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Abstract. The purpose of this paper is to investigate the asymptotical dynamics of solu-
tions for a non-autonomous stochastic evolution equations driven by a non-local integro-differential
operator Lx defined by

Lixu(z) = PV. / N(u(:v) —u(y)K(x —y)dy, =€R",
R
where K: RY \ {0} — (0,+00) is the kernel of Lx which satisfies the general fractional-type
condition of order s. It is showed that the (2p— 2)-truncation of solutions on a finite integral interval
vanishes if the initial time goes to negative infinite and the eigenvalue of Ly is large enough. By
means of this truncation estimate and the spectrum splitting technique, the flattening condition
of solutions is proved in the fractional-type Sobolev space X, under a weak assumption on the
non-autonomous term. Then, the regular dynamics of the cocycle associated with this problem
are demonstrated, namely, that the pullback attractor established in L?(0) is actually compact,
measurable and attracting in the fractional-type space X§ for any s € (0,1) and N > 2s. As a
typical example, we derive the random dynamics for the problem driven by the fractional Laplacian

(=4)*

1. Introduction

In recent years, a huge volume of literature focus on the problems involving the
fractional and non-local operators, since such type of operators arise from a diverse
scientific fields, such as fluid mechanics, biology, finance, optimization, quantum
theory and etc. For a survey of this topic, the reader is referred to [7, 20].

Let O C RY be an open and bounded domain with Lipschitz boundary. In
this article, we are interested in the asymptotical dynamics (in the form of pullback
attractor) of solutions of the non-autonomous stochastic general integro-differential
equation on O:

(1.1) % + Lxu=F(t,z,u)+ g(t,z) + o(x)W (), t>r1, z€0,

with the homogeneous Dirichlet boundary condition
(1.2) u(t,r) =0, t>1, x € RV\O,
and the initial condition

(1.3) u(t,z) =u,, z€O0,
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where 7 € R, g € L} (R, L*(0)). Throughout this paper, W(t) is a two-sided real-
valued Brownian motion defined on a probability space, F: R x O x R — R is
a continuous function, ¢ is a given function on R” satisfying some conditions as
specified in the latter section, and Lk is the non-local integro-differential operator of

order s suggested in [24] and defined as follows:

Lxula) = PV [ (ula) = ) Ko = 9)dy

(1.4) = lim (u(z) —u(y)K(x—y)dy, xRV,
N0 JRN\B. (2)

where B.(r) is a ball in R centred at  with radius ¢, P.V. means the principal value
of the integral, and the kernel K: RN \ {0} — (0,+0o0) is a measurable function
satisfying

(1.5) mK € LY(R"), where m(x) = min{1, 2°},
(1.6) K(z) = K(—x) for any » € RV \ {0},

and there exists # > 0 such that

(1.7) K(z) = 0|lz|~™*2) for any = € RM \ {0},

where s € (0,1) and N > 2s. Condition (1.6) is assumed for sake of simplicity and
it can be easily removed (cf. [26]).

We emphasize that the Dirichlet datum « = 0 in (1.2) is given in R" \ O instead
of simply u = 0 on the boundary 00, which is consistent with the non-local character
of the integro-differential operator L, see the interpretation as in [24, 26, 25].

A typical example for K is the singular kernel K(x) = |2|~(V+25)_ In this case,
Lxu = (—A)*u is called the fractional Lapalcian operator. Up to a normalization
factor, this operator is defined as

u(z) —u(y) : u(x) —u(y) N
1.8) (=A)’u(x :P.V./ ————=dy = lim ——=dy, r € R".
(18) (=4)ulz) R |7 — y[ N0 R (o) [T — [
Then, the general no-local integro-differential equation (1.1) is reduced to the follow-
ing usual fractional Laplacian equation:

(1.9) Z—TZ + (=A)u = F(t,z,u) + g(t,z) + o(x)W(2),

where s € (0,1), N > 2s.

We can list a large volume of literature about the equations involving such frac-
tional Lapalcian, see e.g. [9, 12, 20, 21, 22, 35| and the references therein, where the
existence of solutions was extensively investigated. However, so far as we know, the
asymptotic behavior of solutions for evolution equations with non-local fractional
operator are not well studied. Even in the random case, there are only a few publi-
cations [13, 17, 19, 18, 29| in this aspect, where the authors discussed the existence
of random attractor for stochastic fractional reaction-diffusion equations like (1.9)
and the fractional complex Ginzburg-Landau equations, respectively. To the best of
our knowledge, there is no literature to discuss the long-time dynamical behavior for
the stochastic model involving the general non-local operator defined by (1.4). Just
as mentioned in [26], it is quite interesting to consider more general operators than
the fractional Laplacian, since in the applications, other type of non-local operators
naturally arise.
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In this paper, we investigate the asymptotical dynamics and prove that the non-
autonomous general model (1.1)—(1.3) has a unique pullback attractor in L?(QO) for
all s € (0,1) and N > 2s, see Theorem 4.5. We show that the (2p — 2)-truncation
of solutions on a finite integral interval vanishes if the initial time goes to negative
infinite and the eigenvalue of Ly is large enough. The spectrum of the non-local
operator Ly is employed by a spectrum splitting approach to obtain the flattening
condition of solutions. Then the asymptotically regular dynamics of the model (1.1)—
(1.3) is demonstrated by a pullback attractor derived in a fractional Sobolev space
X§ for all s € (0,1) and N > 2s, see Theorem 5.7. As a typical example, we derive
the random dynamics of the fractional reaction-diffusion equations driven by the
fractional Laplacian (—A)®. Thus the results presented here are new even in the
fractional Laplacian case.

We remark that a non-local integro-differential equation containing a kernel dif-
ferent from (1.5) and (1.7) was considered in [8], where the symbolic dynamics was
fist studied in a fractional operator setting.

2. Preliminary results and notations

In this paper, we consider the general integro-differential equation (1.1). For this,
the usual fractional Sobolev space H*(RY) or H*(O) (cf. [7]) is not enough. We will
work in a functional analytical setting. To this purpose, we present some preliminary
results and the fractional-type Sobolev spaces related to the kernel K(.), which will
be used in the paper.

2.1. The fractional-type Sobolev space with kernel K (.). Let s € (0,1).
Define
2N

2.1 B=—— ifN>2

@1) ST N2 %

which plays the role of a fractional critical Sobolev exponent (cf. [7]). It is clear that
2<2t = NQi\;s < % = 2% where the later is the integer critical Sobolev exponent.

Let X* be the linear space of Lebesgue measurable functions form R» to R such
that the restriction to O of any function u in X* belongs to L?(O) and

(2.2) /Q fu(x) — u(y) PK (z — y) de dy < +oo,

where Q = R?V \ 0¢ x 0¢ with 0¢ = R \ O. We note that Q 2 O x O in general.
The space X? is equipped with the norm defined as

(2.3) lullis = llullZzo) + /Q u(z) — u(y)[*K(z —y) dz dy.

It is easy to say that ||.|xs defined by (2.3) is a norm on X* (see [24]|) which is
equivalent to the following version

1

v 2l + (| ) u PR ) drdy)”

[l

Define
(2.4) X2 {ue X*:u=0ae in R\ O}

In terms of the condition (1.5), we have C3(O) C X§ (cf. [20, Lemma 1.20]) and
consequently X§ and X* are nonempty. The space X is equipped with the norm
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defined as

full%, 2 /Q ju(z) — u(y)PK (@ — y) dz dy

(2.5) = /RQN lu(z) — u(y)|?K(x —y)dedy, ue X;.

For u € X, the integral on the state space @ can be extended to R?*" as in |25,
Lemma 5,b)]. Moreover, (X§, ||.|[x;) is a Hilbert space with the inner product

(2.6) (u,v)x3 = (Lru,v) = /(u(if) — u(y))(v(z) —v(y)) K(x —y) dz dy,
Q

and the norm given by (2.5) is equivalent to the usual one defined by (2.3) (cf. [24,

Lemma 7]). We also give the usual fractional Sobolev space H*(O) endowed with

the so-called Gagliardo norm

s e ju(z) — ufy)

o) = llullz20) + /OXO (o — [V dx dy.

For further detailed information on the fractional Sobolev spaces H*(O) and H*(R")
for s € (0,1), the reader is referred to [7] and the references therein.

We remark that, even in the model case in which k(z) = |2|~V+2%) the norms in
(2.3) and (2.7) are not identical nor equivalent, because O x O is strictly contained
in ). This makes the usual fractional Sobolev space approach not sufficient for
studying the problem (1.1)—(1.3), especially for the regularity of the solutions [24].
For this, we need the following non-local functional analytic results which formulates
the embedding of the space X into the usual Lebesgue spaces. They are adapted
from Lemma 7-9 in [26].

