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Abstract. This paper studies the Sobolev—Lorentz capacity and its regularity in the Euclidean
setting for n > 1 integer. We extend here our previous results on the Sobolev—Lorentz capacity
obtained for n > 2. Moreover, for n > 2 integer we obtain a few new results concerning the n,1
relative and global capacities. Specifically, we obtain sharp estimates for the n,1 relative capacity
of the concentric condensers (B(0,r), B(0,1)) for all r in [0,1). As a consequence we obtain the
exact value of the n,1 capacity of a point relative to all its bounded open neighborhoods from R"™
when n > 2. These new sharp estimates concerning the n, 1 relative capacity improve some of our
previous results. We also obtain a new result concerning the n, 1 global capacity. Namely, we show
that this aforementioned constant is also the value of the n, 1 global capacity of any point from R"™,
where n > 2 is integer. Computing the aforementioned exact value of the n,1 relative capacity of
a point with respect to all its bounded open neighborhoods from R"™ allows us to give a new prove
of the embedding Hé’(n’l)(ﬂ) — C(Q) N L*>(Q), where 2 C R™ is open and n > 2 is an integer.

In the penultimate section of our paper we prove a new weak convergence result for bounded
sequences in the non-reflexive spaces H(®1)(Q) and Hé’(p ’1)((2). The weak convergence result
concerning the spaces H 1’(17’1)(9) is valid whenever 1 < p < oo, while the weak convergence result

concerning the spaces Hé"(p"l)(Q) is valid whenever 1 <n <p<ooorl<n=p< 0. Asa

consequence of the weak convergence result concerning the spaces Hé (P ’1)((2), in the last section of
our paper we show that the relative and the global (p,1) and p, 1 capacities are Choquet whenever
1<n<p<xorl<n=p<oo.

1. Introduction

In this paper we study the Sobolev—Lorentz capacity and its regularity in the
Euclidean setting for n > 1. This paper is motivated by the work of Stein—Weiss
[18] and Bennett—Sharpley [1] on Lorentz spaces and by the work of Stein [17] and
Cianchi-Pick [2], [3] on Sobolev-Lorentz spaces.

We studied the Sobolev—Lorentz spaces and their associated capacities extensively
in our previous work. In this paper we extend some of the previous results obtained
in our book [6] and in our papers [5] and [7]. In [6] we studied the Sobolev—Lorentz
spaces and the associated Sobolev—Lorentz capacities in the Euclidean setting for
n > 2. The restriction on n there as well as in [5] was due to the fact that we studied
the n, ¢ capacity for n > 1. In our recent paper [7| we studied the Sobolev—Lorentz
spaces in the Euclidean setting for n > 1. There we extended to the case n = 1
many of the results on Sobolev—Lorentz spaces obtained in [4] and [6] for n > 2. In
this paper we extend to n = 1 many on the results on Sobolev—Lorentz capacities
obtained in [4] and [6] for n > 2.
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The Lorentz spaces were studied by Bennett—Sharpley in [1] and by Stein—Weiss
in [18]. The Sobolev-Lorentz spaces have also been studied by Stein in [17], Cianchi-
Pick in [2] and [3], by Kauhanen—Koskela—Maly in [14], and by Maly—Swanson—Ziemer
in [15]. We studied the Sobolev—Lorentz relative p, g-capacity in the Euclidean setting
(see [4], [5] and [6]). See also our joint work [8] with Maz'ya.

The classical Sobolev spaces were studied by Gilbarg—Trudinger in [11]|, Maz’ja in
[16], Evans in [10], Heinonen—Kilpeldinen-Martio in [12|, and by Ziemer in [19]. The
Sobolev p-capacity was studied by Maz’ya [16] and by Heinonen—Kilpeldinen—-Martio
[12] in R™.

After recalling the definition of Lorentz spaces and some of its basic properties
in Section 3, we move to Section 4, where we recall the definition of the Sobolev—
Lorentz spaces and some of the results that are to be used later in the paper. In
Section 5 we study the basic properties of the Sobolev—Lorentz capacities on R" for
n > 1. There we study the global Sobolev—Lorentz capacities Capy, ,(-) and Cap,, ,(-)
and the relative Sobolev-Lorentz capacities cap, , (-, {2) and cap, (-, 2) for & C R"
bounded and open, n > 1 integer, 1 < p < oo and 1 < ¢ < oo. The p, g-capacity is
associated to the Lorentz p, g-quasinorm while the (p, ¢)-capacity is associated to the
Lorentz (p, q¢)-quasinorm. The case p = ¢ yields the p-capacity, studied extensively
in literature.

In Section 5 we revisit many of the basic properties of the Sobolev—Lorentz ca-
pacities, studied extensively in Chapter 4 of our book [6] for n > 2 and we extend
them to the case n = 1. The results that we extend here concern the monotonicity,
the convergence, the countable subadditivity and the regularity of these capacities.
The regularity of these capacities was extended in this section to the case n = 1 for
1 < ¢ < oo when we worked with the (p, ¢q) global and the (p, q) relative capacities
and for 1 < ¢ < p when we worked with the p, ¢ global and the p, g relative capacities.

Due to the non-reflexivity of the Sobolev-Lorentz spaces HS’(” ’1)(9) and HS’(” %)
(), it is challenging to prove the Choquet property for the corresponding relative
and global capacities associated to these non-reflexive Sobolev—Lorentz spaces. Also,
due to the fact that the p, g-quasinorm is not a norm when p < ¢ < oo, the Choquet
property of the p, q relative and global capacities is not known when ¢ is in the range
(p, o0].

No positive results on the Choquet property for the corresponding relative and
global capacities associated to these non-reflexive Sobolev—Lorentz spaces have been
obtained until now. In this paper we obtain a few partial positive new results con-
cerning the Choquet property of (p,1) and the p,1 relative and global capacities.
Namely, in Section 8 we show that the global Sobolev—Lorentz capacities Cap(p71)(~)
and Cap,,(-) as well as the relative Sobolev—Lorentz capacities cap, (-, {2) and
cap, (-, 2) are Choquet whenever 1 <n <p <ocor 1l <n=p<oo. Here Q CR"
is a bounded and open set and n > 1 is an integer. See Theorems 8.2 and 8.3 for the
regularity of the relative capacities. Theorems 8.5 and 8.6 deal with the regularity
of the global capacities.

In order to prove the regularity of these capacities we needed to prove a Monotone
Convergence Theorem for each of them. See Theorem 8.1 for the relative capacities
and Theorem 8.4 for the global capacities. These are new results as well. When
proving the Choquet property of the (p,1) and p, 1 relative and global capacities for
these values of n and p (that is, 1 < n < p < ooorl <n =p < 0o) we used
many times the fact that for these values of n and p we can work with continuous

admissible functions from HS’(” Q).
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Indeed, in |7] we proved that the spaces HS’(p’q)(Q) embed into the space C*77 (Q)
of Holder continuous functions on € with exponent 1 — % whenever 2 C R” is open
and 1 < n,q < oo. See |7, Theorem 5.5 (iii)] for 1 =n < p < oo and |7, Theorem 5.6
(iv)] for 1 <n < p < oc0. For 1 <n =p < oo we give a new prove of the embedding

H&’("’l)(Q) — C(Q) N L>=(Q) in section 6 and we find the optimal constant for the
embedding. See Theorem 6.4 (ii). This embedding was proved by Stein in his paper
[17] and by Cianchi-Pick (see |2, Theorem 3.5 (i)]) with the same optimal constant
that we obtained in this paper.

Our proof of this embedding is different. We use a new approach. Specifically,
we use the theory of the n,1 relative capacity in R",n > 2. In Section 6 we obtain
a new result by improving our estimates from [5, Theorem 3.11] for the n, 1 relative
capacity of the condensers (B(0,7), B(0,1)) and extending them to ALL 7 in [0, 1).
See Theorem 6.2 (i). In particular, we obtain the exact value for the n, 1 capacity of
a point relative to all its bounded open neighborhoods from R", a strictly positive
number as we saw in [5, Corollary 3.8]. See Theorem 6.2 (ii). Moreover, in this section
we obtain a new result for the global n,1 capacity as well. Namely, in Theorem 6.3
we show that the value from Theorem 6.2 (ii) is also the value of the global n,1
capacity of any point from R".

By using the theory of the n,1 relative capacity in R", n > 2, we see that this
aforementioned constant shows up in the embedding HS’("’I)(Q) — C(Q) N L>(9).
See (3). Thus, Section 6 together with our paper [7] (see |7, Theorems 3.5, 4.3, 4.13
and 5.6]) reinforce the fact that for every n > 2 integer and for every 2 C R open,

the space Hllc,’én’l)(Q) is the largest Sobolev-Lorentz space defined on € for which
cach function has a version in C'(2).

This embedding result from Section 6 is being relied on heavily in Section 7 and
in Section 8.

