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Abstract. The tropical Nevanlinna theory in the whole real line R describes value distribution
of continuous piecewise linear functions of a real variable with arbitrary real slopes, called tropical
meromorphic functions, similarly as value distribution of meromorphic functions of a complex vari-
able is described by the classical Nevanlinna theory in the whole complex plane C. As a tropical
counterpart to the Nevanlinna theory in a disc or an annulus centered at the origin, we introduce in
this paper a value distribution theory of continuous piecewise linear functions in a symmetric finite
open interval (—R, R). The shift operator (difference operator) has a key role in the tropical value
distribution theory in R corresponding to the role of the differential operator in the Nevanlinna
theory in a subregion of C. However, the affine shift z — = + ¢ does not operate properly in finite
intervals. Therefore, we introduce a shift « — s, (x) which may be called as the tropical hyperbolic
shift. This notion enables us to obtain the quotient estimate m(r, f(s-(z)) @ f(z)) = o(1)T(r, f)
for tropical meromorphic functions f(z) defined in an interval (—R, R) in R, corresponding to the
logarithmic derivative estimate in the Nevanlinna theory for meromorphic functions f(z) defined in
a disc or in an annulus. A sort of the second main theorem is also stated by means of this estimate.
Concerning hyperbolic shift and the second main theorem, we assume an order restriction to f(x).
This restriction is shown to be necessary by an example.

1. Introduction and notation

Tropical Nevanlinna theory in the real line, see [5], [7] and [10], describes value
distribution of continuous piecewise linear functions of a real variable, similarly as
value distribution of meromorphic functions of a complex variable is described by the
classical Nevanlinna theory in the complex plane, see [1| and [6].

The original paper [5] on tropical Nevanlinna theory in the real line (restricting to
integer slopes) has been subsequently extended in [10] to include tropical counterpart
to the second main theorem (with arbitrary real slopes). A further extension has been
recently made in [8] to considering tropical holomorphic curves in a tropical projective
space. In these preceding papers, tropical Nevanlinna theory has been treated in the
global setting. We are now considering the theory in the local sense by going to treat
tropical meromorphic functions and their Nevanlinna theory in a finite interval.
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Recalling the standard one-dimensional tropical framework, we shall consider a
max-plus semi-ring endowing R_, := R U {—o0} with tropical addition

r @y = max(z,y)

and tropical multiplication

TRy =x+y.
We also use the notations z @ y := x — y and 2%* := ax for « € R. The
neutral elements for the tropical operations are 0, = —oo for addition and 1, = 0 for

multiplication. We note that 1, &z = max(z,0) and 0, ® x = 0, for any z € R. We
sometimes denote max(x,0) by . Observe that such a structure is not a ring, since
not all elements have tropical additive inverses. For a general background concerning
tropical mathematics, see [11], for example.

In this note, we introduce Nevanlinna theory of tropical meromorphic functions
in an open interval (—R, R), 0 < R < +oo. Here we give the reason why one may
concentrate on such a symmetric interval. Suppose that F'(z) is tropical meromorphic
in a general open finite interval (R;, Ry) with Ry, Ry € R. Then, instead of the pair
of the function F'(z) and the interval (R;, Ry), we can simply consider the pair of the
function f(z) and the interval (—R, R) given by

R1+R2)

Ry — Ry
2 .

d =
an R 5

flz)=F <x +
Further, we may also apply our theory to tropical meromorphic functions F'(x) in
a half -infinite interval, say in (—oo, Ry) with Ry € R. Then there exists an R; €
(—o0, Ry) such that the function F'(x) is linear, ¢(x) say, in a neighborhood of x = R;.
Then consider two tropical meromorphic functions Fj(z) (defined in the whole R)
and Fy(x) (defined in the finite interval (R, Ry)) as follows:

) F(z) (-oo<z<Ry),
Biz) = {e(:p) (R, < 2 < +00)

and
(11) FQ(ZIZ) = F(Zlf) (Rl <x < Rg)

Then we may study value properties of F(z) in the half-infinite closed interval
(—o0, R;] through those of F(x) by means of the tropical Nevanlinna theory on R as
the value distribution of Fj(z) = ¢(x) in the half-infinite interval (R;, 00) is trivial.
On the other hand, value properties of F'(z) = Fy(z) in the open interval (R;, Rs)
follow by means of the tropical Nevanlinna theory to be introduced in this note.
Similarly one may consider half-infinite intervals (R, +00) with R; € R.

Returning to the study of tropical value distribution in a finite interval (Ry, Ry),
we are concerned with the case when our function F'(x) can be continued beyond
neither of the endpoints to a tropical meromorphic function in any larger interval.
Then the endpoints z = R; and © = R, may be considered as essential singularities of
the tropical meromorphic function F'(z) and we may say that F'(z) is transcendental
near x = Ry and x = R,. In fact, this happens when the set of all the roots and
poles of F'(x) (see Definition 1.3 below) has both of the endpoints as its limit points.

Thus, from now on, we are considering transcendental tropical meromorphic func-
tions in an open interval (—R, R), 0 < R < 400 and we will study their value dis-
tribution by applying the finite interval version of the tropical Nevanlinna theory, to
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be described below. For convenience of the reader, we first restate some of the basic
definitions and notations from the real line case:

Definition 1.1. A continuous piecewise linear function f of an interval (—R, R)
to R is said to be tropical meromorphic on (—R, R), where 0 < R < 400.

Observe that whenever f: (—R, R) — R is a continuous piecewise linear function,
the set of discontinuities of the derivative f’, see below, might have limit points
possibly at x = R, at x = —R or at both of z = +R.

Definition 1.2. A point x of derivative discontinuity of a tropical meromorphic
function f such that
L . / ! _
wy(x) := 6l_1>%1+(j'“ (z+e)— fllx—e)) <0

is said to be a pole of f of multiplicity —ws(x), while if ws(z) > 0, then the point x
is called a root (or a zero-point) of f of multiplicity wy(z).