Lemma 2.1. [26] Let s € (0,1), N > 25,0 be an open and bounded domain of
RY and K: RN\ {0} — (0,00) be a measurable function satisfying the conditions
(1.5)-(1.7). Then the following assertions hold true:

(i) X5 € H*(RY) and in addition, there exist a positive constant c(6) depending

on ¥ (which is given in (1.7) and ¢(0, N, s,O) depending on 6, N,s and O
such that for any u € X,

(2.7) |

[ullzs0) < llullgs@yy < e@)lullxs < (6, N, s, O)|ullx;;

(ii) Let k(x) = |z|~™N*29). Then X§ = {u € H*(RY): u =0 a.e. in RN \ O};

(iii) The embedding X§ — L(Q) is continuous for any q € [2,2%];

(iv) If O has a Lipschitz boundary, then the embedding X§ — L9(O) is compact
whenever ¢ € [2,2%).

Remark 1. The compact embedding is closely related to the regularity of the
boundary of state space O. As in [26], the Lipschitz boundary in Lemma 2.1 (iv)
can be weakened to the continuous boundary, based on [10, Theorem 6|. A simple
example of domain with continuous boundary is the ball in R" and its complement.

2.2. The eigenvalues and eigenfunctions of the non-local operator L.
For our purpose, we need to consider the following eigenvalue problem

{EK = A\u, in O;

2.8
(28) u =0, in RV \ O,
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where s € (0,1), N > 2s, O is an open and bounded domain of RY and K satisfies
(1.5)-1.7). More precisely, the problem (2.8) is understood in the weak framework,
which is rephrased as the following eigenvalue problem: Finding u € X, such that

(2.9) /R2N (u(z) —u(y)(h(z) — h(y))K(z —y) dedy = A /(9 uw(z)h(z)dz, ¥V he X{.

The following results, which are adapted from [25], are concerning with the eigen-

value and the corresponding eigenfunction of the problem (2.8 ) (in fact, of its weak
version (2.9)).

Lemma 2.2. ([25]) Let s € (0,1), N > 25,0 be an open and bounded domain
of RN and K : RV \ {0} — (0,00) be a measurable function satisfying the conditions
(1.5)—(1.7). Then the following assertions hold true:

(i) The first eigenvalue can be characterized as follows

N oy Jrew [u(@) —u@)PE(@ —y)dedy
1 = min .
uex§\{0} Jo lu(z)[?dz

Moreover, there exists a non-negative eigenfunction e; € X corresponding
to Ay with ||e1]|z2(0) = 1, such that

M= /R Jew) — @)K — y) drdy.

(ii) The problem (2.9) has a family of eigenfunctions {e;};en such that {e;}jen
is an orthonormal basis of L*(O) and an orthonormal basis of X3, and the
corresponding eigenvalues {\;};en satisfies

O< A <A< <A\ =00, asj— oo.

Moreover, each eigenvalue \; has finite multiplicity.
Moreover, for any j € N, the eigenvalues can be characterized as follows:
Mt = min  Jme [4(@) —u@)PK(w — y) dudy
T uePen \(0) Jo lu(z)? dx
where P = {u € X§: (u,e5)x; = 0,Vj = 1,2,...,k}. In addition, for any k € N,

there exists a non-negative eigenfunction ey, € Py corresponding to the eigenvalue
)‘k+1 with ||ek+1||L2(O) = 1, such that

Y

(210) M = [ Jeweale) = ena(p)PK (o - ) dody,
R

Throughout this paper, we assume that s € (0,1) and N > 2s.

2.3. Pullback attractor for random cocycle. In this section, we present
the notion of pullback attractor and its existence result for the random cocycle. The
reader is referred to [1, 3, 5, 4, 23, 28, 27| for more details.

Let (X,dx) be a Polish spaces (completely separable metric space) with the o-
algebras B(X) of Borel subsets. Let (€2, F, P) be a probability space on which there is
a (B(R) x F, F)-measurable mapping ¢J;: Rx ) — Q such that ¥y = I, ¥, = 9,00,
and 9, P = P for all t,7 € R. The quadruple (2, F, P, {9, }+cr) is called a metric (or
measurable) dynamical system (briefly, MDS o).

Let RT = {t € R: t > 0} and 2% be the collection of all subsets of X.
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Definition 2.3. Let D: R x Q — 2X\0; D: (1,w) — D(1,w) € 2% be a set-
valued mapping. We say D: (7,w) — D(7,w) is measurable with respect to F
(briefly, measurable) in X if for every fixed x € X and 7 € R, the mapping

w—dx(z,D(r,w)) = inf dx(z,z2)
zeD(T,w)
is (F, B(R))-measurable. If D is measurable, then the family of its images D =
{D(r,w): 7 € Ryw € Q} is also called a random set. If for every fixed 7 € R
and w € (, the image D(7,w) is closed (resp. compact) in X, then the family
D ={D(r,w): 7 € R,w € Q} is called a closed (resp. compact) random set in X.

Definition 2.4. A family of single-valued mappings p: R* x R x Q@ x X —

X, (t,7,w,x) = ¢(t,q,w, x) is called a random cocycle on X over an MDS 4 if for all
s,t € R, 7 € R and w € (, the following statements are satisfied:

e o(,7,,. ) R" x QO x X — Xis (B(R") x F x B(X), B(X))-measurable;

e »(0,7,w,.) is the identity on X;

e p(t+s,T,w,.)=p(t, T+ s,Vsw, p(s,T,w,.)).
A random cocycle g is said to be continuous in X if the mapping p(t, 7,w,.): X — X
is continuous for each t € R™, 7 € R and w € Q.

Let © a collection of some families of nonempty subsets of X, parameterized by
the time 7 and the sample w such that ® = {D = {§l # D(r,w) €2¥: 7€ R, w €
Definition 2.5. Let K = {K(7,w): 7 € R,w € Q} € ©. Then K is called a ©-

pullback absorbing set of the cocycle ¢ over an MDS ¢ in X if for every 7 € R,w €
and D € © , there exists an absorbing time 7' = T'(7,w, D) > 0 such that

o(t, 7 —t, 0w, D(T —t, Y _w)) C K(r,w) forall t >T.

Furthermore, if I is a random set, then K is called a ®-pullback random absorbing
set in X.

Definition 2.6. A family of sets A = {A(T,w): 7 € R,w € Q} € D is called
a ®©-pullback attractor for the cocycle ¢ over an MDS ¢ in X if the next three
statements hold:

e A is a compact random set in X

e A is invariant, that is, for every 7 € R and w € Q, ¢(t,7,w, A(T,w)) =
A(T + 1, 'lgtCU),\V/ t > 07

e A is attracting in X, namely, for every 7 € R and w € Q and D € D,

Jim dist(p(t, 7 — t, 9w, D(T — t,0_4w)), A(T,w)) = 0,

where dist is the Hausdorff semi-metric in 2% with dist(A, B) = sup, 4 inf,ep
d(z,y) for A, B € 2%,
If in addition, ¢(¢,7,w,.) maps X into Y (Y is another Polish space) for every ¢ >
0,7 € R and w € (), and the following conditions are satisfied:
e A is a compact random set in Y
e A is attracting in Y, namely, for every 7 € R and w €  and D € D,

tlim disty (p(t, 7 — t,¥_yw, D(T — t,9_w)), A(T,w)) = 0,

then the family A is called a ©-pullback (X, Y') attractor (briefly,a ®-pullback
attractor in V).
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We note that the attracting in Definition 2.6 is called pullback attraction, which
implies the forward attraction in probability:

tlim dist(¢(t, 7,w, D(T,w)), A(T + t, %w)) = 0.

As for the attractor with forward attraction of point-wise convergence, the reader is

referred to |6, 15, 16].

Definition 2.7. The cocycle ¢ over an MDS ¢ is said to be ®-pullback asymp-
totically compact in X if for every 7 € R, w € (), the sequence

{o(tn, T —tn, 04, w,x,)}o0 is precompact in X,

whenever ¢, — oo and x,, € D(1 — t,,9_;, w) with D € D.
If in addition, ¢(t,7,w,.) maps X into Y for every ¢t > 0,7 € R and w € 2, and
the sequence
{o(tn, T —tn, 04, w,x,)}>2; is precompact in Y,
whenever t,, — 0o and z,, € D(1—t,,0_, w) with D € ®, then ¢ is called D-pullback
asymptotically compact from X to Y.

The following existence result for a pullback attractor for a continuous ran-
dom cocycle can be founded in [28, 27|. For the existence of pullback attractor
in the regular space, we may refer to [34]. We first recall that the a collection ©
of some families of non-empty subsets of X is called inclusion closed if whenever
D ={D(r,w): 7 € Ryw € Q} € ® with D'(r,w) C D(r,w) for each 7 € R and
w € Q, then the family = D' = {D'(r,w): 7 € R,w € 2} € ©. Note that the
inclusion closed collection ® is also called for short an IC system which was first
introduced in [11].

Theorem 2.8. [34] Suppose ¢ is a continuous random cocycle on X over an
MDS ¢. Let the collection ® be inclusion closed and Y be another Polish space.
Assume that

(i) ¢ has a closed ®-pullback random absorbing set K = {K(1,w): 7 € R,w €
Q} €® in X;
(ii) ¢ is ©-pullback asymptotically compact in X.

