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Abstract. The study of uniformly distributed measures was crucial in Preiss’ proof of his the-
orem on rectifiability of measures with positive density. It is known that the support of a uniformly
distributed measure is an analytic variety. In this paper, we provide quantitative information on
the rectifiability of this variety. Tolsa had already shown that n-uniform measures have big pieces
of Lipschitz graph(BPLG). Here, we prove that a uniformly distributed measure has BPLG locally.

1. Introduction

Understanding the geometry of uniformly distributed measures has been an im-
portant question in geometric measure theory ever since Preiss proved his remarkable
theorem on the n-rectifiability of measures in [P]. This theorem states that, given a
Radon measure o in R?, if the n-density of o

©"(z,0) = lim o(B(,r))
r—0 rn
exists, is finite and positive o-almost everywhere on R?, then there exists a countably
n-rectifiable set F such that o(R%\ E) = 0. The proof of Preiss’ theorem relied heavily
on the study of uniformly distributed measures. Indeed, these measures appear as
blow ups (zoom-ins) and blow downs (zoom-outs) of measures with positive finite
density. We say a Radon measure p in R? is uniformly distributed if there exists a
positive function ¢: Ry — R, called its distribution function, such that

w(B(z,r)) = ¢(r), for all x € supp u, for all r > 0.

An example of note is when the function ¢ is ¢r™ for some ¢ > 0, n < d. These
are called n-uniform measures and appear in many different contexts from geometric
measure theory to harmonic analysis and PDE’s (for instance in [DKT] and [PTT]).

The geometry of the supports of uniformly distributed measures is not very well
understood. Let us start by stating some known facts. As a direct consequence of
Preiss’ theorem, we can deduce that the support of an n-uniform measure is count-
ably n-rectifiable. In fact, the same can be said of uniformly distributed measures.
Indeed, Preiss proved in [P] that uniformly distributed measures “look like” n-uniform
measures on small and on large scales. Their n-rectifiability can easily be deduced
from that fact.

One might expect much more regularity than rectifiability, given the fact that
the property of being uniformly distributed is a global one (i.e. it is a property for
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all » > 0). This turns out to be the case. For n-uniform measures, a classification is
available in some cases. In [P], Preiss provides a classification of the cases n = 1,2 in
R? for any d . In these cases, u is Hausdorff measure restricted to a line or a plane
respectively. In [KoP|, Kowalski and Preiss proved that p is (d — 1)-uniform in R4
if and only if 4 = H? 'V where V is a (d — 1)-plane, or d > 4 and there exists
an orthonormal system of coordinates in which p = He¥ 1 (C x W) where W is a
(d — 4)-plane and C' is the KP-cone (Kowalski-Preiss cone)

(1.1) C = {(w1, 79,73, 74); 73 = 27 + 73 + 73}

The classification for n > 3 and codimension > 2 remains an open question.

On the other hand, in [KiP|, Kirchheim and Preiss proved that the support of a
uniformly distributed measure is an analytic variety, that is the intersection of zero
sets of analytic functions. More precisely:

Theorem 1.1. [KiP| Let p be a uniformly distributed measure over R® and let
u € ¥ where ¥ = supppu. For every © € R% and s > 0, let

(1.2) F(z,s) = / el sl g (2)
Rd

Then:

e ['(x,s) is well-defined and finite for any x € R and any s > 0; moreover its
definition is independent of the choice of u € X
o X =o{z € R, F(z,5) =0}

It is a known fact that an analytic variety of dimension n is a finite union of
analytic n-submanifolds up to a set of H"-measure 0. This confirms the expectation
of regularity but has the disadvantage of not providing any quantitative information
on the regularity of the support.

Let us now turn to uniform rectifiability. This notion was introduced by David
and Semmes (see for example [DS2]). It is a quantitative version of the notion of
n-rectifiability. One possible definition of it is the following.

Let i be a Radon measure in R?, and ¥ its support, 0 € X. We say that an
Ahlfors n-regular measure p has big pieces of Lipschitz graphs (BPLG) if there exist
constants # and M so that, for each z € ¥ and R > 0, there is a Lipschitz function
g from R" to R4 such that ¢ has Lipschitz norm not exceeding M and such that
its graph I" (up to rotation) satisfies

w(B(x, R)NT) > OR".

We say that p has BPLG locally if given K a compact set of RY then for every
x € XN K and every 0 < R < diam(K), there is a Lipschitz function g from R" to
R such that g has Lipschitz norm not exceeding M and such that its graph I' (up
to rotation) satisfies
w(B(x, R)NT) > OR".
In |T], Tolsa proved that n-uniform measures have BPLG.

Theorem 1.2. |T| Let u be an n-uniform measure in R%. Then p has big pieces
of Lipschitz graphs.

