Annales Academise Scientiarum Fennicee
Mathematica
Volumen 44, 2019, 329-339

A COMPACTNESS RESULT FOR
BV FUNCTIONS IN METRIC SPACES

Sebastiano Don and Davide Vittone

Universita di Padova, Dipartimento di Matematica
via Trieste 63, 35121 Padova, Italy; sebastiano.don@math.unipd.it

Universita di Padova, Dipartimento di Matematica
via Trieste 63, 35121 Padova, Italy; vittone@Qmath.unipd.it

Abstract. We prove a compactness result for bounded sequences (u;); of functions with
bounded variation in metric spaces (X, d;) where the space X is fixed but the metric may vary with
j. We also provide an application to Carnot—Carathéodory spaces.

1. Introduction

One of the milestones in the theory of functions with bounded variation (BV) is
the following Rellich-Kondrachov-type theorem: given a bounded open set {2 C R”
with Lipschitz regular boundary, the space BV (2) of functions with bounded varia-
tion in 2 compactly embeds in L9(€2) for any ¢ € [1, -%5[. One notable consequence
is the following property: if (u;); is a sequence of functions in BVj..(R"™) that are
locally uniformly bounded in BV, then for any ¢ € [1, -"5[ a subsequence (uj,)n
converges in L{ (R").

Sobolev and BV functions in metric measure spaces have recently received a great
deal of attention; to this regard we only mention the celebrated paper [7]|, where the
authors show how the validity of Poincaré-type inequalities and a doubling property
of the reference measure are enough to prove fundamental properties like Sobolev
inequalities, Sobolev embeddings, Trudinger inequality, etc. We also point out a
Rellich-Kondrachov-type result |7, Theorem 8.1]: if a sequence (u;); is bounded in
some WP then a subsequence converges in some L9.

In this paper we study similar compactness properties for sequences (u;); of lo-
cally uniformly bounded BV functions in metric measure spaces (X, A, d;) where the
underlying measure space (X, \) is fixed but the metric d; varies with j. In our
main result we prove that, if d; converges locally uniformly to some distance d on
X such that (X, \,d) is a (locally) doubling separable metric measure space, and
if the functions u;: X — R are locally uniformly (in j) bounded with respect to a
BV-type norm in (X, d;) and satisfy some local Poincaré inequality (with constant
independent of j), then a subsequence of u; converges in some L{ (X, ). See The-
orem 2.1 for a precise statement. We prove Theorem 2.1 by the combined use of the
Poincaré inequality and of an approximation scheme for functions by their averages

on balls: these are of course very well-known ideas but, to our knowledge, this precise
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combination is novel even when the metric on X is not varying (i.e., when d; = d
for any 7). In particular, our strategy seems to provide a different proof of the case
p=11n |7, Theorem 8.1] for separable metric spaces.

The motivation that led us to Theorem 2.1 comes from an application to the
study of BV functions in Carnot-Carathéodory (CC) spaces. In Theorem 3.6 we
indeed prove that, if X7 = (X7,..., X/ are families of smooth vector fields in R
that, as j — oo, converge in C7°(R") to a family X = (Xi,..., X,,) satisfying the
Chow-Hoérmander condition, and if u;: R" — R are locally uniformly bounded in
BV j0e, then a subsequence w;, converges in L (R") to some u € BVx ,.(R™).
Theorem 3.6 directly follows from Theorem 2.1 once we show that the CC distances
induced by X7 converge locally uniformly to the one induced by X, and that (locally)
a Poincaré inequality holds for BVy; functions with constant independent of j; these
two results (Theorems 3.4 and 3.5, respectively) use in a crucial way some outcomes
of the papers [1, 11].

Our interest in Theorem 3.6, in turn, was originally motivated by the study
of fine properties of BV functions in CC spaces and, in particular, of their local
properties. Here, one often needs to perform a blow-up procedure around a fixed
point p: it is well-known that this produces a sequence of CC metric spaces (R", X7)
that converges to (a quotient of) a Carnot group structure G. In this blow-up, the
original BV function ug gives rise to a sequence (u;); of functions in BVy; which, up
to a subsequence, will converge in Ll . to a BVg 1o function w in G. The function u
(typically: a linear map, or a jump map taking two different values on complementary
halfspaces of G) will then provide some information on uy around p. We refer to [3]

for more details.

