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Abstract. The operator norm of Bergman projections P, from L°(B™) to the Bloch space
was found in [4]. In the same paper the authors made a conjecture on the norms of P, with respect
to M-invariant gradient norm. In this paper we prove their conjecture.

1. Introduction

1.1. Bergman projection. Let B" denote the unit ball in C", n > 1 and let
be dv, the measure given by

dva(2) = co (1= |2]*)" dv(z),
where dv(z) is the Lebesgue measure on B" and
r 1
(1) ¢ = Lntatl)
F(a+ )7
is a normalizing constant i.e. v,(B") = 1. We will also use the symbol v, for the

n—dimensional Lebesgue measure at places where dimensions must be distinguished.
For a > —1 the Bergman projection operator is given by

P.f(z) =co | Kaulz,w)f(w)dv,(w), feLP(B"), 1<p<oo,

Bn

where
1

(1= (2, w))ntett’

Here (z,w) stands for scalar product given by 21w, + 25Ws + - - - + 2,W,. These
projections are among the most important operators in theory of analytic function
spaces. In [3], Forelli and Rudin proved that P, is bounded as operator from L?(B")
to Bergman space of all p-integrable analytic functions on B™ if and only if a > % —1.
They also found the exact operator norm in cases p = 1 and p = 2. Mateljevi¢ and
Pavlovi¢ extended these result for 0 < p < 1, see [11].

The problem of finding the exact value of the operator norm of P, on LP spaces
turned out to be quite difficult, even for P = F,. In [18], Zhu obtained asymptotically
sharp two sided norm estimates , while Dostani¢ in [2| gave the following estimate:

K, (z,w) = z,w € B".

1
Zesel < 1P, < WCSCE,
2 p p

for 1 < p < oo. Liu improved these estimates in [7], for the unit ball B™. Also, papers
[8] and [9] give the estimates for the Bergman projection in the Siegel upper-half space
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and for the weighted Bergman projections in the unit disk. In recent years, there has
been increasing interest in studying projections of this type in various spaces. See
also [6, 16, 10].

Here, we investigate the operator norm of P,: L — B with M-invariant gradi-
ent. In [1] or [17], for n = 1, the reader can find proof of boundedness and surjectivity
of P, from L* to B. In [14] and [15], Peralla found the exact value of the norm || P||
in D, while [4] contains a generalization of this result to P, and B".

In [4], the authors (Kalaj and Markovi¢) also have settled the problem of finding
the exact value of ||P,||L~Bn)—p@r with a different norm on B. They obtained
the two-sided estimate and conjectured that the norm is equal to the estimate from
above. Using a new technique, we will obtain the appropriate series expansion of
certain elliptic integral considered in [4] and the exact norm as the maximum of that
series. We hope that technique can be used for a variety of similar extremal problems.

Also, let us say that the paper [5] consider Bergman projections on Bloch space
with the family of seminorms and norms inhereted from Besov spaces. This is a
generalization of [4] and can be of some good motivation for some future work on
this topic.

Let us, first, recall that the Bloch space consists of functions f analytic in B” for
which the following semi-norm is finite:

115 = sup (L — [2[*)[V f(2)],

|z|<1

where
Vi(z) = (g—i(z),...,g—i(z)) .

But, we can also define the semi-norm invariant with respect to the group Aut(B").
For analytic f, the invariant gradient V f(z) is defined by:

V(z) = V(fop.)(0),

where ¢, is an automorphism of the unit ball for which ¢.(0) = 2. We have

V(fo@)l =1(Vf) o),

exactly what we want. Then the Bloch space can be described also as the space of
all holomorphic functions f for which

I1£15 := sup [V f(2)| < oc.

|z|<1
Now, we can equip B with the norm || f[|z := [f(0)| + || f]l5-

1.2. Statement of the problem. In order to formulate the problem and the
known result, we define the following function of one real variable ¢ € [0, 7]:

|(1 —wy) cost + wysint|
[wy — 1[pratl

I(t) = (n+a+1)/ dva(w).

n

Kalaj and Markovié in [4] proved:
Theorem 1. For a > —1, n > 1, we have

()= 310~ 5.
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where C,, = % For the E—semi—norm of the Bergman projection P, we have
2
Co = |Pallz = e 1(t),
and
T w244
—Cy < ||Py|| £ ——C,.
" Ca < IRl < Y
They also conjectured that
T
P,||z = =C,.
I1Pull5 =%

From these facts we can conclude that it is enough to prove that I(¢) attains its
maximum in ¢ = 7. We will prove that this conjecture is true. This is contained in
the following theorem.

