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Abstract. In this paper we define the A-central BMO spaces and the central Morrey spaces
with variable exponent. We obtain the boundedness of the singular integral operator Tq  and its
commutator [b, T ] on central Morrey spaces with variable exponent, where Q € L*(S"~ 1) for
s > 1 be homogeneous function of degree zero, 0 < a < n and b be A-central BMO functions.
As applications, we consider the regularity in the central Morrey spaces with variable exponent of
strong solutions to nondivergence elliptic equations with VMO coeflicients.

1. Introduction

The study of Morrey spaces can be traced to the work of Morrey [16] on the
regularity of solutions of some partial differential equations. In [1|, Alvarez, Lakey
and Guzman-Partida introduced A-central bounded mean oscillation spaces and cen-
tral Morrey spaces, which are generalizations of spaces of bounded central mean
oscillations. These A-central bounded mean oscillation spaces, Morrey type spaces
and related functional spaces have interesting applications in studying boundedness
of operators including singular integrals and Hausdorff operators; see, for example
[5, 6, 11, 21, 22, 23, 29, 30]. On the other hand, due to their wide applications in
electrorheological fluids [19], image processing |2, 3| and partial dierential equations
with non-standard growth [12, 31], the theory of function spaces with variable expo-
nents have attracted a lot of attentions in recent years. In particular, such theory
have achieved great progresses after the notable work of Kovacik and Rékosnik [14]
in 1991; see |6, 8| and the references therein. In 2015, Mizuta, Ohno and Shimomura
introduced the non-homogeneous central Morrey spaces of variable exponent in [15].
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Recently, Wang et al. introduced the central BMO spaces with variable exponent and
gave the boundedness of some operators in [25].

Motivated by [1,11,15,25], we aim to develop the A-central BMO spaces and
central Morrey spaces in the setting of variable exponents. We will study the bound-
edness of the singular integral operator with rough kernel 7T, and its commutator
[b, T,o) on central Morrey spaces with variable exponent. We will also consider the
regularity in the central Morrey spaces with variable exponent of strong solutions to
nondivergence elliptic equations with VMO coefficients.

Let us explain the outline of this article. In Section 2, we first briefly recall some
standard notations and lemmas in variable Lebesgue spaces. Then we will define the
A-central BMO spaces and central Morrey space with variable exponent, and give
some properties of these spaces. In Section 3, we will establish the boundedness
for Calderén-Zygmund operators and fractional integral operators on central Morrey
spaces with variable exponent. Subsequently the boundedness of singular integral
operator with rough kernel T, , and its commutator [b, T ] on central Morrey spaces
with variable exponent will also be obtained in Section 3. In Section 4, we will
consider the regularity in the central Morrey spaces with variable exponent of strong
solutions to nondivergence elliptic equations with VMO coefficients.

In addition, we denote the Lebesgue measure and the characteristic function of a
measurable set A C R™ by |A| and x4 respectively. The notation f ~ g means that
there exist constants C7, Cy > 0 such that Cig < f < Cag.

2. A-central BMO spaces and central Morrey
spaces with variable exponent

In this section we first recall some basic properties of variable Lebesgue spaces,
and then introduce A-central BMO spaces and central Morrey spaces with variable
exponent.

Given an open set £ C R", and a measurable function p(-): E — [1,00),
LP)(E) denotes the set of measurable functions f on E such that for some 1 > 0,

() e

This set becomes a Banach function space when equipped with the Luxemburg—

Nakano norm
p(z)
||f||Lp<-><E>=mf{n>o: / (@) dazgl}.
E

These spaces are referred as variable LP spaces, since they generalized the standard
LP spaces: if p(z) = p is constant, then LP()(E) is isometrically isomorphic to LP(E).
The space L) (E) is defined by
L{’O(Q(E) = {f: f € LPY(F) for all compact subsets F C E}.
Define P(E) to be set of measurable functions p(-): E — [1, 00) such that
p~ =essinf{p(z): z € F} > 1, p*' =esssup{p(x): r € E} < o0.

Denote p'(z) = p(x)/(p(z) — 1).
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Let f be a locally integrable function. The Hardy—Littlewood maximal operator

is defined by

Mf(e)=swp = [ 1f)|dy,
BB:U|B| BNE

where the supremum is taken over all balls B containing z. Let B(E) be the set of
p(+) € P(E) such that M is bounded on L") (E).

In variable LP spaces there are some important lemmas as follows.

Lemma 2.1. [3] Given an open set E C R". If p(-) € P(FE) and satisfies

C

(2.1) Ip(z) — p(y)| < m> lz—y[ < 1/2,
and

C
(2.2) Ip(z) — p(y)| < Tog(lz] +¢) ly| > ||,

then p(-) € B(FE), that is the Hardy—Littlewood maximal operator M is bounded on
LPO(E).

Lemma 2.2. [14] Given an open set E C R™ and let p(-) € P(E). If f € LPO(E)
and g € L’ )(E), then fg is integrable on E and

/E [f(@)g(@)| dw < rp|[ fllzoer ) 9]l v (1

where
r,=1+1/p~ —1/p*.

This inequality is named the generalized Holder inequality with respect to the
variable L” spaces.