Observe that the multiplicity |ws(x)| may be any real number, to be denoted as
7¢(z) in what follows.

Definition 1.3. If a tropical meromorphic function f in the interval (—R, R)
has only finitely many poles and roots in (—R, R) implying that f is continuous
and piecewise linear in the closed interval [—R, R], then we may call it tropical
meromorphic of rational type in (—R, R). Otherwise, we say that f is transcendental
in (—R, R), meaning that it cannot be defined at both of the points z = +R.

Suppose, in what follows, that f is tropical meromorphic in an interval (—R, R)
for a fixed number R > 0. The Nevanlinna functions are now easily set up similarly

as in [5], |7] and [10]:

Definition 1.4. The tropical proximity function for tropical meromorphic func-
tions f in the interval (—R, R) is defined as

S+ )"
5 ,

(1.2) m(r, f) ==

where f(z)* := max{f(z),0}.
Next, we define tropical counting functions.

Definition 1.5. We denote by n(¢, f) the number of distinct poles of f in the
symmetric interval (—t,¢) for 0 < t < R, each pole b, € (—t,t), 1 < v < N
contributing to n(r, f) by its multiplicity 7¢(b,). Then the tropical counting function
for the poles in (—R, R) is defined as

NG )= g [ e e =53 mrb) = D)
(1.3) vt

= % Z 74(b,) (r — max(b,, 0)) (min(b,, 0) + r)

for any 0 < r < R.

Note that the weight (r —t) in the integral representation of N(r, f) drops off in
the infinite case R = oo. However, most of the consequences are the same as in the
tropical theory in R.
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For the convenience of the reader, we work out the second equality of (1.3). Given
t € (0, R), we put

ne(t, /)= Y m(b,) and n (t,f)= > 74(b),
0<by, <t 0<—by <t
and thus we have
n(t, f) = 75(b) = ny(t, f)+n_(t, f) +74(0).
[b, | <t
Using Riemann—Stieltjes integrals and integrating by parts, we obtain

S 7 (b)(r— b)) = / ) dn. (1, f)

o<b,<r
— (r — s (r, f) — (r — Oy (0, f) — / () d(r— 1) = / Cnat, f) dt,

and similarly

Z 7¢(by)(r+b,) = /Or(r —t)dn_(t, f) = /Orn_(t, f)dt.

0<—=b,<r

This implies

S ) — [bl) = / Cnat, f) di + / “n(t, f) dt + 7 (O)r

‘by‘<?“ 0

= [Hntepente.py e )t = [ e e

Since Definition 1.5 is the same as in the real line case, the next lemma is imme-
diate:

Lemma 1.6. For a given tropical meromorphic function g(z) in (—R, R), the
counting function N(r,g) is continuous and non-decreasing with respect to r.

In fact, d%N (r,g) > 0 holds for any r € [0, R), since by definition and a simple
observation, we have

d d (1 [" 1
drN(T’ q) = {2/0 n(t,q) dt} 2%(7", g)=>0

Definition 1.7. Define the tropical characteristic function T'(r, f) in (=R, R) in
the usual way as

(1.4) T(r, f):==m(r,f)+ N(r, f).
For a tropical meromorphic function f(x) in (—R, R), the tropical Jensen formula

holds for 0 < r < R as in [5], |[7] and [10], to be treated in more detail below.

2. Tropical Poisson—Jensen formula

In this section, we recall how to express a given tropical meromorphic function
in (—R, R) with 0 < R < oo by means of its zeros (roots) and poles together with
multiplicity.
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Theorem 2.1. Suppose f is a tropical meromorphic function in (—R, R) and R
is a number satisfying 0 < R < oco. Denote the distinct zeros (roots), respectively
poles, of f in this interval (—r,r) C (=R, R) by a;, respectively by by, with their
corresponding multiplicities 7; attached. Then for any x € (—r,r) we have the
tropical Poisson—Jensen formula

fen 1) J0) = J=r)

1 :
(2.1) ~ g 2 o)l - () (i) +)
+ % Z 77 (br) (r — max(by, x)) (min(bg, z) + 7).
|br| <7

In the particular, for x = 0, we obtain the tropical Jensen formula

f(0) = w — 2—176 Z we(cy) (7“ — max(c,, 0))(min(c,,, 0) + r),

lev|<r
where we put {c,} = {a;} U {bx}.

As for the proof of Theorem 2.1, we refer to |7, Theorem 3.1, p. 66] or to |5,
Lemma 3.1], where the interval (—r,r) is indeed assumed to be finite.
By using the identity

(2.2) (r — max(c,r)) (min(c, x) + 1) = r* — |c — z|r — cz,
we have the following result as given in [5] and [10]:

Corollary 2.2. Suppose f is a tropical meromorphic function in (—R, R). Then
for any x € (—r,r) C (=R, R) we have

fl) = TOEIED L2 ) — ()

1

~ 5 Z wi(e,)(r? = |e, — x|r — ¢, ),

lew|<r

and

p) = TS e e,

lev|<r

for the distinct roots and poles ¢, of f in (—R, R).

With tropical Nevanlinna characteristic functions, the latter identity immediately
becomes the formula (1.5).

3. Basic Nevanlinna theory in the tropical setting

Basic Nevanlinna theory inequalities as proved in [5], [7] and [10] still hold in the
interval (—R, R) as well. Here we use the notation V(r, f) as a joint notation for
m(r, f), N(r, f) and T'(r, f), unless otherwise specified.

Lemma 3.1. Let f and g be tropical meromorphic in the interval (—R, R).

(i) If f(x) < g(x) holds for all x € (—R,R), m(r, f) < m(r,g) holds for all

re[0,R).

