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Abstract. In this paper, we study the absolutely continuous characterization of Sobolev
functions on compact and connected 1-dimensional metric spaces X. We generalize the definition
of absolutely continuous functions to such spaces and prove the equivalence between the absolutely
continuous functions and Newtonian Sobolev functions. We also show that a compact and 1-
Ahlfors regular metric space X supports a p-Poincaré inequality for 1 < p < oo if and only if
X is quasiconvex. As a result, the absolutely continuous functions are equivalent to the Sobolev
functions defined via several different approaches.

1. Introduction

On the real line, the absolutely continuous function v on a compact interval [a, b]
is defined in the following way: for all € > 0, there exists a 6 > 0 such that for any
finite collection of pairwise disjoint subintervals [a;, b;] C [a, D],

Z lu(b;) — u(a;)] < €

provided that )", [b; — a;] < §. We denote the absolutely continuous functions on
[a,b] by AC([a,b]). An absolutely continuous function f € AC([a, b]) is differentiable
almost everywhere. Furthermore, if the derivative f’ is p-integrable, this function f
belongs to the Sobolev space W'?([a,b]). On the other hand, every Sobolev func-
tion in W1P([a,b]) has an absolutely continuous representative. Upon choosing such
a representative, we can identify a Sobolev function u € W'F([a,b]) with an ab-
solutely continuous function in AC([a,b]) with p-integrable derivative [5]. In this
work, we extend the definition of absolutely continuous functions to some general
one-dimensional metric spaces and study the connection between these absolutely
continuous functions and Sobolev functions.

There are many extensions of the definitions of absolutely continuous functions to
general settings and some results on the connections between the absolutely contin-
uous functions and Sobolev functions. Maly [14] introduces a class of “n-absolutely
continuous functions” in R™ and proves that absolute continuity implies continu-
ity, weak differentiability with gradient in L™ and some other results. Kauhanen,
Koskela and Maly [12, Theorem A] show that functions v € W.!(Q) whose weak
partial derivatives belong to the Lorentz space L™!(£2) have n-absolutely continuous
representatives in a domain © C R™. Romanov [15, Theorem 2| generalizes this
result to a locally s-Ahlfors regular metric space X for 1 < p < s. He shows if u is
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a Poincaré Sobolev function [8] and the corresponding “Poincaré gradient” g belongs
to the Lorentz space L*!(X), then u has an s-absolutely continuous representative.

In a compact and connected metric space X with finite 1-dimensional Hausdorff
measure, a classical result [1, Theorem 4.4.7| states that every two points can be
joined by the shortest curve. By curve, we mean a continuous mapping 7: [a, b] —
X. The arc-length parametrization of this shortest curve is injective. We call the
curves without self intersections simple curves. The above results guarantees there
are sufficient simple curves in a compact, connected metric space X with finite 1-
dimensional Hausdorff measure. We define the absolutely continuous functions on
such spaces as follows.

Definition 1.1. Let (X,d,H') be a compact and connected metric measure
space with H'(X) < co. A function u: X — R is absolutely continuous if for any
€ > 0, there is a positive number § such that

D lwoils) —uoy(0)| <
for any countable collection of pairwise disjoint arc-length parametrized simple curves

vi: [0,¢;] = X with total length ). ¢; <.

Remark 1.1. We denote the above class of absolutely continuous functions on
X by AC(X). Let X = [a,b], it is easy to verify this definition coincides with the
classical definition. It is also clear that the absolutely continuous functions defined
above are uniformly continuous when X is quasiconvex.

Remark 1.2. Let u; = u o ~; and Vargi (u;) denote the total variation of u; on
the interval [0, ¢;] defined as

n—1

Vargi(ui) = sup { Z luwoyi(tr) —uoyilthsr) |0 <t <--- <ty < fi}-
k=1

For simplicity, we write Var(u;) = Varj (u;). We can divide each simple curve In
Definition 1.1 into smaller pieces and add the oscillation on the sub-curves. In this
way, we can replace Y . |uo~,;(¢;) —uo~;(0)| in the definition by >, Var(u;) and get
an equivalent characterization.

If u e AC(a,b]), the pointwise derivative u' exists almost everywhere and v’ €
L'(Ja,d)). Likewise, if u € AC(X), we prove that there exists an upper gradient
associated to u and this upper gradient belongs to L'(X).