Lemma 2.3. [13] Let p(-) € B(R™). Then there exists a positive constant C
such that for all balls B in R™ and all measurable subsets S C B,

ol o clB] - sleow o (19)" el o (19)")
HXSHLP(')(R”) S| HXBHLP(‘)(R”) |B| HXBHLP’(‘)(R") | B
where 0 < 01,09 < 1 depend on p(-).

Lemma 2.4. [13| Suppose p(-) € B(R"™). Then there exists a positive constant
C such that for all balls B in R",

1
—HXBHLP(')(R")||XBHLP’(-)(R”) <C.
| B

Now we recall that the A-central bounded mean oscillation space and the central
Morrey space in [1] are defined as follows.

Definition 2.1. Let 1 < ¢ < oo and A < 1/n. The A-central bounded mean
oscillation space CBMO?*(R™) is defined by

CBMO™(R") = { f € LL(R™): ||/ lenmiommn < 00}

loc

where

1 1/‘1
[T F—— (— [ 1rtw) =~ foon |qu) .
CBMOTER™) T 120 \IB(0, R)[" [ 50 gy (O

>0
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Definition 2.2. Let 1 < ¢ < co and A € R. The central Morrey space B%*(R™)
is defined by

BIR") = {f € LigeR"): | fll gor@n) < OO}’

where

1 1/q
3a A (Rn) = SUP | T oy ie x)|?dx .
Wl =3 (T ")

Next we extend the above definitions to the case of function spaces with variable
exponent.

Definition 2.3. Let ¢(-) € P(R") and A < 1/n. The A-central BMO space with
variable exponent CBMOY"*(R™) is defined by

CBMOTINRY) = { £ € LR | Flommonrnmn < 20

where
sup I(f = fB(O,R))XB(O,R)HLq(-)(Rn)'
r>0 |B(0, R)[MIxB0.») L) ()
Definition 2.4. Let ¢(-) € P(R") and A € R. The central Morrey space with
variable exponent B (R™) is defined by

BIOAR?) — {f € LIO®R™): || fll pocrrmmy < OO} ’

HfHCBMO‘I(')’A(R”) -

where

30() A (Rn) = :
BEAERY T 20 | B(0, R)PMIXa0,R) | Lo @)
Remark 2.1 If ¢(-) = ¢ is constant, then we can easily get the Definition 2.1
and Definition 2.2 respectively.

Remark 2.2. The space CBMO?0)*(R") when A = 0 is just the space CBMO?")
(R™) defined in [25].

Remark 2.3. Denote by CMO?0*(R™) and B0 (R™) the inhomogeneous ver-
sions of the A-central BMO space and the central Morrey space with variable expo-
nent, which are defined, respectively, by taking the supremum over R > 1 in Defi-
nition 2.3 and Definition 2.4 instead of R > 0 there. Obviously, CBMOYO*(R") C
CMOYONR™) for ¢(-) € P(R™) and A < 1/n, and B*)A(R") c B/ (R") for
q(-) € P(R") and A € R. Recall that the inhomogeneous central Morrey space of
variable exponent was introduced by Mizuta, Ohno and Shimomura in [15].

Now we give the relationship between the spaces Bq(')”\(R”) and CBMO‘](')’)‘(R").

Theorem 2.1. Let ¢(-) € B(R") and A < 1/n. Then B*)*(R") is a Banach
space continuously included in CBMOYA(R™).

Proof. Firstly we will prove B)*(R™) is a Banach space. Let {fi} be a Cauchy
sequence in BIOA(R™). Then for ¢ > 0, there exists N(¢) € N such that ||f; —
fillgaoagmny < € for i,j > N(g). Let ny = N(5%). Then there is a subsequence,
denoted by {f,,}, such that

||f"k+1 - fnk”Btz(-),/\(Rn) < ﬁ
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We set
f(@) = fu (@) +

NE

(fnk+1(x) - fnk(x))v HS an

e
I

1
and

9(@) = fus @)+ D [ (@) = fu,(@)], =€ R

Let SN(f> = f”l +chv:_ll(fnk+1 _f”k) = an and SN(g) = ‘fm‘ +22V:_11 |fnk+1 _f”k‘
Then by the Minkowski inequality, we have
1S5 (9)xB0.8) || L9 )

r>0 | B(0, R)|MIXB(0,R) |l Lat) m)
N-1

15(9) lgn0 gy =

||(fnk+1 - fnk)XB(O,R)HLCI(')(Rn)
r>0 |B(0, R)MIx50,R) | Lao) (mn)

||fn1XB(O,R) ||L‘1(')(R”)
~ R>0 |B(0’ R)P\HXB(O,R) ||Lq(-)(Rn)

+

k=1
N-1 1
< Hfm”Bq(-M(Rn) + Z 2_k < Hfm HBq(-M(Rn) + 1.
k=1

So we have ]|g||3q(.),A(Rn) < 0o. Noting that |f| < g, then ]|f||3q(.),A(Rn) < Hg||3q(.)’k(Rn) <

0o. Thus we have f € BIOA(R™).
Since

o0 (e e]
. . . —_k
Jim (f = Fallgosgey < Jim > Moy = foullgiosgen < Jim > 2
k=N k=N
= lim 27Vt =,