Since uniformly distributed measures “look like” n-uniform measures on small
scales one might expect this result to hold locally for uniformly distributed measures.
In this paper, we will prove that this is indeed the case. Namely, we will prove the
following theorem:
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Theorem 1.3. Let i be a uniformly distributed measure in R?. Then i has big
pieces of Lipschitz graph locally.

The proof is analogous to Tolsa’s proof of Theorem 1.2. To apply the techniques
that the author introduced in [T], one needs to use the fact that uniformly distributed
measures locally behave like n-uniform measures and are radially invariant. These
two properties allow us to obtain estimates on the Riesz transforms and to prove
that every ball in ¥ the support of x4 contains a relatively large ball that is flat.

The second step consists in proving that flatness is stable for uniformly dis-
tributed measures. In other words, if the support is flat at small enough scale it
will be flat at all smaller scales. The fact that uniformly rectifiable measures have
n-uniform pseudo-tangents is the key idea allowing us to generalize the stability of
flatness for n-uniform measures to uniformly distributed measures.

2. Preliminaries
Let us first define the support of a measure.
Definition 2.1. Let x be a measure in R%. We define the support of ;1 to be
(2.1) supp(p) = {x € R%: p(B(z,7)) >0, for all 7 > 0} .
Note that the support of a measure is a closed subset of R,

We start with some facts about uniformly distributed measures. The first is a
theorem by Preiss describing the behavior of uniformly distributed measures at small
and large scales.

Theorem 2.2. |P, Theorem 3.11] Suppose p is uniformly distributed in R¢, and
let ¢ be its distribution function. Then there exist integers n and p such that
o(r) ¢(r)

lim and lim —= both exist, are positive and finite.
r—0 prn r—oo 7P

We denote n and p by
n=dimypu and p=dimy p.

We can deduce the following useful corollary about the growth of u at small scales
from this theorem.

Corollary 2.3. Suppose p is a uniformly distributed measure with dimgu = n
and dim., i = p, and ¢ the function associated to . Let R € R,. There exists
C € R, depending on R such that for all r < R, the following holds:

(2.2) C™hr" < o(r) < Cr.
Proof. According to Theorem 2.2 there exist ry and r, such that
w(B(z,r)) ~1",  xeX r<rg,
w(B(x,r)) ~rP, x€X r>ry

If R < rg, the statement follows with a C not depending on R. First, assume
ro < R < ry and take r such that ry < r < R. Then
n p
(2.3) T S 0(r0) < 9(r) < 9lr) S "
To
Now assume R > ro, and let r < R. If rg <r < r., then
n p
(2.4) 2" <" S 0(r0) < 9(r) < Bre) S e < ™
oon TOn
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Finally, suppose ro. <17 < R. Then

(2.5)

roopn< P < <p<an B
T S Too So(r)Sr _@r.

Another theorem in [KiP] states that uniformly distributed measures don’t grow
too fast.

Theorem 2.4. [KiP, Lemma 1.1] Let u be a uniformly distributed measure over
RY 2z € R% 0 < s <r < oo and ¢ its distribution function. Then p(B(z,r)) <

d
54(2)" ¢(s).
Another interesting feature of uniformly distributed measures is that radial func-

tions integrate nicely against them.

Theorem 2.5. M| Let p be a uniformly distributed measure on R¢ and f be a
non-negative Borel function on Ry. For all z,y € supp(u), we have

/ F(lz - =) da(z) = / £l — yl) du(z).

Next, we introduce the following beta numbers initially introduced by Jones.
They quantify how "flat” (or far from a plane) the support of a measure is.

Definition 2.6. Let u be a Radon measure in R?, and 3 its support.

e We define Jones’ ; number of B to be
dist(x, L
(B) = inf sup dist(z, L)

L zc¥NB r

where B is a ball in R?, and the infimum is taken over all n-planes.
e We define the bilateral beta number 03} of B to be

dist(z, L dist(p, X
bG)(B) = inf( sup L &) (z, L) + sup AV Rl (P, )) ,
L \z€XnB r pELNB r

where the infimum is taken over all n planes in RY. We will drop the n
superscript and p subscript when there is no ambiguity.

e We say p is n-flat if there exists an n-dimensional plane V in R? and a
constant ¢ > 0 such that p = cH"LV.

Let us define doubling measures.

Definition 2.7. Let 1 be a measure in R%. We say u is a doubling measure if
there exists C' > 0 such that

(2.6) w(B(z,2r)) < Cu(B(x,r)), for all x € supp(u), for all r > 0.
The smallest such C' is called the doubling constant of .

The two following lemmas relate the weak convergence of a sequence of doubling
measures to the convergence of their supports as sets in R¢. They are analogues of
Lemmas 2.2 and 2.3 from [T].