Then the random cocycle ¢ admits a unique ®-pullback attractor A = {A(T,w): 7 €
R,we Q} € O, where

Alr,w) = (Y elt, 7 =t 9w, K(r — t,0_w))

s=>0t>s

X

If in addition, ¢(t,T,w,.) maps X into Y for every t > 0,7 € R and w € (), and
p is ®-pullback asymptotically compact from X to Y, then the family A is also a
D-pullback attractor in Y .

If the target space is a uniformly convex Banach space, such as the Sobolev spaces,
the asymptotical compactness is equivalent to the flattening condition. Precisely we
have

Theorem 2.9. [14] Suppose that X is a uniformly convex Banach space, then
p is ®-pullback asymptotically compact X if and only if ¢ satisfies the D-flattening
condition: For every 7 € R,w € Q and D € ©, there exist T'=T(7,w, D,e) > 0 and
a finite dimensional space X, of X such that for a bounded projector P: X — X3,

P(o(t,7 —t,¥_yw, D(T — t,9_4w)) is bounded in X,
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and
(I — P)(e(t, 7 —t, 0w, D(T —t,0_w))||x < &,
forallt > T.

3. Random cocycle for the stochastic non-local
integro-differential equation

In what follows, we consider the classic Wiener probability space (2, F, P), where
Q2 ={we C(R,R): w(0) = 0} with the compact-open topology, F is its Borel o-
algebra, P is the Wiener measure on (€2, F). Then the Brownian motion is identified
as W(t) = W(t,w) = w(t). Define a mapping 9J;: Q@ x R — € such that d,w(.) =
w(t+.) —w(t), ¥Vt € R. Then the quadruple form (2, F, P, {0;}:cr) is a metric
dynamical system (cf. [1]).

In this section, we will show the existence of random cocycle for the non-autonomous
non-local equations on O, driven by an additive noise,

(1) S Liu=Fltru) +glt o)+ o@W(), 157 TER,

with the homogeneous boundary condition

(3.2) u(t,r) =0, t>71, € RY\O,

and the initial condition

(3.3) u(r,z) =u,, x€O0,

where 7 € R, g € L? (R, L*(0)) and Lk is the non-local operator with the kernel

loc

K satistfying (1.5)—(1.7). The nonlinear function F' is continuous on R x O x R
satisfying the following conditions: For all t,u € R and = € O,

(3.4) F(t,z,u)u < —a|ul? + 1 (t, ),
(3.5) |E(t, 2, u)| < ot ) |[ulP ™ + st @),
(36) v u) < it ),

where p > 2, tha, by € L®(O x R), ¢y € LL (R, L)) N L2 (R, L5(0)), 5 €
L2

2 (R, L*(0)). The noise coefficient is a deterministic function on O with
(3.7) € X;NL>®(0), Lro¢e L*0O).

Then by the interpolation inequality, we immediately have ¢ € L"(O) for any 2 < r <
0o. For the non-autonomous terms g, 11 and 13, we impose the following integrability
condition: For every 7 € R,

38 [ (ot P+ Bl s + [ (r E + o )P < 4,

— 0o
where A; is the first eigenvalue of the non-local operator L.
Thanks to the Brownian motion W(t) is not differentiable for all most every
t € R, the stochastic equation needs to be transformed into an equation with random
coefficient, usually by an Ornstein—Uhlenbeck process over (2, P, F,{¥; }+cr), which
is a stationary process
0

(3.9) y(t,w) = y(Dw) = — / E9w(€)dE, tER,

—00
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satisfying the stochastic differential equation:

dy(w) + y(Yw) dt = dW (t).
Moreover, for any s,t € R,

y(t,9sw) = y(t + s,w), P-as.
Note that there exists the exceptional set which may be a priori depending on ¢, s.
Indeed, we suppose that y has a continuous modification. Once this modification
is chosen, the exceptional set is independent of . On the other hand, it is known
from [1, 5, 4, 11] that there exits a ¥4-invariant set  C € of full measure such that
the random variable |y(w)| is tempered and y(?;w) is continuous in ¢ for every fixed

w € Q, and in addition, by Proposition 4.3.3 in [1], there exists a tempered variable
o(w) > 0 such that

(3.10) [y (@)* + [y ()P + [y(w) [P < o(w),
where p(w) satisfies, for all w € Q,

. W) < olw e%m, teR,
(3.11) o(Uw) < o(w)

where \; is the first eigenvalue of the non-local operator Lx. Then it follows from
(3.10)—(3.11) that, for all w € Q,

(3.12) (W) 2 + [y @)l + ly(0,0)[ 2 < olw)eFN, teR.

In what follows, all arguments are understood to hold on this €, but for the sake of
simplicity we write Q as Q.

Set z(Vw) = o(v)y(Vw) and write v(t) = u(t) — z(Yw), where u(t) is the
solution to the equations (3.1)—(3.3). Note that the non-local operator L is linear,
namely, Lxv(z) = Lrgu(r) — Lrz(Pw). Then the stochastic equations (3.1)—(3.3)
are transformed into a deterministic one with a parameter w, namely, v(t) satisfies

(3.13) % + Lgv(x) = F(t,z,0v+ z2(Vw)) + g(t, ) + 2(Dw) — Lxz(Pw),

with the homogeneous boundary condition

(3.14) v(t,z) =0, t>71, € RV\O,
and the initial condition

(3.15) v(r,z) =v, =u, — 2(V,w), x€O.

By a Galerkin method, similar to [29], one can prove that if F' satisfies (3.4)—
(3.6), then in the case of a bounded domain with Dirichlet boundary condition, for
every w € Q and 7 € R, and for v, € L? the problem (3.13)—(3.15) possesses a
unique solution v(., 7,w,v,) € C([r,0), L*(0)) N L*((1,T), X5) N L*((1,T), LP(O))
with v(7, 7,w,v,) = v, for all T" > 7. Furthermore, this solution operator v is
continuous from L?(0) to L*(0) in v, and measurable in w. Let u(t, T, w,u,) =
v(t, 7,w,v;) + z(thw). Then formally the process u is the continuous and measurable
solution of the problem (3.1)-(3.3) in L?*(O).

Givent € RT,7 € R,w € Q and u, € L*(0), define

(3.16) o(t, T, w,ur) =u(lt + 7,7, 0w, ur) =0t + 7, 7,0 _w,v;) + 2(Pw),

where u, = v; + z(w). Then the random cocycle ¢(t,7,.,u,) is (F,B(L*(0)))-
measurable, and in addition the mapping ¢(t, 7,w, .): L*(O) — L*(O) is continuous
with respect to the initial datum for every t € R™, 7 € R and w € Q. Hence, ¢ is
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a continuous random cocycle over the metric dynamical system (Q, F, P, {¥; }1er) in
L*(0).

From now on, we always suppose ® is a collection of all families of non-empty
subsets D = {D(1,w) C L*(O0): 7 € R,w € Q} such that for each 7 € R and w € ,

(3.17) lim ™| D(r —t,0_w)|* = 0,
—00

where || D|| = sup{||u||: w € D} and ), is the first eigenvalue of the non-local operator
L. Then it is obvious that ® is inclusion closed.

Throughout this paper, we denote by (.,.) the inner product in L?, ||.||, the norm
of the space L",1 < r < oo, and r = 2 by ||.||. In the subsequential discussions,
we use c¢ to denote the generic positive constant which may depend on the constants
a,s,p,N,0 and ||1;||00, @ = 2,4.

4. Existence of pullback attractor in L?(O)

In this section, we will derive some uniform estimates of the solutions of the
problem (3.1)—(3.3) when the initial datum belongs to D € ® and the time ¢ is large
enough, which are needed to prove the existence of a ®-pullback random absorbing
set and the pullback asymptotical compactness of ¢ defined by (3.16) in L*(O).

Lemma 4.1. Suppose that I satisfies (3.4)—(3.5) and © is defined by (3.17),
and in addition ¢ € LP(O) N X{§ and (3.8) holds. Let 7 € R,w € Q and D =
{D(r,w): 7 € R,w € Q} € © with u,_y € D(t —t,9_w). Then there exists a
constant T' = T(1,w, D) > 1 such that for all t > T, the solution u of problem
(3.1)—(3.3) satisfies

(4.1) |u(o, 7 —t,9_rw,ur )| < e(1+C(r,w)), o€lr—1,7],

and

(1.2 | i)

o lo)R) dr < e(1+ C(r,w)),

where ¢ > (0 is a deterministic constant and

C(r,w) £ o(w) +/ M (llglr+ 7 )P+ a(r + 7, )l + s (r + 7, )17 dr.