Theorem 2. For a > —1 and n > 2, we have

P ||~_7TF(n+oz+2)
N2 (e 1)

and

nl(n+a+2) ml(n+a+2)
- < | P S 1+ .
2 I2(e +1) — IPallz <13 (232 4-1)

Moreover, we have the following representation for function | in terms of hypergeo-
metric series: ( )
ml'(n+a+2 1 1
I(t) = oF | =, —=;1; cos? t
( ) 21—\2(71-5@ + 1) 2471 (27 27 ; COS )

and [(t) is increasing in t € [0, ].

In the next section we give some preliminary facts which we need for the proof.

1.3. Beta and hypergeometric functions. Here we recall some properties of
hypergeometric functions. They are defined by

= (@)r(b)i 2
QFl(CL, b7 C, Z) = kz:% (C)k E

It converges for all |z| < 1, and, for Re(c—a—b) > 0 also for z = 1. Here (a); stands
for Pochhammer symbol a(a+1)...(a+ k — 1), and a is not negative integer.
We will use the next theorem due to Gauss:

L)' (c—a—10)
I'(c—a)l'(c—0)
Also, we use the following Euler transformation

2Fi(a,bc;2) = (1= 2)77" 5 Fi(c — a,c = by 2).

2F1(a,bye; 1) =

Beta function is defined as
1
B(a, ) = / 711 — )51 at.
0

The identit
i e gy @)
“ T Ta+p)

connects Beta function with Gamma function and we will exploit this relation later.
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2. Proof of the Theorem 2

Let us recall the integral representation of the constant C,. We start from the
expression

L(gt) — Ca/n |<’LU B ela§t>|(1 — |'LU| )a dvn(w)

‘1 - <’UJ, 61>‘n+a+1

|(1 —wy) cost + wysint| 2o
- Ca/ |1 w |n+a+1 (]‘ - |w| ) dvn(w)
n - 1

where §, = e cost + eysint, t € [0, ] and ¢, is given in (1).
Let us fix ¢ € [0, §]. Changing coordinates with A;w = z, where A, is a real n xn

orthogonal matrix

cost sint 0 0
—sint cost 0 :
0 0 1 0

: : 0

0 0 O 1

such that A& = e;, we obtain
2\«
L(gt) = Coe/ |<Atw At€1761>|(1n+l:ﬂ‘ ) dvn(w)
n ‘1 — <Atw, At€1>‘
_. / (2 = Aser, e)|(1 = |2*)”

|1 _ <Z,At€1>|n+a+l

dv,(2).

Since Aseq = (cost, —sint, 0, ... ,O), we have:

|z — cost|(1— |2[*)*
L = ca/ dv,(z
(&) B» |1 — z1cost + 2o sint|"+aJrl (2)

. 1— 2\«
B

: T
n |1 — 2 cost — zpsint]" "

Now, as in [12], we use Fubini’s theorem:

B Lo o — |aal? — [o2)0
L(&) :Ca/ |Zl COSt|( |Zl| |22| |Z| ) dvn(z)

: T
|1 — 2z cost — zysint|"TF

/ |21 — cost|J (21, 22) dva(z1, 29)
= COC
B

: T
> |1 — 2z cost — zysint|"T"

where

(1= lzal” = |22 = [2'")* dv—2(2');

J(Zl7 Z2) = /
V1=|z1*—|22|*Bn 2

here z = (21,29, 2'), 2/ € C"72.

We make a substitution 2’ = \w, A = \/1 — |z1)® = |22]%, in the expression for
J(z1,22) , which gives

J o O Y Gy = e [ (1 o).
AB"—2

Bn—2
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We easily find [, »(1 — |w[*)* dvp_o(w) = ko = W"‘Z%, SO

L(&) = cakol(cost,sint),

where

|21 — cost|(1 — |z > — |z2)" T2

I(cost,sint :/ dvo (21, 22).
( ) B2 |1—zlcost—z2sint\"+a+1 2(21,22)

Now, the proof of Theorem 2 is reduced to proving monotonicity of I(cost,sint) as
a function of 0 <t < 7.
Again, Fubini’s theorem gives us

1— 2 2\n+a—2
I(cost,sint) :/\zl—cost|dv(zl)/ (1= |1 |Z2|‘) P ——]
D V/1—zPD |1 — 21 cost — zpsint|

dv(z).