Lemma 2.8. Let i1, i be doubling Radon measures, all having their doubling
constants bounded by the same positive C' > 0. Let X;, X be the supports of yi; and
p respectively, and B a closed ball in R? such that BN'Y # 0, and BNY; # ) for
all j. If ji; converges weakly to pu (p; — p), then dg ,5(%;, %) converges to 0, where

dg,5(U,V) = sup dist(x,V N2B)+ sup dist(z,UN2B).

xeUNB z€VNB
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Proof. We first prove that SUP,cx B dist(p, > N 2B) — 0. Suppose not. Then,
without loss of generality there exists € > 0, p; € ¥; N B, for j > 0, such that

B(p;,2¢)NLN2B = 0.

In particular, u(B(p;,2€)) = 0. Let x;, ¥ be functions compactly supported in 4B
such that Xp(p,.c) < Xj < XB(p;,2¢), and x5 < X < X35 There exists k; > 0 such that

2B C B(p;,2"e¢).
In particular, since p; € B is closed,

log(2r(B)) — log(e)
b log(2) =5

where K does not depend on j. Since p; are all doubling, we have:
C (2B < 15(Bloy ) < [ ;s

On one hand, 1;(2B) > [ xdp; and [ Ydup; — [ X du > 0 imply that liminf [ x; du; >
0. On the other hand, since [ x; dp; < [ x d(u—p;)+n(B(p;, 2€)), then [ x;du; — 0
as j — oo, yielding a contradiction.

We now prove that sup,cy5 dist(p, 3; N 2B) — 0. Suppose not. Then there

exists € > 0, and, without loss of generality, points z; € XN B such that: B(z;,2¢)N
¥; N 2B = 0. In particular, pu;(B(x;,2¢)) = 0. Passing to a subsequence, we can
assume that x; — z, v € ¥ N B since ¥ N B. So there exists NV such that, when
j > N, |z —z;| < e Consequently, B(x,e) C B(xj,2¢) and p;(B(x,€)) = 0. Let
¢ be a function compactly supported in 4B such that XB(¢) < ¢ < XB(ze)- Then,
on one hand, we have [ ¢ du; = 0, implying that [ ¢dp = lim [ ¢du; = 0. On the
other hand, [ ¢du > p(B(z, £)) > 0, yielding a contradiction. O

Theorem 2.9. Let pu;, i be doubling measures, with the same doubling constant
¢, B a ball such that pi; — pu, 5, NB#0, XN B #(. Let 0 <n <d. Then

(2.7) 5 lim sup ;. <§B) < BL(B) < 211m1nfﬁuj(2B),
(2.8) 3 lim sup b3, <§B) < bB;(B) < 2liminf by (2B).

Proof. The proof is an easy consequence of Lemma 2.8. We prove that BZ(B) <
21iminfﬁﬁj(23) as an example. Take any z € ¥, N B. Let y € ¥ N 2B be such
that | — y| = dist(x,X N 2B). Pick any n-plane L . Then dist(x, L) < dist(z, X N
2B)+dist(y, L), implying that inf; sup,cy g dist(z, L) < sup,ey,;np dist(z, 2N2B)+
inf; sup,eynop dist(y, L). Therefore, 3;(B) < 28, (2B). O

To describe the local geometry of a measure, we study objects called its tangents
and pseudo-tangents.

Definition 2.10. Let p be a Radon measure on R%.

e We say that v is a tangent measure of i at a point a € R? if v is a non-zero
Radon measure on R%, and if there exist sequences (r;) and (¢;) of positive
numbers such that r;, — 0 and ¢;1;,, 0 — v, as @ — oo. Here, T, ,.fij is the
push-forward of ;1 under the bijection T, ,(z) = £=2.

T
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e Let X denote the support of the measure u. We say that p is n-uniform if
there exists ¢ > 0 such that for all z € X, for all r > 0, the following holds:
w(B(z,7)) =cr™.
In [P, Theorem 3.11|, Preiss showed that if 44 is an uniformly distributed measure,
there exists a unique n-uniform measure A such that:
(2.9) r "o — A, as r — oo,

for all z € R%. )\ is called the tangent measure of ; at co.
A remarkable fact about this measure \ is the following “connectedness at oo”

for the cone of uniform measures. The following is a version of this result formulated
by Tolsa in [T.
Theorem 2.11. |P| Suppose u is a uniformly distributed measure in R%, X its
tangent at oo.
e [fn=1,2, then p is flat.
e [fn > 3, there exists a constant 1y depending only on n and d such that, if A
satisfies the following:

(2.10) AR (B(0,1)) <,
then p is n-flat.
Let us define the notion of asymptotically optimally doubling measures.
Definition 2.12. If x € X, r > 0 and t € (0, 1], define the quantity

p(B(z,tr))
(2.11) Ry(z,r) = ————5 —t".
t u(B(z,r))
We say p is asymptotically optimally doubling if for each compact set K C X, x € K,
and t € [1,1]

(2.12) lim sup |R:(z,r)| = 0.

r—0% zeK
We define Ahlfors regular and locally Ahlfors regular measures.