N—oo

we know that the sequence {f,, } converges to f in BY)A(R"). Thus the Cauchy
sequence {f,} converges to f in BX)AR™).
By Lemma 2.4 and the generalized Holder inequality we have

||f|| o = sup ||(f - fB(O,R))XB(O,R)||LfI(')(Rn)
q(-),A ny —
CBMOTEA®™) o [B(0, B)M Ixs0.m) |l ot ey
B0, )X BO.R) | Lot () )

+ su S

r>0 | B(0, R)|*|xB0,R) |l Lat) ()

1 fx B0, | La) @) X B0,7) | Lat) @) | FBO0.R)
<C <sup ’ + sup ’ :
r>0 |B(0, R)PMIxBo,R) lLay@mny — r>0 [B(0, R)[MxB(0,R)|l Lat) (R

HfXB(O R) HLCI(-)(Rn)
<C <sup ’
R>0 |B(O’ R)P\HXB(O,R) ||Lq(')(Rn)

1/ XB0,R) | a0 (mn)
<C < sup ’
R>0 |B(07 R)‘)\HXB(O,R) HLCI(-)(Rn)
n IxB0.R) 220 @ <|B(§—,R)| 1 XBo,R) | Lao) @ IXB0,R) IIqu.)(Rn)) )
sup
R>0 1B(0, R)[MIxB0.8 | Lat) @r)
S C Sup ||fXB(O,R) ||Lq(')(Rn)

r>0 | B(0, R)|*M|Xx B0, |l Lat) ()
= CHfHBQ(-)«\(Rn)a

so we obtain B2 (R™) is continuously included in CBMO?*(R™). Thus we com-
plete the proof of Theorem 2.1.
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Similarly, we can obtain the following theorem for the inhomogeneous versions.

Theorem 2.2. BY)A(R™) is a Banach space continuously included in CMO0)*
(R").

3. Singular integral operators with rough kernels

The standard Calderén—Zygmund operator 71" is defined by

Tf(z)=p.v. - K(z —y)f(y)dy,

with the kernel K satisfying the following size condition:
[K(z)| < Clz|™, x#0,

and some smoothness assumption. The Calderén-Zygmund operator is a direct gen-
eralization of the Hilbert transform and the Riesz transform. The former is originated
from researches of boundary value of conjugate harmonic functions on the upper half-
plane, and the latter is tightly associated to the regularity of solution of second order
elliptic equation.

Given 0 < a < n, the fractional integral operator (also known as the Riesz
potential) T, is defined by

T.f(x) = /R" &dy.

x =yl

It is closely related to the Laplacian operator of fractional degree. When n > 2 and
a=2,T,f is a solution of Poisson equation —Awu = f. The importance of fractional
integral operators is owing to the fact that they are smooth operators and have been
extensively used in various areas such as potential analysis, harmonic analysis and
partial differential equations.

For simplicity, we denote by 7, (0 < a < n) the fractional integral operator when
0 < a < n, and the standard Calderén—Zygmund operator when o = 0 (i.e. T = Tp).
In [7], Cruz-Uribe et al. obtained the (LP"), L90))-boundedness of T, (0 < o < n) and
the (L), LPO))-boundedness of T, (a = 0). We can give the corresponding result
about the operator T, (0 < o < n) on central Morrey space with variable exponent.

Proposition 3.1. Let 0 < a < n, p(-), q(-) € P(R™) satisfy conditions (2.1)
and (2.2) in Lemma 2.1 with p(-) < n/a and 1/q(-) = 1/p(-) — a/n. If Ay < —a/n
and \y = A\ + a/n, then T, is bounded from BPO) 1 (R™) to B1)A2(R™).

On the other hand, the commutator [b,T,] generated by a locally integrable
function b and the operator 7, (0 < o < n) is defined by

(b, Ta] f(x) = b(x)To f () — To(bf)(x)

for suitable functions f. It is well known that the commutator plays an important
role in studying the regularity of solutions of elliptic partial differential equations of
second order.

Let us recall that the space BMO(R™) consists of all locally integrable functions
f such that

1
r|f||*—sgp@/Q\f<x>—fQ|dx<oo,

where fo = |Q|™ fQ f(y) dy, the supremum is taken over all cubes  C R™ with
sides parallel to the coordinate axes and |@Q)| denotes the Lebesgue measure of Q).
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For 0 < 3 <1, the Lipschitz function class Lipg(R") is defined as

. mn , _ /(=) — f(y)]
Lips(R") {f. | £l Lip, w’yes;&#y P < oo}.

Cruz-Uribe et al. obtained the (LP"), LP())-boundedness of [b, T,](c = 0) in [7]
when b is a BMO function. In [28], Wang, Fu and Liu obtained the (L), L90))-
boundedness of [b,7,](0 < o < n) when b is a BMO function or Lipschitz funtion.
We can also give the corresponding result about the operator [b, 7,](0 < o < n) on
central Morrey space with variable exponent.

Proposition 3.2. Suppose that 0 < a < n, pi1(-), p2(+), q(-) € P(R") satisfies
conditions (2.1) and (2.2) in Lemma 2.1 with p,(-) < n/a, pi(-) < pa2(-) and 1/q(-) =
1/pi() +1/pa(-) —a/n. Let 0 < Ay < 1/m, Ay < —Xg —a/n and A = A\ + Ay + a/n.
If b € CBMOP20*2(R™), then the commutator [b, T,) is bounded from BP0 (R™)
to B1)A(R") and satisfies the following inequality:

||[b> Ta]f“Bq(-)A(Rn) S CHbHCBMOM(')'M(R") |f||BP1(-)«\1(Rn)'

Remark 3.1. We will not give the proofs of Propositions 3.1 and 3.2 since they
are direct consequences of Theorems 3.1 and 3.2 below.