Next, we make substitution zo = /1 — |zl|2pei9, 0<p<1,0€]0,2n]:

/ (1 _ |Zl|2 _ |Z2|2)n+a—2 dv(z )
2
V1D |1 — 2 cost — zysint|" T

27r n+a—2 2\ n+a—2 2
— 1 — 1 —
/ / A—p)"" A —lal)
0

11—z cost — /1 — |z psin teid [T
=Py [ ety
0

where ®(z1, p,t) = [T 0

0 [1—z1 cost—\/l—|z1\2psintei9\”+a+1 '

Next, we use Parseval’s identity and Taylor’s expansion of (1 — z)_MTaH'
2T
do
(I)(Zla Ps t) = /

0 |1 — 2z cost—4/1—|z|*psinte?|"TF!

B 1 /2” do
|1 -zl COStVH_OH_1 0 ‘1 . \/1—|z1|?psint i et

1—2zjcost €

B 2 — (—n+g+l +k— 1) (1= |)"p* sin? ¢

11 — 2 cost|" T k 11—z cost]

k=0
To use the above series expansion, we have to explain why

'\/1 — |z1)?psint

1 — 2z, cost

<p<l

In fact, from the Cauchy—Schwarz inequality, we have

V1—|z|%sint + |z] cost < \/ V1= 21]2)2 + |22V sin? t + cos?t = 1
and hence
V1 —|z?sint <1 — |z]|cost.

Triangle inequality gives

1 —|z1|cost < |1 — z cost|.
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The last two inequalities imply

VI [aPsi
’ |21]? sin ¢ <1

1— z;cost

therefore, for 0 < p < 1,

V1 —|z1|?psint

1 — 2z, cost

<p<l

Therefore, from the last expansion we have

/ (1 _ |Zl|2 o |Z2|2)n+a—2 dU(Z )
2
V1o |1 — 21 cost — zpsint|" T

+00 spta+tl 2 2\k+n+a—1 . 2k 1
A+ E—1\ (1 — sin“" t nta—
=27 ( 2 ) ( l1l) 2k+n+111+1 / P%H(l _pz) i 2dp
o k |1 — 21 cost| 0
+too sntatl 2 2\k+n+a—1 . 2k
——i—k—l) (1—1z1]%) sin“* ¢
= 2 Bk+1,n+a—1),
pa ( k |1 -2 Cost|2k‘+n+a+l ( )
and hence
+0o n+a+1l 2
e k-1
I(cost,sint) = Bk+1,n+a—1 2 sin?* ¢
( int) WZ a )( f ) i
/ |21 — cost|(1 — |z [P)FHe! do(z)
VI Z1).
1 — 2, cos t|2k+n+a+1
We calculate these integrals by changing coordinates with z; = ffsc% = 1Cf2tc;s<t

(since cost € R). Here, we assume t > 0. Then, we have
cost — 2 (1 —cos?t)?
5 JR=—F 7
1 — 2z cost |1—Ccost|4

Also, we need the following identities

(=

S
l1—2zcost=1————cost =

and
(1 —cost)(1 = [¢[*)
11— Ccost|? .

1—|zf* =

Using the above substitution, we get

. t 2\ k+n+a—1
/ ‘Zl COS ‘ |Z | ) dU(Zl)

2% 1
|1 — 2 cost|?HmHet

/ |<| 1 - t)k-l-n-l-a—l(l - |C‘2)k+n+a—1 ‘1 - Ccost‘2k+n+a (1 - COS2 t>2
C t|2k2+2n+20l—2 (1 _ COS2 t)2k‘+n+a |1 . Ccost|4
1 . ‘C‘ k+n+a 1
k
= (1 — cos tl /|C||1_CC t|n+a+2 dv(().

Passing to the polar coordinates, we have

(1-— |<| k+n+a ' /1 2 2\ k+n+a—1 /27r dyp
dv(() = r(l—r dr ,
Lt w0 = [ 20— T

dv(¢)
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and then, again, by Parseval’s identity

27 +00  sptad?2 2
d REXEE 4+ om— 1
/ L4 =2 E ( 2 T ) 2" cos?™ t,
0

n+a—+2

|1 — rei® cost| — m
thus
1_ |C‘ k+n+a 1
[t T o 10)
o nta+2 -1 2 1
:27TZ< 3 T m ) cos2mt/ T2m+2(1 _T2)k+n+a—1 dr
m 0
m=0
> n+a+2 2
= +m—1
:WZ( 2 o )coszmtB(m+%,k+n+oz).
m=0
This gives