In Section 7 we prove a new weak convergence result for bounded sequences in the
non-reflexive spaces H“®"(Q) and HS’(” ’1)(9). This convergence result applied to

bounded sequences from H®(Q) (or from H; (1) (2)) appears to yield less than the
existence of subsequences that converge weakly in L71 () x LP'(€; R") in the classical
sense. See Theorem 7.1. This new weak convergence result concerning H®(()
holds for all p in (1, 00) and for all integers n > 1. See Theorem 7.1 (i). We fix ¢ in
(1,00). We show that even in a non-reflexive space such as H"®1(Q), if we have a
bounded sequence uy in H“®V(Q) such that (uy, Vuy) converges weakly to (u, Vu)
in LP9(Q) x L9 (; R™), then the function u is in the reflexive space H®*)(Q) and
in fact (ug, Vuy) converges weakly to (u, Vu) in L®*)(Q) x LP*)(Q; R") whenever
1 <s<oo.

Then we show that this limit function w is also in the non-reflexive space H®1 ().
This task is challenging to prove. Due to the non-reflexivity of the spaces LP*(€; R™),
we do not know whether the sequence (uy, Vuy) converges weakly to (u, Vu) in
LPY(Q) x LP1(; R™) or not. Although we cannot rely on the weak-* lower semicon-
tinuity of the p, 1 norm, we manage to prove the membership of u in H“®1(Q) and
a Fatou-type result for v and for Vu with respect to both the p, 1 norm and the (p, 1)
norm.

The new weak convergence result for H, é (P:1) (€) is even more challenging to prove.
We managed to prove it for 1 < n < p < oo and for 1 < n = p < oco. See
Theorem 7.1 (ii). When proving this weak convergence result for H; (e ’1)(9) we relied
heavily many times on the fact that for these values of n and p we can work with
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. . 1,(p,1 . . .
continuous functions from H, ® )(Q) This leaves for instance as an open question

the membership of the limit function u in Hol’(p’l)(Q) when 1 < p <n, 2 C R"is
bounded and u is not compactly supported in 2.

This new weak convergence theorem from Section 7 is being put to use later in
Section 8 to prove the Choquet property of the global Sobolev—Lorentz capacities
Cap, 1)(+) and Cap,, () and of the relative Sobolev-Lorentz capacities cap, ;(-, {2)
and cap,,; (-, 2) whenever 1 <n <p <ooorl<n=p< oo Like before, 2 C R"
is a bounded and open set and n > 1 is an integer. The existence of discontinuous
and /or unbounded functions in H; (P ’1)(9) when 1 < p < n prevents us for now from
extending the Choquet property of the p,1 and (p, 1) relative and global capacities
to the case 1 < p < n.

2. Notations

Here we recall the standard notation to be used throughout this paper. (See also
[7]). Throughout this paper, C' will denote a positive constant whose value is not
necessarily the same at each occurrence; it may vary even within a line. C(a,b,...)
is a constant that depends only on the parameters a,b, - - - .

Throughout this paper € will denote a nonempty open subset of R", while dz =
dm,,(z) will denote the Lebesgue n-measure in R™, where n > 1 is an integer. For
E C R", the boundary, the closure, and the complement of F with respect to R"
will be denoted by OF, E, and R™ \ E, respectively, while |E| = [ 5 dr will denote
the Lebesgue measure of E whenever E is measurable; £ CC F means that F is a
compact subset of F. Moreover, B(a,r) = {x € R™: |z — a] < r} is the open ball
with center @ € R™ and radius r > 0, while B(a,r) = {x € R": |z — a|] < r} is the
closed ball with center a € R™ and radius r > 0.

For n > 1 integer, €2, denotes the Lebesgue measure of the n-dimensional unit
ball. (That is, €2, = |B(0,1)|). For n > 2 integer, w,_; denotes the spherical measure
of the n — 1-dimensional sphere; thus, w,_; = nf), for every integer n > 2. For a
Lebesgue measurable function u: Q@ — R, supp u is the smallest closed set such
that u vanishes outside supp u. For a Lebesgue measurable vector-valued function

f=01, s fm): Q= R™ we let

fl=\Jf+ o+ 2

3. Lorentz spaces

For the next three subsections we follow mostly our paper [7].

3.1. Definitions and basic properties. Let f: 2 — R be a measurable
function. We define Ay, the distribution function of f as follows (see Bennett—
Sharpley [1, Definition II.1.1] and Stein—Weiss [18, p. 57]):

Ap(t) = Kz € Q: |f(x)[ > 2}, ¢ >0.
We define f*, the nonincreasing rearrangement of f by
fr(t) = inf{v: A\p(v) <t}, t>0.

(See Bennett—Sharpley [1, Definition I1.1.5] and Stein—Weiss [18, p. 189]). We notice
that f and f* have the same distribution function. Moreover, for every positive a we
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have (| f]*)* = (|f|*)* and if |g] < |f| a.e. on £, then ¢* < f*. (See Bennett—Sharpley
[1, Proposition 11.1.7]). We also define f**, the maximal function of f* by

fr(t) =my(t) = %/0 f*(s)ds, t>0.

(See Bennett—Sharpley [1, Definition I1.3.1] and Stein—Weiss [18, p. 203]).
Throughout this paper, we denote by ¢’ the Holder conjugate of ¢ € [1,00]. The
Lorentz space LP1(2), 1 < p < 00, 1 < g < 00, is defined as follows:

LP(Q) = {f: Q — R: f is measurable and || f||zr.e(q) < 00},

where
1

“t%*tqﬂ)a, 1< q< oo,
[l = [ Flpg = | Lo 0717007 ) =4

SUDy~o tA[](8) P = supy.q 87 f*(s), ¢ = oo.
(See Bennett—Sharpley [1, Definition IV.4.1] and Stein—Weiss [18, p. 191]). If 1 <

q < p, then || - ||zragq) already represents a norm (see Bennett-Sharpley [1, The-
orem IV.4.3]); when 1 < p < ¢ < o0, || - ||zra() represents a quasinorm that is
equivalent to the norm || - || ;.0 (q), Where

1
1 1
P(tr **tq@)q’ 1< q< oo,
Wlome = 1l = 4 (6 INO% <
Sup;q £ [ (1), q = oo.

(See Bennett—Sharpley |1, Definition IV.4.4]). Namely, from Lemma IV.4.5 in Bennett—
Sharpley [1] we have that

p
[ fllera) < [1fllpen@) < EllfHLm(Q)

for every 1 < ¢ < oc.

For a measurable vector-valued function f = (f1,...,fm): @ — R™ we say
that f € LP9(Q;R™) if and only if f; € LP9(Q) for i = 1,2,...,m, if and only if
|f] € LP1(Q) and we define

[ flzoa@mem) = [ [f] | 2oace)-
Similarly

1 fll Lo @mmy = ] | Lwo@-
Obviously, it follows from the real-valued case that

p
| fllzoarm) < ([ fllLeo@mrm) < FHfHLP’Q(Q;Rm)

for every 1 < ¢ < oo, and like in the real-valued case, || ||zr.o(rm) is already a norm
when 1 < ¢ < p, while it is a quasinorm when 1 < p < g < o0.

It is known that (L»9(Q; R™), ||-||Lr.a(;rm)) is a Banach space for 1 < ¢ < p, while
(L7 R™), || - || Lwa (o;rm)) 18 @ Banach space for 1 < p < 0o, 1 < g < oco. For more
results on Lorentz spaces we refer the reader to Bennett—Sharpley [1, Chapter 1V]
and to Stein-Weiss [18, Chapter V].
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3.2. Weak convergence of the (p, g¢)-norm and reflexivity of the Lorentz
spaces.

Definition 3.1. Let €2 be an open set in R”, where n > 1 is an integer. Suppose
1 <p<ooand 1< q< oo. Wesay that a sequence u; in LP9(Q) converges weakly
to a function u € LP9(Q) if

/Qv(x)u](x) dx%/glv(x)u(x) dz

whenever v € L") (Q). There is an obvious interpretation in terms of the coordinate
functions for the weak convergence of vector-valued functions in L®%(Q; R™), where
m > 1 is an integer.

The spaces LP4(€; R™) are reflexive whenever 1 < ¢ < oo and the dual of
LP9(Q; R™) is, up to equivalence of norms, the space LP¢(Q;R™) for 1 < ¢ < oo.
See Bennett—Sharpley [1, Theorem IV.4.7 and Corollary 1V.4.8], Hunt [13, p. 259—
262| and the definition of the spaces L”7(€2; R™). We notice that the terminology in
the previous definition agrees with the usual weak convergence in the Banach space
theory if 1 < ¢ < oo.

3.3. Strict inclusions between Lorentz spaces.
Remark 3.2. It is known (see Bennett—Sharpley |1, Proposition IV.4.2]) that

for every p € (1,00) and 1 < r < s < oo there exists a constant C'(p,r,s) > 0 such
that

(1) | fllrs) < C(p, 7, 8) || fllLer )

for all measurable functions f € LP"(Q2). In particular, LP"(Q) C LP*(Q2). Like in
the real-valued case, it follows that

(2) £l zes@memy < C o7 )| fll 2o mem)

for every m > 1 integer and for all measurable functions f € LP"(€; R™), where
C(p,r,s) is the constant from (1). In particular,

LPT(Q; R™) € LP#(Q2; R™) for every m > 1 integer.