Theorem 1.1. Let (X, d, H') be a compact and connected metric measure space
with H'(X) < oco. If u € AC(X), then there is an upper gradient g € L'(X) for u,
that is, for any rectifiable curve 7: [a,b] — X, we have

u(7(a)) — u(r(B))] < / 0.

gl

The construction of the upper gradient g can be roughly described as follows:
the one-dimensional space X in the assumption can be decomposed as a countable
collection of the images of pariwise disjoint simple curves 7;: [0,¢;] — X and a null
set. On each simple curve piece, the definition that u € AC(X) guarantees the
absolute continuity of u o 7; and the existence of the pointwise derivative (u o ;)’(t)
for almost everywhere t € [0,¢;]. Then the upper gradient g(x) can be defined as
(wo~;)'(t) with t = v; () up to a set of measure zero. To verify that this function g
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is a upper gradient for u requires a careful comparison between the integral of g along
an arbitrary curve v: [a,b] — X and a integral of the pointwise derivative (u o vg)
over [0, 4], where 7o: [0, {o] — X is the shortest curve connecting v(a) and v(b).

There are different approaches to extend the classical theory of Sobolev functions
to metric measure spaces |2, 6, 8, 17]. In this work, we mainly employ the definition
introduced by Shanmugalingam [17] and denote it by N'?(X). For an absolutely
continuous function u € AC(X), if the upper gradient g associated to u (defined
explicitly in the proof of Theorem 1.1) is p-integrable, we write v € ACP(X). By
definition, it follows that AC?(X) N LP(X) C N'(X). On the other hand, we can
verify that all Sobolev functions in N**(X) belong to the class AC?(X) in our setting
X. Thus, we get the following result.

Theorem 1.2. Let 1 < p < oo and (X,d, H') be a compact, connected metric
measure space with H'(X) < co. Then u € N'?(X) if and only if u € ACP(X) and
uw € LP(X). In other words,

N'(X) = ACP(X) N LP(X).

Remark 1.3. The upper gradient g we find in Theorem 1.1 is the least upper
gradient of uw € NP(X), that is, if p € LP(X) is an upper gradient of u € N'?(X),
then g(z) < p(x) holds almost everywhere. This follows from the construction of ¢
described above and Lemma 3.1. More details can be found in the proof of Theo-
rem 1.2.

The notion of an abstract Poincaré inequality on metric measure spaces was
introduced by Heinonen and Koskela [10]. Metric measure spaces that are dou-
bling and support an abstract Poincaré inequality provide a good structure to study
the first-order analysis. In some spaces, a pure geometric characterization of the
Poincaré condition is possible. For example, Durand-Cartagena, Jaramillo and Shan-
mugalingam [3] show a connected complete doubling metric measure space supports
a oo-Poincaré inequality if and only if it is thick quasiconvex. In @-Ahlfors regular
spaces with () > 1, they also obtain a characterization of p-Poincaré condition for
p > @ — 1 in terms of a quantitative estimate of the p-modulus of the family of
all quasiconvex curves [4]. In our settings, we prove that for each compact and 1-
Ahlfors regular space, supporting a p-Poincaré inequality for 1 < p < oo is equivalent
to being quasiconvex.

Theorem 1.3. Let (X,d,H') be a compact 1-Ahlfors regular metric measure
space. Then it supports p-Poincaré inequality for 1 < p < oo if and only if X is
quasiconvex.

Let X be a complete metric space equipped with a doubling measure and 1 <
q < p. If X supports a g-Poincaré inequality, the Sobolev spaces N'?(X) defined by
upper gradients, the Sobolev spaces P1?(X) defined by Poincaré inequalities, and the
Sobolev spaces M'P(X) defined by a pointwise inequality using maximal functions
all coincide |7, Theorem 11.3]. Consequently, we obtain the following corollary.

Corollary 1.4. Let (X,d,H') be a compact, quasiconvex, 1-Ahlfors regular met-
ric measure space and 1 < p < oo. Then

ACP(X) N LP(X) = NY2(X) = PY7(X) = M (X).