Remark 3.2. Our results in this paper remain true for the inhomogeneous
versions of A-central BMO spaces and central Morrey spaces with variable exponent.

Furthermore, we will consider the more general singular integral operators with
rough kernels on central Morrey space with variable exponent.

Suppose that S"~! denote the unit sphere in R"(n > 2) equipped with the nor-
malized Lebesgue measure do = do(2'). Let Ty be a Calderén—Zygmund singular
integral operator, defined as

Tof(e) = pov. [ 220

re |2 —y|"
where 2 € L¥(S™™!) for s > 1 is homogeneous of degree zero and has mean value
zero on the unit sphere. It is well known that T is of type (p,p)(1 < p < o), see
9] for details.

Let Q € L*(S"!) for s > 1 be a homogeneous function of degree zero. For

0 < a < n, the homogeneous fractional integral operator with rough kernel T , is
defined by

f(y) dy,

Toaf(a) = [ 201 dy
U E]

In 1971, Muckenhoupt and Wheeden [17] gave the weighted (L?, L?)-boundedness of
To. with power weights. Recently, Tan and Liu [24] gave the (LP"); L¢"))-boundedness
of To.o(0 < a < n), and Wang [26] gave the (LPU), LPO))-boundedness of Tq o (o = 0).

For simplicity, we denote by T (0 < o < n) the fractional integral operator
with rough kernel when 0 < a < n, and the Calderén-Zygmund singular integral
operator with rough kernel when a =0 (i.e. T = T ).

For 0 < a < m, let b be a locally integrable function, the commutator of singular
integral operator with rough kernel [b, T .| is defined by

b, Toulf(x) = b(2)Tonf(x) — Taan(bf)(z) = / M

R [T — Ym0

(b(z) = b(y)) f(y) dy.
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Fu, Lin and Lu established A-central BMO estimates for commutators of singular
integral operators with rough kernels on central Morrey spaces in [11]. In [26] and
[27], the third author of this paper gave some boundedness of [b,Tq ] on function
spaces with variable exponent.

Next we will prove the boundedness of the singular integral operators with rough
kernels Ty, and its commutator [b,Tq .| on central Morrey spaces with variable
exponent.

Theorem 3.1. Suppose that 0 < o < n, Q € L*(S"!), s > n/(n —«a). Let
p(+),q(+) € P(R™) satisfy conditions (2.1) and (2.2) in Lemma 2.1 with p(-) < n/«
and 1/q(-) = 1/p(-) — a/n. If \; satisfies either of the following two conditions:

(i) when s’ = p(+), there is \; < —a/n;

(ii) when q(-) = s, there is \y < —a/n —1/s,
and Ay = A\ + a/n, then T, is bounded from BPOA (R™) to BI0A2 (R™).

Theorem 3.2. Suppose that 0 < a < n, Q € L*(S™™), s > n/(n — a),
p(+), p2(v), q(-) € P(R™) satisfies conditions (2.1) and (2.2) in Lemma 2.1 with
pi() <nfa, pi(-) <pa() and 1/q(-) = 1/pi(-) + 1/p2(-) — a/n. Let 0 < Ay < 1/n,
A1 satisfy either of the following two conditions:

(i) when 1/po(-) +1/s = 1/pi(-), there is \y < —Xa — a/n;

(ii) when 1/pi(-) = a/n+ 1/s, there is \; < =Xy —a/n —1/s,
and A = A\ + X +a/n. Ifb € CBMOP2022(R™) | then the commutator [b, To.q] is
bounded from BP0} (R™) to BX)AR™) and the following inequality holds:

16 To,0l fll gacra @y < CllOllcpmorzone ey L | gor a0 () -

Here, we give only the proof of Theorem 3.2 and omit the proof of Theorem 3.1
due to their similarity. To prove the Theorem 3.2, we need the following lemmas.

Lemma 3.1. [18] Define a variable exponent ¢(-) by ﬁ = ﬁ + % (x € R™).

Then we have
191l ro@ny < Cllf I pao @) l9] Loy
for all measurable functions f and g.

Lemma 3.2. [8] Let p(-) € P(R™) satisfy conditions (2.1) and (2.2) in Lemma 2.1.
Then

QT i Q] < 2" and z € Q,
QI i Q] > 1,
for every cube (or ball) Q@ C R"™, where p(co) = lim,_,o p(z).
Lemma 3.3. [8] Let p(-),q(+), s(-) € P(R"™) be such that
1 1 1

s@  p) | a@)

Ixell o) @mny = {

for almost every x € R". Then

1f9
for all f € LPO)(R™) and g € L10(R").