Aknowledgements. The authors are grateful to M. Miranda Jr. and D. Morbidelli
for fruitful discussions.

2. The main result

This section is devoted to the statement and the proof of our main result. See
e.g. [10] for a definition of BV functions in metric spaces.

Theorem 2.1. Let X be a set, ¢ > 1, 6 > 0 and let d,d; (j € N) be met-
rics on X such that (X, d) is locally compact and separable. Let X, i (j € N) be
Radon measures on X and consider a sequence (u;); in L{ (X;\). Suppose that the
following assumptions hold.

(i) The sequence (d;); converges to d in LS (X x X).

(ii) (X,d, \) is a locally doubling metric measure space, i.e., for any compact set

K C X there exist Cp > 1 and Rp > 0 such that
Vae K, Vre(0,Rp) AB(x,2r)) < CpA(B(z,r)).
(iii) For every compact set K C X there exist Cp, Rp > 0 and o > 1 such that
Ve e K, Vj €N, Vr € (0,Rp) |u; — uj(B?)||pasiy < Cpriu(aB?),
where B? := B’(x,r) denotes a ball in (X, d;), B’ := BI(z,ar) and u;(B’) :=

s g A
(iv) For every compact set K C X there exists My > 0 such that

Vi€ N gl + py(K) < M.
Then there exist v € L] (X;\) and a subsequence (uj,)n of (u;); such that (uj, )

loc

converges to u in L] (X;\) as h — +oo.
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Concerning the classical Euclidean case when
(X7 dj7 >‘) = (X7 d, >‘) = (an | ’ ‘7D§/pn)’

we invite the reader to compare the assumption in (iii) with the well-known Poincaré
inequality

lu — uw(B,)||zas,) < Cr°|Dul(B,) Vg€ [1, -2 with § := t+1-n>0

valid for for any BV function v on any ball B, C R" of radius r and where u(B,)
denotes the mean value £"(B,)~" [, ud %™ of u in B,, C' > 0 is a geometric con-
stant, and |Du| denotes the total variation measure associated with u (i.e., the total
variation of the distributional derivatives of u).

Proof. We recall the following result that is needed later in the proof: given a
locally compact and separable metric space (X, d) and a Radon measure A on (X, d),
then there exists a sequence (K;) of compact sets such that K; C int(K;4,) and

UjeN K;=X.
Let K C X be a fixed compact set and let ¢ > 0. We first prove that there exists
a subsequence (u;, ), such that

(1) lim sup [Juj, — uj, || zaxny < 2C0e,
h,k—~+o00

for some Cjy > 0 depending on K only. B
Consider an open set U; C X such that K C Uy, U, is compact and

(2) AU\ K) < A(K),

Cg—‘r?)

where 3 is an integer such that 2° > 2o and « is given by condition (iii). By the 5r-
covering Theorem (see e.g. |8, Theorem 1.2|) we can find a family {B(xy,7,): £ € N}
of pairwise disjoint balls such that z, € K, 0 < r, < min{e"? Rp/4,2aRp},
B(LL’E,E)TE) Q U1 and

K Q U B(S(Ig, 5Tg).
=0
Denote for shortness By := B(xy,1); then

AMEK) <D ABB) <Y ABB) < CHP S N Be) = CHA <U Q%Bg> .
£=0 =0

(=0 (=0
Hence we can choose L € N such that
t 1
1
(=0 D
Taking into account (2) we easily get that A; := KN Uf:o -5 By satisfies
1
(A1) > @

For j € Nand ¢/ = 0,..., L set for shortness Bﬁ := B’(xy, 7). By assumption (i),
and since B, C U; are compact for ¢ = 0, ..., L, there exists J € N such that for
every j > J, and for every £ =0,..., L

(3) B, C 5-B) and iBJC B

AE).
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Hence for every 7 > J one has

-1

Ju (=B < M(EBY) " wllo sy < Myymax{A (50) " - £=0,..., L} < +oc.