The above inclusion is strict. See Ziemer [19, p. 37, Exercise 1.7] and |7, Theo-
rems 3.4 and 3.5].

4. Sobolev—Lorentz Spaces

This section is based in part on Chapter 3 of our book [6] and on Section 4 of
our article [7].

4.1. The H“®9 and W' (P9 spaces. In this subsection we recall the defi-
nition of the Sobolev—Lorentz spaces Hy' " (), H-®9(Q), and WL®9(Q), where
2 C R"is an open set and n > 1 is an integer. These spaces were studied extensively
in Chapter 3 of our book [6] (the case n > 2) and in Section 4 of our article [7] (the
case n > 1).

For 1 < p < ooand 1 < ¢ < oo we define the Sobolev-Lorentz space H>®9(Q) as
follows. Let r = min(p, ¢). For a function ¢ € C*°(§2) we define its Sobolev—Lorentz

(p, ¢)-norm by

1/r
1610 = (1615000 + V615 0m@mn )
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where Vo = (01¢,...,0,0) is the gradient of ¢. Similarly we define the Sobolev—
Lorentz p, g-quasinorm of ¢ by

T r L/r
||¢||1,p,q;ﬂ = (H‘bHLP’q(Q) + HvaHLP’q(Q;R”)) )
Then H“®9(Q) is defined as the completion of
{¢ € C*(Q): 19/l paye < o0}

with respect to the norm || - [[ g0 Throughout the paper we use || - || 1000
instead of || - [|1,(p.q;0 and || - || g1.pa(q) instead of || - |1 p,q:0-

The Sobolev—Lorentz space Hy'®?(§) is defined as the closure of C3°() in
H“®9(Q). From the discussion in subsection 4.1 of our paper [7], we have that the
Sobolev-Lorentz spaces H, (2 ’q)(Q) and HY®9(Q) are reflexive Banach spaces when
1 < ¢ < co. From the same discussion it follows that HS’(p’l)(Q) and H-®1Y(Q) are

non-reflexive Banach spaces.
Let u € L (Q). Fori =1,...,n a function v € LL _(Q) is called the ith weak

loc loc
partial derivative of u and we denote v = Ju if

/Qap(x)v(x) dr = —/Qaicp(x)u(x) dx

for all ¢ € C5°(92). We define the Sobolev-Lorentz space W19 (Q) by
Wwhed(Q) = LPD(Q) N {u: du € LPD(Q),i=1,...,n}.
The space WH®9(Q) is equipped with the norm

n
ey = el sy + 3 195l oun oy
i=1

which is clearly equivalent to

1/r
(Helle) + IVl 00 )

where r = min(p, q). Here Vu is the distributional gradient of w.

In [7, Theorem 4.8] we showed that H“®*)(Q) C Wh®>®)(Q)) and that the
spaces HS’(p’OO)(Q), HY®2)(Q) and WP>)(Q) are not reflexive. Furthermore, in
[7, Theorem 4.11] we proved that H-®9(Q)) = W9 (Q) whenever 1 < ¢ < oo.

The corresponding local space Hﬁ)’c(p ’q)(Q) is defined in the obvious manner: u is in
H-P9(Q) if and only if u is in H-®9(Q) for every open set ' CC . Similarly,

loc

the local space VVli’C(p ’q)(Q) is defined as follows: w is in VVli’C(p ’q)(Q) if and only if w is
in WH®9(Q) for every open set ' CC (.
For more details on these spaces including their basic properties we refer the

readers to Chapter 3 of our book [6] and to Section 4 of our article [7].

4.2. Product rule. Next we record the following lemma which says that the
product between a function u in H“®?(Q) and a function ¢ in C$°(Q) yields a
function in H&’(p’q)(Q) if 1l <p<ooand1 <q < oo See also [7, Lemma 4.9 and
Theorem 4.11}).

Lemma 4.1. Let ) C R"™ be an open set, where n > 1 is an integer. Suppose
that 1 < p < oo and 1 < ¢ < co. Suppose that u € H®9(Q) and that ¢ € C3°(€2).

Then up € Hy'"?(Q) and V(up) = uVy + V.
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Remark 4.2. Lemma 4.1 easily implies

lupllwream < lellze@llull e + lellze@ (Z HaiuHL(M)(Q)>

i=1

+ (Z ||aisor|m>) [ P
i=1
= (H‘P”L“’(ﬂ) + Z ||5i80||Loo(Q)> [[ullw.ea @

1=1

for every u € H-®9(Q) and

1/r
el ey = (el o0y + IV )00

1/r
(Nl + 1690 + aVel omn)
I

1/r
< (Muell Lo )+||<PVU||2<p,q)(Q;Rn)> + [uVel Leo @mn)
< el e llull o o) + IVl Lo @ llull Los @rn)
< (lellz=@) + IVelle@) llull zeo @)

for every u € H»®9(Q); here 1 < ¢ < oo and 7 = min(p, ¢), like in the definition of
the || - || y1.0.0) () DOTML

4.3. Reflexivity results. Next we recall the following reflexivity results from
[6] concerning the Sobolev—Lorentz spaces, valid for all integers n > 1 and for all ¢
n (1,00). Both these results are standard applications of Mazur’s lemma.

Theorem 4.3. (See [4, Theorem V.20| and [6, Theorem 3.5.2]) Let 1 < p,q <
00. Suppose that K is a convex and closed set of H-®9(Q). If u; € K is a sequence
and if u € LP9(Q) and v € LP9(Q; R") are functions such that u; — u weakly in
LP9(Q2) and Vu; — v weakly in LP?(Q2; R"), then u € K and v = Vu.

Theorem 4.4. (See [4, Theorem V.21] and |6, Theorem 3.5.3]) Let 1 < p,q <
oo. Suppose that u; is a bounded sequence in H®9(Q)). Then there is a subsequence
uj, and a function u € HY®9(Q) such that u;, — u weakly in LP9(Q2) and Vu,, — Vu
weakly in LP9(Q; R"™). Moreover, ifu; € HS’(p’q)(Q) forallj > 1, thenu € Hol’(p’q)(Q).

5. Sobolev—Lorentz Capacity

This section is based on Chapter 4 of our book [6]. In [6] we studied the Sobolev—
Lorentz relative and global capacities for 1 < p < 00, 1 < ¢ < oo and n > 1 integer.
There we developed a capacity theory based on the definition of Sobolev functions
on R™ with respect to the Lorentz norm. Basic properties of capacity, including
monotonicity, countable subadditivity and several convergence results were included
there. All those results were proved in [6] for n > 2 but they can be extended to the
case n = 1. We do it here, in this section of our paper.

5.1. The Sobolev—Lorentz (p, q) relative capacity. Let n > 1 be an integer.
Suppose 1 <p<ooand 1 < g < oo. Let Q C R™ be a bounded open set and let E
be a subset of ). The Sobolev-Lorentz (p, ¢) relative capacity of the pair (E, () is
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denoted

cap(y,q) (£, Q) = inf {[|Vul| ) u € A(E,Q)},

P
L®d) (Q;Rn
where

A(E, Q) = {u e H'PP(Q): u > 1 in a neighborhood of E}.

We call A(E, Q) the set of admissible functions for the condenser (E, Q). If A(E, ) =
0, we set capg, (£, Q) = co.

Since H, (o ’q)(Q) is closed under truncations from below by 0 and from above by
1 and since these truncations do not increase the (p,¢)-norm of the distributional
gradients, it is enough to consider only those admissible functions w for which 0 <
u < 1.

5.1.1. Basic properties of the (p, q) relative capacity. Usually, a capacity
is a monotone and subadditive set function. The following theorem will show, among
other things, that this is true in the case of the (p, ¢) relative capacity. In our thesis
[4] we studied only the case 1 < n =p < oco. In [6] we extended the results from [4]
to the case 1 < p < co and n > 1. The following theorem generalizes Theorem V.23
from [4] and Theorem 4.1.1 from [6] to the case 1 < p < oo and n = 1.

Theorem 5.1. (See |4, Theorem V.23| and |6, Theorem 4.1.1]) Let n > 1 be
an integer. Suppose 1 < p < oo and 1 < g < oo. Let Q C R™ be a bounded open
set. The set function E +> cap(m)(E, Q), E C ), enjoys the following properties:

(i) If Ey C Es, then capg, 4 (E1, Q) < cap, o (E2, Q).

(i) If @ C Qy are open and bounded and E C €y, then

Cap(p7Q) (E7 92) S Cap(p,q) (E7 Ql)

(%ii) cap(%q)'(E,Q) = inf {cap, (U,Q): ECU CQ, U open}. ' N
(iv) IzKi is a decreasing sequence of compact subsets of Q! with K = (.2, K,
then

Cap(p,Q)(K7 Q) = Zlggo Cap(p,q)(Kiv Q).
(v) Suppose that 1 < g <oo. If By CEy C...C E=J2, E; CQ, then

Cap(imq)(E7 Q) = Zlggo Cap(p,q)(Eiv Q).