Lemma 3.4. [6] Given a measurable set E and p(-) € P(E), let f: EX E — R
be a measurable function (with respect to the product measure) such that for almost

ro®n < 2| fllro @ 191l oo @y
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every y € E, f(-,y) € LPV)(E). Then

Aﬂwﬂy

Proof Theorem 3.2. Let f be a function in B71()*1(R™). For fixed R > 0, denote
B(0, R) by B. We need to prove

sq/wuwmwm@.
LP(')(E) E

11, Toal X5 o0 ny < CIBIMbllapyioraera g 1F gosorns o X8 o) ),

where C' is a constant independent of R.
Using the Minkowski inequality we write

116 To,al fX B Laoy@ny < (10— bp)(To,a(fX28))XB Lao) R
+ 16 = 05) (T, (X)) )X B Lo @y
(3.1) + 1 Te,a((b = 05)(fx28))XBll oo )
+ [[To,a((b = b8) (fX@B)e) ) XB |l Lat) 1)
= h+L+13+1,
We first estimate I;. Set 1/t(-) = 1/p1(:) — a/n, then 1/q(-) = 1/ps(-) + 1/t(-).

Noticing that 1 < pi(-) < n/a, by Lemma 2.3, Lemma 3.2, Lemma 3.3 and the
(L O(R™), LD (R™))-boundedness of Tq,, in [24], we have

I < [|(b = bp)xBll Lr20 )l To,a (FX2B) | L) w7

< CHbHCBMom('Ma(Rn)‘B|/\2HXBHLPQ(-)(Rn) |fX2B||LP1(-)(R")

(3.2) §C||b||CBMOP2(')”\2(R”)

< CHbHCBMOm(')M(Rn)||fHBP1(-M1(R")
< C|B|)\||b||CBMOP2(')”\2(R")

B [[x8ll 120 ey | 5010031 ey 2B [ x28 | s ey

B2 x| o1y X8| o2 ey

|f||BP1('))>\1 (Rn) ||XB ||Lq(-)(Rn)>

where

HXBHLPl(‘)(R") |XB||LP2(')(R7L) ~ ‘B|1/P1(')+1/p2(') — |B‘1/Q(»)+a/n ~ ‘B|a/n||XB||LQ(')(R")-

Next we estimate I3. Denote 1/1(-) = 1/p1(-)+1/pa(+), then 1/¢(-) = 1/I(-) —a/n.
Since 1 < pi(+) < n/a and pj(-) < pa(-) < oo, there is 1 < I(-) < n/a. Using
Lemma 2.4, Lemma 3.2, Lemma 3.3 and the (L')(R™), L¢0)(R™))-boundedness of
Tq,q, we have

I3 < Cl(b—=bg) fx28]l 110 @n)
< Cl(b = bs)x25l Loy ey | F X 2Bl L1
< C 0 = bap)x2B | oo gy + [b25 — bB|||X23||LP2(')(Rn)] 1/ x2B Lo (mm
(3.3)
< Clbllopaioratne ey 2B 2 1X28 | Lo oy | f X8 | 1o ey
< Clbllcmaor 32 ey 2B X281l 1o oy 11 o1 01 ey [2B1 Y I X2 | o1 ey
< CHbHCBMopz(')»Az(Rn)Hszépl(-),Al(Rn)‘B|/\1+/\2HXBHLpl(-)(Rn)||XB||Lp2(->(Rn)

< C|B|)\||b||CBMOP2(')»A2(R")||f||BP1(')»A1(R")HXBHL‘I(')(Rn)a
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where

1
s — b < 06 = B o ey ol e
1

||X2B||Lpz() Rn)'

< CH(b - b2B)X2B||LP2() R")

To estimate I, and I, we will consider two cases, respectively.

(i) 1/pa2(v) +1/s = 1/pi(-). On the one hand, 1/ps(-) + 1/s = 1/p}(-) implies
that 1/s < 1/p}(-), thus 1 —1/s —1/p;(-) > 0. Given x € B, by Lemma 3.1 and the
generalized Holder inequality we have

|TQ,a(fX(2B)C)(I)|

o Q _
SZ/ Q(x y)||;f(y)|dy
artip\orp T =y

k=1

scy pmrn [ 0=yl

2k+1B\2k B

< CZ|2’“B| Q) xarr ) o g 1 X1 8l o O

k=1

< COY 2B — xarnp()]

k=1

LS(R")HX2k+lB(')HLpz<->(Rn) |fX2k+1BHLm(->(Rn)-

For x € B and y € 2" B, v — y € 2"*2B. Noticing that € is homogeneous of degree
zero and Q € L*(S"!), we obtain

1/s
19202 — Yxaeos ()l oy — ( [ 1ow- y>|8dy)
2k+1 B

» < (L)
(/2“21%/8” 1 2P da(2)r "_1d7“> .

= CHQHLS(Snfl)|2kB|1/S.