(ii) Given a positive real number «, we have

V(r, ) =V(r,af) = aV(r,f)
for all r € [0, R).
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(iii) For allr € [r, R),
Virf@g) =V f+g) <V(r,f)+V(rg).
(iv) For allr € [r, R),

V(r,f®g)=V(r,max(f,g)) <V(r, f)+V(rg).

Remark. Observe that whenever f(z) < g(x) for all x € (=R, R), the inequality
N(r,f) < N(r,g) is not necessarily true. Similarly, the inequality V(r, f @ g) <
V(r, f) & V(r,g), that is,

V (r,max(f, g)) < max{V(r, f),V(r,g)}

may fail for V' = N, T, as shown by the following simple examples.
On the other hand, (i) shows that we always have

max{m(r, f),m(r,g)} < m(r,max(f,g)).
Example. (1) Let us consider two functions f(z), g(x) in (=R, R) given by

_Jz+R/2  (-R<x<0),
IO =N iR (0<x<R),

and
r+R/2 (~R<z<—R/4),
oy (—R/4 <z < 0),
A P (0 <z < R/4),

—z+ R/2 (R/4<z<R).

Observe that g(x) has only one pole at = 0 of multiplicity 2, while f(x) has
two poles of multiplicity 2 at © = £R/4. Clearly, f(z) < g(z) for all z € (=R, R).
For the counting functions, we have

0 0<r<R/4),
N(T, f) = {2(—R/4+r)+2(r—R/4) _ 2(7’ _ R/4) ER/_ZL <_7’ </R)),

2

N(r,g):@:r (0 <r < R), and thus

) (0<r<R/4),
Nr, /) = Nir.g) = {r ~R/2 (R/A<r<R).
Hence
(3.1) N(r, f) < N(r,g) whenever r € [0, R/2),
' N(r,f) > N(r,g) whenever r € (R/2, R).

Moreover, since we have

T (OST<R/4)>
m(r,f) =<9 —-r+ R/2 (R/4<r < R/2),
0 (R/2<r <R,

and

[—r+R/2 (0<r<R/2),
mr9) =14, (R/2<r < R),
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their characteristic functions are estimated as

) (0<r< R/2),
ﬂ“ﬂ_Lm—Rm (R)2 <1 < R),

and

_JR/2 (0<r < R/2),
T(r.g) = {7" (R/2 <r < R).

Therefore, T'(r, f) — T(r,g) = r — R/2 for all r € [0, R), and so

T(r,f) <T(r,g) whenever r € [0, R/2),
T(r,f) > T(r,g) whenever r € (R/2, R).

(2) We next consider another pair of tropical meromorphic functions given as

_Jx+R/2 (~R<z<—R/4),
filz) = —x (-R/4 <z < R),

and

K (R <z < R/4),
PO =\ iR (Rf<s<R)

It is easy to see that their tropical sum f(z) @ f2(x) coincides the above f(z) for all
xr € (=R, R). In fact, by drawing their graphs, one observes the following relations:

9(x) = f(z) = fi(z) > fa(z) (—R <z < —R/4),
9(x) > f(z) = fi(x) > fa(z) (—R/4 <z <0),
9(x) > f(x) = fi(z) = fo(z) (z =0),

9(x) > f(z) = folx) > fi(2) (0 <z < R/4),
9(x) = f(z) = folx) > fi(2) (R/4 <x < R).

It follows by the symmetric relation fo(z) = f1(—=x) for all z € (—R, R) that

0 (0<r<R/4),

N(r, fi) = N(r, f2) = %N(T’ f= {r —R/4 (R/4<r<R).

Therefore,
N(r, f1 ® f2) = N(r, f) = N(r, f1) + N(r, f2) = Qmax{N(r, f1), N(r, f2)}

for all € [0, R). Of course, this quantity is strictly greater than max{N(r, f1), N(r, fo) }
only if 7 € (R/4, R). Similarly, we have m(r, f1) = m(r, fo) = $m(r, f) and thus

r/2 (0 <r<R/2),

for all » < R. Hence,

T(r, i ® f2) > max{T(r, f),T(r, )} (0<7r<R).
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4. First main theorem

As usual in the Nevanlinna theory and its tropical analogue in the real line R,
the next step from the tropical Poisson—Jensen formula is to formulate the first main
theorem. To this end, we will simply modify the notation L(f) := inf{f(b) : ws(b) <
0,b € R} applied in R for a tropical meromorphic function f defined in the finite
interval (—R, R) as follows:

Lr(f) :=inf{f(b): ws(b) <0,]b] < R}.

In particular, if f has no poles in (—R, R), then we put Lg(f) = +o0 as inf (). For
simplicity, we denote

(4.1) N(r,f| <a):=N(r,f)— N(r, max( f, a))

with the proviso that N(r, f| < a) := 0 for a = —o0. Clearly, N(r, f| < a) also
vanishes identically either when —oo < a < Lg(f) or when Lg(f) = 4+00. Here we
note that N(r, f | < a) takes always a non-negative value for any a € (—o0, +00) and
all r € [0, R), since it follows by Lemma 3.1 (iv) that

N(r,max(f,a)) < N(r,f)+ N(r,a) = N(r, f)

is true for any a € (—oo, +00) and all € [0, R).

Theorem 4.1. Let f be tropical meromorphic in an interval (—R, R) (0 < R <
o0). Then the asymptotic equality

T(r, oo (f @a)) =T(r,f)=N(r,f| <a)— max(f(O),a) +e4(r,a)

hold with a quantity ¢ ¢(r, a) satisfying 0 < e¢(r, a) < max(a,0) for any a € [—00, 4+00)
and for all r € [0, R).