By Bolzano-Weierstrass Theorem we get an increasing function v;: N — N such
that

(4)  the sequence (u,,l(j) (%Bgl(j))> _is convergent for every ¢ =0,..., L.
j

(67

Then
lim sup [|wy, (h)y — U, () || Lagar;n)
h,k—~+o00
< limsu ‘ Uy, Uy, (LBvl(h)) ’
hk—>+£2:: ( T e 137862
v1(k)
+ ‘ Uy (k) — Upy (k) (iBél )‘ Lq(%B[A)
2 b
vi(h vi(k
-+ ‘ Uy (k) <iB£1( )) Uy (k) ( Bgl( ))‘ Lq(%B[A))
2 bl

and, using (3) and (4),

L
< lim sup ’uu B — Uy (h (iB’“(h)ﬂ
h,k—H—ooZZ:; ( 1(h) 1(h) \ 2074 LQ(iBZ“’”;A)

La (iBZl(k);)\> )

716 1% 1%
<hmsupz Crre (um(m (482" + jaiwy (580Y))

h k—>+oo =0

vi(k
Un (k) ~ U (k) (iBel( ))}

Cpe — _
< }LIEILSEOIO) (2(1) (le(h (Ul) + L (k) (Ul)) < Coe,

where C depends only on U; and thus only on K.
We proved that there exist A; € K and a subsequence (u,,(x))n of (u;); such
that

1
ME\ Ay) < (1 = W) I,

D

lim sup ||Uu(h) - Uu(k)||Lq(A1;>\) < Coe.
h,k—+o00

Since the set Ky = K\ A; is compact we can repeat the same argument on K5, with
5 in place of €, and paying attention to choose an open set Us C U, so that Cy can
be left unchanged. By a recursive argument, for every j € N we get pairwise disjoint

sets A; C K and subsequences (u,,;(n))n such that for every j > 1
(a) (w1 (n))n is a subsequence of (u,, )

() A (K\UL 4) < (1- BH)’

() Hmsup ||y, (n) — U,k ||Lq (A0 < 002
h,k——+o0



A compactness result for BV functions in metric spaces 333

Inequality (b) immediately implies that A (K \ [J;~, A;) = 0. Working on the diago-
nal subsequence (u,, ), We can conclude that

Lim sup [t () = th )l pacacn) = T0SUP [t () = Wiyl o (e, a0)
h,k—+oc0 h,k—+oc0 =

(5) >
< th SUP || U (h) — Uy (k) || La(a,0) < 2C0e.
i1 h,k—~+o00
This proves (1).
Let us denote for simplicity (up), instead of (u,,x))n. We now prove that for
every compact set K C X there exists a subsequence (u;, ), of (up), such that

(6) o, — gl = 0.

By (5), for every ¢ € N, we can recursively build a subsequence (u,, ., x))n 0f (U,n))n
such that

lim sup ||u,,z.(h) - uui(k)HLq(K%)\) < H%CO'
h,k—+00

Then the diagonal sequence (u,,n)) satisfies (6).

Eventually, take a sequence (K;) of compact sets such that K; C int(K;;;) and
U ien K; = X. By (6), for every i € N we can recursively build a subsequence
(Uy,(n))n such that (u,,, n))n is a subsequence of (u,,x))n and

i [t () — Uyl Lo (s is0) = 0.

The diagonal subsequence (u,, ), will then converge to some w in L (X; ). This

concludes the proof. O

Remark 2.2. The careful reader will easily notice that Theorem 2.1 holds also
when assumption (iii) is replaced by the following weaker one:
(iii") For every compact set i C X there exist Rp > 0, > 1 and f: (0,4+00) —
(0, +00) such that lim, o+ f(r) = 0 and

Ve € K, Vj €N, Vre (0,Rp) |luj — uj(B)||asy < f(r) pi(aB?).

3. An application to Carnot—Carathéodory spaces

Let 2 be an open set in R™ and let X = (Xj,..., X,,) be an m-tuple of smooth
and linearly independent vector fields on R", with 2 < m < n. We say that an
absolutely continuous curve v: [0,7] — R™ (briefly denoted by v € AC([0,T];R"))
is an X-subunit path joining x and y in R™ if v(0) = z, v(T") = y and there exist
hiy ..oy by [0,T] = R with 377, h% <1 such that

(7) A(t) = Z hi(H)X;(y(t)) for a.e. t € [0,T).

Moreover, for every z,y € R™ we define the quantity
(8) d(z,y) :=inf {T € (0,400): Iy € AC([0, T]; R") X-subunit joining z and y},

where we agree that inf () = +oco.