(vi) If E=J;2, E; C Q, then

Cap(pﬂ)(E’ Q)l/p = anp(pvq)(Ei’ Q)l/p'
i=1
Proof. This result was proved in [6] for n > 2. See |6, Theorem 4.1.1|. The proof
of the case n = 1 is very similar to the proof of [6, Theorem 4.1.1] and omitted. [

The set function cap, , (-, ) satisfies properties (i), (iv), and (v) of Theorem 5.1
whenever 1 < p, ¢ < oo and € is a bounded open set in R", where n > 1 is an integer.
Thus, cap, (-, €2) is a Choquet capacity (relative to 2) whenever 1 < p,q < oo and
2 is a bounded open set in R", where n > 1 is an integer. We may thus invoke
an important capacitability theorem of Choquet and state the following result. See
Doob [9, Appendix II].

Theorem 5.2. Let () be a bounded open set in R"™, where n > 1 is an integer.
Suppose 1 < p,q < oo. The set function E cap(m)(E, Q), E C Q, is a Choquet
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capacity. In particular, all Borel subsets (in fact, all analytic) subsets E of §) are
capacitable, i.e.

cap(, o) (£, ) = sup {cap, (K,Q): K C E compact}.

The set function cap,, (-, €2) satisfies properties (i) and (iv) of Theorem 5.1
whenever ¢ = 1 or ¢ = co. Like in Theorem 5.1, the set €) is bounded and open in
R", where n > 1 is an integer.

Question 5.3. Let €2 be a bounded open set in R", where n > 1 is an integer.
Suppose 1 < p < oo. Is cap(nq)(-, ) a Choquet capacity when ¢ = 1 or when ¢ = 00?

We obtain a partial positive result later. Namely, we show later that if 2 C R"
is a bounded open set, then cap(m)(-, Q) is a Choquet capacity whenever 1 < n <
p<ooorl<n=p<oo.

Remark 5.4. Suppose 1 < g < co. The definition of the (p, ¢)-capacity easily
implies
cap, o) (K, Q) = cap, (0K, Q)

whenever K is a compact set in €.

5.2. The Sobolev—Lorentz p, q relative capacity. Let n > 1 be an integer.
Suppose 1 < p < oo and 1 < g < co. We can introduce the p, ¢ relative capacity
the way we introduced the (p, ¢) relative capacity. Let  C R"™ be a bounded and
open set and let E be a subset of €. We can define the Sobolev—Lorentz p, ¢ relative
capacity of the pair (E, Q) by

Cap%q(E’ Q) = inf {Hvuninq(Q;Rn): (S .A(E, Q)}
where (like before)
A(E,Q) = {u € Hy"?(Q): u > 1 in a neighborhood of E}.

Like before, we call A(F, Q) the set of admissible functions for the condenser (E, Q).
If A(E,Q) =0, we set cap, ,(F,Q) = oc.

Since Hé (o ’q)(Q) is closed under truncations from below by 0 and from above by
1 and since these truncations do not increase the p, g-quasinorm of the distributional

gradients, it is enough to consider only those admissible functions w for which 0 <
u < 1.

5.2.1. Basic properties of the p, q relative capacity. Usually, a capacity is
a monotone and subadditive set function. The following theorem will show, among
other things, that this is true in the case of the p, q relative capacity. In our book
[6] we studied the case 1 < p < oo and n > 2. We extend these results to the case
n = 1. The following theorem generalizes Theorem 3.2 from Costea—Maz’ya [8] and
Theorem 4.2.2 from [6].

Theorem 5.5. (See Costea—Maz’ya [8, Theorem 3.2| and [6, Theorem 4.2.2|)
Let n > 1 be an integer. Suppose 1 < p < oo and 1 < g < o0o. Let 2 C R"™ be a
bounded open set. The set function E + cap, (F,Q), E C Q, enjoys the following
properties:

(i) If By C By C Q, then cap, ,(F1,Q) < cap, (FE>, Q).

(ii) If 1 C Qy C R™ are open and E C )y, then

Capp7q(E7 Q2) S Capp7q(E7 Ql)
(iii) cap,,(&,?) = inf {cap, ,(U,Q): E C U C Q, U open}.
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(iv) If K; is a decreasing sequence of compact subsets of Q with K = (.2, K;,
then
cap, ,(K,Q) = lim cap, ,(K;, Q).
’ 1—00 ’

(v) Suppose that 1 < q<p. If B, CE, C...C E=J2, E; CQ, then
cap,, o(E, ) = E?o cap, (£, ).

(vi) Suppose that 1 < q<p. If E=J;°, E; C Q, then

capy (B0 < 3, (B
i=1
(vii) Suppose that p < q¢ < oo. If E =J;2, E; C Q, then

cap, ,(F,Q) anppq E;, Q).

(viii) Suppose that ¢ = co. Let k > 1 be an integer. If E = Ule E; C Q, then

k
cap, ,(E,§2) < anpm(E,-, Q).
i=1
(ix) Suppose that 1 < g < oo. IfQy and €y are two disjoint open sets and E C ),
then
cap, ,(E, Uy) = cap, ,(F, Q).
(x) Suppose that 1 < q < p. Suppose that y, ..., are pairwise disjoint open
sets and E; are subsets of Q; fori =1,... k. If E = Ule E; and Q) = Ule Qi,

then
k

Capp7q(Ea Q) Z Z Capp,q(Ei> Ql)
i=1
(xi) Suppose that p < q < co. Suppose that ), ..., ) are pairwise disjoint open
sets and E; are subsets of Q; fori=1,..., k. If E = Ule E; and Q) = Ule Q;,
then

k
cap,, (&, Q)P > anpp,q(Ei, Q,) 1P
i=1
Proof. This result was proved in [6] for n > 2. See [6, Theorem 4.2.2|. The proof
of the case n = 1 is very similar to the proof of [6, Theorem 4.2.2] and omitted. [

The set function cap, (-, §2) satisfies properties (i), (iv), and (v) of Theorem 5.5
whenever 1 < ¢ < p < oo and  is a bounded open set in R", where n > 1
is an integer. Thus, cap,,(-,€2) is a Choquet capacity (relative to ) whenever
1 <qg<p< oandQis a bounded open set in R"”, where n > 1 is an integer.
We may thus invoke an important capacitability theorem of Choquet and state the
following result. See Doob |9, Appendix II|.

Theorem 5.6. Let () be a bounded open set in R"™, where n > 1 is an integer.
Suppose 1 < ¢ < p < oo. The set function E + cap, ,(F,Q), E C Q, is a Choquet
capacity. In particular, all Borel subsets (in fact, all analytic) subsets E of ) are
capacitable, i.e.

cap,, ,(£,€2) = sup {cap, ,(K,Q): K C E compact}.
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The set function cap,, ,(-, €2) satisfies properties (i) and (iv) of Theorem 5.5 when-
ever ¢ =1 or p < ¢ < oo. Like in Theorem 5.5, the set €2 is bounded and open in
R", where n > 1 is an integer.

Question 5.7. Let 1 < p < oo be fixed. Suppose that €2 is a bounded open set
in R", where n > 1 is an integer. Is cap, ,(-,2) a Choquet capacity when ¢ = 1 or
when p<qg<oo?

We obtain a partial positive result later. Namely, we show later that if Q@ C R" is
a bounded open set, then capp71(~, ) is a Choquet capacity whenever 1 <n < p < 0o
orl <n=p<oo.

Remark 5.8. The definition of the p, g-capacity easily implies
cap, ,(K,Q) = cap, (0K, Q)
whenever K is a compact set in €.

5.3. The Sobolev-Lorentz (p, q) global capacity. Let n > 1 be an integer.
Suppose 1 < p < ocand1 < g < oco. Foraset E C R"™ we define the Sobolev—Lorentz
global (p, q)-capacity of E by

Ca“p(p,q) (E> = lnf HUH:;[L(p,q)(Rn)?

where u runs through the set
S(E)={uce Hol’(p’q)(R"): u > 1 in an open set containing E'}.

If S(E) = 0, we set Cap, ,(£) = oo. It is obvious that the same number is obtained
if the infimum in the definition is taken over u € S(F) with 0 < u < 1.

5.3.1. Basic properties of the (p, q) global capacity. The following theorem
summarizes the properties of the global Sobolev—Lorentz (p, ¢)-capacity, extending
our results from [6, Theorem 4.6.2] to the case n = 1.

Theorem 5.9. (See |6, Theorem 4.6.2]) Let n > 1 be an integer. Suppose
1 <p<ooandl <q < oo The set function E — Cap,, (E), £ C R", has the
following properties:
(i) If Ey C Es, then Cap, ,(E1) < Capg, o (Ea).
(ii) Cap, ) (E) = inf {Cap,,(U): £ CU C R", U open}.
(iii) If K; is a decreasing sequence of compact subsets of R" with K = (2, K;,
then
Cap,,q) (K) = }Eono Cap(y,q) (Ki)-

(iv) Suppose that 1 < g <oo. If By C Es C ...C E=J;2, E: CR", then
Cap(fl’ﬂ)(E) = }Ego Cap(p,q)(Ei)'
(v) If E =2, E;, then

Cap(pﬂ)(E)l/p < Z Cap(p,q)(E")l/p'
i=1
Proof. This result was proved in [6] for n > 2. See [6, Theorem 4.6.2]. The proof
of the case n = 1 is very similar to the proof of |6, Theorem 4.6.2] and omitted. [

The set function Capy, ,(-) satisfies properties (i), (iii), and (iv) of Theorem 5.9
whenever n > 1 is an integer and 1 < p,q < co. Thus, this set function is a Choquet
capacity whenever n > 1 is an integer and 1 < p,q < oco. We may thus invoke
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an important capacitability theorem of Choquet and state the following result. See
Doob [9, Appendix II].