Proof. Making use of the tropical Jensen formula (1.5) to the function f(z)@a =
max( f(x), a) and the definition (4.1), we immediately conclude that our asymptotic
equality is equal to

ef(r,a) =T(r,1o0 (f®a)) = T(r, f) + N(r, f| < a) + max(f(0), a)
(4.2) =T (r,max(f,a)) = T(r, f) + {N(r, f) = N(r,max(f,a)) }
= m(r, max(f, a)) —m(r, f).
Applying Lemma 3.1(iv) to the estimate (4.2), we have
ef(r,a) <m(r, f) +m(r,a) —m(r, f) = m(r,a) = max(a, 0)

for any a € [—00,+00) and for all r € [0, R).
On the other hand, applying Lemma 3.1(i) to (4.2), we have the lower estimate
ef(r,a) = m(r,max(f,a)) —m(r, f) >0
for any a € [—00, +00) and for all r € [0, R). Hence we have obtained the asymptotic
equality with this quantity e(r,a) as in the lemma. O

We next proceed to prove the following result by a similar way given in [5] as
well as in 7] and [10].

Theorem 4.2. The characteristic function T'(r, f) is a positive, continuous, non-
decreasing piecewise linear function of r € [0, R).
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Proof. Tt is immediate to observe first that T'(r, f) is positive and continuous,
due to the definitions of the proximity and counting functions and to Lemma 1.6. As
to the monotonicity of T'(r, f), consider first intervals consisting of r € [0, R) where
f(z) does not have a root or a pole at either = r or x = —r. Differentiating the
tropical Jensen formula in Corollary 2.2 now results in

f'(r) = f'(=r) =n(r,—f) = n(r, f).
Applying the proof of Theorem 3.4 in [5] verbatim, we conclude that %T(r, f) is non-
negative in these intervals, meaning that 7'(r, f) is non-decreasing therein. Passing
over the values of +r, where f has either a root or a pole, by continuity, the mono-
tonicity of T'(r, f) follows. Piecewise linearity of T'(r, f) again follows by the defini-
tions of the proximity and counting functions. OJ

Remark. (1) We can prove also this theorem by differentiating the tropical
Cartan identity [7, Theorem 3.8]. Indeed,

d d

ST ) =— {maX{N (n.o (=N N Lo )} +f W}

= max{n(r, 1. @ (=)*),n(r, 1.0 f*) } 2 0

holds for all » € [0, R) off a discrete set. However, the proof of the identity itself
requires similar observations as had been used above, (see |7, pp. 73-75]).
(2) Note that T(r, f) is a non-decreasing function of log z= as well, since
d 1 1
EIOgR—r =5 > 0.

Similarly as in the real-line case, see [7| and [10], we may now define the order
p(f), resp. the hyper-order ps(f), of a non-constant tropical meromorphic function f
in the interval (—R, R). Notice, however, that the growth of 7'(r, f) in [0, R) should
be measured by the unbounded factor —log(R — r) instead of the variable r itself.
Normalizing —log(R — r) by log R — log(R — r) = log % which is always positive
for r € (0, R), we introduce the following definitions:

Definition 4.3. Let f(z) be a non-constant tropical meromorphic function in
an interval (—R, R). We put

: log" T(r, f)
p(f) = limsup &0 0).
rtr loglog 5=

and

_ log™t log™ T'(r,
p2(f) = limsup & 08 }g f)
MR loglogm

Remark. Of course, log™ reduces to log in p(f), whenever T'(r, f) > 1, resp. in
p2(f), whenever T'(r, f) > e. In this paper, we concentrate in considering tropical
meromorphic functions f in (=R, R) satisfying T'(r, f) T oo as r 1 R.

Example. If a non-constant tropical meromorphic function f is of rational type
in (=R, R), then there are constants A(> 0) and B(> 0) such that T'(r, f) = Ar+ B
for any r sufficiently near R and therefore we then have p(f) = pa(f) = 0. Of course,
the same conclusion is trivial whenever T'(r, f) that is bounded as r — R. This
may happen for a tropical meromorphic function that is not of rational type. As an
example, consider a tropical meromorphic function f in (—R, R) which has no poles



350 Ilpo Laine and Kazuya Tohge

and whose root set is exactly the sequence a,, = R(1 — 1/n) (n € N). Assuming
flans1) — fa,) = 1/2™ for n € N and f(x) = 0 for z < 0, we see that this f(x) is
an increasing and convex function in (—R, R) and satisfies

T(r, f) = m(r, f) < ZQ% = 1.
n=1

5. Tropical shift in finite intervals

In the real-line case, the shift x — x + ¢ (¢ € R) has been applied to obtain the
lemma on tropical quotients, see |7, Section 3.4]. In our present finite-interval case,
we need to introduce a different shift notion s(z) such that s(z) remains in the same
interval for all z € (—R, R). To this end, first note the formal tropical counter-part
to the standard Mobius transformation:

yt)=(a@tPb) @ (c®t P d) = max(t + a,b) — max(t + ¢, d),
where a,b,c,d € R_o, := RU{—00} satisfying
a®Rd®b®c#0,, ie max(a+d,b+c)#—oc.
Here we recall the convention
a®0,=0,0a=0, ie a+(—o00)=—-00+a=—-00

fora e R_..
Considering next the closed interval [-R, R] (0 < R < c0), and the parameters
a=d=Rand b=c=0=1,, we obtain the mapping ¢ : R — [—R, R] with

(5.1) o(t)= (Rotal,) o (t® R)
= max(t + R,0) — max(t, R)
(5.2) = R + max(t, —R) — max(t, R)
—-R (t<—R)
(5.3) =<t (—R<t<R)
R (R<1).

This reduces to the identity mapping on the interval [— R, R], and has the (only)
root of multiplicity 1 at ¢ = —R and the (only) pole of multiplicity 1 at t = R.

We proceed to a scaling of the mapping ¢ by fixing a constant 7 € (0, 1), and
defining two mappings as follows:

st:R— [-TR,(2—-7)R] CR
and
ss:R—[-(2—7)R,7R] CR
by
sH(x) = p(rz) £ (1 —7)R, —o0 <z < o0.