Definition 2.13. Let x be a Radon measure in R¢, and ¥ its support.
e We say p is Ahlfors n-regular, 0 < n < d if there exists a constant ¢; such
that:
(2.13) ' < p(B(x,r)) < cr”, forallz €2, 1> 0.
e We say p is locally Ahlfors n-regular if for all K compact, there exist constants
ckg > 0 and rg such that, forallz €e XN K, 0 <r < rg,
" < (B, 1)) < cgr™.

The notion of uniform rectifiability was introduced by David and Semmes in
[DS2]. Tt is a quantitative version of the notion of n-rectifiability.

Definition 2.14. Let x be a Radon measure in R%, and ¥ its support.

e We say g is uniformly n-rectifiable if it is Ahlfors n-regular, and there exist
constants € and M so that, for each x € ¥ and R > 0, there is a Lipschitz
mapping ¢ from R™ to R? such that ¢ has Lipschitz norm not exceeding M
and such that

n(B(z, R) Ng(R")) = 0R".
We say ¥ has big pieces of Lipschitz images (BPLI).
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e We say p is locally uniformly n-rectifiable if it is locally Ahlfors n-regular,
and for every compact set K, there exist constants Ry, 0 and My so that,
for each x € XN K and 0 < R < Rg, there is a Lipschitz mapping g from R”
to R? such that g has Lipschitz norm not exceeding My and such that

pw(B(x, R)Ng(R")) > 0k R".
Our final definition is of the Riesz transforms of a measure.

Definition 2.15. Let p be a Radon measure in R%. The Riesz transform of p
for 2y € supp(p), 0 < r < s is defined as

20 Y
Reantzo) = [ Y duty).
r<|zo—y|<s ‘z(] - y‘
In [T], the following estimate on the Riesz transform was an essential tool for
Tolsa’s proof of the uniform rectifiability of n-uniform measures.

Lemma 2.16. [T] Let 1 be a Radon measure, ¥ = supp(p), n < d. Let B be a
ball centered in ¥ and r(B) its radius. Suppose that there exist constants k, ¢; such
that

(2.14) et < u(B(w,r)) < eir”, forz € BNY, kr(B) <r <r(B).
Moreover, suppose that for some € > 0, we have

d—1
(2.15) B, (B(x,r)) > € forx € BNY, sr(B) <r <r(B).

Then, for any M > 0, there exists ko (ko = k(M,¢€,¢1)), such that if kK < kg , then

there exists r, kr(B) < r < r(B), and points z,2y € BN X, with |z — z| < kr(B)

satisfying

r — 2y

kr(B)
Finally, we state the following theorem from [DT] which will be used in the final

step of the proof.

Theorem 2.17. |DT| Let E be a set that is locally Ahlfors-regular and that
satisfies for € small enough, bB,(B(x,r)) < €, for every x € E and every 0 <r <1
where , n = H™_E. Then there exist constants § > 0 and M > 0 depending only on
n, d and the Ahlfors regularity constant such that for xt € E and 0 < r < 1, we can
find a n-plane P and an M-Lipschitz function F': P — P+ such that

IU“(FF N B([L’, T)) > 9Td>
where I'r denotes the graph of F'.

(216) : R,{T(B)WM(Z()) Z M.

3. Existence of big flat balls for uniformly distributed measures

We start by proving that the Riesz transform of a uniformly distributed measure
is locally bounded. The two following lemmas are local analogues to Lemmas 3.1 and
3.4 in [T] for uniformly distributed measures. Their proofs follow closely the proofs
of their counterparts in |T].

Lemma 3.1. Let p be a uniformly distributed measure, dimg(p) = n, R > 0.
Let zy € ¥, 0 <r < R. Then we have

T — 2o

Ry spi(20)| < e, forallr < s < —, and for all x € B(zo,7)

1R=v

r
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where ¢ depends only on R.

Proof. Without loss of generality, assume zy = 0. For r, s fixed, 0 <7 < s < g,
define the function ¥: R — R to be a compactly supported C'* function with the
following properties:

0 if[t| >2sor|t| <Z,
w):{ t]>2s or |t <

= ifr <t < s,

and
(11
(3.1) ¥ (t)] < ¢ min (—n, t—n) for all ¢ € R.
T

We also require that

(3.2) W/ (£)] < cmin ( C

W, W) fOI' all ¢ € R.