When [281B| < 2" and z € 2¥71B, by Lemma 3.2 and 1/po(-) + 1/s = 1/p (")
we have

1 _1
||X2k+1B||LP2(')(Rn) ~ |2k+1B|P2($) =~ ||X2k+1B||Lp/1(.)(Rn)|2k+lB| s,

When [2¥1B| > 1 we have

1 _1
||X2k+1B||Lp2(.)(Rn) ~ |2k+1B|p2(00) ~ ||X2k+1B||Lp’1(-)(Rn)|2k+1B| s,

So we obtain

IXar+1B | Lrat) mey & HX21€+1BHLP’1(-)(Rn)|2k+1B|_;‘
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Thus, it follows from Lemma 2.4 and A\; < —A\y — a/n < —a/n that

|Tﬂ,a(fX(2B)C)(37)|

< O 2B 2 B s sy [ Xak 1 Bl ey L X218 | s 0 ey
k=1

<O 2BIT Y | oy
k=1

< CZ ‘2kB‘_1+a/n+1/s||fHBPl(')’)‘l(R”)
k=1

_1
‘||X2k+1B||Lp'1<->(Rn)|2k+1B| s

|f“8p1<'M1(Rn) 2kB‘/\1 ||X2k+1B||LP1<-)(R7L)

2]€B|>\1 ||X2k+1B ||LP1(-)(Rn)

< Ol Nl @y Z |2k B|~1+a/nt1/stAu+1-1/s
k=1

< O flgonom oy | BIY A
Since 1/q(-) = 1/p2(-) + 1/¢(-), by Lemma 3.2 and Lemma 3.3 we have
I =1|(b— bB)(TQ,a(fX@B)c))XB||Lq(->(Rn)
< CHfHBm(-),Al(Rn) B|‘1/n+/\1 (b= b8)xBl a0y ®)
(35) < Clflgocrn @n | BIY™HI0 = b5)x5 ] oo @y X8 00 e
< Ol llgor oo @y
< C|B|)\HbHCBMOPZ(')'AZ(R")||f||BPl(')v*1(Rn)||XB||L‘1(')(R”)

On the other hand, 1/ps(-)+1/s = 1/p/(-) implies that 1—1/s—1/p1(-)—1/pa(-) =
0. Given x € B, noticing that Ay > 0 and A\; < —A\y —a/n, by (3.4), Lemma 3.1, the
Minkowski inequality and the generalized Holder inequality we have

To,a((b = bs) fX@2B)) ()]
S b(y) — bs|[2(z —y)|[f(y)]
d
: ; /2k+1B\2kB |z —y|* !

|22 |

|bHCBM0P2<'M2(Rn)‘B R") |XB||L“'>(R")

<Y ptpien / by) — bsl| — »)1f(4)Idy
o1 2k+1B\2k B

< O 2Bl b() — b) 2 = xaresn ()l g g X1l
k=1

< O3 1251 (b() — i) ()l goaeo o ]2 — Yxorens ()l s
k=1

’ HszkHBHLm(-)(Rn)

S C Z |2kB|_1+C|£/TL+1/S“QHLS(Snfl) ||f“8p1(')’)‘1(R")

k=1

2" B || xar+15 ]| 11 0 ()

16 = baresp)xareall ooy + bar s = bl Ixek 5l a0 |-
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For \y > 0,

k
|b2k+1B — bB| < Z ‘b2j+1B - b2jB|

7=0

k
1
< CZ 127 B] 1(b(-) — b2j+1B)X2j+1B||LP2(')(R”)||X2J'+1B||Lp’2(-)(Rn)

(36)
N .
1 2)+1B
<C 2 B 1(b(-) — szlB)XW’“B||LP2(')(R”) . | |
= 178 X218l Lr20) m)
y 1
< Clb ()2 (R 27 B || xgi1 8| o2t (e
1ol cmaorz 22 m );| x5l 220 Mo 5] oo gem

< ClIbllcpaorso o (k + D)2 B,
So by Lemma 3.2 we have
To,a((b—bg) fX(@2B)e) ()]

o
<O EBITH N f| oo oy X218 i iy
k=1

’ ||b||CBMOp2(')”\2(R")k|2k+lB|>\2||X2’“+1B||LP2(-)(Rn)

) Z k|2kB|—1+a/n+1/s+)\1+)\2+1—1/s

k=1
)|B|a/n+)\1+)\2

< CHbHCBMopz('Mz(Rn)HfHBm(-)»M(Rn

< OHbHCBMOPZ(')'AZ(R")HfHBPl(')v*l(R”
= C‘B|/\||bHCBMOP2('M2(Rn)HfHBPl(-)»M(Rn)'
Thus,
37) Iy = | To,a((b = bp) fX@B)e )X Bl Lat) (R
< C|B|)\||b||CBMO”2(')”\2(R”)Hf”BPl(')v*l(R")HXBHL‘I(‘)(R”)'
(i) 1/p1(-) = a/n + 1/s. Similarly to (3.4), when y € 2871 B it is true that
(33) 196 = g sy < Ol sy 2B

On the one hand, 1/p,(-) = a/n+1/s implies that ¢(-) < s and 1/q(-) —1/p2(-) —
1/s = 0. By (3.8), Lemma 3.1, Lemma 3.2, Lemma 3.4, the generalized Holder
inequality and the fact that Ay < =X\ —a/n —1/s < —a/n — 1/s, we have

I < Ci/ (b(-) — bB)Q- — y)x5()
k=1"2

k+1B\2k B |- —y[e

[f(y)| dy

LaC)(Rn)

< O [2°BITH(0() = bs)Q = 9)x8() | Lo @y / [f ()l dy

1 2k+1RB

< OSSP = bl o |96 = 00Ol [ 1)y
k=1
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(3.9) < CY 2Bl Bllepatoraoa | B2 X8I oo ey
k=1

' |2kB|1/8 ||fX2k+1B ||Lp1(-)(Rn)

]

Ls (Snfl)

|X2k+1B||Lp'1<-)(Rn)