We will suppose in the following that the Chow-Hoérmander condition holds, i.e.,
that for every x € R"™ the vector space spanned by X1, ..., X,, and their commutators
of any order computed at x is the whole R". By the Chow—Rashevsky Theorem, if
the Chow—Hormander condition holds, the function d defined above is a distance and
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the couple (R™, X)) (or equivalently (R",d)) is called Carnot-Carathéodory space (CC
space for short). It is well known that d and the Euclidean distance d, induce on R"
the same topology (see [13]).

We denote balls induced by d by B(z,r) and Euclidean balls by B.(z,7). As
customary in the literature, in what follows we also suppose that the metric balls
B(z,r) are bounded with respect to the Euclidean metric. One consequence of this
assumption is the existence of geodesics, i.e., for any x,y € R" the infimum in (8)
(as well as the one in (9) below) is indeed a minimum; see e.g. [12, Theorem 1.4.4].

For j € Nlet X7 = (X { ...+, X7 ) be a family of linearly independent vector fields
such that, for every fixed i = 1,...,m, X/ converges to X; in C{°(R") as j — oo.
We denote by d;, j € N, the CC distance associated with X7. If h € L>=([0,T]; R™)
with ||h|| <1, T > 0 and = € R", it is convenient to define vh,x,vi@: 0,7] — R" as
the AC curves such that v, ,(0) = viw(()) = z and for almost every t € [0, 7]

Ina(t) =D hit) Xi(mma(t), . =D hi(t) X7 (].()).
i=1 1=1
With this notation, an equivalent definition of the CC distance is
9) d(z,y) = inf{[|h]| g0y b € L([0,1]; R™) and v,,(1) = y}.

The boundedness of metric balls implies that, for every T > 0 and h € L*°([0, T]; R™),
the curve 7y, , is well-defined on [0, 7).

It can be easily seen that, if the Chow—Ho6rmander condition holds, then for every
compact set K C R there exists an integer s(K') such that the following holds: for
any z € K, X1,..., X, and their commutators up to order s(K’) computed at x span
the whole R™. The following theorem gives a sort of quantitative version of some
of the celebrated results of [13|. The proof of Theorem 3.1 follows fairly easily from
[1, 11] (see in particular [1, Proposition 5.8 and Claim 3.3]) and from the following
observation: for any compact set K C R" there exists J € N such that, for any
r € K and j > J, the vector fields X7,..., X/ and their commutators up to order
s(K') computed at x span the whole R".

Theorem 3.1. For every compact set K C R" there exist Jy € N and Ck > 0
such that for every x,y € K and j > Jy
1
Ck
1 S
C—K|$ —y| < dj(w,y) < Cklo -y,

|z —y| < d(z,y) < Oklz —y|V/*I

We aim at proving that the sequence of distances d; converges to d locally uni-
formly; we need some preparatory lemmata.

Lemma 3.2. Let K be a compact set in R"™. Then for every T > 0, there
exist J; = J1(K,T) € N and R = R(K,T) > 0 such that for every x € K, h €
L>([0, T]; R™) with ||h]| <1 and any j > J; the following hold:

(a) the curve vfw is well defined on [0,T];
(b) 7,2([0,T]) € Be(0, R).
Proof. Define first
K= {ona(T): € Kb € L2(0, TR™), 0] <1} = | B, ).

zeK
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Since metric balls are bounded, also K’ is bounded. We can therefore find R > 0
such that K’ C B.(0, R) and d.(K',R" \ B.(0,R)) > 1. Choose J; € N such that

for every j > J;
T sup | X7 — X;| | emT < =
<; Be(0,R) | |> 2’

where C' > 0 will be determined later. Let h € L*°([0,T]; R™) and j > J; be fixed;
define

t; == sup{t > 0: yix is well-defined on [0, t] and yix([o,t]) C B.(0,R)}

and suppose by contradiction that ¢; < 7. Then vi’x(t]—) € 0B.(0, R) and for every
T < t; one has

o) =) < [ P X0 = B
< [0 XA 6D - Xt s
+/OTZ‘Xg(vh7x(s — Xi(Vh(s))| ds.