Theorem 5.10. Let n > 1 be an integer. Suppose 1 < p,q < oo. The set
function £+ Cap,, (E), E C R", is a Choquet capacity. In particular, all Borel
subsets (in fact, all analytic) subsets E' of R™ are capacitable, i.e.

Cap, 4 (E) = sup {Capy, (K): K C E compact}.

The set function Cap, ,(-) satisfies properties (i) and (iii) of Theorem 5.9 when-
ever ¢ = 1 or ¢ = 0o. Like in Theorem 5.9, n > 1 is an integer.

Question 5.11. Let n > 1 be an integer. Suppose 1 < p < co. Is Cap,,(-)
Choquet when ¢ = 1 or when ¢ = o0?

We obtain a partial positive result later. Namely, we show later that Cap,)(-)
is a Choquet capacity whenever 1 <n <p<ooorl<n=p < oo.

5.4. The Sobolev—Lorentz p, q global capacity. Let n > 1 be an integer.
Suppose 1 < p < o0 and 1 < ¢ < oco. We can introduce the global p, g-capacity
the way we introduced the global (p, ¢)-capacity. For a set E C R™ we define the
Sobolev—-Lorentz global p, g-capacity of E by

Capp,q(E) = inf ||u||§{1,p’q(Rn)>
where u runs through the set
S(E) = {u e HY"P(R™): v > 1 in an open set containing E}.

If S(E) =0, we set Cap, ,(£) = oo. It is obvious that the same number is obtained
if the infimum in the definition is taken over u € S(F) with 0 < u < 1.

5.4.1. Basic properties of the p, g global capacity. The following theorem
summarizes the properties of the global Sobolev-Lorentz p, g-capacity, extending our
results from |6, Theorem 4.7.3| to the case n = 1.

Theorem 5.12. (See [6, Theorem 4.7.3]) Let n > 1 be an integer. Suppose
1 <p<ooandl < q<oo. The set function £ + Cap, (E), £ C R", enjoys the
following properties:
(i) If By C Es, then Cap, ,(E:1) < Cap, ,(E>).
(ii) Cap, ,(F) =inf{Cap, (U): E C U C R", U open}.
(iii) If K; is a decreasing sequence of compact subsets of R™ with K = (.2, K,
then
Capp,q(K) = Zlifg) Capp,q(Ki)‘

(iv) Suppose that 1 < g <p. If By CE, C ... C E=J;, E; C R", then
Capp7q(E) = }l}rgo Capp7q(Ei)'

(v) Suppose that 1 < ¢ <p. If E=J;-, E; C R", then
Cap,,, q/p < Z Cap,,, Q/p

(vi) Suppose that p < ¢ < co. If E = Ui_l E; C R", then

Capp 4 Z Capp a
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(vii) Suppose that ¢ = co. Let k > 1 be an integer. If E = Ule E; C R", then

k
Cap,, ,(F) < Z Cap,, ,(E:).
i=1

Proof. This result was proved in [6] for n > 2. See |6, Theorem 4.7.3|. The proof
of the case n = 1 is very similar to the proof of |6, Theorem 4.7.3] and omitted. [

The set function Cap, (-) satisfies properties (i), (iii), and (iv) of Theorem 5.12
whenever n > 1 is an integer and 1 < ¢ < p < oco. Thus, this set function is a
Choquet capacity whenever n > 1 is an integer and 1 < ¢ < p < co. We may thus
invoke an important capacitability theorem of Choquet and state the following result.
See Doob [9, Appendix II].

Theorem 5.13. Let n > 1 be an integer. Suppose 1 < q < p < oo. The set
function E + Cap, (F), E C R", is a Choquet capacity. In particular, all Borel
subsets (in fact, all analytic) subsets E of R™ are capacitable, i.e.

Cap, ,(E£) = sup {Cap,, ,(K): K C E compact}.

The set function Cap, ,(-) satisfies properties (i) and (iii) of Theorem 5.12 when-
ever g =1 or p < ¢ < oo. Like in Theorem 5.12, n > 1 is an integer.

Question 5.14. Let n > 1 be an integer. Suppose 1 < p < oo. Is Cap, () a
Choquet capacity when ¢ = 1 or when p < ¢ < 00?

We obtain a partial positive result later. Namely, we show later that Cap,,,(-) is
a Choquet capacity whenever 1 <n<p<ocorl<n=p< .

6. Sharp estimates for the Sobolev-Lorentz n,1 relative capacity

In [5] we studied the n, g relative capacity for n > 2 and 1 < ¢ < oo and we ob-
tained sharp estimates for the n, ¢ relative capacity of the condensers (B(0,r), B(0, 1))
for small values of r in [0, 1). See |5, Theorem 3.11]. In this section we obtain a few
new results. For instance, we obtain sharp estimates for the n, 1 relative capacity of
the aforementioned concentric condensers for ALL r in [0,1). See Theorem 6.2 (i).
Thus, we improve the estimates that we obtained in [5] for the n, 1 relative capacity.
In particular, we obtain the exact value for the n, 1 capacity of a point relative to all
its bounded open neighborhoods from R", a strictly positive number as we saw in
[5, Corollary 3.8]. See Theorem 6.2 (ii).

Moreover, we obtain a new result concerning the n, 1 global capacity. We show
that this aforementioned value is also the value of the global n,1 capacity of any
point from R"™. See Theorem 6.3. This constant will also come into play later when
we give a new proof of the embedding H&’("’l)(Q) — C(Q) N L>(£), where 2 C R®
is open and n > 2 is an integer. See Theorem 6.4. This embedding is proved by
using the exact value of the n,1 capacity of a point relative to any of its bounded
open neighborhoods from R™.

In order to obtain the sharp estimates for the condensers (B(0,r), B(0, 1)) for all
rin [0, 1), we revisit Proposition 2.11 from [5] for p=n > 1 and ¢ = 1.

Proposition 6.1. Suppose n > 2 is an integer. Let 0 < r < 1 be fixed. Let
w: [, Q] — [0,00) be defined by w(t) = (t/2,)"". Suppose f: [r,1] = [0, 00)
is continuous and let g : [Q,r",Q,] — [0,00) be defined by g(t) = f(w(t)). Then

Ln,l([Qnrn’Qn]) Z nQi/"(l — T’n)_l/n, ||f||L1([r,1])~

g1
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Proof. By applying |5, Proposition 2.11] for p =n > 1 and ¢ = 1, we obtain
191l 201 (00rm 01y = 1% 1 (£/2) 717
L

A V| PTG
Lo (2 2] ||f||L1([r,1}>-
We compute [ w0, pn 0, We notice that

17N oo gm0y = 1+ ™) ™™ | o 0,000 (1)

An easy computation shows that

1+ Q™) e oy = sUD (4 Q)T
0<t<Qp (1—17)

¢ 1/n’
= sup (7) — (1 _ Tn)l/n )

0<t<Q (1—rm) \t + Q1™
This finishes the proof. O

Next we obtain sharp estimates for the n, 1 relative capacity of the condensers
(B(0,7), B(0,1)) for ALL 7 in [0,1). Thus, we improve the estimates obtained in
[5, Theorem 3.11| for the n, 1 relative capacity of the aforementioned concentric
condensers. As a consequence we obtain the exact value of the n,1 capacity of a
point relative to all its bounded open neighborhoods from R™.

Theorem 6.2. Let n > 2 be an integer.
(i) We have
1—r"

n"Q, (1 — ") < cap,, (B(0,r), B(0,1)) < A T

for every 0 < r < 1.
(ii) We have
capml({x}, Q) =n"Q,

whenever x € R"™ and ) is a bounded open set in R" containing x.

Proof. We start by proving claim (i). Let r € [0, 1) be fixed. We want to compute
the lower estimate. In order to do that, it is enough to consider via [5, Lemma 3.6]
only the admissible radial functions in C§°(B(0,1)) that are 1 on a neighborhood
of B(0,7). Let u be such a function. There exists a function f € C*([0,1]) such
that u(z) = f(|z|) for every x € B(0,1). Hence |Vu(x)| = |f’'|(|z|) for every = €
B(0,1). Moreover, f'(t) = 0 for every t € [0,r]. If we define ¢: [0,9,] — [0,00) by
g(t) = |f'|((t/Q,)"™), we notice that g is a continuous function compactly supported
in (2,7, Q). Moreover, since |Vu(z)| = g(2,|z|") for every x € B(0,1), it follows
that |Vu| and ¢ have the same distribution function. From this and the fact that ¢
is supported in (€2,7™,€),), we obtain

||VUHL7L,1(B(071);R7L) = Hg| Ln,l([QnrnﬂnD.