We define real-valued functions p and ¥ respectively from R and R as follows:

p<u>=—/°°w<t>dt, WER,

and

U(y) = p(lyl), yeR™

Since p is uniformly distributed and W is radial, for all = € B(0, ) Nsupp(u), we
have by Theorem 2.5

(33) [ v dnt) - [ v dut) =o.
On the other hand, Taylor’s formula gives
1
(3.4) U(r —y) —V(—y) =2 VU¥(—y)+ §xT NV2U(E,,) - T,

where &, , € [z —y, —y] C R% Note that V¥(2) = (|z]) - 757 implying that

(3.5) Ry(0) = / L V) dny)

since 9(]z|) = %% when |z| € (r,s). Combining (3.3),(3.4) and (3.5), we get

- ‘Z‘"

x-/|< V¥(—y) du(y)—mRr,su(OHx-/ VU (~y) du(y)

+ %SUT : </ VAU (&) du@)) -z = 0. h

This gives

©8) - Rep@) = [ vyt ([ e dut) o

Let us estimate the right hand-side of (3.6). Using the inequalities (3.1) and (3.2)
and Corollary 2.3, we get the following estimates on the first term in (3.6):

V() du(y)' < £u(BO.r) < C sincer < R

‘ ly|<r
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and since 2s < R

V¥ (—y) du(y)‘ =

‘ ly|>s

where C' depends on R. Let us now estimate the second order derivative of U using
the fact that

‘Vz\lf(gx,y)‘ < cmin( ! L ) :

Brn—l—l ) |£x,y‘n+1

More specfically, we show that

/}Vz‘lf(fxvy)} dp(y) < %

If Jy| < 2r, we get [V2U(E,,)| < T,n—cll If |y| > 2r, then ‘—3' < |z —y| < 2|y| implies

that |&,,] ~ |y| and hence |V2W(E, )| < WLLH Therefore, since p is uniformly
distributed, and v compactly supported in [—R, R], we get

1 1
VAU (¢, dySC/ dy+0/ —— du(y),
[l <e [ Srae| o)
c 1
g——i—c/ ———du(y), since 2r < R.
r 2r<]y|<R |y|n+1 ( )

We claim that

1 c
oo duly) < -
/27’<|y<R ‘y‘n—l—l r
Indeed,
1
1 (2r)nFl 1
[ = [ (< e
2r<|y|<R Y| T t(ntD)
1
(@) 1
[ () ) o
RN+
(ryn+T
L. @D 2r R 2r
This gives
|z
|z - R, p(0)] < cla| +c— <er
r
since |z| < r. O

Lemma 3.2. Let i be a uniformly distributed measure, n = dimg pu, n < m < d,
e > 0. Let K be a compact set, R = diam(K). There exist constants d, T depending
only on €, K, n and d such that if B is a ball centered in > N K, with r(B) < R and
BM(B) < 9, then there exists a ball B', B' C B, centered in 3. such that B;T_l(B’) <e
and r(B') > 7 - r(B) where r(B) denotes the radius of B.

Proof. Let L be a best approximating m-plane for 37"(B). In particular, for any
ze XNk,

(3.7) |z —7(2)| < or(B),
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assuming that §'(B) < ¢ for a § to be chosen later. Denote 7, the orthogonal
projection onto L, by 7w and define the measure v on L to be

v(A) = pu(r ' (A)N B) for AC L.

Let x € %B N, where 3 = supp . On one hand, denoting by By (z,r) the ball
in Lie. B(z,r)NL, wehave B(z,r) C # ' (B(z,r)) N B when r < T(f)

c " < u(B(z,r)) < v(B(z,7r)).

On the other hand, if J is the maximal number of disjoint balls of radius r that can
be contained in 77! (B(z,r)) N 2B, then we claim that

J < w(2r)""92r(B)

Indeed, assuming that L is the m-plane {(y1,...,%a); Yms1 = ... =yq =0} , the
union F of these J balls is included in the cylinder

C={y; 1,---,ym) € Br(x,7), y; € (=2r(B),2r(B)), j > m}.
Thus
J - LYB(0,7)) < LYC) = wmr™2r(B)*™.

Let {B;} be a disjoint collection of balls of radius r such that B; C #=!(Br(z,r)) N
2B C |J5B;, obtained by a Vitali covering. In particular, by the above argument,
there are at most J of them. Then, if ér(B) < r < r(B), where § is to be chosen
later, we have

V(B (z,7)) < 1 (U 53,.) < Jeen ()" < (@) opr(B) T 2r)" < =

Hence, letting C' = &%, we have

1 -
C™h" <wy(B(z,r)) < Cr", when z € §B N, or(B) <r <r(B).

We first claim that for all zy € 1B N 5, and ro, 7 with 627(B) < ro < r < r(B), if 0
is small enough, then

r — 29

(3.8) Re,v(z0)| <e¢, forz e XN B(z,r0).