+oo n+a+1+k_1 2
[(COSt,SiIlT,):ﬂ'22< 2 ) ) B(k+1,n+4a —1)sin®*¢

k=0
oo n+a+2 -1 2
. ( 7 T )B(m—l— Jk+n+a)cos®™ (1 —cos? )

m
m=0

Since (1 — cos?t)' ¥ sin® ¢ = 1 — cos?t, we conclude

+too sndadtl E—1 2 /ntad2 1 2
I(cost,sint) = 7*(1 — cos*t) Z( 2 ]:_ )( p Tm )

(2) k,m=0 m

B(k+1,n+a—1)B(m+2 k+n+a)cos®t.
Now, we consider the function ¢ defined as

+00o n+a 2 /nta 2
o) =(1—-2) 3 < +2+1]‘:k_1> ( +2+2+m_1) B(k+1L,n+a—1)

k,m=0
‘Bm+ 3, k+n+a)z™

m

for 0 < x < 1 (because of condition 0 < cost < 1!). Using B(a, ﬁ)—%we have
T smtatl 4 op o \? /oot 4o 1\?
=T — 11— : :
o) =Tn+a-na-o) 3 (T ST (TR

k,m=0
. K'T(m+32)
Fk+n+a+m+3)

m
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Let us sum, over k, the terms which depend on k,

= et 4 — 1) k!
Z( k )F(l{:+n+o¢+m+%)

k=0

SRt k1) (gt 1) (g’

& KID(k+m+n+a+3)

::Eff 1 (5, (55),
kzok!(n+k+oz+m+—) ----- (n+a+m+3I(n+a+m+3)

1 n+oe+1) (n-i—g—i—l)k

F(n+a+m+ ;k_ (n+a+m+3)

We recognize that the last sum is ﬂ*}(%““, %““; n+a+m+ %; 1), and by Gauss’s
theorem this is equal to

Fin+a+m+HT(m+3)
[2(m + 14 2352) '

Hence, the double sum in (2) is equal to

if(%ﬂ+m—5%m+§Nm+9¢
— m 2(m+1+ 249)
Note that
Rt -1\ 1 1 (ot gy
Y L (e gy (e L TCE A
m (m) (ml)? T2(252)
and hence
r ~1 X T(m+HT(m+ 2
P(x) = (n+a >( — )Z ( ) z)xm, 0<z<l

e P T
P22+ 1) = (ml)”

Let us denote
I'(m + %)F(m + %)

" (m!)?
It is easily verified that a,, is strictly decreasing in m > 0:
ampr _ T+ H0m+3H(m)” _ (m+y)m+3)
A T(m+ HT(m+ 3)((m + 1)) (m+ 1)

In particular, a,, < ag. Then, we may conclude

+00 +oo
(1—2x) Zam:)sm < (1 —x)ag me = ay,
m=0 m=0

that is ¢(z) < ¢(0). Moreover, ¢(x) is decreasing, since we can write it in the
following form

F(n+a+1
¢ = n+a +§ : m— m :

This is the crux of the proof of our Theorem.
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So, the best constant is C,, = (1 +n + oz)cakaﬂ%ﬂé)l“(%), ie.
& — zl“(a+n+2)'
2 T2(22 4+ 1)
According to [4], for € = (1,0,0...,0) we have [(0) = 2C,,. This can be also obtained

o
from the above series by letting = tends to 1.
Finally, all these computations give us

“+oo
2F(atn— 1) sin%Z I'(m + %)F(;n—l— 3)
(1 1) ()
+o0

Pn+a+2)  , =Lm+3m+3)
= msln tz (m')2 COS t

[(t) = (1+n+a)cakym

m=0

T
. 0<t< =,
2

m=0
and [(t) is increasing in t € [0, 5]. (Because ¢(x) is decreasing and [(t) = ¢(cos*t).)

Using the definition od Pochhammer symbol (a), hypergeometric functions and
Euler transformation from subsection 1.3 we get

mf(n+a+2) 1
I(t) = SR
( ) 21—\2(n—5a+1) 2 1(27

The proof of the second part of our Theorem easily follows from its first part and
the inequality

1
——;1;cos’t).
2

1Pallz < 1Pallg <1+ [ Pall5

This concludes the proof of Theorem 2.

Let us say that the function [(¢) also can be expressed as Tlntat?) p

(a1 (cost), where

E is the complete elliptic integral of the second kind.
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