But via Proposition 6.1 we have
gl 2t gm0y = 72" (1 =)
and since || f'|| 11y = f(r) — f(1) = 1, we obtain
[Vl

By taking the infimum over all admissible radial functions that are in C3°(B(0, 1)),
we obtain the desired lower estimate.

L BO.O)RY) = 19 Lrt (e 0.y > nQY™ (1 — ™)V
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Now we compute the upper estimate. Let w,: B(0,1) — [0, 1] be defined by

- {b if0< 2| <r,
U () =9 1wl
11_|T,|, if r <|z| < 1.

We notice that u, is a Lipschitz function on B(0, 1) that can be extended contin-
uously by 0 on 0B(0,1). Thus, u, in Hé’("’l)(B(O, 1)). Moreover, the function r—u,

is admissible for the condenser (B(0,7), B(0,1)) for every € € (0,1).
Thus, we have

_ ]_ n
cap, 1(B(0,7), B(0,1)) < Ao IV [ 7n (50,1)mm)

for every € € (0,1). By letting ¢ — 0, the above inequality yields

Capn,l(B(Ov T)u B(07 1)) < ||VUT||Z"71(B(O,1);R”)‘
An easy computation shows that

0 o<z <,
= ifr <]zl <1

[V, ()] = {

Thus,
1 1 Qn(1—77) i
IVt sonmn = T IXso B0 01 wo0) = 7 /0 e dt
1 (1 —rml/n
- = Qn 1 —ph 1/n _ Ql/n
Lo, (1 =y U200

Hence, we obtain the desired upper estimate

cap, 1 (B(0,7), B(0,1)) < n"Q, 8 ::;2

We obtained the desired lower and upper estimates for cap,, ;(B(0,7), B(0,1)). This
finishes the proof of claim (i).
We prove claim (ii) now. For r = 0, claim (i) yields

cap, ({0}, B(0,1)) = n"Q,.
From this, the invariance of the n,1 relative capacity under translations, |5, Lem-

ma 3.4| and [5, Theorem 3.2 (ii)| (see also Theorem 5.5 (ii)), the desired conclusion
follows. This finishes the proof. O

6.1. Sharp estimates for the n,1 global capacity. In Theorem 6.2 we
computed the exact value of the n,1 capacity of a point relative to all its bounded
open neighborhoods from R”™. We now prove that this strictly positive number is
also the exact value of the n,1 global capacity of any point from R".

Theorem 6.3. Let n > 2 be an integer. We have
Cap,,;({7}) = n"Q, > 0
for every x € R".

Proof. Since the n,1 global capacity is invariant under translation, it is enough
to prove via Theorem 6.2 (ii) that

Cap,1({0}) = n"Q,.
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We prove first that
20, < Cap, ({0},
Fix e > 0. Let u € S({0}) be an admissible function for {0} with respect to the n, 1
global capacity such that
Ln,l(Rn) + ||vu||Ln,1(Rn;Rn) < Ca}pn71({0})l/n ‘I‘ E.

Without loss of generality we can assume that v € S({0}) N C§°(R"). Then u is
compactly supported in a bounded open set U C R" that contains the origin. It is

easy to see that S({0}) N C5e(U) = A({0},U) N Ce(U). Thus, u € A({0},U).
Therefore we have via Theorem 6.2 (ii)
nQ,/" = cap,, 1 ({0}, )" < [ Vul| poairmy = [[Va]| pr o)
< JJullgn ey + [Vl ra oy < Capy, 1 ({017 +¢.
By letting € — 0, we see that indeed n"Q,, < Cap,,;({0}).

Conversely, we want to show that Cap, ;({0}) < n"€,. Let u: R" — [0,1] be
defined by

[u

1—Jz| if0< 2| <1,
u(r) = .
0 if |x| > 1.

We notice that u is a Lipschitz function on R™ that is supported in B(0,1).
Thus, u € H&’("’l)(R"). Moreover, the function —u is in S({0}) for every € in (0, 1).
For every r in (0,00) we define u,: R" — [0,1] by u,(z) = u(¥). We notice that
u, is a Lipschitz function on R" that is supported in B(0,r) for every r > 0. Thus,
U, € HS’(n’l)(Rn) for every r > 0. Moreover, the function l—ie
r > 0 and for every ¢ in (0, 1).

It is easy to see that

u, is in S({0}) for every

for every r > 0. Thus,

n 1
Cap,, . ({0D"" < 1= (lwrllzerme) + [ Vurlln )

1

T 1-¢ (THU

for every r > 0 and for every ¢ in (0, 1). By letting » — 0 and € — 0, we obtain
Cap,,;({0}) < [Vullfnr gnmn-

An easy computation shows that

1 if0< |z <1,
|Vu<x>|:{ l«

Ln,l(Rn) + HVU Ln,l(Rn;Rn))

0 if |z| > 1.
Thus,
Q|
IVullLra@rmey = X l2mr @) :/ tntdt = noy/,
0
Therefore, we obtain
Cap, ,({0}) < [[Vul[fn1 gngny = 1" 2.
This finishes the proof of the theorem. O
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The following theorem gives a new proof of the embedding H, ’("’1)(9) — C(Q)N
L>(€2) whenever 2 C R"™ is an open set and n > 2. This embedding was proved
before by Stein in [17] and by Cianchi-Pick in [2]. See |2, Theorem 3.5 (i)]. Our
approach is different. Our proof uses the theory of the n, 1 relative capacity in R",
n > 2 and the the exact value of the n,1 relative capacity of a point relative to
all its bounded and open neighborhoods from R™. This value has been obtained in
Theorem 6.2 (ii).

Theorem 6.4. Let Q2 C R" be an open set, where n > 2 is an integer. If
u € HS’("’l)(Q), then u has a version u* € C(Q) N L>(Q) and

1
(3) [ull Loy < WHVUHLM(Q;R@.
naly

Moreover, if ) # R", then u* = 0 on 0f2.

Proof. First we prove (3) for the functions in C§°(€2). So let u be a function in
Cie(£2). We can assume without loss of generality that u is not identically zero. Let
U CcC Q) be a bounded open set such that supp v CC U.

Fix A € (0,1). Let Oy = {z € Q: |u(z)| > Mul/z=@}. Then Oy CC U is a

bounded nonempty open set and the Lipschitz function W}w(m

and is admissible for the condenser (O,,U) with respect to the n, 1-capacity. Let
x € O,. The monotonicity of the cap,, ; (-, U) set function and Theorem 6.2 (ii) imply

is supported in U

Vul|pniqre
D" = cap,y ({a}, U) < cap, 1 (0, ) < Ity

Mul| 2o )

Thus,
1
nQy"

Jul| L) < AY V| o mmy

for every A € (0,1). By letting A — 1, we obtain the desired inequality for u €
C(Q).

Suppose now that u € HS’("’l)(Q). Let (ug)p>1 C C§°(£2) be a sequence that
converges to u in Hé’("’l)(Q). We can assume without loss of generality that the
sequence (ug)g>1 C CF°(Q) is chosen such that u; converges pointwise to u almost
everywhere in (), Vu, converges pointwise to Vu almost everywhere in €2, and such
that

HukH — UkHLn,l(Q) + HVukH — VukHLn,l(Q;Rn) < 2_%, vk > 1.

By applying the inequality (3) to the smooth functions uy and ug,; — uy, that are
compactly supported in €2 for every k > 1, we obtain

1
(4) |Uk(£l'f)| S WHVUH L™ (Q;R") and
1
(5) |up 1 () — up ()] < —Ql/" Vg — VUkHLnJ(Q;Rn)
Niin

for all z in Q and for every k& > 1. From the choice of the sequence uy and (5),
it follows that the sequence uy is uniformly fundamental on . Thus, u; converges
uniformly in © to a function v € C(Q2). Since the functions u; are in C§°(§2), we

can assume without loss of generality that they are in C'(£2). This is trivial when
Q = R™ when Q # R" (that is, when 9 # (), we set all the functions uy, to be 0
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on 0f). Thus, the sequence uy, is uniformly fundamental in £ and its uniform limit v
is continuous on €. Moreover, if  # R", then v is 0 on 9.

Since u converges pointwise almost everywhere to u in {2 and uniformly to v in
Q, it follows that u = v almost everywhere in (2. Consequently, v € HS’("’l)(Q) and
Vu = Vv almost everywhere in €.

By letting & — oo in (4), we obtain

o(@)] = Jim Jug(e)] € o T [ Vgl @

nQY/™ k=
1 1
== nQ—i/nHVUHLnl(Q’Rn) = nQ—}L/nHV’UHLn,l(Q;Rn)
for every x in €. Since u = v almost everywhere in €, this implies that u € L*>(Q)
and (3) holds. This finishes the proof of the theorem. O

Remark 6.5. Suppose n > 2 is an integer. We can see easily that we have
equality in (3) for the functions u, that were used in the proof of Theorem 6.3. In
the aforementioned theorem, for a fixed r in (0, co) the function u, : R™ — [0, 1] was

defined by
1-E sro<)z| <,
up(z) = T
0 if |x| > 7.