To

Let us finish the proof of the lemma before proving (3.8). Choose ¢ > 0. Let
Ko = /{0( ) be as in Lemma 2.16. Let § be small enough for (3.8) to hold, §2 < kg
and 62 < 5. Identify L with R™. Since v satisfies (2.14) but not (2.16), then (2.15)

cannot hold Namely, there must exist a ball B’ centered in 3, and r(B') > §2r(B),
such that 5""*(B’) < je. We also have B’ C 3B by the same argument as in the
proof of Theorem 2.16 in [T]. Let L’ be a best approximating (m — 1)-plane for

pm=1(B’). We claim that the following holds:
(3.9) ENB C U, o (L),

where Usimys ex(s)) (L') denotes the (6r(B) + GT(B )-neighborhood of L'. Indeed, we

have

(3.10) Br (B <

DO ™
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Suppose z € ¥NB'. Then z = 7(z)+7.(z), where m and 7,1 are the projections onto
L and L+ respectively. Since XNB’' C ¥NB and 8(B) < §, we get |71 (2)| < 6r(B).
Moreover, by (3.10), dist(n(z), L") < §r(B’). Thus, for all z € X N B’,

<mu@y>gp—w@ﬂ+&a@@%y)g&un+gm37
Therefore

or(B) + §r(B') €
<602+ -<e
By ST
We now prove (3.8). Pick z € $B N 5, 7o, r such that 5%7“(3) <rg<r<r(B).

Choose any = € XN B(zy, 7o), and let 21,2, € $N B be such that m(z;) = 2o, 7(z1) =
x. Then

B (B <

(3.11) TR vz <A+ B+C,
To

where
Xr — Z

(3.12) A=[E2 Ry a) - Rro,ru<zl>>’ ,

(3.13) B = (I — ZO) — (171 — Zl) : Rromu(zl)

To
and
(3.14) C= ‘“;O 2 Reyoil(21)|-

Estimating A. Let us first estimate (3.12). We denote the kernel of the Riesz
transform by K, and the annulus in R? by A(zg,70,7) = {y € R% 70 < |y — 20| < 7},
the annulus in L by Ay (zg,70,7). Then, we can write

Ry rv(20) = / K(zo — 7(y)) duly)
BNr—1(AL(z0,r0,r))

and

|RTO7TV(ZO) - Rro,rﬂ(zlﬂ
15 =|f Ko s du) =~ [ K- p)auty)

Bnr—1(AL(z0,r0,7)) A(z1,r0,7)

< S+ Ss.

where
S, = / |K (20 —7(y)) — K(z21 —y)| du(y),
Blﬁlﬂ'*l(AL(Zo,To,T))

and

Sg =

/ K(z —y)du(y) — / K(z1 —y) du(y)' :
Bﬂﬁfl(AL(ZO,’f‘o,’f‘)) A(Z17T07T)

Estimating Sy from (3.15). To estimate S;, we need the following intermediate
estimates. First, note that if y € BN 7w~ (AL(20,70,7)) N Y, it follows from the fact
that |20 — y|? = |20 — 7(v)|? + |7 (y) — y|* and 7 (y) € AL(20,70,7) that the following
holds

(3.16) 120 =y = |20 — m(y)| = 70
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Second, by (3.7),

(3.17) (20 = 7(y)) = (21 —y)| < |20 — 21| + [y — w(y)| < 20r(B).
Similarly, we claim that
(3.18) %|z0 _ oyl < |z —7(y)| < 27—yl and %|z0 oyl < |z — ] < 2020 — ol
Indeed, on one hand assuming ¢ small enough that or(B) < 3ro,

120 =yl <20 = 7(W)| + [7(y) =yl < |20 — 7(y)| + 07(B)

< J20 = 7ly)| + 570 < 2 — m(y)|, by (3.16).
On the other hand
20 = m(W)] < |20 =yl + [y = 7(y)]
< o=yl + gro <2z —yl, by (B7).

The other estimate in (3.18) follows similarly. On one hand,

|20 =yl < |20 — 21| + |21 —y| < 0r(B) + |21 — ¥
<lzo—7(W)| + |21 —y| < 2|21 —y|, since zg = m(z1).

On the other hand,
|21 =yl <21 — 20] + [20 — y| < 07(b) + |20 — y| < 2[20 — yl.

Thus, to estimate S7, noting that

20 — () 1Y
|K(z0 — m(y)) — K(z1 —y)| < 120 — ()"t |z0 — w(y) [P
(3.19) ay Y
20 = 7)™tz =y
=: Dy + Do,

one obtains on one hand, using (3.16) and (3.17),

|20 — m(y) — (21 —y)| _ 2""'Cér(B)
3.20 D, = < ,
(3.20) S T T r) S g

and on the other hand, using (3.17) and (3.18),

Dy = |21 — o] |21 =y = |20 — 7 (y) ™!
o = g™ [z — w(y) |
n+1
20 — T\Y
(3.21) sq%%f%%;wa—m—m—ﬂmw
<C or(B)

= "zg —y|rtY
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Putting (3.20) and (3.21) together gives

or(B
1= / Ln)ﬂ
Bnr—1(Ag (z0,70,7)) R

or(B)
<c / Ty du(y)
Lro<ly—zol<2r |20 — Y[

(Gt 1
<ort) [T u({n g i}

orn+1
(2
70 1
< cr(B) (B, 7)) dt
27‘7}«%1
(7o)t

< 5r(B) / o g

1 tn+1
2701

dp(y)

(3.22)

< C'or(B)

<1 by choosing 5z < O,
To

Estimating Sy from (3.15).