This paper is organized in the following way. In Section 2, we review several
basic definitions and some well-known results. In Section 3, we prove Theorem 1.1
and Theorem 1.2. In Section 4, we prove Theorem 1.3 and Corollary 1.4 follows.
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2. Definitions and notations
In this section, we will give some basic definitions and notations, as well as a list
of several known results. Most of the results in this section can be found in [11].
2.1. s-Ahlfors regular space and doubling space.

Definition 2.1. We say that a space (X, d, p) is s-Ahlfors regular if there is a
fixed constant C, such that

C™r* < u(B(z,r)) < Cr*,
where 2 € X and 0 < r < diam(X).

If X is s-Ahlfors regular with respect to u, we can replace u by the Hausdorff
measure H*® without losing essential information |9, Exercise 8.11].

We say that p is a doubling measure if there is a fixed constant C' > 0 such that
w(B(z,2r)) < Cu(B(x,r)) for each z € X and all r > 0. If X is equipped with a
doubling measure p, we call X is a doubling space.

2.2. Upper gradients and Newtonian Sobolev spaces N"?P(X). Recti-
fiable curve always admits an arc-length parametrization. Let 7: [a,b] — X be a
rectifiable curve and g¢: y([a, b]) — [0, 00] be a Borel measure function, we define

[oo= [

where 7: [0,¢] — X is the arc-length parametrization of ~.

Definition 2.2. Let u: X — R be a Borel function. We say that a Borel
function g: X — [0, 00] is an upper gradient of w if

wmm»—wwwns/g

gl
for every rectifiable curve v: [a, b — X.

Let 1 < p < o0, Nl’f”(X, d, i) is the class of all LP-integrable functions on X

for which there exists a p-integrable upper gradient. For each u € NP (X,d, p) we
associate a seminorm

10y = Ielzs + i gl
where the infimum is taken over all upper gradients of w.

Definition 2.3. We define an equivalence relation in NLp (X,d,p) by u ~ v if
l|lu — U||N1,p(Xdu) = 0. Then the space N'?(X,d, ) is defined as the quotient space

NLP (X,d, )/ ~ and it is a Banach space equipped with the norm

[ull e = [l g.-
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2.3. Poincaré Sobolev spaces PYP(X) and Hajlasz Sobolev spaces
MYP(X).

Definition 2.4. Fixo > 1 and 0 < p < oco. We say that a pair (u, g), v € L'(X),
0 < g € LP(X) satisfies the p-Poincaré inequality if the following inequality holds:

][ lu—upldp <r (7[ gpdu) '
B oB

on every ball B of radius » and ¢ B C X.

In this paper, we call g in the above inequality the “Poincaré gradient” for w.
The class of u € LP(X) for which there exists 0 < g € LP(X) so that the pair (u, g)
satisfies the p-Poincaré inequality will be denoted by P}?(X) and

P*(X) =] PI7(X).

Definition 2.5. For 0 < p < co we define M'*(X) to be the set of all functions
u € LP(X) for which there exists g > 0 such that

u(z) —u(y)] < d(z,y)(g(z) + 9(y)) p-ae.
Denote by D(u) the class of all nonnegative Borel functions ¢ that satisfy the above
inequality. Thus v € M'?(X) if and only if v € L?(X) and D(u) N LP(X) # 0. The
space M1?(X) is linear and we equip it with the norm

lellar = llullin + inf [lgllzr

for 1 <p < 0.

2.4. Spaces supporting a Poincaré inequality. Recall that upg stands for
an integral average, that is, up = ﬁ [z udp. A metric measure space (X, d, )
supporting Poincaré inequality is defined in the following way.

Definition 2.6. Let p > 1. A metric measure space (X, d, uu) is said to support
a p-Poincaré inequality if there exists constants C' > 0 and A > 1 such that for all
measurable functions, the following holds for every pair of functions u: X — R and
g — [0, 00] where u is measurable, and g is an upper gradient for u:

][ |lu — up| dp < C diam B <][ g”d,u)p,
B AB

A metric space X is quasiconvex if every two points can be joined by a curve
with length comparable to the distance of these two points. If X is complete, dou-
bling and supports a p-Poincaré inequality for p > 1, then X is quasiconvex |2,
Theorem 17.1.][8, Proposition 4.4].

The following theorem can be found in |7, Theorem 11.3].

on every ball B.