As a consequence of Theorem 6.4, we now show that every function in Hllc,’én’l)(ﬂ)
has a version that is continuous on 2. It is pretty clear to see that this result also
follows as a consequence of the aforementioned results obtained by Stein in [17] and

by Cianchi-Pick in [2].
Proposition 6.6. Let 2 C R"™ be an open set, where n > 2 is an integer.
Suppose that u € H>""(Q). Then u has a version u* € C ().

loc
Proof. Choose open sets ) = Qy C Q; CC Q41,7 > 1 such that Uj Q; = Q.
Like in the proof of |7, Theorem 4.11] (see also Heinonen—Kilpelainen-Martio [12,
Lemma 1.15]), we construct a sequence 9;, j > 1 such that ¢; € C5°(€;41 \ Q;-1) for
every j > 1 and Zj ;=1 on .

We notice via Lemma 4.1 that ui; € HO1 ’(n’l)(Q) is compactly supported in € for
all j > 1. By applying Theorem 6.4 to the sequence (ut;);>1, we find a continuous
version (uw;)* of wi; that is compactly supported in Q for every j > 1. Then

u* = ) (uy;)* is a version of u = > utp;. Since on every bounded open set
U cC  only finitely many of the functions (uw);)* are non-vanishing, it follows
immediately that u* is in fact continuous on 2. This finishes the proof. O

7. Bounded sequences in non-reflexive Sobolev—Lorentz spaces

Whenever we proved a Monotone Convergence Theorem for the relative and

global Sobolev—Lorentz (p, ¢) capacities associated to reflexive spaces H& (P ’q)(Q), 1<
q < 00, we always used the fact (via Theorems 4.3-4.4) that every bounded sequence

(up)r>1 C HS’(p’q)(Q) has a subsequence (uy,) that converges weakly in H®%9(Q) to
a function v € Hy' ™9 ().

We know that the spaces H-®D(Q) and Hy'®Y(Q) are not reflexive. See for
instance the discussion from Section 4.1 in our paper [7]. In this section we prove
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a weak convergence theorem concerning H®(Q) and H, (2 ’Q)(Q) that is similar to
Theorem 4.4. The weak convergence result concerning H®1(Q) is valid whenever
1 < p < co. See Theorem 7.1 (i). The weak convergence result concerning Hy (P ’1)(9)
is valid whenever 1 <n <p <ooorl<n=p < oo. See Theorem 7.1 (ii).

This theorem shows that if a bounded sequence from H®(Q) converges weakly
in a reflexive space H"9 () to a function from H®9(Q) for some fixed ¢ in (1, 00),
then that limiting function is in H%®Y(Q) and the sequence converges weakly to
the same function in every reflexive space H“®*)(Q), 1 < s < oo. However, this
type of convergence appears to yield less than the classical weak convergence in
LPY(Q) x LPH(; R™). We plan to investigate the relation between these types of
convergence in a subsequent paper.

Theorem 7.1. Let 2 C R"™ be an open set, where n > 1 is an integer. Suppose
that 1 < p,q < co. Let u be a function in H>®9(Q) and let (uy)p>1 C H-®Y(Q)
be a sequence that is bounded in H»®Y(Q). Suppose that u;, converges to u weakly
in L®™9(Q) and that Vuy, converges to Vu weakly in L9 (Q; R™).

(i) We have that u is in H“®V(Q). Moreover, the sequence uj, converges to
u weakly in L) (Q), while the sequence Vuy converges to Vu weakly in
LP#)(Q; R™) for every 1 < s < co. Also, we have

/ k() da:—>/ x)dr and
/0uk (:B)d:);—)/g@iu(z)ap(x)dz, i=1,...,n

for every simple function p € LP*(Q). Furthermore, we have
) 7500y < B i el 0
k—o0
8) ||u||H1,p,1(Q) S lim inf ||uk||H1,p,1(Q),
k—o0
) ||Vu||L(p,1)(Q;Rn) < lim inf ||Vuk||L(p,1)(Q;Rn) and
k—00

10) HVUHLJJJ(Q;Rn) < 11]?1 inf HvukHLT’J(Q;R")-

(i) Suppose that 1 <n <p<ooorl <n=p<oo. Ifu eHl(p’ (Q) for all
j>1, thenu € HY (. )(Q)

Proof. (i) We recall that H>®"(Q) ¢ H“®*)(Q) and HS’(”’T)(Q) C H&’(p’s)(Q)
whenever 1 < r < s < oo. (See [7, Theorem 4.3]). Moreover, from Remark 3.2,
(2) and the definition of the Sobolev—Lorentz spaces and norms on €2, it follows that
there exists a constant C'(p,r, s) > 0 such that

(11) [0l w0 (0) < C 7, 9) [0 1.0 0

for every v € H»®")(Q). Thus, any sequence that is bounded in H>®(Q) is also
bounded in H%®*)(Q) whenever 1 < s < oco. Similarly, any sequence that is bounded

in HS’(p’l)(Q) is also bounded in H;’ (P, S)(Q) whenever 1 < s < oo. The spaces

HY®9(Q) and Hy (P28 )(Q) are reflexive whenever 1 < p,s < 0o. See the discussion
before Theorem 4.1 from our paper [7].

Let ¢ in (1,00) be fixed. From Theorem 4.4 it follows that for any sequence wy
that is bounded in H%®%(Q) there is a subsequence i, and a function u € H>®9(Q)
such that 1y, converges weakly to u in L9 () and Vi, converges weakly to Vi in
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L9 (Q; R™). Moreover, from Theorem 4.4 it follows that # is in HS’(p’q)(Q) if all the
functions u; are in HS’(p’q)(Q).

If such a sequence 1y, is bounded in H®(Q), from (11), Theorem 4.4 and from
the discussion in the previous paragraph we obtain the existence of a subsequence
ty, and of a function u € H»®9(Q) such that wu, converges weakly in LP(Q) to
u and such that Vg, converges weakly to Vu in LP9(Q; R"™). Moreover, from the
discussion in the previous paragraph and from (11) it follows that @ is in H, (P ’q)(Q)
if all the functions i, are in Hy®" ().

However, since the subsequence iy, is bounded in the non-reflexive space H®1
(Q), it is also bounded via (11) in the reflexive spaces H“®*)(Q) for every 1 <
s < oo. From this, the fact that u is the weak limit of the subsequence uy, in
HY®9(Q), from the definition of the spaces L»*(Q; R™), from Hunt [13, p. 258] and
from Bennett—Sharpley [1, Theorem 1V.4.7 and Corollary 1V.4.8|, it follows in fact
that u € HY®*)(Q) for every 1 < s < oo. Moreover, i, converges weakly in LP*(§2)
to u and Vuy, converges weakly to Vu in LP*(€; R™) for every 1 < s < o0.

Thus, if we have a bounded sequence wuy, in H“®1(Q) that converges weakly in
HYP9(Q) to a function u € HY®9(Q), the above argument shows that u belongs
to H-®%)(Q), uy, converges weakly in LP*() to u and Vuy converges weakly to Vu
in LP*(Q; R™) for every 1 < s < co. Moreover, (6) holds for v and for the sequence
ug. If in addition the sequence (ug)r>1 C H&’(p’l)(Q) is bounded in HS’(p’l)(Q), from
the previous argument and Theorem 4.4 it follows that the function w is in fact in
HYP(Q) for all 1 < s < cc.

From (6) it follows easily via Fatou’s Lemma and via the Holder inequality for
Lorentz spaces (see |5, Theorem 2.3] and/or [7, Theorem 3.7]) that

/Qu(a:)go(x) dx
/Q@u(x)gp(a:) dx

< (Hminf funllzna)) 0l m g and

S (hmmf ||aZUk||Lp1(Q)> ||(,0||Lp/,oo(Q), 1= ]., o,
k—o0

for every simple function o € LP*(Q).

From (12) and Bennett—Sharpley [1, Proposition 1.3.13, Theorems 1.4.1 and
IV.4.7] it follows that w is in LP!(€2). From (13) and Bennett—Sharpley [1, Proposi-
tion 1.3.13, Theorems [.4.1 and IV.4.7] it follows that d;u is in LP»'(Q2) for i = 1,n.
Thus, u is in WH®D(Q). Since WP (Q) = H-®D(Q) (see [7, Theorem 4.11]), it
follows that u is indeed in H>®1 ().

Thus, we finally showed that v is in H“®(Q). Now we prove that

(14) HUHL(PJ)(Q) < li,;fgg}f HukHL@J)(Q) and

(15) ||8iu||L(p,1)(Q) S lim inf ||aiUk||L(p,1)(Q), 1= 1, .o, N
k—o0

From (6) and Stein—Weiss [18, Lemma V.3.17 (i) and (iii)] it follows that whenever
0 <t < |9 there exist Lebesgue measurable sets £, and E;; C ,7 = 1,...n such
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that |Ey| = |E;| =t, i =1,...,n and such that

1 1

(16) u**(t):—/0 u*(s)ds = 7/

t ju(a)| de < limnf - /|uk )| de

t
< liminf - / lug|* (s )ds-hmmfuk (t) and

k—00

1
(17) |Ou|™(t) /|8u| —/ \&u(m)\dajgliminf—/ |0sug(z)| de
Ey; k—oo 1 Ey

< liminf — / |0sug|*(s) ds = hmmf|8uk| *(t), i=1,...,n.
k—00 k—

Now (14) follows from (16) and Fatou’s Lemma, while (15) follows from (17) and
Fatou’s Lemma.