/ K(z —y)du(y) — / K(z —vy) d,u(y)'
Bnr—1(Ar(z0,r0,r)) A(z1,r0,7)

K (21 —y)| dp(y).

Sy =

<

/Bﬂ(wl (AL (z0,m0,m))AA(z1,70,7))

Now, we claim that for 6 > 0 small enough, we have

1 1
(3.23) 2NBN (7~ (AL(z0,70,7)) AA(21,70,7)) C A (zl, §r0,2r0) UA (zl, 3" 2r) :

We will only treat the case where 7(y) € A(20,70,7) and y ¢ A(z1,70,7). The other
case follows in exactly the same manner. First, note that in the above case, either
ly — z1| < 19, implying in particular that |y — z1| < 2ry. Moreover, for such a v,

ly— 2| = |7(y) — 20l = ly = 7(y)| — |21 = 20| =70 —20r(B) by (3.7)
S 1
—r
=9 0
and hence, y € A(z1, 379, 2ro). Otherwise, |y — 21| > r (a fortiori, |y — 21| > 3r) and
ly— 21| < |y —7(@)|+[7(y) — 20| + 21 — 20| < 207(B) +r < 2r
implying y € A(z, 37, 2r). Hence,
1 1
SNBN(m (A2, 70,7)) N A(21, ro,r)c) Cc A (zl, 570 2r0) UA (zl, 3" 27’) .
Using (3.23), we obtain

1 1
Sy < / ———du(y) +/ ————du(y)
A(zl,%ro,2ro) |Zl - y| A(zl,%r,%") |Zl - y|

< g MBE12m) | o p(BG12)
70 rn

(3.24)
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The estimates (3.22) and (3.24) combined give

x — 2 x—z
= (Reyrv(20) = Rygrit(21))] < |——
To To
Estimating B. Let us now estimate (3.13): first note that

(x—20) — (1 — 21)| < |x — 21| + |20 — 21] < 207(B) by (3.7).

(3.25) Lo<C

Moreover,

1
Ryyopi(21)] < /

ro<|y—z1|<r |y - Zl|n

< / Uy Ky — ) > 7)) de

—-n

< / i %dt < Clog <T<B)) < C'og(9)].

—-n TO

du(y)

Therefore, assuming ¢ is small enough,
or(B)

To

(= 20) — (¥1 — 21)

(3.26) < Csz|logs| < C

<C

 Rrgpii(20) | log |

Estimating C. Finally, we estimate (3.14): we want to apply Lemma 3.1 to

evaluate

B2 Ry ppi(21)]. But we do not have z; € B(z1,79). Nevertheless, we
have

(3.27) |1 — 21| <|zxo — 20| + |20 — 21| + w0 — 1| < |wo — 20| + 267(B) < 2r.
Using (3.27), and applying Lemma 3.1 to the first term, we have

T — 21

Ty — 2 T —z

) Rm,rﬂ(z1> <2 : R2romu(zl) + ) Rro,%oN(Zl)

To To To
(3.28) <9oc4 | A

: |Rro,2roﬂ(zl)| .

To

To estimate the second term on the right hand side of the inequality in (3.28), we
simply notice that

(3.29) | Rrg2rott(21)| < 7o " 1(B(21,2r0)) < €.

This implies the uniform boundedness of C'.
Combining our estimates in (3.25), (3.26), (3.28), and (3.29), we have proven

the claim we had set out to prove: namely, that for all z, € %B N>, and 7o, r with
537(B) < 1o <1 < r(B), if § is small enough,

T — 2

(3.30) Ry v(20)| < ¢, forxe 5> N B(z0, o). O

To
Theorem 3.3. Let pu be a uniformly distributed measure with n = dimg p, K
a compact set. For every € > (0 , there exists some 7 > 0 such that every ball B
centered in Y. and contained in K, contains another ball B" also centered in Y., which
satisfies 3(B') < €, and r(B') > 7r(B). Moreover, T only depends on ¢, K, n and
d.
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Proof. We just apply Lemma 3.2 (d — n) times. Indeed, since ﬂffl)(B) = 0, there
exists By C B, @(Ld_l)(Bl) < €, 1(By) ~ r(B). By induction, we get a ball B;_,, C B,
r(Bi—n) ~ 1(B), fln)(Bd_n) < €4-n. Making the successive ¢;’s as small as needed,
since there are only finitely many steps, letting ¢ = ¢;_,,, and B' = By_,,, we get
e >0, B C B, r(B') ~r(B) such that 8(B) < e. O

4. Stability of the B-numbers

In the following section, we will write 5(B) for 5™(B).

Lemma 4.1. Let ;1 be a Radon measure, ¥ its support. Let i, , be the following
measure (and X, , its support):

tan(A) = p(rA + ).