Notice that, since Xij is converging to X; locally in C!, and since yix(s),%,x(s) €
B(0, R), the Lipschitz constants

¢/ .= sup
z,y€Be(0,R) |z — y|
are converging to the Lipschitz constant ¢; := sup, ,ep, (0,r) w Therefore

there exists C' > 0 such that cij ,¢; < Cforany j € Nandi=1,...,m, which gives
71 o (T) = (7)) S/ (mC}vi,x(S) — Yhals }+Z sup | X7 — X, I> ds.
0 — Be(0,R)
We can therefore apply Gronwall’s Lemma (see [6]) to get
79.2(t5) = ()] <t <Z sup | X/ —X,~|> el <
=7 Be(0,R)

Notice that 73, ,(t;) € K’ and ’}/i’x(tj) € 0B.(0, R): this contradicts the definition of
R, giving t; = T. The lemma is proved. 0

l\DI}—t

Lemma 3.3. Fix ¢ € (0,1) and a compact set K in R". Then, for every T' >
0 there exists Jo = Jo(K,T,e) € N such that for every x € K, j > Jo, h €
L>([0,T); R™) with ||h|| < 1 and t € [0,T] one has

() — Wna(t)] <
Proof. Let J; = Ji(K,T) and R = R(K,T) be given by Lemma 3.2 and let

C > 0 be the constant appearing in its proof. We can reason as in Lemma 3.2 above
and use Gronwall’s Lemma to get, for any x, j, h,t as in the statement, that

7 () = ma(t)] <t (Z sup | X7 — Xi|> et

i=1 Be (OvR)
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The proof is then accomplished by choosing Jo > J; sufficiently large to have

T sup | X7 — X;| | emT < e O
(Z iy ')

Clearly, J5 can be chosen with the additional property that Jo(K, Ty, ¢e) < Jo(K,
Ty, ) whenever 0 < T} < Ts.

Theorem 3.4. Let X = (Xy,...,X,,) and X/ = (X ... XJ), j € N, be
m-~tuples of linearly independent smooth vector fields on R™ such that X satisfies
the Chow—Hérmander condition and its CC balls are bounded in R"; assume that,
for every i = 1,...,m, X] — X, in C{2(R") as j — oo. Then the sequence (d;);
converges to d in LS (R" x R") as j — +o0.

loc

Proof. Let K C R" be a fixed compact set. We first prove that for every € € (0, 1)
there exists J3 = J3(K,e) € N such that for every x,y € K and j > J3 one has

dj(zay) S d(l’,y) +e.

Consider z,y € K; by the existence of geodesics, there exists h € L*([0, 1]; R™) such
that ||h|| e = d(x,y) and v, (1) = y. We set y; := vfw(l) and consider Jy and Cg >
0 as given by Theorem 3.1. By Lemma 3.3, for j > J3 := max{Jy, Jo(K, diam K,
(e/Ck)*))} we have

£

) s(K)
= ol = - eVl < ()
K

By Theorem 3.1 we deduce that d;(y;,y) < e; in particular, for any j > J; one has
(10) d](llﬁ',y) Sd](l',y])‘l‘d](y],y) Sd(l’,y)+€,

as claimed. Notice also that sup;. ;, diamy, K’ < diamyK + 1 =: L is finite.
We now prove that for any z,y € K and € € (0, 1) there exists J;, = Jy(K, x,y,¢) €
N such that for every j > Jy

(11) d(w,) < dylay) + =
For every j > J3 let b/ € L*>([0,1]; R™) be such that
i D=y and W= = dj(z,y) < L.

The sequence (h7); is bounded in L and therefore there exists a subsequence (h7¢),
and h € L*>([0, 1]; R™) such that

B¢ > hin L™ and  lim ||h’*| e = liminf ||A7 ||~ = liminf d;(z, y).
{—00 j—oo j—o0

Denoting 77¢ := fyiﬁe , and considering R = R(K, L) > 0 as given by Lemma 3.2,

one has 77¢([0,1]) € B.(0,R). Since X7 are converging to X; uniformly in C*
(¢ = 1,...,m), such vector fields are equibounded on B.(0, R). By Ascoli-Arzela
Theorem, up to a further subsequence, there exists a curve v € AC([0, 1], R") such
that 77¢ uniformly converges to 7 in [0, 1] as ¢ — oo. For every ¢ € [0, 1] one has

V)= [ RN )
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and, taking into account that X7’ o 4% — X; o~ uniformly in [0, 1] and that A7 =~ h
in L*°, by letting £ — oo one gets

A(t) =+ / D i) X () ds.