—00

Proof. Using the test function v in (3.13), we obtain

sl [ o) = o)K@ =) dody
:/OF(t,:c,v—i—z(ﬂtw))vdx+/Og(t,:c)vdx+/oz(19tw)vdx
(4.9 - [ H0)(6) = 60)(v(e) () K @ =) do

We now estimate every term on the right hand side of (4.3). First for the nonlinearity,
in view of (3.4) and (3.5), by using Young inequality repeatedly, we have

F(t,z,v+ z(w))v = F(t,z,u)u — F(t, z,u)z(w)
< —alul’ + ¥y + vy |ulPHz(w)| + P3| 2(Fw)]
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1
< —§a|u|p + 1 + 2P 8|2 (Yw) [P + 3] 2(Vw)]

1 1
(4.4) < —gpalolf + (Ga+ 2720w + [2(0w)* + v + [,

where we used the inequality |a + b|" > 2'7"|a|” — [b|" for any r > 1 in the first term
of the last inequality on the right hand side of (4.4). By (3.7), we deduce from (4.4)
that

/ F(t,z,u)vdx
o

(4.5) < —%Ilvlli +e(ly(@w) P + ly(9uw)P) + [la(t, )l + s (t, )17

On the other hand, by Young inequality, along with ¢ € X, we have
[ 0)6le) = o) (0(o) = v K a = ) o dy
1
<3 /R o)) — o) (@~ y) dedy

2y (9w / 16(2) — S@)PK (& — y) de dy

R2N
1

(4.6) <3 / [v(®)(z) — (&) (W) K (v — y) dz dy + cly(Iw)|,
R2N

xg) > 0. In addition, by g € L}, (R, L*(O)), we infer that

loc

where ¢ = (|||

A
(47) ‘/Og(t,x)vder/Oz(ﬁtw)vd:c‘ < 210l + ellgt, )I? +ly()

where )\ is the first eigenvalue of the non-local operator Lx and ¢ = ¢(Ay, ||¢]|). By
a combination of (4.5) and (4.6)—(4.7) into (4.3), it follows that
1d
2dt

A
(4.8) < lelvll2 + J(0w) + e (t, Y+ st )P+ cllg(t, I

ol +5 [ 1o0@) = o)K@ =) dedy + ol

Using Lemma 2.2 (i), we have

g /Rm lo(t)(z) = v(t)(y) K (z — y) dv dy
> %/RN lu(t)(z) — v(t)(y)|PK (z — y) dz dy + gMIIUIIQ
(4.9) = Slollxg + Sl

Consequently, by (4.8) and (4.9), we derive the energy inequality:

(0%
201
(4.10) < T (W) + 20wt o+ 215 (t, I + 2¢l|g(t, )11,

Sl + Aol + o)

%+ osllo]?
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where J(0,w) = c(|y(w) | + y(9w)[P) with ¢ = (e, p, [|¢]], [|]lp, |6]|xz). Using the
classic Gronwall lemma to (4.10) over the interval [r — ¢, 0] with ¢ € [T — 1, 7] and
t > 1, meanwhile, using ¥_,w to replace w, we deduce that

o)l + [ DGl + gl dr

2r—1
<eM <e_)‘1t||vT_t||2 +/ M=) (9, _w) dr
T—t1

(1) we [T Mgl )P + 1 Dl -+ () ),

where v(.) is the abbreviation of v(.,7 — ¢,9_,w,v._;) and ¢ = ¢(\;). By (3.12) we
have J(¥,_,w) < e%"’_ﬂg(w), and thereby we may rewrite (4.11) as the following

7 rT—0 1
Jo@P+ [ el
T—t

< (e oral* + () / AN gy

T—1t

X5t 5 o)) dr

o [ MO gl I+ s + ) ) i)

B 2
<M (267 (ura |+ [ 0-)) + ()

@) we [ gl I et n )+ e+ 7 ) dr)

By noting that u,_; € D(7 — t,J_,w) and |y(w)| is tempered, we have
(4.13) 2e7 M ([fur—il* + |0*[y (0-w)|?) — 0,

as t — 0o. By (3.8), deduce that cf M (lglr + 7, )12+ |[0ulr + 7, ) |1+ ||[¢s(r +

7, )||?) dr < oo. Therefore, it follows from (4.12) and (4.13) that, for every fixed
7€ R,weNandall u,_y € D(7 —t,9_4w), there exists a T'= T(7,w, D) > 1 such
that for all t > T,

o) + / ) (Lol + gl ) dr

c(1+ o(w / M (llglr -+ )P + e + 7, )

(4.14) + |[s(r + 7, )| dr) £ c(1 4 C(7,w)),
where
C(r,w) £ o(w) +/_ M (lg(r + 7, )P+ || (r 4+ 7, )|l + [s(r + 7,)||?) drr < oo

On the other hand, in view of u(t) = v(t) + z(V;w) and by (3.12) it follows that, for
oe€lr—1,7]

lu(@)I? < 20(@)]? +2[6]2ly (o —w)|* < 2[[0(@)]* + 2|l e(w)e

A
(4.15) < 2[v(@)|* + 2] ¢l *e(w)e = .
Then the needed estimates are derived from (4.14) and (4.15). O
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In order to prove the asymptotical compactness, we first prove a convergence re-
sult of the solutions to the problem (3.1)—(3.3) if the initial data sequence is uniformly
bounded in L*(0).

Lemma 4.2. Suppose that {z,}nen C L*(O) is an initial values sequence with
sup,, ||z,]| < M for some fixed M > 0. Let 7 € R and w € Q. Then for almost
every o € [r — 1,7], there exits a fixed point u, € L*(O) such that the sequence
{un(o,7 — 1,w, x,) tnen has a convergent subsequence with u,(o,7 — 1,w, z,) — U,
in L?(0), where u,(o,7—1,w, z,,) is a solution to (3.1)—(3.3) corresponding the initial
value x,,.

Proof. Given n € N, let v,(t) be a solution to (3.13)-(3.15) corresponding the

initial datum z,, — ¢z(¥,_ w) at the initial time 7 — 1. From (4.10), we have for any
t>717—1,

d 1
(4.16) [l ()P + 7 lvn(B)llx < 27(F0w) + 21 (& )l + 20 8s(, I + ellg ()
Integrate (4.16) from 7 — 1 to o for o € [7 — 1, 7] to find that

1 T
Jonor7 = Loy = 620 + 5 [ ol = Loy = 02(0,-10)
7—1

2
X dr

T

< 2(]|zal* + 18117 2(0 1) *) + C/ (J (rw)

T—1

(4.17) H gl P+ o, Dl + s (r, )l) dr.
Consider that ¢ € L2 (R, L*(0)),¢ € X§, J(Y,w) is continuous in r € R and

loc

Un(t) = v, (t) + z(w). Then we deduce from (4.17) that for every o € [ — 1, 7],
(418) ||un(0-77—_ 1,w,xn)||2 < CO(va)a

and
(419) / ||Un(’l",’7'— l,w,xn)|
T—1

where Cy(T,w) < oo is a positive random constant independent of n. According to
(4.18), we have that for every o € [T —1, 7], there exist u, € L*(O) and a subsequence
(which is not relabeled) by a diagonal process such that

(4.20) U (o, 7 — 1, w,2,) — u, weakly in L*(O).
In view of (4.19) we infer that

3(5 d’f’ < 00(7-? CU),

(4.21) wup(.,7—1,w, x,) is unformly bounded with respect to n in L*(7—1,7; X3).

But by Lemma 2.1 (iv), the embedding of X§ — L?*(O) is compact and therefore
from (4.21), there is a subsequence (not labeled again) by a diagonal process such
that

{un(,7 — 1w, 2,) 322, strongly converges in L*(1 — 1,7; L*(O)).
This along with (4.20) implies that for all most every o € [ — 1,7,
(4.22) Un (0,7 — 1,w,2,) — u, strongly in L*(O),
which proves our claim. O]

Based on the above lemma and in conjunction with the cocycle property of ¢ and
the continuity of solutions, we can prove the asymptotical compactness of random
cocycle ¢ in L*(0).
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Lemma 4.3. Suppose that the nonlinearity F' satisfies (3.4)—(3.6) and © is de-
fined by (3.17), in addition ¢ € LP(O) N X and (3.8) holds. Then the random
cocycle o defined by (3.16) is ®-pullback asymptotically compact in L*(O), namely,
for every 7 € R and w € ), the sequence {@(t,, 7—t,, V_s,w, up,) }22, is precompact
in L*(O) whenever t, — oo and ug,, € D(T — t,,9_;,w) with D € D.