Theorem 2.1. Let (X,d, ) be a complete metric space equipped with a dou-
bling measure. If 1 < p < oo and the space supports the ¢-Poincaré inequality for
some 1 < q < p, then

N (X) = P'?(X) = M"P(X).

2.5. Area Formula. We need the following generalization of the Euclidean
Area Formula to the case of Lipschitz maps f from the Euclidean space R™ into a
metric space X. The proof can be found in [13, Corollary 8|.



286 Xiaodan Zhou

Theorem 2.2. Let f: R™ — X be Lipschitz. Then

/n() mdfxd:c—/ Z z) dH™(y

zef-t
for any Borel function g: R" — [0, o] and
[ atr@n ity de = [ girtan £ w)ane )
X
for A C R" is measurable and any Borel function g: X — [0, oo].
We apply the above theorem to an injective, arc-length parametrized curve. Let

f =vand v:[0,/] - X. In this case, Ji(mdf,) equals to the metric derivative
defined as

and |§|(t) = 1 almost everywhere for ¢ € [0,/]. Let I' = ([0, /]) and ¢g : X — [0, 0]
be a Borel function. It follows from Theorem 2.2 that

[ atonas= [ o i)

This implies that H'(I') = ¢ for an injective, arc-length parametrized curve. If
N C X and H'(N) = 0, the above Area Formula also shows that H'(y~'(N)) = 0.

2.6. Rectifiability of 1-dimensional connected spaces. We list several
important results about the parametrization of compact and connected 1-dimensional
metric spaces. The first result is proved by Schul [16, Lemma 2.3] and gives a global
Lipschitz parametrization of finite 1-dimensional compact, connected metric spaces.

Lemma 2.3. Let K C X be a compact connected set of finite H' measure.
Then there is a Lipschitz function ~y: [0,1] — K such that Image(y) = K and
1VllLip < 32HY(K). Moreover, if K is 1-Ahlfors-regular, then

R

ESH( "(B(z,R))) <CR Vz €K, 0< R < diam(K),
where C' is a constant depending only on the 1-Ahlfors-regularity constant of the set
K.

The proofs of the following two classical results can be found in [1, Theorem 4.4.7,
Theorem 4.4.8|.

Theorem 2.4. (First Rectifiability Theorem) If E' is complete and C C E is a
closed connected set such that H'(C') < oo, then C' is compact and connected by
rectifiable curves.

Actually, we can replace the rectifiable curve joining any two points x,y by geo-
desic, the shortest curve connecting =,y in C in the above theorem |7, Theorem 3.9].

Theorem 2.5. (Second Rectifiability Theorem) If E is complete, C C E is
closed and connected, and H'(C') < oo, then there exist countably many arc-length
parametrized simple curves v;: [0, ¢;] — C such that

H (A w((0,6]) =
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We briefly describe the construction of this parametrization. Since C' is compact,
we can choose x,y € C such that

d(z,y) = diam (C).

By First Rectifiability Theorem (Theorem 2.4), we can join z,y by an arc-length

parametrized geodesic vy: [0, fy] — C and we denote the range of this curve as I'y.

Suppose that we have already constructed Ty, --- , 'y, with the following properties:

(3) Each curve v;: [0,4;] — C with I'; = ,([0,¢;]) is an arc-length parametrized
geodesic;

(2) Each intersection I'; N |J

Let

i I'; consists of a single point, fori =1, - k.

dk—supd x, UF

zeC

If d, =0, then C = Uf:o I'; and we are done. If d; > 0 for all k£, by compactness
we can choose 7, € C and y, € UE T such that d(xy,yx) = dp. Connect xy
and y, with an arc-length parametrized geodesic 7,41 such that 74.1(0) = zx and

Vit1(Les1) = Yrg1. Let

t=i f{tE[O £k+1 |’7k+1 UF}

and define T'y 1 = y41([0,7]). We get that T'y,; C X is an arc-length parametrized
geodesic and the intersection of I'y; and Uf:o I'; consists of one single point %H(f).
We can continue this construction. Since |J;-,; may not be closed, we may have

U 20
i=0

We omit the proof for H*(X \ U;2,T) = 0.

Remark 2.1. From the above construction, if two curves intersect with each
other, the intersection point must be the endpoint of one of them. Thus, if we
remove the endpoints of these curves, they are pairwise disjoint.