In more detail, we now have

-R+(1-7)R=—-7R (z < -£&)

(5.4) sf(x)=¢mz+(1-7)R=7(x—R)+R (-£& S;S )
R+(1-7)R=(2—-7)R (£ <)

T
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and
~R—(1-7)R=-@2-7)R  (xv<-%)
(5.5) s;(@)=S7ma—(1-7)R=7(x+R)—R (-£<a2<Ef)
R—(1-7)R=71R (£ <u).

The locations and multiplicities of the root, resp. the pole of the original map

¢(z) are now shifted so that s*(x) has the (only) root of multiplicity 7 at z = —£

and the (only) pole of multiplicity 7 at z = g, both of which being outside of the
interval [—R, R] since 7 € (0,1). Moreover, note that when s*(z) is restricted on
[—R, R] we have
limsf(z) =+R and limsE(z) = 2.
710 711
Also, st(z), resp. s; (x) has its (unique) fixed point at z = R, resp. x = —R.
The functions s&(z) possess a number of simple properties required to be a shift
in the interval (—R, R). For example, as the counterpart of the property that the
nth iteration (x &+ ¢)™ = = &£ nc of the shift © + ¢ (¢ > 0) tends monotonely to £oo
as n — +00, we observe that the iterations behave like

(s7)"(z) = sfa(@) T R and (s7)"(x) =sp(x) L —R

T T

as n — +00, respectively. We omit listing all those properties up here. Instead, we
proceed to combine sf(z) and s (z) into a unified mapping s,(z) by defining

st(x)=1x+(1—=7)R (po <z < R)
(5.6) sr(z) = qTr+ (1 — T)pﬁox (—po <z < po)

s (x)=mx—(1—7)R (—R<x<—pp)

for a fixed py € (0, R). This s,(x) is a continuous, monotone increasing mapping of
[— R, R] onto itself as one may immediately see. In what follows, fixing a constant 7,
we call s, () as the shift function on the interval [-R, R].

It is elementary to verify that s.(—z) = —s,(z) on the whole interval (—R, R).
Indeed, whenever —R < —x < —pyp, then

s:(—) = 57 (—z) = —s7(2) = —s,(2),
if po < —x < R, then
sr(—2) = s7(—1) = =57 (z) = —s.(2)
and if |z| < po, then
R R
se(=) = 7(=a) + (1= 7)) = —{m +(1- T)%x} — —s.(2).

Finally, observe that the mapping s,(x) can naturally be continuously extended
outside the interval (—R, R) to satisfy s.(—z) = —s,(x) on R.

6. Growth lemma with the shift functions s*(z)

A key goal in this paper is to find a finite interval analogue to the tropical
logarithmic quotient lemma in R, see |7, Section 3.4], by means of the shift function
s-() in the finite interval (—R, R). As a preliminary step to this end, we show the
following estimates with two mappings s’ (x) and s (z):
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Lemma 6.1. Let f be a tropical meromorphic function in the interval (—R, R)
and let T € (0,1) and r € (0, R) be constants satisfying

Tr—R)+R<p

for a given constant p € (r, R). Then for any x € [—r,r], we have
mas(f (5% (@) — £(@),0) = (F(s5)) = £())

<I53) = af {ELEREZD -

Proof. Applying the tropical Poisson—Jensen formula (2.1) to f(¢) for any ¢ €
(—p, p), we have

f(=p)+ f(p) | flp)— f(=p)

f(t) = 2 - 2p t
_ QL Z 7(a,) (p — max(ay,, t)) (min(au, t)+ ,0)
lan|<p
+ 55 3 ) (= max(by,0) (min(b. 1) + ).
b |<p

where we denote by a, and b, the distinct poles and distinct roots of f in the interval
(—p, p), respectively. Hence we have

f(p) = f(=p)

f(s7 (@) = f@) = == == {s7(0) ~ o}
E Z| (@) { (155 () = a| = 2 = al)p + a, (7 () —2) |
1 N .
t 2 %,,Tf(b”){('ST () = bl =l = b )p+ b (s5() — )},

since

(p — max(c, 1)) (min(c, t1) + p) — (p — max(c, t2)) (min(c, t2) + p)
= {|t2 — C| — |t1 — c|},0 + C(tg — tl)

by the identity (2.2). Noting, moreover, that ||tz — c| — [t1 — c|| < |tz — t1], we finally
obtain

(F(st@) - 1))
< 1f(p) = f(=p)] ‘sf(aj)

2p —x‘
1 1
+ — Z Tf(au)Qp‘sf(x) — {t‘ + — Z Tf(b,,)Qp‘sf(x) — x}
2P oo 20 o2

~ |5 @) — {ﬂp) IS )+ Y wm}

2p
laul<p [bu|<p
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) —o {f<p>++ (—f(=p)) 2+pf(—p)++ (—£(p)) o, £) 4+ nip f)}

as desired. O

Remark. Observe that |sf(z) —z| = (1 — 7)(R F z) when z € [—R, R] by the
definition of the functions s¥(z) in (5.4) and (5.5).

T

7. Lemma on a tropical ratio of logarithmic shift

As a preparation to a finite-interval version of the tropical quotient lemma, see
e.g. |7, Theorem 3.27|, we first prove the following lemma which may be understood
as a finite-interval counterpart to [4, Lemma 8.3] as well as to [7, Theorem 3.15]:

Lemma 7.1. Let T: [0, R) — [0,+00), 0 < R < 00, be a non-decreasing contin-
uous function of hyper-order
logt log™ T
p2(T') := limsup &R(T)
rTR log log R~
For any fixed constant ¢ > 0 satisfying (1+¢)p2(T) < 1 and for a constant p(e) such
that (1 +¢)p2(T) < p(e) < 1, we put

< 1.