Proof. Given 7 € R,w € Q and ug,, € D(7 —tp,V_4,w). By Lemma 4.1, we have
(4.23) |u(T — 1,7 — t, 0w, uo,0)||* < c(1+ O(7,w)),

when n is large enough. We now put z,, = u(r — 1,7 —t,,9_,w, ug,) and then utilize
Lemma 4.2 to find that there is a certain real number o € [T — 1, 7], u, € L*(O) and
up to a subsequence (not relabeled again) such that

(4.24)  ulo,7 — 1,9 _;w,u(t — 1,7 — t,, 0w, upp)) — Uy strongly in L*(O).
Then (4.24) implies that
(4.25) u(o, 7 — tn, V_rw,Uy,) — U, strongly in L*(O).
Noting that
w(T, T —ty, V_w, upy) = u(t,0,9_rw,u(o, 7 — t,, V_rw,up,)),

and in conjunction with the continuity of solution in L?*(O) with respect to the initial
data, we deduce that, for this fixed o € [ — 1, 7],

(4.26) (7, T — tn, V_rw, ugp) — u(T,0,9_;w,u,) strongly in L*(O).
Consider that @(t,, T — t,, 04, w,upn) = u(T, 7 — t,, V_;w, up,) and consequently ¢
is asymptotically compact in L?(O). OJ
We next prove the existence of ©-pullback absorbing set for the random cocycle
¢ defined by (3.16) in L*(O).
Lemma 4.4. Suppose that the nonlinearity F satisfies (3.4)-(3.6) and ® is de-
fined by (3.17), in addition ¢ € LP(O) N X and (3.8) holds. Define
(4.27) K(r,w)={ue L*(O0): |[ul]®* <c(l+C(r,w))}, TeR,we,

where C(7,w) is the same as Lemma 4.1. Then the family K = {K(r,w): 7 € R,w €
Q} € D is a closed and measurable ®-pullback absorbing set in L*(O) for the random
cocycle ¢ defined by (3.16).

Proof. First, by (3.8) and the tempered property of o(w), it is clear that for
each 7 € R and w € Q, lim;_,oo e O (7 — t,9_4w) = 0. Then by (3.17), the family
K € ®. On the other hand, for any z € L?(O) and a fixed 7 € R, we have

o K =t

is (F, B(R))-measurable as a random variable. Then the set-valued mapping K de-
fined by (4.27) is a closed random absorbing set in L?(O) in the sense of Definition 2.3,
which completes the proof. O

diz(0)(2,2) = o + (e(1+ C(r,w)

By Lemma 4.3 and 4.4, we are at the point to present the existence of ®-pullback
attractor for the problem (3.1)—(3.3) in L*(O).

Theorem 4.5. Let s € (0,1) and N > 2s. Suppose that the nonlinearity F
satisfies (3.4)—(3.6) and © is defined by (3.17), in addition ¢ € LP(O) N X§ and (3.8)
holds. Then the random cocycle ¢ defined by (3.16) admits a unique ®-pullback
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attractor A = {A(1,w): 7 € R,w € Q} in L*(O), where the component A(T,w) is
defined as

AT, w) £ ﬂ U o(t, T —t, 0 4w, (T — t,9_4w)).
s=>0t>s
Proof. By Lemma 4.3 and Lemma 4.4, we get immediately from the fist part of
Theorem 2.8 that A is a D-pullback attractor for ¢ in L?(O). O

Remark 2. If in particular, the kernel K(z) = |z|~™*2%) then as a direct
consequence of Theorem 4.5, we get that the fractional Lapacian model (1.9) admits
a unique pullback attractor in L*(O). The reader is referred to [29] for the studying
of (1.9) with multiplicative noise.

5. Regular dynamics in X

In order to derive the regular dynamics of solutions to (3.1)—(3.3) in the regular
space X, it suffices to check that the cocycle is asymptotically compact in X;. There
are in general two ways to attack the regular problems. One is to use the spectrum
splitting (cf. [13]) and truncation estimate method (cf. [31]), and another is to prove
the continuity of solutions with respect to the initial datum in the corresponding
space (cf. [32, 30, 33|). In this paper, we adapt the spectrum splitting and truncation
method to cope with the non-local fractional equation (1.1), by which one of the
crucial keys is to check the flattening condition. For this purpose, we need to prove
a series of a priori estimates of solutions.

For convenience, we present the following lemma which is repeatedly used in what
follows.

Lemma 5.1. [32| Let y, g and h be tree nonnegative and locally integrable func-

tions on R such that Z—f is also locally integrable and

for some constant v € RT. Then
(i) for arbitrary r > 0 and T € R,

y(7) < - / e’y (t) dt + / e’ h(t) dt;

(ii) for arbitrary r,e >0 and o € [T —r, 7],

y(0) + / ") g 1) dt

vr 1 T T
c / e’y (t) dt + (e + 2) / e’tTn(t) dt.

€
In particular, this holds for v = 0.

<

5.1. A priori estimates of solutions. We now begin with a priori L?’~2-
estimate of solutions on the intervals [ — 2, 7].

Lemma 5.2. Suppose that (3.4)-(3.8) and ® is defined by (3.17). Let T €
R,weQand D ={D(t,w): 7€ R,w € Q} € ® with u,_ € D(7 —t,9_w). Then
there exist constants M = M(r,w) > 0 and T = T'(1,w, D) > 3 such that for all
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t > T, the solution u of problem (3.13)—-(3.15) satisfies
(5.1) |v(o, 7 —t,0_rw, v, )||F < M(T,w), o €[r—2,7]

and
5:2) [ e = oo e < Mr),

where v,_y = u,_y — z(V_4w) and M(7,w) is a constant depending «, p, A1 ol
1$llzp—2, MLkl M2lle,  Clriw), [T llg(& )IPdE, [T, llhn(g )||2 d§  and
S g llbs (&, I de.

Proof. By (3.13), using the test function |v|P~?v, we have

—%HUHZ + (Lgv, [v|P~?v) = / F(t,z,u)|v|P?vdx +/ g(t, z)|vP?vdx

o o
(5.3) —i—/ 2(Vw) o] 2vdx — (Lxz(Vw), v|P~v),

o
where we can easily obtain
(Lxv,|vP~?v) = (v(z) = o(y))(Jo(z)[P2u(z) — ()P 2o(y)) K (¢ — y) dz dy
RQN

(5.4) > clp) [ Jola) = o) P = ) drdy > 0

R2N
and

/ g(t,a:)|v\p_2v dx +/ 2(Yw) )P0 dx
o o

(5.5) S iz ||UH§§ >+ c(llg(t, )P+ ly(w) ),

where ¢ = ¢(p, a, ||¢]|). It remains to estimate the nonlinearity and the last term on
the right hand side of (5.3). From (4.4), we infer that

1
(5.6) F(t,z,v+ z(thw))v < —§a|v|p + clz(thw) [P + U1 + P3| z(hw)],

where ¢ = c¢(a,p, [|12]lo). By using Young inequality repeatedly, we deduce from
(5.6) that

/ Pt 20 [0 o de < — =2 [0l + cllo]l2 + cly(9,0)] 72
o 2P+1

(5.7) +C(||w1(t,-)||§ + s (t, )I),

where ¢ = ¢(a, p, ||t2]|c, || #]|2p—2). Indeed, to derive the estimate of the last term in
(5.7), we used

|l 2o < alt )+ [ a0 Pl da

2p—2 2p—2
< st )P + 2er?,HUH p—2 T cllz(Pw)]|55 2.
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On the other hand, by using Young inequality again we get that
(Lxc=(D0), Jop =)
= [ ) = o) ()l @) o)) K o = ) dady
= [ ) ole) = sl o) (o = ) dady

68 = [ v — o)) @ ) dedy.

Thanks to Lxé € L2, by Hélder inequality, we have

[ 100le) = ol o) (o = ) dady

<{ /R ([ stveo) - oD K - nas) ar} ([ o)

2p—2

(5.9) lwllzp=2 + cly ()]

2p+3
Hence, it follows from (5.8) and 5.9) that

2p—2
lwllzp=2 + cly (o).

(5.10) —(Lrz(Pw), [v[P~?v) < 2p+2

Then combine (5.3)—(5.5), (5.7) and (5.10) to find

d o p
0I5+ S llvollzp=s < er(llolly + gt DI+ loa(t I + st )]
(5.11) +y(0w) [ + ly (D) ),
where the letter ¢; = ci(a,p, |0, |@ll2p—2: 1Lk DI, [|[¥2]l0). By employing Lem-

ma 5.1(ii) with ¥ = 0,7 = 2 and € = 1, along with w replaced by J_,w, it follows
that for o € [ — 2, 7],

oo = 0 v,- Dl + o [ €)1 3
< 2/ H/U(57T_t7ﬁ—7w7UT—t)’|£d£+3cl/ ||U(£7T_t719—Tw7UT—t)||£d£
T—3 T—3
w30 [ (la€. DI + 1a(6 I + a(e. P
Iy (T )72 + [y (Vo)) d
<o [ I =t e
T—3

0

(5.12)  +c _%3(|y(ﬁ§a;|2p_2—+|y(ﬁ5aﬂ|2>d§.

re [ (Iote DI+ lon(e DI + ls(e. ) IP) e
)
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By the continuity of y(J4w), in conjunction with v € Lfo/f(R LP2(0)) and g,1)5 €
L2 (R, L*(0)), it is clear that, for every 7 € R and w € (,

/ 3(||g(€,-)||2+ ||¢1(g,,)||,, +[les(€, )NI*) d€

0
(5.13) + [ () P + e ) ds < o

On the other hand, by (4.2) in Lemma 4.1, there exists 7' = T(r,w, D) > 3, such
that for all ¢t > T,

(5.14) / [v(&, 7 — 1,0 7w, v )||PdE < e(1+ C(T,w))
T—3
Then the results are derived from (5.12)—(5.14). O

Remark 3. From Lemma 5.2, we find that if the initial time goes to the negative
infinite, the solution u of problem (3.1)-(3.3) belongs to L*"*(R, L*~2(0)), which
is crucial for us to prove the bound of solutions in the regular space Xg.