Remark 2.2. Since we choose v; to be geodesic in each step, for any two points
x,y € I';, 7; is the shortest curve joining z and y in C.

3. Characterization of Sobolev functions by absolute continuity

3.1. Absolutely continuous functions belong to N!(X).

Proof of Theorem 1.1. By Second Rectifiability Theorem (Theorem 2.5), we
know that there is a countable collection of simple curves in X and a set N; with

H'(N;) = 0 such that

X = J((0,6:)) U Ny,

i=1
We denote the range of ~; by I'; = +;(0, ¢;) and denote u o y; by w;. The intersection
of I'; and T'; is empty for ¢ # j. If u € AC(X), then u;, € AC((0,¢;)). Thus, ul(t)
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exists almost everywhere for ¢ € (0, ¢;). Moreover, we have

L;
w(t) = () = [ i) ds
and .
Var(us) = /0 il (s)] ds.

We denote the collection of points = € |J5°, T; such that u}(v; ' (x)) does not exist as
Na, and let Ny = Ny U N,. Tt is clear that H!(Ng) = 0. Then we define a function
g: X = R as follows,

(1) o(a) = {IUQ-(%_ ()| itz e X\ N,

00 if x € Nj.

This function ¢ is integrable on X. In fact, by the decomposition of X, we have

gd?—[lz/ gdH' = / gdH'.
/X X\N1 ZZ: Ty

Apply Area Formula to each arc-length parametrized simple curve I';, it follows

; / gt = Z / " o) ds.

Since the £!(y;*(NV,)) = 0 and by definition of the function g, we get

[ =3 " gl ds = > " () ds = 3 ),

Since 7; is injective and H'(X) < oo, it implies that
D b, =) HI() <HN(X) < oo

o

For any e > 0, there exists a natural number ng such that » =

(,, < e. By

Definition 1.1, it implies that Z;’ino +1 Var(u;) can be sufficiently small. Thus,
no 0o
/ gdH' = ZVar(ui) = ZVar(ui) + Z Var(u;) < oo.
X i i=1 i=no+1

We next prove that g is an upper gradient for the function v € AC(X), that is,
for any rectifiable curve 7: [a,b] — X, we have

ulr(@) — ur )| < [ g ds

gl
Let v: [a,b] — X be a rectifiable curve and I' = 7([a,b]). Since I' is compact,

connected and H!(T') < oo, there exists a shortest curve joining y(a) and y(b) in T.

We denote the arc-length parametrization of this injective curve by 7o: [0,¢] — T’

with

(2) 2(0) =~(a) and  ~o(€) =~(b).

Let I'y = ([0, ¢]). It follows from Area Formula that

@ [on- gtouls) ds = | sy < [awan < [ gas
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Since u € AC(X), it follows that ug = u o~y € AC([0,¢]) and w; exists almost
everywhere. Let [ = {i € N: H'(IoNI;) # 0}. Then Ty is the union of (J,;(I'yNT;)
and a null set.

Let i € I and # € T; N Ty such that uy(y, ' (z)), wi(y; *(z)) both exist and

3 K3

t = 5 () is a density point of v;'(I'; N T'y). By definition,

- uo(t +h) —uo(t)] i [u(yo(t +h)) — U(”Yo(tm.

/ J—
[uot)] = Jim B ~ hso B

Since t is a density point in the measurable set 7, (I'; N T), we can take a sequence
of nonzero number {hy}7, such that ¢t + hy € %_1(Fi NTy) and limg_, hr = 0. We
denote ;(s) = 7(t) and v;(sk) = Yo(t + hx). By Remark 2.2, the curve +; is the
shortest curve joining 7;(s) and ~;(sx). Since 7y and ~; are both parametrized by
arc-length, it follows that

|S - 8k| = g%‘(&sk) < g‘/o(t,t-l—hk) = |h'k|
This implies that

el — i 18000 ) = u(0())

Thus,
lug(t)] < |ui(s)] = [ui (3 ()] = g(r0(t))

holds almost everywhere for ¢ € [0, £]. In fact, Area Formula guarantees H' (7, (V) =
HY(N) = 0 for any null set N C X. It follows that

(4) uol6) = w0 < [ fuitola < [ gtulende= [ gas

0

Combining inequalities (2), (3), (4), we get
[u(v(a)) = u(y(0))] = |u(70(0)) — w((0)] = [uo(0) — uo(€)] < / gds < /gdS-

Y0 v

Thus, we verify that g € L'(X) is an upper gradient of u and the proof is complete.
O

3.2. Sobolev functions in NP are absolutely continuous. To conclude
the proof of Theorem 1.2, we need the following lemma |11, Proposition 6.3.3].