Then we have

(4.1) 0By, (B) = bBu(rB + x)

Proof. It is easily seen that ¥ = rX,, 4+ . Let L be an n-plane.

Lety € ¥,,NB. Then y' = ry+z isin ¥NB,, and dist(y, L) = L dist(y’, L+ ).
Hence,

1
(4.2) sup dist(y, L) = — sup dist(y/, L + z).
Yg,rNB T ¥nBy »
On the other hand, let p € L N B. Then dist(p, X, ,) = %dist(rp + x, %), where
rp+ax=p,p € (L+z)NB,,. Hence,

(4.3) supdist(p, X, ,) = sup dist(p/, X).
LNB L+Z'OBLC,7“

Adding (4.2) and (4.3), and taking the infimum over all n-planes proves (4.1). O

We can now prove the following theorem. It states that the flatness of 1 on a fixed
number of bigger scales than B implies flatness at scale B. Its proof is analogous to
the proof of Lemma [3.6] in |T].

Lemma 4.2. Let i be a Radon measure on R¢ that is uniformly distributed with
dimg () = n and K a compact set in R%. Let € > 0, and &y be 1y from Theorem 2.11.

There exists an integer N > 0, depending only on n, €, d and K such that for every
ball B centered in ¥ N K, if

je )

0 1<Ek<N,

Wch/mﬁng,

then
bBu(B) <e.

Proof. We argue by contradiction. Suppose there is no such N. Then, for every j,
there exist a n-AOD measure u;, a ball B; = B(z;,7;), z; € KNX, 2/r; < diam(K)
such that

5uj(2kBj) S%a ]-Skgja
but
(4.4) b6, (B;) > e
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Note that 2; € XN K, 27r; < diam(K) imply that, passing to a subsequence, r; — 0
and z; — x, v € K, as j — oo. Now, let ; be the measure defined as

oy (A + )
vi4) = 1 (By)

j
There exists some subsequence of p; that converges weakly to a measure v as
j — o0. Indeed, for any ball B(0, R), R > 1, if ¢, is the distribution function of y;

we have
pi(riB0, R) +x;) _ ¢;(Rr;)
15 (B;) ;(r;)
according to Theorem 2.4. Since each v; is uniformly distributed, v is also uniformly

distributed. Moreover, since the p;’s are doubling with the same constant, using
Lemma 2.9 and (4.4),

208, (B(0,2)) > limsup bBv;(B(0,1)) = limsup b3, (B;) > «.

j—o0 j—o0

< 5'R%,

On the other hand, for all £ > 0, by (4.4),
k—1 o k - k do
B,(B(0,2"77)) < 2liminf 3,,(B(0,2%)) = 2liminf 8, (2"B;) < -
j—00 j—00 2
Let A be the tangent measure of v at co. Define 14, in the following manner:

n(a) = "2,

Then v, — X and
Br(B(0,1)) < 2 lim inf B,.(B(0,2)) = 2 lim inf B,(B(0,251) < 4.

By Theorem 2.11, this implies that v is flat, contradicting b5, (B(0,1)) > €. O

We prove that a uniformly distributed measure is doubling and asymptotically
optimally doubling.

Lemma 4.3. Suppose p is a uniformly distributed Radon measure in R? with
dimg g = n, dim,, p = p and such that p(B(z,r)) = ¢(r), for v € ¥. Then pu is
doubling and asymptotically optimally n-doubling.

Proof. We first prove that u is doubling. This follows easily from Theorem 2.4.
Indeed, if = € supp(p), r > 0,

u(B(x,2r)) < 10°u(B(z,1)).

To prove that u is n-asymptotically optimally doubling, let K be a compact set
such that K NY # (), and 7 € (0,1). Choose z in K NX. Then

u(Bla, 7)) _ o(rr)
W(Br) o)

and hence, using Theorem 2.2,
B B
fm sup PBET) e MBETD) 60
r0gexns W(B(x,7))  r0sexns p(B(x,r)) =0 @(r)
o) -
P e ()

The proof of the following corollary is analogous to the proof of Theorem [4.2] in
|[PTT] since uniformly distributed measures are n-AOD and doubling.
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Corollary 4.4. Let i be a uniformly distributed measure on R, K compact set
in R%. Fixn > 0. Then there exists § > 0 depending on 7, i1, n and d such that if B
is a ball centered in ¥ N K, with 8,(B) < 6, then bB3,(B') <1 for any ball B' C 5B
centered in X.

We can finally prove Theorem 1.3. The proof is identical to the proof of Theorem
[1.2] in [T]. We repeat it for the reader’s convenience.

Proof. Let K be compact, ¢ > 0. By Theorems 3.3 and 4.4, there exists ¢
depending on € and K such that any ball centered in > N K contains a ball B’,
r(B’) > c¢r(B) contained in B such that every ball B” centered in ¥NK and contained
in 1B’ satisfies b3,(B”) < e. An application of Theorem [15.2] from [DT| gives the
result. U
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