The following is concerned with a priori estimate of solutions in the Hilbert space

Xj. Note that the conditions on the nonlinear function £’ and the non-autonomous
terms g, and 13 are not added.

Lemma 5.3. Suppose that (3.4)-(3.8) and ® is defined by (3.17). Let T €
R,weQand D ={D(t,w): 7€ R,w e Q} € ® with u,_ € D(7 —t,9_4w). Then
there exist constants M = M(r,w) > 0 and T = T(1,w, D) > 3 such that for all
t > T, the solution u of problem (3.13)-(3.15) satisfies

s < M(r,w), oe€|r—1,7],

|v(o, 7 —t,9_rw, v, ||%
where v,y = U,y — z(V_w) and M(7,w) > 0 is a constant depending a p, A1,
16l @llap—2, (1L, [[ealloo, C(r,w), [7_gllbs(& )P dE, [7_s l1¥n (€, )|| d¢ and
Js (& NI de.
Proof. Using the test function Lxv in (3.13), we get

1d

oW 2 4 |Lxv|]? = (F(t,z,v + 2(0w)), Lxv) + (g(t, x), Lxv)

+ (z(hw), Lxkv) — (Lrz(hw), Lkv)

1 2p—2
< §H£KUH2 +cllullop=s + clls(t, )P + llg(t, )

+cllz () + |1 L z(Ww)|,
which implies that
d _ _
vl < c([[ollzp=2 + 19t II* + gt I + [2(0w)|” + [y (D) [72).

Utilizing Lemma 5.1(ii) with v =0, r = 1 and € = 1, we show for ¢ € [T — 1, 7],

|v(o, 7 —t,0_rw, vr_) |5

< / lo()lI2 -2 de + / (€I + glE, )P de

T—3

ro [ (a0l + w2 de+2 oo

2

§3 d€.
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By (4.2) and (5.2), we know that there exist constants T = T(7,w, D) > 3 and
M, (7,w) > 1 such that forall t > T, [, |(&)12275 dé < My(T,w) and

o
I, lv(©)] ?XS dé < M,y (7,w), respectively. And by (3.12), we have

/ (2 r) 2 + [y(Pe_r0)|~2) dE < 0(w) / e~ PMET) g < 2(w)A eM.
T—3 T—3

Notice that g,¢3 € L2 (R, L*(O)). Then we conclude the proof. O

For 7 € R,w € , given v be the solution of the problem (3.13)-(3.15). Set
h = h(r,w) > 1. Let (v —h)y = max{v — h,0} and (v + h)_ = min{v + h,0}. In
order to derive the flattening condition, we need the following crucial estimate which
shows that the (2p — 2)-truncation of solutions on a finite integral interval converges
to zero if the initial time goes to the negative infinite and the eigenvalue of L is
large enough.

Lemma 5.4. Suppose that that (3.4)—(3.8) hold. Given 7 € R,w € Q, D =
{D(t,w): 7 € Ryw € Q} € ® with u,_y € D(t —t,9_4w). Then for any ¢ > 0,
there exist constants h = ﬁ(T,w,a) >1,N=N(r,w,e) e Nand T =T(1,w,D) > 3
such that the solution v to the problem (3.13)—(3.15) satisfies that for all t > T" and
k>N,

T 2p—2
(5.15) / M1 (67T) / ‘v(f, T—t0 _w, T —t,vy) dzx d¢ < cg,
T—1 (@]

where O = {z € O: [v(&,7 — t,9_,w,v,_y)| = h,& € [T —1,7]} and Ay is the
eigenvalue of non-local operator Li, ¢ > 0 is a deterministic constant independent
of h,7 and w, v,y = U,y — 2(¥_4w) and p > 2.

Proof. 1t is clear that (5.15) holds true for p = 2, by means of (4.14). Without
loss of generality, we let p > 2 in what follows. Given 7 € R and w € ) fixed, we first
replace w by ¥_,w in (3.13) to see that v = v(§) = v({, 7—t, 0 _,w,v, ), € € [T—1,7]
is a solution to the stochastic differential equation at the sample ¥_,w with the initial
datum v,_; at the initial time 7 — ¢:

(5.16) Z—z + Lxv(z) = F(&, x, v+ 2(Ve—rw)) + g(&, 2) + 2(Ve—rw) — Lrz(Te_rw),

with the initial datum v,y = u,; — z(9_w). For every 7 € R,w € Q and all

¢ € [—1,0], let the large constant
(5.17) h = h(r,w) > R(w) = sup }{||¢||oo|y(29€w)|}a

£e[—-1,0

where N(w) is finite by the continuity of y(Jew) and ¢ € L. Indeed, by (3.12), we
have |y(Yew)] < /o(w)ei™ < oo, for any € € [—1,0].
Using the test function |(v —h)4|P~2(v —h)y = (v —h)7 " in (5.16), we get that,
for every ¢ € [ — 1, 7],
1d
pd€ Jo

(5.18) + /O(g(& z) + 2(Jg—rw)) (v = ) dv — (Lez(Ve—rw), (v — R);).

(v—="h)dr + (Lrgv(z), (v — h)ﬂ_l) = /OF(g,:z, u)(v — h)ﬂ_l dx



250 Wengqiang Zhao

Recall from Lemma 6.3 in [2]| that, for any d > 2, there exists a constant ¢y 4 > 0
such that

(5.19) (|22 — |y|*Py).(x — y) > enalz — y|%,

W

where “.” is the inner product in RV.
We begin with the estimate of the second term on the left of (5.18). Indeed, we
have

(Lxvo(a), (0 = 1))
6200 = [ (@) =)o) =W = (o) = WK @ =) dady

Let R2N = Sl U SQ U 53 U 54, where

S1 &£ {(z,y) e R*: v(z) = h,v(y) > h,z,y € RV};
Sy £ {(z,y) e R*: v(z) < h,v(y) < h,z,y € RV}
S3 £ {(z,y) e R*: v(z) = h,v(y) < h,z,y € RV};
S & {(z,y) e R*: v(z) < h,v(y) = h,z,y € RV}

Then by (5.19), it is clear that
/S (v(z) = v())(v(@) = WE = (v(y) = WK (x — y) dedy

= /S (v() = h)+ = (u(y) = h))((v(x) = W) = (v(y) — W)
- K(x —y)dzdy

(5.21) >, ((v(@) = k)1 = (v(y) = h)4[PK(x — y) dedy > 0.

Since (v(x) — h)y = (v(y) — h)+ = 0 on Sy, then
(5.22) /S (v(z) = v(y)((v(x) = R)E = (v(y) — W E(x —y) dedy = 0.

Noticing that (v(z) — v(y))((v(z) = h)}" = (v(y) = W) = ((v(2) = ) = (v(y) —
h))(v(z) — h)?~" > 0 on S, we have

(5.23) /Ss(v(x) —v(y))((v(x) = W) = (u(y) = WE K (@ —y) dedy > 0,
and similarly , we also have

(5.24) /54(71(@ —v())((v(x) = W) = (v(y) = WE K (x - y) dedy > 0.
From (5.20)—(5.24), we thereby obtain that

(5.25) (Lxv(z), (v—h)PT") > 0.

We then estimate the nonlinearity in (5.18). For convenience, we write O =
{reO: v m—tV_;w,v,—4)| = h} with & € [T —1,7].
Thanks to v > h, in conjunction with (5.17), it follows that

u(§) = v(§) + 2(Je—rw) = v(§) = R(w) > v(§) =h >0,
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for € € [t — 1, 7], and consequently by (3.4), we have

(5.26) F(& xu) < —auP™ + ¢1—m, z € O,
u
By the inequality |u[P~ > 227P|v[P~! — |2(J¢_,w)|P~!, the result (5.26) is rephrased
a @Dl( )
(5.27) F(¢ z,u) < —va 2P w) Pt + — € Oy,
Note that
(5.28) P> 0P 2 (v —h) = WP (v —h), x € O

Then by a splitting of the term —2,,‘1,221”_1 into two %—terms, with the one of them

using (5.28), we get

«

F(ga ZIZ',U) < - op—1 hp 2(U - h)+ - va_l
p—1 'le(llﬁ')
(5.29) + |2(De—rw) P~ + w—h), x € Op,

by which, the nonlinearity in (5.16) is estimated as

/F(5=M)(v—h)p1d th /(v— dx——/v“ h)Pt da
o 2p—1
(530) /| 195 FW |p 1 10 1d[l§'+/ ¢1 'U— )p 2d[l§'

where we note that
«

1 / vp—l(u — h){’;l dr > 2;1_1 /(U — h)ip—2 dz,
o o

and by Young inequality and the condition ¢ € L?’~2, we get

[ el o = da

(5.32) <5 [ o=mT e clol e )P,

(5.31)

and by the condition ¢ € L (R, L%) and the assumption h > 1, we have

loc

[oeao—nptar< e [ <v—h>ﬁdm+(zﬁhp*)‘%wl(s,.)n

[MIiSANTiS]