<C Z |2]€B|_1+a/n+1/8|B|/\2 ||b||CBMOPZ(')”\2(R")
k=1

g0 ey |2 BIY e 8l 1o 0 oy IXB L o2 ey X241 B ]| ot e

o0
< CZ ‘2kB‘_1+a/n+1/s+>\l+1‘B|>\2||bHcBMOp2(')’A2(R")||fH5’p1(')’A1(R”)
k=1

: ||XB||LP2(')(R")

< CHb||CBMOP2(‘)7A2(Rn) ’|f||BP1(')A1 (Rn)|B‘a/n+1/s+)\1+>\2+1/p2(»)

< C|B|)\||b||CBMOPZ(')”\2(R”)

|f||BP1(')»A1(R”) HXBHL‘I(')(R”)'

On the other hand, p)(-) < p2(-) < oo implies that 1 — 1/pi(-) — 1/pa(:) > 0.
Let 1/p\(-) = 1/pa(-) +1/m, by (3.6), (3.8), Lemma 3.2, Lemma 3.4, the Minkowski
inequality, the generalized Holder inequality and the fact that Ay < —Ag —a/n—1/s,
we have

Iy = ||TQ7OC((b - bB)fX(2B)C)XB||Lq(-)(Rn)

Q(-—y)xs(:)
|- =y

o0

<c /
kz_; 2k+1B\2k B

<COY 1Bl — y)xs())]

k=1

) = ball )l

1b(y) — bsl|f(y)| dy

LaC)(Rn)

B|—1/s

s |IXBl e mn)

<Y 2Bl 0|
k=1
16 = b)Yl g g

Ls(Sn—1) |2kB| e ||XB ||Lq<-)(Rn) |B|_1/S

|fX2k+1B||Lm<-)(Rn)

<C Z |2kB|_1+a/n+1/s||XBHL‘Z(‘)(R")
k=1

' H(b - bB)XQkJrlBHLPQ(‘)(Rn)

o
< C||f“8p1(')v)‘1(Rn) Z |2kB|>\1_1+a/n+1/s+l/m||X2k+1B||LP1(')(R") HXBHL‘Z(‘)(R”)
k=1

' H(b - bB)XQkJrlBHLPQ(‘)(Rn)

< Ollf lgmorm g Y 28BS o gl o ey X8 oo ey | B
k=1

B‘_l/stX%HB||LP1(')(R")

|X2k+1B | L™(R")

B|—1/s

1 = barsp)xareall ooy + bars = bl X2k a0y
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oo

< Ol gorrms gy Bl o gy | BI* S [2E BP0V ol
k=1

’ ||b”CBMOPZ(')'AZ(R")k|2k+1B|)\2||X2’“+1B||LP2(')(R”)

< CHb||CBMOP2<'M2(Rn)||f“zép1(-M1(Rn) |XB||Lq(->(Rn)

. Z |2kB|)\1_1+a/n+1/8+1/m+1/p1(')+>‘2+1/p2(')]{;|B|_1/8
k=1
= C|B|A”bHCBMO”“')’*Q(R") [ Fll 1o @y IxBl Lot @y -

Combining the estimates of (3.5) and (3.9), (3.7) and (3.10), respectively, in both
cases, there are

I < O|B|)\||b||CBMOP2(')«\2(R")||f||BP1(')»A1(R”)||XB||L‘1(')(Rn)a
Iy < C‘BPHbHCBMOp?(‘)’AQ(R”)HfHBPl(')Al(R")HXBHL‘Z(‘)(R")'
This completes the proof of Theorem 3.2. O

Remark 3.3. It should be pointed out that the results of Theorem 3.1 and
Theorem 3.2 still hold for a more general sublinear operator T with rough kernel €2,
which has (LP(), L70))-boundedness and satisfies the following condition:

i@l e [ Bl ay,
]
for f € L' with compact support and x ¢ suppf.

Moreover, by Remark 3.3 and the idea of the proof of Theorem 3.2 we can also
obtain the boundedness for commutators of Marcinkiewicz integrals, multipliers and
oscillatory singular integrals with rough kernel on central Morrey spaces with variable
exponent, respectively.

4. Further results and some applications

In this section, we will give further results and some applications of our main
results to nondivergence elliptic equations. Firstly we recall the following definitions
for Calderén—Zygmund operators.

Definition 4.1. Let k: R™\ {0} — R. We say that k(x) is a constant Calderon—
Zygmund kernel (constant C-Z kernel) if

(i) k € C=(R");

(ii) k is homogeneous of degree —n;

(iii) [ k(z)do =0, where ¥ = {z € R™: |z = 1}.

Definition 4.2. Let E be an open subset of R” and k: £ x {R"\ {0}} — R.
We say that k is a variable C—Z kernel on F if

(i) k(z,-) is a constant C-Z kernel for a.e. z € E;

(it) max (& /027 )k (, 2)|| Loo () < 00

Let k be a constant or a variable C-Z kernel on E. We define the corresponding
C-Z operator by

Tf(e) = pv. [ Ko=) fw)dy o Ti) = p. [ koo = )f) dy

E

n
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Similar to Definition 2.4, we give the following definition.