Lemma 3.1. Let u: X — R be a function and v: [0,¢] — X be an arc-length
parametrized rectifiable curve in X. Assume that p: X — [0, 00] is a Borel function
such that p is integrable on v and the pair (u, p) satisfies the upper gradient inequality
on v and each of its compact subcurves. Then u oy is absolutely continuous and the
inequality

[(woy) (1) < (po)(t),
holds for almost every t € [0, ().

Proof of Theorem 1.2. If u € AC(X) N L*(X), then Theorem 1.1 implies that
u € NY(X). If we further assume that u € ACP(X), that is, the upper gradient g
defined in (1) belongs to LP(X). It follows that u € N%P(X) and

ACP(X) N LP(X) C N*?(X).
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On the other hand, if u € N'?(X), and p is a p-integrable upper gradient of u. For
any arc-length parametrized simple rectifiable curves 7: [0,¢] — X, p is integrable
along v and H'(I') = ¢ by Area Formula. Since (u, p) satisfies the following upper
gradient inequality

¥
u(y(0)) — u(3(0))] < / p(s)) ds = / oly) dH (),

the absolute continuity of integral implies immediately that u € AC(X).

Moreover, the upper gradient g defined in (1) is the least upper gradient for
u € N'P(X). Let 7; be the simple curves constructed in the Second Rectifiability
Theorem. Lemma 3.1 implies that

[ui(B)] = [(we7) ()] < (po)(®).

For almost every point z € X, the above inequality implies that

g(x) = |ui( " (2))] < plz).
The upper gradient g defined in (1) is bounded by a p-integrable function p almost
everywhere in X. It implies that g € LP(X) and v € ACP(X). Thus, we get
N'"?(X) C ACP(X) N LP(X).
The proof of Theorem 1.2 is complete. ([l

Note the proofs of the above two theorems also work in the case p = oo.

4. Space supporting Poincaré inequality

Proof of Theorem 1.3. Since every complete and doubling metric measure space
that supports a p-Poincaré inequality for p > 1 is quasiconvex [8, Proposition 4.4|
[11, Theorem 8.3.2], the necessity part of the theorem is clear.

On the other hand, by Hoélder’s inequality, when the compact 1-Ahlfors regular
metric space is quasiconvex, it suffices to show that X supports a 1-Poincaré in-
equality. Let B(O,r) C X be an arbitrary ball in X and z,y € B. There exists a
shortest rectifiable curve connecting x and y [7, Theorem 3.9]. We denote the arc-
length parametrization of this shortest curve by v: [0,¢] — X such that v(0) = z
and v(¢) = y. At the same time, X being quasiconvex guarantees that there is a
curve ¥(z,y) joining x and y with length f5, ) such that

0 < ly(ay) < Cd(z,y).

Let u be a Borel function and g be an upper gradient of u. Then

(5) () — uly)] < / 9(4(s)) ds.

Denote I' = ([0, ¢]) and A\ = 3C', where C is the quasiconvexity constant of X. We
next verify that the whole curve I' C B(O, Ar). By triangle inequality, d(z,0) <

d(z,x) +d(z,0). Let £, .) denote the length of the shortest curve joining x and z.
We have d(z,z) < €y, < ¢. Thus,

d(2,0) <l +d(z,0) < lygy) +1 < Ar.
The fact that I' € B(O, Ar) implies that
¢
) | stnas= [wan < [ gtyan
0 r

AB
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Finally, combining (5) and (6), we get

. u(z) —uB|<][|u —u(y)|dH' < ][/ ) dsdH'
< ]é//\Bg(a:) dH M = H(\B) ]fBgcml.

Since X is 1-Ahlfors regular, it follows that

][ lu(z) — up| dH' < Cdiam(B)][ gdH". O
B

AB
Finally, combining Theorem 1.2, Theorem 1.3 and Theorem 2.1, we get Corol-
lary 1.4.
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