MI'U NI

(5.33) <t [w-mp e (5)7 e I,

where ¢ = ¢(p, «) independent of h,7 and w. Combine (5.31)—(5.33) into the right
side of (5.30) to yield

p—1 @ p—2 P dr— & \2p—2
/(9F(§,x,u)(v—h)+ dx < _ﬁh /O(v h)E d o /O(v h)F " dx
(5.34) + ey (De—rw) P72 + v (€, )I1E )

where ¢ = c(a,p, ||9|l, [|#]l2p—2). This completes the estimate of the nonlinear term
n (5.18).
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The second term on the right hand side of (5.16) is bounded by
[ (66 a) + 20 0l) —
R

(5.35) < ooz (0= H e clg(€ I + clp(Oe ),
where ¢ = ¢(a, p, ||¢]|) For the last term in (5.16), thanks to Lx¢ € L*(O), we have
(CrsOere) (0= 1) = [ ylie ) 9(o) - o) (ole) ~ 0
~ (o(y) = WK (o~ y) o dy

= /RZN y(Ie_,w)(p(z) — d(y))(v(x) — B) K (z — y) da dy

536 = [ a0 )(0a) = 60 ot) = WK (e =) dady

By Hoélder inequality,

[ e ) (6la) = 6(0)) wla) = ) K () e dy

<{ [ ([ oo o) (e =) dy) o}

.{/RN(U(Q;) — )2 d:c}é

o

630 < [0 W eyl Pl

and for the second term in (5.36), we have a similar estimate. Then by (5.36) and
(5.37) we get

= 9p42

(538)  (Lz(ew),(v—h)) < oo L(v—h)ip—2dz+c|ng_r>|2,

where ¢ = ¢(a, p, [|[Lxo|]).
Therefore, by a combination of (5.25), (5.34), (5.35) and (5.38) into (5.18), we
finally find that

d —
d—g/o(v—h)ﬂd:chx(h)/o(v—h)ﬂjL% (o=
(5.39) < cl|y(Pg—rw)|* + [y(Fe—rw) P72 4 [|g (€, ) + 1 (€, -)Hg)a

where x(h) = 5= h?=2 4 0o as h — oo, and the positive constant ¢ is independent of

h. By employing Gronwall lemma over the interval [T — 1, 7], we deduce that

/ XM= / (0(€) = )22 da dg < ce XM lo(r = 1|5
T—1 o

+ C/ MVED |y (Ve—rw) P + [y (Ie—rw)[*7%) d€
T—1

(540 o [N lg(e P+ a6 I s

IS oIS
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By (5.1), there exists a constant T = T(7,w, D) > 3, such that for all t > T,
[v()p < M(7,w) for § € [T —2,7], and thereby we have

(5.41) ce XW|jy(7 — DIP < eM(r,w)e” x(h) <

¢;|®

for any h > hy with hy = hy(7,w, €). By (3.12), we get

¢ / XIE) |y (o) + |y(Je—reo) ) dé < colw) / (O-PED) g
7—1 T

-1

co(w) €
5.42 < —2 Lo
( ) x(h) = %Al 4

for any h > hy with some hy = ho(7,w, ). We next cope with the third term on the
right hand side of (5.40). Indeed, choosing M large enough such that x(h) > A;, and
taking ¢ € (0, 1) small, we have

/ XIE (¢, )P de = / XIE g (¢, )[Pde + / XNED) | g(e, |2 de
T—1 T—¢

= emr [ cmmientge g+ [T e g(e, ) Pag
r T—¢

-1

<t [ g Pae+ [ ale I de
T—¢

— 00

By (3.8), 7 e™¢lg(&,.)||? d€ is bounded, therefore we have

(=3B (s—1) / MElg(€, )|[Fdg — 0

—00

as h — oco. On the other hand, since g € L (R, L*(0)), we can choose ¢ small
enough such that [ _Mg(& )I?d§ — 0. Based on this analysis, we hence deduce
that

(5.43) o[ Wt Pds < £
T—1

for any h > hs with some hy = h3(7,¢) > A;. By a similar argument, using (3.8) we
have

(5.44) ¢ / L s e, Il de <
T—1

OOIW

for any h > hy with some hy = hy(7,2) > A1.
Put hy = max{hy, ho, hs, hy} > A1. By plugging (5.41)—(5.43) into (5.40), we
finally get that

(5.45) / ") / (v(&) —h)P?dede < e
T—1 @]

for any h > hg. Note that the eigenvalue sequence {\}ren of the operator Lx is
increasing to the positive infinity. Then we can choose A\ry1 > x(h) = x(ho) for any
k > N with some N = N(7,w,¢). Then (5.45) is rewritten as

(5.46) / " Menlen) / (v(&) —h)P?dede < e
T—1 Oy
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for any h > hy and k > N. Noticing that v < 2(v — h), for v > 2h, it follows from
(5.46) that

/ e / (&) 22 da d < / e / (v(€) — h)~? du de
7—1 Oap, T Oy,

-1
(5.47) < 2% %,

where Oy, £ {r € O: v(&, 7 —t,9_,w,v,4) = 2h} C O, with £ € [t —1,7]. By a
whole parallel way, using the test function |(v + h)_[P7%(v + h)_, we can show that
there exist ho = ho(T,w,e) > 1,7y = Ty(1,w, D) > 3 and N; = Ny(r,w,¢) € N such
that for all h > hg, t > T} and k > Ny,

(5.48) / e+ (E=7) / [v(&)[*P~2 dx dé < 2% %,

T—1 O,zh
where O_y, £ {x € O: v(&,7 — t,9_,w,v,_;) < —2h} with € € [r — 1,7]. Then the
proof is concluded by (5.47) and (5.48). O

Remark 4. The non-autonomous terms ; and g have weaker assumptions
Y € L2 (R,L5(0)) and g € L*(R,L*O)) than ¢, € L®(R,L2(0)) and g €
L®(R, L*(0)) in [13]. On the other hand, the assumption that ¢ € L>°(0O) is sepa-
rately used in the process of deriving this truncation estimate of solutions which is
necessary to prove the flattening condition in what follows.

5.2. Spectrum splitting method and flattening condition. To obtain
the regularity of pullback attractor in X, we need to prove the flattening condition
of the cocycle defined by (3.16) in X, which is derived by the spectrum splitting
technique. Thanks to Lemma 2.2 (ii), the non-local operator Ly has a family of
eigenvectors {e;}jen such that {e;};en is an orthonormal basis of both L?(O) and
X¢§ with |lej|| = 1 for every 7 € N, and the corresponding eigenvalues A\; T oo as
j — 00. Thus for any v € X, we have v = Z;’il c;je; for some ¢; € R, j € N. Then
the non-local operator Lx can be formulated as

(549) Lgv = Z chKej = ch)\jej, (S Xg,

J=1 Jj=1

and therefore ||Lxv||* = 3772, (¢;A;)%. We make a direct sum decomposition of the
space X by

1
Xg = Span{617 €25+, ek} S (Span{617 €2y, ek}) = Span{617 €2, ., 6k} @ Pk+l>

where Py = {u € X§: (u,e5)x; = 0,V j = 1,2,...,k}. It is noted that the
orthogonal L is calculated with respect to the scalar product of X which is defined
by (2.6). Thus, given any v € X§, we write v = v; + vo with vy € Pyiy. Define a
project operator Py by

(5.50) Py: X§ — span{eq, ea, ..., e}
Then P, X§ = span{ej,es,...,ex} and (I — Py)X§ = Ppy1, and therefore, v =
vy + vy = P+ (I — Py)v for any v € X, such that

[e.e]

k
(551) U1 £ Pk’U = ch)\jej, (%) £ (I - Pk)U = Z Cj)\jej.

j=1 j=k+1
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The following lemma is concerned with the flattening condition of solutions.

Lemma 5.5. Let s € (0,1) and N > 2s. Suppose that (3.4)—(3.8) hold and ©
is defined by (3.17). Let 1 € Ryw € Q and D = {D(1,w): 7 € R,w € Q} € © with
Ur—y € D(1 —t,9_4w). Then for every € > 0, there exist T'= T (7,w, D,e) > 3 and
No = No(1,w,€) € N such that for allt > T and k > Ny, the solution u of problem
(3.1)—(3.3) satisfies

(I = Pe)u(r, 7 —t,9_;w, ur—y)

Proof. From (3.13), tested with Lxwv,, we obtain that

[ (0a) = ) oale) = )K= ) oy + (Lo, L)

5‘<8.