_1-p(e)

wxﬂﬁ=O%R?T) " (0<r<R).

Then we have
T(ST(T)) <T(r)+ p(r)T(r),
where r tends to R outside of a set F' C [pg, R) of measure

/dbh) R —/ dr - oo
P &8 T F (R—7)log 7 '

Proof. First, denote

v(r) = {1+¢(r)} " = {1 + <log Rjir)_%(;)}_

for r € [py, R) and assume, contrary to the assertion, that the set F' of r with
T(r) < V(’/‘)T(ST(T))

is of infinite measure, [, dloglog % = 00. Let 79 (> po) be the smallest element in
the set F'. Define then a sequence {r,},en inductively by

Ty = min{r cl'n [ST<TTL_1),R)}

for each n € N. Observe that s,(r,_1) > r,_1 for each n € N; this can easily be seen
by the definition of s.(z) in (5.6). The sequence {r,},>o satisfies

e r, > 8. (r,_q1) foralln € N,

o ' C Uy y[rn,s:(rn)], and

o T'(r,) < v(rp)T(rps1) for all n € N U {0}.
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/ dlog log
F

For each n € N, we now obtain

ST(Tn) R R ST(Tn) log Ri
—57(rn)
dlogl = |logl — Jog { 2 Aimsrm)

/,,n ©8 OgR—r {og OgR—an ©8 log =&

R—rn
1 T(R—Tn) 1 1
= log og% =log<q 1+ L{;) )
log =5 log 7=

R—r, < Rexp(—n'*®),

Therefore,

ST(Tn

< Z/ dloglog

~+0(1).

Assume now, for a while, that

thus

> 711—F€

n

log

is true for each n € N. Then

sr(rn) R
dlogl
/T;’!L Og Og R -

for every n € N, so that

log(1 > dx
/Fdloglog < Z nl—i—a ) < {log(1/7) }/ = T O(1)

1
:—log—+0(1)<oo,
e T

nl-i—e nl-i—e

- <og {14+ S0} st/

a contradiction. Therefore, the sequence {r, },en has a subsequence, {ry,};en, such
that we have

R—ry, > Rexp( 1+€)7 hence logR_r

for each j € N. Since

T(ry) < v(r)T(rs) < --- < { 11 V(rk)}T(rnj)

and thus
n]—l

log T'(1;) > log T'(r) Z log v(ry)

nj—l

=logT(ry) + Z log{1+¢.(r) }

> log T(r1) + (ﬁj —1)log{1+ @.(rs,)}
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for each j € N. Therefore,

log™ log™ T(r,,.
po(T) > lim sup 28108 T7n)
j—oo  loglog 72—
1/pe(rn.;
1og{(nj — 1)pe(rn,) log{1 + @c(ry;) } feel J)}
> lim sup B
j—ro0 log log 77—
R
, log(n; —1) 1—p(e) 108log 77—
> lim sup o . =
j—ro0 log log R 14+¢e loglog Form
1 1—ple)  ple)
- = > po(T
“14¢ 1+¢ 1+¢ pA(T);
which is a contradiction, completing the proof of this lemma. O

We are now ready to give a finite-interval version of the tropical quotient lemma
in the following form:

Theorem 7.2. Let f be a tropical meromorphic function of hyper-order py(f) <
1 in an open interval (—R, R) and T be a fixed constant with T € (0,1). Let then
be an arbitrary positive constant such that (1 + ¢)pa(f) < 1, and take a constant ¢
satisfying (1 4 €)p2(f) < d < 1. Then, for the constant n given by
1-9
n= >0,

(1+e)(p2(f) +¢)

we have

m(r. f(;((::)j)r)@ f@) 0{ (o 76, )"} + OB )

where 1 tends to R outside a set of F C [pg, R) such that

/dlo lo R —/ dr < 00
r e T, T F (R—r)log A= '

Proof. We divide the subsequent proof in two parts, for the convenience of the
reader.

(1) Take first a fixed ry € [ pg, R) such that T'(rg, f) > f(0). This may be done,
since otherwise T'(po, f) < f(0) and so

m(0, f) = f(0)" <T(0, f) < T(po, f) < f(0),

a contradiction.
Take next two constants x and A with kK < A <7 < 1 and put

p=sA(r)=AXr—R)+ R € (ro,R)
for a value of r € (ro, R). By (5.6),
Se(x) > sx(r) > s.(r) (ro <r < R).

By the application of Lemma 6.1, we have
(1) m(r (@) @ f(@)

<= n@R-n{"EDEEZD iy snio )}
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Since

by the tropical Jensen formula, it follows by the monotonicity of T'(r, f) that

p 7o
when r > rg. The previous Lemma 7.1 shows
T(sx(r), ) < {1+ o)} T(r f

where o(1) stands for a quantity that approaches to zero as r T R outside a set of F’
as in the statement of our theorem, see Lemma 7.1.
(2) The second part of this proof is devoted to giving a similar estimate

(7.3) (I1-=7)(R-— r){n(p, +n(p } 0] {(log+ T(r, f))_n} T(r, f)

again outside of the set F'. Recall that the integrated counting functions are non-
negative and non-decreasing. Moreover, f(z) is of hyper-order ps(f) < 1, hence

_ log" log™ N ( f)
lim sup
rTR log log Rr

(7.2) (1—=7)(R—r)-

(R - T)T(Sn(r)a f)

< p2(f)

by the tropical Jensen formula. Applying now Lemma 7.1 to N(r, & f), we obtain
N(Sn( ) .f) +N(sn( ) _f) _N(paf)_N(p>_f) S@a(p){N(paf)+N(p>_f)}

outside a set F' of r in [pg, R) that satisfies [}, dloglog % < oo. Here we put p =
sx(r) and

