then

limsup (1 — T)N/p—(oc+u—m—1)—(N—1)/qu(u’7,) — 00,
r—1

as required.
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