:/F(t,x,v—l—z(ﬂtw))ﬁKvgd:c—i-/g(t,x)ﬁmadm
o

o
(5.52) +/ z2(Nhw)Lgvydr — (Lxz(Vhw), Livs).
o
By the L relation of v; and vy in X, we deduce that
1d
(5.53) / (ve(2) = ve(y))(va(z) — v2(y)) K (2 —y) dwdy = 5 - ||vallx5.-
R2N
Thanks to (5.51), we have
£KU2 = Z Cj)\j6j.
Jj=k+1

Then along with (5.49), it produces that

(5.54)  (Lxv, Lrvs) = (ZCJA oy chjej> = > AN = [|ILxval.

j=k+1 j=k+1
By plugging (5.53) and (5.54) into (5.52), we obtain

1d
ST, s+ || Lxve|? = /F(t,x,v+z(19tw))£Kv2 d:c+/ g(t, x) L da
t o o
(5.55) +/ 2(hw)Lgvydr — (Liz(thw), Lxvs).
o

We now estimate every term on the right hand side of (5.55). For the nonlinearity
term, by (3.5) we get

@\

F(t,z,v+ 2(%;w))Lxve do < —||£sz||2 / |F(t,z,v+ z(Yw))|* do

1
< glLrvall® + 3l4s|I5 /IU+Z (D))~ da + 3]s (t, ) ||*
1 - .
(5:56) < gllLxwl* + el [oll5p=3 + ely (D) P72 + ellys(t, )1

It is easy to calculate that

/g(t,x)ﬁKvgd:)s+/z(z?tw)EKvgdx
o o

(5.57) < éHEKWHQ +cllg(t, )P + 1Py (9w [?).
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Since Lx¢ € L*(O), then we have
1
(5.58) —(Lrz(Vw), Licvs) < Sl Lxcva]l” + ely (@)

Thus by a combination of (5.55)—(5.58), we find

Zlvallxs + 1£xcvall < ellvllzp=s + 10s(t DI + llatt, )I)
(5.59) +c(ly(w)]* + [y () [*72),

where ¢ > 0 is a deterministic constant independent of k£, 7 and w. Note that we have

o0 o0

(5.60) 1Lkval* = D (X)) = Mer Y N = Aerallval3s
j=k+1 j=k+1
since by the orthogonal property of e; in X§ and |le;|| = 1, we have

Jenlf = [ o) = ) PR o = ) dadly

:/RQN f: cjej(x) — f: cjej(y)rK(I—y) dx dy

j=k+1 j=k+1
=3 @ oW - aWPKE -y dedy
j=k+1 R?N
= > @) (by (2.10)).
Jj=k+1

Therefore, combine (5.60) with (5.59) to yield

o < clllollzg=s + st I + gt )I17)
(5.61) +e(ly(@w) | + [y (9w) 7).

d
EHWHXS + Aeg]|v2]

By Lemma 5.1 (i), we have

oo (T, 7 — £, 0 _rw, vr—y)]

xs < / A ET (€7 — 10w, 0,y xp dE
7—1
te / M & (&) |25 dE + ¢ / M1 (g (€, )17 + N9 (&, )NIP) d€
T—1 71
(5.62) +c / M1 (ly(Je_rw)|? + [y(Ve—,w)|P72) dE.
T—1

Noticing that [Jvs||xs < [|v]|xs, by Lemma 5.3, there exist positive constants M =
M (r,w) and Ty = T1(7,w, D) > 3 such that for all t > T7,

/ M€ g (€, 7 — 1,9 _pw, v, )| xs dE
7—1

(5.63) < M(T,w)/ M e < M (T, w) A1
T—1
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For the second term on the right hand of (5.62), by a splitting of the state space O,
we have

o[ el a = [ e [ g dsdg
7—1 T—1 O
= </ €>\k+1(§—T)/~ |v(§)|2p—2dxd§
T—1 @

(5.64) + / eMe+1(E=T) / lu(&)|*P~2 dxdg),
T—1 o\O

where O = {z € O: |v(s,7 —t,9_,w,v,_;)| = h}. Then by Lemma 5.4, there exist
constants T' = T'(1,w, D,e) > Ty > 3 and Ny = Noy(7,w,e) € N such that for all
t>T, k> Nyand a large h,

(5.65) c/ 63’\’”1(5_7)/~ [v(&)|*P~ 2 dx d¢ < ce
T—1 @]

On the other hand, since fo\@ l0(&)|?P~2dz < h**mea(O \ O) £ ¢ < oo, then

(5.66) c/ e’\k+1(§_T)/ (@) PP da dé < c/ M6 g Apir-
T—1 O\O T—1

Thus incorporation (5.64)-(5.66), we get

(5.67) c/ M€=y (¢ )H2p 24 0(84_)\];#).
T—1

For the third term of (5.62), by a same argument as (5.43) and (5.44), we may show

(5.68) [ N unle P + lg(e, ) de < o

for k large enough. For the last term of (5.62), by (3.12) we have

¢ / A [y (Do) + |y (Je—re) %) dt
T—1

0
—c [ ey + (e ) de
—1

2

Since A\g11 — 00 as k — 0o, then by a combination of (5.62), (5.63) and (5.67)-(5.69),
there exist positive constants 7' = T'(1,w, D,¢) > 3 and Ny = Ny(7,w,e) € N such
that for all t > T and k > N,,

(5.70) |ve (7, 7 — £,9 _rw, vy t)||Xs ce,

0 \ 1o\"!
(5.69) < cg(w)/ ePr1722)8 e < ep(w) <)\k+1 - —)\1) :
-1

where ¢ > 0 is a constant independent of €, 7 and w. Thanks to uy(7) = v9(7)+ 22 (w),
by employing (5.60) and (3.10), in conjunction with (5.70), it follows that

X+ |y(w)|2||¢2||§(g
< ce+ o(W)||[Lrd||* Aoty < ce

when k is large enough, which implies the claims in the lemma. 0

|ua (T, 7 — t, 0w, ur—y)||5s < |27, T — 9w, v,y

We are now ready to show that the cocycle ¢ satisfies the D-flattening condition
in the Hilbert space X, which is a uniformly convex topological space.
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Lemma 5.6. Let s € (0,1) and N > 2s. Suppose that (3.4)—(3.8) hold and D
is defined by (3.17). Then the cocycle ¢ defined by (3.16) satisfies the ®-flattening
condition in X.

Proof. Given ¢ > 0 arbitrary small, Thanks to Lemma 5.5, for every 7 € R and
w € ), there exist positive constants T3 = T1(7,w, D,e) > 3 and a large natural
number Ny such that, for all ¢t > 17,

(5.71) (I = Pyy)u(r, 7 —t,0_rw, tur—y)|

where Py, is defined by (5.50). On the other hand, by Lemma 5.3, there exist positive

constants Ty = To(T,w, D, &) > T} and M(7,w) such that, for all t > Ts,

(5.72) |u(r, 7 —t, 9w, ur )| xs < M(7,w).

Put X; = span{ey,es,...,en,} where {e;};en is the basis of X§. Then X; has a

finite dimension Ny and the bounded projector Py, : Xj — X;. By the definition of

¢ in (3.16), we have p(t,7 — t,9_4w,.) = u(1,7 — t,9¥_,w,.). Therefore in view of

(5.71) and (5.72), we get

||(I - PNO)SO(taT _taﬁ—tw>u‘r—t)| X3 < M(T,W),

for all t > T5. This completes the proof. O
5.3. Pullback attractors in X. According to Lemma 4.3, Lemma 4.4 and

Lemma 5.6, in conjunction with Theorem 2.8 and Theorem 2.9, we now obtain the
main result in this section.

Theorem 5.7. Let s € (0,1) and N > 2s. Suppose that (3.4)-(3.8) hold and ©
is defined by (3.17). Then the random cocycle ¢ defined by (3.16) admits a unique
D-pullback attractor Ax; = {Ax;(T,w): 7 € R,w € Q} in X§, where Ax;(7,w) is
structured by

X§<€>

X3 < & ||PN090(t> T = t> ﬁ—twa uT—t)|

XS
Axs (T,w) 2 ﬂ U o(t, 7 —t, 0w, K(T — t,0_w)) O,

s=0t>s

where the family K is the closed ®-pullback random absorbing of ¢ in L*(O). In
addition, Axs = A, where A is the ©-pullback attractor of ¢ in L*(O) as in Theo-
rem 4.5.

Remark 5. Theorem 5.7 demonstrates that the general model (1.1)-(1.3) ad-
mits the smoothing dynamics, namely, the compactness and attracting properties of
pullback attractor obtained in L?*(O) can be generalized to the regular space X§,
despite of the random influence. To achieve this regular dynamics, it seems that the
noise coefficient ¢ € L* is indispensable, which is intrinsically used in Lemma 5.4. In
recent literature [32, 30, 33|, the author developed a method to surmount the condi-
tion ¢ € L. We will discuss the pullback attractor for this equation on unbounded
domain driven by such type noise in the future.
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