Then we observe

Sw(r)
N(sulr) ) = Np££) 2 5 [ nlt 0 de = Julo20) (s0(0) - 1)
= SO = (R = )nlp, %),

so that we obtain

20

-7
< 2L N (500, 1) + N (slr).—F) = N(p. )~ N(o.— 1))
< S oo { N )+ N (o~ )}
< 6(1—17)
for any r € (ro, R) \ F, provided that r is close enough to R. Here we have used the
elementary observation that

_20-7)
< S we(n)T(sx(r), f)
) = (oo %) < (1og 7 ) )
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Furthermore, there exists r € [ry, R) such that

loglog™ T'(r, f) < (p2(f) + €) loglog

R—
hence (log™ T'(r, f))l/(pz(f)JrE) < log 2% is true for all r € [y, R). This shows that

@-(r) < (log™ T'(r, f))_W;”“)
We now recall n > 0, see Theorem 7.2:

_ 1—90
SIS
Thus our estimate may be written as
(1= 7B =) {nlp. )+ nlp. 1)} < XD (10 T, ) T s0lr). )

outside of the set F'. Another application of Lemma 7.1 shows
T(su(r), f) ={1+o(1)}T(r, f)

and thus (7.3) holds outside an exceptional set which can be merged into the F'.
By the equation (7.3) together with equations (7.1) and (7.2), we are done. [

8. Second main theorem

We have now proved that an s,-operator analogue of the logarithmic derivative
lemma of the form

(s @) © £(@)
(8.1) i T ) =

outside an exceptional set F' given as above. Here we need of course to assume
T(r,f) — oo as r T R. Hence, for such functions, that is, tropical meromorphic
functions f: (=R, R) — R with unbounded characteristic function 7'(r, f), we can
also deduce an s,-operator analogue of the second main theorem by tracing verbatim
the reasoning for non-constant tropical meromorphic functions f: R — R in [7|
and [10]. This is mainly because that the Nevanlinna functions m(r, f), N(r, f) and
T(r,f) in R and in (—R, R) have the common properties as we have seen in this
note. Indeed, one finds the following correspondence of the results in |7] and those
in this note:

e As variants of the lemma on tropical quotients, Theorem 3.27 of [7, p. 82]
corresponds to our Theorem 7.2;

e Lemmas 3.28, 3.29, 3.30 and Remark 3.21 of |7, pp. 83-85| as well as Propo-
sition 3.34 of [7, p. 87| are all independent of the domains R and (—R, R);

e The statements and the proofs of Propositions 3.32 and 3.33 of |7, pp. 86-87|
are also available still in this note, if one replaces f(z 4 ¢) by f(s-(z)) and
—f(c) by —f(s-(0)) = —f(0) all at once;

e Propositions 3.36, 3.37 and 3.38 as well as Remark 3.39 of |7, pp. 87-90] are
also true in this note with the replacement of the notation L appeared in
the latter two statements by our Lg(f) introduced in Section 4;

e The statement and the proof of Theorem 3.40 of |7, pp. 90-92| are available
in this note again by replacing f(z + ¢) by f(s-(z)) and —f(c) by —f(0) all
at once.
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After all, we have the following

Theorem 8.1. Let f be a tropical meromorphic function in an open inter-
val (—R,R) and let 7 € (0,1), ¢ € N and a,...,a, € R be distinct such that
max{ay,...,a,} < Lg(f). Then

qr(r, f) < zq:N(r, Lo(fa aj)) + T(r, f(sT(a:))> — N(r, 1. @ f(sT(a:))>

i=1

+m(r,f(37(:v)) @ f(x)) — f(0) + gmax{ay,...,a,0}
+ (¢ — 1) max{—as,...,—a,, 0} + Zmax{f(O), aj}.

Theorem 7.2 states m(r, f(s,(z)) @ f(z)) is small in the sense there with respect

to T(r, f) under those assumptions. Here noting that ‘sT(x)} < s,(r) whenever
|z| <r €0, R), we have

V(r, g(sT(m))) < V(ST(T), g)

both with V' =T and ¢ = f and with V' = N and g = 1,@ f. Further, the application
of Lemma 7.1 in each case deduces

V(s(r).9) < V(r,g)+{0((log" T(¢, £)) ") + O(R= 1) } T, f)

outside an exceptional set F' in the sense of Lemma 7.1 as well as of Theorem 7.2.
Then we can now prove our second main theorem as the counterpart of Theorem 3.41
of [7, p. 92].

Theorem 8.2. Suppose f is a tropical meromorphic function of hyper-order
p2(f) < 1 in an open interval (—R, R) and its characteristic function is unbounded,
and let a1, . ..,a,, ¢ > 1 be distinct real values that satisfy max{as,...,a,} < Lgr(f).
Let € be an arbitrary positive constant such that (1 4+ ¢)pa(f) < 1. If we take a

constant ¢ satistying (1 + €)pa(f) < 6 <1 and put n = m(> 0), then

(¢=DT(r )<Y N Lo (f®a) ~ N1 © f)

j=1

+{o((og" T(t, 1)) + O(R = 1) } T(r, ),
as v 1 R outside a set of F C [0, R) such that [}, dloglog 7 < oo.

9. Discussion

We are listing here a few natural problems that should indeed be settled in the
present finite interval setting of tropical meromorphic functions to obtain a satisfac-
tory consideration.

(1) One is first to ask whether the assumption that po(f) < 1 is necessary to
obtain a result similar to Theorem 7.2.