Definition 4.3. Let E be an open subset of R, A € R, and ¢(-) € P(E). The
central Morrey space with variable exponent B1)*(E) is defined by

BN E) = {f € LI (E): |1 £llgucom) < OO}’

where
HfXB(O R ﬂEHLq( )(R™)

0 |B(0, R) N EPMxs0.m)0E

I fll g e SUP
(B) —

|Lq( J(R") ‘

Subsequently, we have the following definition.

Definition 4.4. Let E be an open subset of R", A € R, and ¢(-) € P(E).
f € L. (FE) is said to belong to the central Sobolev—Morrey space with variable ex-
ponent W2B40)-*(E) if and only if u and its distributional derivatives, t,,, Us,q, (i,] =
1,...,n) are in BY)*(E). Moreover, let

ullw2georamy = wllgeoa +Z||Uwz B () T Z [taa, || gacr ()
=1 3,j=1

The Dirichlet problem on the second-order elliptic equation in nondivergence form is
n
Lu= Z aij () Upe, = [ a.e.in F,
ij=1

u=>0 ondF,

where ©z = (z1,...,2,) € R", F is a bounded domain of R". The coefficients
{aij}7 ;=1 of L are symmetric and uniformly elliptic, that is, for some v > 1 and
every £ € R",

(4.1)

(42> aij(x> = aji(x> and V_1‘£‘2 < Z azy 525) < V‘&P
i,j=1

with a.e. x € F. In [10], Fan, Lu and Yang studied the regularity in classic Morrey
space of strong solution to (4.1) with a;; € VMO(F). The space of the functions
of vanishing mean oscillation VMO was introduced by Sarason in [20]. The main
methods of [10] are based on integral representation formulas established in [4] for
the second derivatives of the solution u to (4.1), a priori estimate of the solution
to (4.1) and about the theories of singular integrals and sublinear commutators in
corresponding Morrey spaces.

By generalizing some theorems of [10] to function spaces with variable exponent,
we can obtain the regularity in central Morrey spaces with variable exponent of strong
solutions to problem (4.1).

Theorem 4.1. Let I is a bounded domain of R", () € P(F) satisfy conditions
(2.1) and (2.2) in Lemma 2.1 and f € BIOAF) with A < 0. Then (4.1) has a unique
solution u € W2B1)A(F) satisfying

||u||W2Bq(-),A(F) < CHfHBq(-)A(F)-
Similar to the method of [10], we can easily prove Theorem 4.1, so we omit the

details here. We only give two main results to explain this similarity. All other proofs
of the corresponding theorems are straightforward. By Theorem 3.1 and Remark 3.3
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in Section 3 we can obtain similar results to Theorem 2.1 in [10] on BY)*(R™). Next,
we will prove the similar results to Theorem 2.3 in [10].

Let R? = {z = (2/,2,): 2’ = (z1,...,2,-1) € R"', z, > 0}. To give the
boundary estimates of the solutions to (4.1), we need to prove the following general
theorem for sublinear operators.

Lemma 4.1. Let A < 0, ¢(-) € P(R") satisfy conditions (2.1) and (2.2) in
Lemma 2.1 and & = (2/, —x,,) for x = (2/,x,) € R}. If a sublinear operator T is
bounded on L1V (R™) and for any f € L'(R") with compact support and z € R"

/()]

z—yl

(43) T <C /

n
R+

dy,

then T is bounded on BIOA(R™).

Proof. Let f be a function in Bq(')’)‘(RTjr). For fixed R > 0, set B, = B(0, R)NR/}..
We need to prove

HTfXBg

< CIBEP Il gocrr ey

‘XB

Lq(-)(R ) Lat )(Rn) ’

Denote
f) = fW)xs;, +Zf WX, s W Zfz

Then by Lemma 2.4, L?0)(R")-boundedness of 7 and (4.3), we have

HTfXB LiO @R ;H leB LaOR?)
< C|lfsll ooy + i / |x|f_( ;“ndy
—1 |1 Byii1 g \Boig L) (BY)
< CIBEP Newomgy [ | +027)’ /. e T@ldy
B p\Bag L0 (Bf)
< B sy [t g
=1

+C;W I LaO (R )XB§+1R L4 O(R?) )XBE LaO)(RT)
< CIBR P a0 ey ’XB Lq(-)(R1)+C§:(213) Ber I )

")XB§+1R L0 (R )XB;‘HR LTYO(R?) )XBE LIO(R?)
< CIBEPI ooy || o

21+1R‘ HfHB‘I(M R%) |B2l+1R| HXBE LaG)(R™)
+
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< C1BRM fll e ey

1 21n)\
‘XBE Lq(-)(Rﬁr) + lz—;

< C1BEM Fllgao ey HXBE L@
+

This completes the proof of Lemma 4.1. U

To state the following lemma, we need more notation. Let a(z) = {a;,(z)}7, be

as in (4.2) and define
2z,

Ann(Y)
Then, by the above Lemma 4.1, Lemma 3.1 in [4] and a simple computation, we have

Lemma 4.2. Let E be an open subset of R, A\ < 0, and ¢(-) € P(FE) satisfy
conditions (2.1) and (2.2) in Lemma 2.1. If k is a variable C'— Z kernel on E, and

() = / ke, T(x) — y)f(y) dy, Vo € E

with T'(z) = Tz, z), then there exists a constant C such that for all f € BYO)X(E),
1T Fllgacraey < ClAllgaorae)-

T(x,y) =z — a(y).
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