In particular v = v, 7(1) = y and
d(z,y) < ||h||pe < liminf ||hj,||pe = liminf d;(z,y),
{—00 Jj—00

which proves (11).
By the compactness of K we can find x1, ..., z; € K such that K C Ulgzl B(xy,¢).

Using Theorem 3.1 and (11) we can find C = C(K) > 0 and J; = J5(K,¢) € N such
that for j > J;

B(zg,e) C Bl(xy, CeV*59)Y  vo=1,.. .k,
d(l’gl,$52) de(le7x£2>+€ V€1,£2:1,...,/{2.

For every xz,y € K we can find zy,xy, € K (with 1 < ¢1,¢y, < k) such that z €
B(zy,,¢) and y € B(xy,, ), hence for j > J; we have
d(l’, y) < d(:(}, xfl) + d(xfl ) 1’52) + d(y7 SL’@)
<e+dj(zey,ze,) +e+e
< dj(x£17x) + dj(xvy> + dj(:%x&) + 3¢
= d;(x,y) + 3¢ 4 2Ce/*0),

which, combined with (10), concludes the proof. O
Let us recall that, given a CC space (R", X), a function v € L () is said to
have locally bounded X -variation if the distributional derivatives Xju, ..., X,,u are

represented by Radon measures. See e.g. |2, 4]. We denote by BV 1,.(R") the set of
functions of locally bounded X-variation in R™ and by |Dxu| the total variation of
the vector-valued measure Dyu := (Xju,. .., X,u).

Sobolev- and Poincaré-type inequalities in CC spaces have been largely inves-
tigated; among the vast literature we mention only |9, 5, 7]. The following result
is an easy consequence of [1, Theorem 7.2 or [11, Theorem 1.1]. Notice that the
latter results are proved only when w is a smooth function on R"™; in order to prove

Theorem 3.5 as stated here one has to approximate functions in BVx j,. by smooth
ones (see [4, 5]).

Theorem 3.5. Let X = (Xy,...,X,,) and X/ = (XJ,...,X1), j € N, be m-
tuples of linearly independent smooth vector fields on R"™ such that X satisfies the
Chow-Hérmander condition and its CC balls are bounded in R"; assume that, for
every 1 = 1,...,m, Xij — X; in C2(R™) as j — oo. Then, for every compact set

K C R" there exist Cp > 1, « > 1, Rp > 0 and J € N such that for every j > J,
u € BVyjoo(R"), x € K and r € (0, Rp) one has

(12) . lu — u(B?)| dL™ < Cpr|Dyiu|(aB),

where B? := B/ (z,r) and u(B?) = {5, udZ".

We can then state our main application. See |7, Section 8] for more references
about compactness results for Sobolev or BV functions in CC spaces.
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Theorem 3.6. Let X = (Xy,...,X,,) and X/ = (XJ,...,XJ), j € N, be m-
tuples of linearly independent smooth vector fields on R" such that X satisfies the
Chow—Hérmander condition and its CC balls are bounded in R"; assume that, for
every i = 1,...,m, X} — X; in CP2(R") as j — oo. Let u; € BVyjo.(R™) be a
sequence of functions that is locally uniformly bounded in BV, i.e., such that for any
compact set K C R" there exists M > 0 such that

VJ eN ||u]||L1(K)+|DXJu]\(K) §M<OO

Then, there exist u € BVx,.(R") and a subsequence (uj,), of (u;); such that
u;, — w in L}, (R") as h — oo. Moreover, for any bounded open set ! C R"

loc
the semicontinuity of the total variation

j—o0

holds.

Proof. We use Theorem 2.1 with X = R", A= 2", § = ¢ =1, u; := |Dx,u| and
d,d; the CC distances associated with X, X7 respectively. Assumption (i) follows
from Theorem 3.4, while the local doubling property (ii) of d is a well-known fact
(see e.g. [13]). The validity of (iii) (with § = ¢ = 1) follows from Theorem 3.5, while
(iv) is satisfied by assumption.