(2) The second problem is to ask whether it is possible to construct a continuous
piecewise linear function in (— R, R) which behaves like a tropical exponential
function e, (z) (o # 0,%1) in (—o0, 00), see |7, Section 1.2.4]. Actually, one
might expect that such a function y(x) could be easily constructed in [0, r)
by fixing its roots at pg, p1, - .., where p,11 = $;(pn) = Tpn + (1 — 7)R, and
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letting its slope increase to infinity as n — oo. Defining now g(x) so that
92z — R) = y(z) for 0 < x < R, we get a tropical meromorphic function
of exponential type in (—R, R). However, this function is not as expected,
since for —R < t < —py we have §(t) = y((R + t)/2), while g(s.(t)) =
y((R+s-(t))/2) = y(r(R+t)/2), but s, ((R+t)/2)—71(R+t)/2 = (1—T)R # 0.
This means that g(z) does not satisfy in (—R, —py) a functional equation
similar to f(z+1) = f(z)®“ satisfied by the exponential function e,(z) in R.

(3) Finally, the problem related to the preceding one is whether functional equa-
tions of type y(sT(x)) = y(x)® permit tropical meromorphic solutions in
(=R, R), or at least for |x| > po being sufficiently close to R. Also, provided
such tropical meromorphic solutions exists, what about their order, respec-
tively hyper-order? As to this problem, see the next example below.

(4) The previous problem (3) may also be asked for the case when o = 1, that
is, for the ’s,-periodic’ functions in the sense that they satisfy the relation
y(s-(x)) = y(z) for |x| > po. As to this problem, see the final remark.

Example. For the sake of simplicity, we take R = 1 and py = 7 = %, respectively.
Then by definition we have

-1 (-l<z<—3)
s(x) == s1/9(x) = %:)j (—% <z< %)
st+ 1 (3<z<l).
As above, we have s(z) = —s(—z) and s(z) € [3,1) whenever z € [3,1). Hence we
will first restrict our attention on the interval [§,1) and find a solution y(x) of the

equation
y(s(z)) = ay(x), y(1/3)=1,

there for a real constant o # 0, +1. Of course, after finding such solution y(z), our
desired tropical meromorphic functions, say €,(x), on (—1,1) should be defined as
follows:

—y(z) (-l<z<-—3)
ga(x) =< 32 (— %Sxﬁ%)
y(z) (3 <z<1).
Then &, (s(2)) = aeqa(x) when § < |z| < 1 On the other hand, this does not satisfy
the functional equation in the 1nterval (—3,3)-

However, we proceed by looking at the orbit of the point z = 1/3 by s(z).
Inductively, we have

2)=oG) =3 G+ ="
3 2) 2 \2 22
83@):$<2+1>:1.<2+1+1):2Q+2+1

3 22 2 \ 22 28
nly 27420 —2+4 4241 2" —1 1
S(§> o T T T
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for n > 1. In fact,
1 1 1 1 1
n+l( ~ — _ Y == _ — 1 —
§ (3) 8<1 2n> 2 (1 o T 1) L= o
holds.

Then we have required y(x) to satisfy y(1/3) = 1 and thus have

u(2) =5(o(2)) =en(l) -o

Further, we inductively obtain

oo 3)) =l () ==l 3) o0

for any n € N.

On the closed interval [s"(3),s"™(3)] (n € N), let us define

n+1

v = s — ez
o a"th—an (a:— 2"—1) Lo

Toontl_g on—1 on
ontl ~ T on

= 2" — 1)z — 2(2" — Da" ™ + (271 — 1)a™.
Since s(z) = iz +1 € [s"7!(3),s"(3)] if € [s" (%), s"(3)], we have
y(s(z)) =2"a (@ — 1)s(z) — 2(2" — D)™ + (2" — 1)a”
=2"a"(a — 1)z +2"a"(a — 1) — 2(2" — 1)a™™ + (2" — 1)a™

= af2a o 1)a =202 — a” + (2" = "'} = ay(a)

1/3)) +a"

for each n € N, so that y(s(z)) = ay(z) whenever z € [1/3,1).

Assume « > 1 and therefore £,(z) has no poles at all so that we have T'(r, e,)
m(r,eq). Since the solution y(z) > 0 only when z > 0, we further have m(r,e,)

5¢a(r). For any r € [3, 1), there exists an n € N such that

S<§)§T<S <§), thatls, 2_”21_T>W’

so that )
n <log, —— <n-+1
1—r
holds. Then a” < e,(r) < o™, that is, " < T'(r,e,) < 2a*!, which implies
nloga —log2 <logT(r,e4) < (n+ 1) loga — log 2,
and thus
logn + loglog v < log(log T'(r, £4) + log 2) < log(n + 1) + loglog .

Since we know

1
logn < loglog 1 —loglog 2 < log(n + 1),

it follows altogether
logn

loglog T'(r,e4) < log(n+ 1)
log(n + 1)

log log ﬁ —  logn

+0(1) <

+o(1)
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as n — 00, that is,

. loglogT(r,eq)
lim T
rt1 loglog +—

=1,

as we expected.

On the other hand,
y(s(x)) —y(@) = (@ = D)y(z)

implies the estimate
m(r, ea(s(z)) @ ga(:@) = T(r,) + O(1).

Remark. We finally add a brief remark on s,(x)-periodic functions. Given a
continuous piecewise linear function 7(z) on the interval [1/3,1/2], define a function
y(z) on [1/2,1) so that for a given point z € [s"(1/3),s" (1/2)], n € N, y(z) :=
7w(s7™(x)). This now implies y(s(z)) = w(s™™(x)) = y(x). We next extend this
y(x) over (—1,1) as an even function over (—1,—1/3] U[1/3,1), and as a constant
in [—1/3,1/3]. The periodicity in [1/2,1) implies that there are two constants ¢y, co
greater than one such that both 1/¢; < m(r,y) < ¢; and 1/¢o < n(r,y) < ¢ hold for
all » € (0,1). By a similar discussion as in the preceding example, we deduce that
logT'(r,y) is comparable with log log ﬁ as r T 1. Thus, the growth is regular and
the order is equal to one, deviating from the case when a £ 1. A completely similar
discussion could be made for the case &« = —1, that is, for the anti-s.(z)-periodic
case.
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