Theorem 2.1 ensures that, up to subsequences, u; converges to some u in L (R");
we need to show that u € BVXJOC(Rn) To this aim, for any i = 1, ..., m we denote
by X the formal adjoint to X; and write

x) = Za@k(:c)&k and X/ (x Zaz Lz
k=1

for suitable smooth functions a; 4, ai x- Then, for any bounded open set 2 C R™ and
any test function ¢ = (¢1,...,¢n,) € CHQ; R™) with |p| < 1 we have

/uiX;‘gpidi”":/ ZZ@k a; ki) dL" = lim uJZZak Zkgp, )dZL"
0 — Jj—o00

i=1 k=1 i=1 k=1

— 1 ) E 0 dL = — i E AdX
= jll)l,&/guj - Xz Wi dg ]li)né;lo/s; a— Pi dXZ u]
< lim inf | D%u;|() < oo.

j—00

This proves that u € BVxo.(R") as well as the semicontinuity of the total variation.
The proof is accomplished. O

Remark 3.7. We conjecture that, when the CC space (R", X) is equiregular,
the convergence w;, — w in Theorem 3.6 holds in L for any ¢ € [1, %[, where @)

is the Hausdorff dimension of (R", X'). This would easily follow in case the Poincaré
inequality (12) could be strengthened to

[ — w(B7)| sy < Cpr’ |Dxsul(aB?)
for some § > 0 (arguably, 6§ = % + 1 — Q). The key point would be proving that the

constant C'p can be chosen independent of j but, as far as we know, no investigation
in this direction has been attempted in the literature.
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Remark 3.8. Theorems 3.4, 3.5 and 3.6 hold also under a slightly weaker as-

sumption: it is indeed enough that, for any compact set K C R", the convergence
X? — X, holds in C*¥(K) for a suitable k = k(K) (actually, k¥ depends only on s(K))
that one could explicitly compute. See [1, 11| for more details.

1
2]
13l
4]

[5]

6]
7
8]
9]
[10]
11)

[12]

[13]

References

BRAMANTI, M., L. BRANDOLINI, and M. PEDRONI: Basic properties of nonsmooth Hérman-
der’s vector fields and Poincaré’s inequality. - Forum Math. 25:4, 2013, 703-769.

CAPOGNA, L., D. DANIELLI, and N. GAROFALO: The geometric Sobolev embedding for vector
fields and the isoperimetric inequality. - Comm. Anal. Geom. 2:2, 1994, 203-215.

DoN, S., and D. VITTONE: Fine properties of functions with bounded variation in Carnot—
Carathéodory spaces. - Preprint, arXiv:1808.09711, 2018.

FrancHi, B., R. SERAPIONI, and F. SERRA CASSANO: Meyers—Serrin type theorems and
relaxation of variational integrals depending on vector fields. - Houston J. Math. 22:4, 1996,
859-890.

GAROFALO, N., and D.M. NHIEU: Isoperimetric and Sobolev inequalities for Carnot—
Carathéodory spaces and the existence of minimal surfaces. - Comm. Pure Appl. Math. 49,
1996, 1081-1144.

GRONWALL, T. H.: Note on the derivatives with respect to a parameter of the solutions of a
system of differential equations. - Ann. of Math. (2) 20, 1919, 292-296.

HaJrAsz, P., and P. KOSKELA: Sobolev met Poincaré. - Mem. Amer. Math. Soc. 145:688,
2000.

HEINONEN, J.: Lectures on analysis on metric spaces. - Universitext, Springer-Verlag, New
York, 2001.

JERISON, D.: The Poincaré inequality for vector fields satisfying Hérmander’s condition. -
Duke Math. J. 53, 1986, 503—523.

MIRANDA, M., Jr.: Functions of bounded variation on “good” metric spaces. - J. Math. Pures
Appl. (9) 82:8, 2003, 975-1004.

MONTANARI, A., and D. MORBIDELLI: Step-s involutive families of vector fields, their orbits
and the Poicaré inequality. - J. Math. Pures Appl. 99:4, 2013, 375-394.

MonTi, R.: Distances, boundaries and surface measures in Carnot—Carathéodory
spaces. - PhD Thesis in Mathematics, University of Trento, 2001. Available at
http: //cvgmt.sns.it /paper/3706/.

NAcGEL, A., E. M. STEIN, and S. WAINGER: Balls and metrics defined by vector fields I: Basic
properties. - Acta Math. 155, 1985, 103-147.

Received 21 March 2018 e Accepted 30 August 2018