Since we do not know whether the sequence (ug, Vuy) converges weakly to (u, Vu)
in LP1(Q) x LP1(£; R™) or not, we cannot use the weak-* lower semicontinuity of the
LP! quasinorm in order to derive (7)—(10). Thus, we have to use a different approach
in order to obtain (7)—(10).

We can choose subsequences uy 1, ug 2, w3 and uy 4 such that

(18) lim ||Uk;71||H1,(p,1)(Q) = liminf ||uk||H1,(p,1)(Q),
k—o0 k—o0
(19) Jim {ugal e = Hminf [jug]| gies o),
(20) lim ||Vuk,3||L(p,1>(Q;Rn) = lim inf ||vukHL(p,l)(Q;R7l) and
k—o0 k—o0
(21) lim ||Vuk,4||Lp,1(Q;Rn) = lim inf ||Vuk||Lp1(Qan)
k—o00 k—00
We can apply the Mazur lemma to the sequences (uy;, Vug;), i = 1,...,4, with
respect to the reflexive space LP9(Q) x LP9(Q;R") to obtain sequences v; of
convex combinations of uy;, i = 1,...,4 such that vy; — u in H*®D(Q), vp; — u

almost everywhere in Q and Vu,; — Vu almost everywhere in Q, i = 1, 4.

We present here the construction argument for the Mazur lemma. Let ky > 1
and 1 < i <4 be fixed. Since every subsequence of (uy;, Vuy,;) converges to (u, Vu)
weakly in L®9(Q) x L9 (Q; R"), we may use the Mazur lemma for the subsequence
Upi, k > ko with respect to LP9(Q) x LPI(Q; R"). We obtain a finite convex
combination vy, ; of the functions wy;, k > ko,

Jko,i Tk
Vko,i = E ko jilljis Mg = 0 and E Mkoji = 1
i—ko i=ko

as close to u as we want in H®9(Q) (but not necessarily in H®1(Q)).

A finite convex combination of functions from H“®(Q) is a function from
HY@PD(Q). Moreover, for every ¢ = 1,...,4 we have (vp;)k>1 C Hy (el )(Q) if
(ur)r>1 C Hy' (®1) (). Passing to subsequences if necessary, we may assume for every
1=1,...,4 that Uk — u almost everywhere in €, Vu,; — Vu almost everywhere
in and that

Hvk+1,i - Uk,iHL(p,q)(Q) + vak+1,i - vvk,iHL(P,Q)(Q;Rn) < 2%k

for every k > 1.
This ends the construction of the sequences (vg;)p>1 C HV®V(Q), i =1,....4
by using the Mazur lemma with respect to L®9(Q) x L9 (Q; R™).
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Now we finish the prove of claim (i). From the convexity of both the p, 1-norm and
the (p, 1)-norm, the choice of the sequences wuy ;, and the definition of the functions
Uk, ¢ = 1,...,4 we obtain

(22) lim inf ||'Uk71 ||H1,(p,1)(Q) < lim inf ||uk||H1,(p,1)(Q),
k—o0 k—o0
(23) h]?l)g.}f H’(JthHl,p,l(Q) < h]?l)g.}f ||uk||H1,p,1(Q),
(24) lim inf ||VUk73||L(p,l)(Q;Rn) S lim inf ||vuk||L(p,1)(Q7Rn) and
k—o0 k—o0
(25) lim inf vak’ngLp,l(Q;Rn) < lim inf ||Vuk]|Lp1(Qan)
k—o0 k—o0

Since the sequences vy ;, kK > 1 converge pointwise almost everywhere on €2 to u for
every ¢ = 1,...,4, it follows via Bennett—Sharpley [1, Proposition II.1.7| and via
Fatou’s Lemma that for every ¢ = 1,...,4 we have

(26) u*(t) < lilgn info;,(t) and u™(t) < lilgn inf v;%(¢t) for every ¢t > 0.
—00 ’ —00 ’

Similarly, since the sequences Vuy ;, k > 1 converge pointwise almost everywhere
on Q to Vu for every i = 1,...,4, it follows via Bennett—Sharpley |1, Proposi-
tion I1.1.7] and via Fatou’s Lemma that for every i = 1,...,4 we have

(27)  |Vul*(t) < liminf Vo] (1) and  [Vul*(£) < lim inf [Vog|*(2)

for every t > 0. Moreover, from (22), (23), (24) and (25) we have via (26) and (27)
and via Fatou’s Lemma

HUHH1,(p,1)(Q) S hm lnf ||'Uk’1||H1,(p,1)(Q) S hm lnf HUkHHl,(p,l)(Q),
k—o0 k—o0
1wl frrpa ) < lim inf vk 2l o) < lim inf Juk | o),
IVull Lo @rny < liminf [V s)| Lo @rny < liminf [Vug|| Lo @rey  and
k—o0 k—o0
HVUHL?J(Q;RH) < lim inf ||V/Uk74HLP,1(Q;Rn) < lim inf HVukHLm(Q;Rn).
k—o0 k—oo

This finishes the proof of claim (i).

(ii) Now we prove the second claim of the theorem. Before we start the proof of
claim (ii), we recall that in part (i) we proved that if we have a sequence (ug)g>1 C
H&’(p’l)(Q) that is bounded in H“®1(Q) such that u; converges to u weakly in
LP9(Q) and such that Vuy, converges to Vu weakly in L™ (€; R"™) for some ¢ in
(1,00), then u in Hy'™*(Q) whenever 1 < s < co. Moreover, we also proved in part
(i) that the sequence u; converges to u weakly in L®*)(Q) and that the sequence Vuy,
converges to Vu weakly in L®*)(€; R") whenever 1 < s < oo. Furthermore, we also
proved that u is in H>®Y(Q). The result in part (i) is valid whenever 1 < p < oo.

Now we show that if the sequence (ug)r>1 C Hé’(p’l)(Q) is bounded in H%®1(Q),
uy, converges to u weakly in L (Q) and Vuy, converges to Vu weakly in L9 (Q; R")
for some ¢ in (1,00), then u € Hé’(p’l)(Q) provided that 1 <n <p<oocorl<n=
p < oo.

Under the hypotheses of claim (ii) we can assume without loss of generality via
the discussion at the beginning of the proof of this theorem together with our previous
results |7, Theorem 5.5 (iii)] when 1 = n < p < co and respectively [7, Theorem 5.6
(iv)] when 1 < n < p < oo that u and all the functions uy and vy ;, k> 1,i=1,...,4
are Holder continuous with exponent 1 — % on the closed set Q. Moreover, if 9Q # 0,
all these functions are 0 on 0f2. Furthermore, from the construction of the sequences
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Uk, from our previous results [7, Theorem 5.5 (iii)] when 1 = n < p < oo and
respectively |7, Theorem 5.6 (iv)| when 1 < n < p < oo, it follows that the sequences
vg,; converge uniformly to u on compact subsets of Q (or respectively uniformly on
Q if  is bounded).

When 1 < n = p < 0o, we can assume without loss of generality via Theorem 6.6
that u is continuous on (2. Moreover, when 1 < n = p < oo we can also assume
without loss of generality via Theorem 6.4 that all the functions u; and vy, are
continuous on  and in addition, if 9 # ), all of them are 0 on 9.

We notice that claim (ii) holds trivially for all p in (1, 00) when Q@ = R™ via our
previous result |7, Theorem 4.12] or when wu is compactly supported in € via our
previous result |7, Lemma 4.21].

We need to prove claim (i) when Q # R™. We have to consider two separate
cases, () bounded and €2 # R” unbounded. Before we differentiate between the
cases (! bounded and €2 # R" unbounded, we extend the functions uy, vi,; and u by
zero on the nonempty set R™ \ {2 and we denote these extensions by uy, Uy; and @
respectively. From the discussion at the beginning of the proof of claim (ii) it follows
that all the functions u and vy; are continuous on R™. From our previous result |7,
Proposition 5.2| and from the hypothesis of claim (ii), we see that the sequence uy, is
bounded in Hol’(p’l)(R"), iy converges weakly to u in L®9(R") and Vi, converges
weakly to Vi in L9 (R™ R"). Thus, via claim (i) it follows that @ € HS’(p’l)(R").
This implies via [7, Theorem 5.5 (iii)| when 1 =n < p < oo, via |7, Theorem 5.6 (iv)]
when 1 < n < p < oo and respectively via Theorem 6.6 when 1 < n = p < oo that u
has a version u* € C(R™). Since u* is continuous on R", u is continuous on 2 and
the restriction of u* to §2 is a version of u, it follows immediately that v = u* = u
everywhere in ).

Now we consider the cases €2 bounded and §2 # R" unbounded separately.

Case 1. We start with the case when €2 is bounded. We saw already that
u = u* = u everywhere in 2. Since w is zero everywhere on R™\ © D 9 and its
version u* is in Cy(R"™), it follows in fact that u* is zero everywhere in R™ \ © D 99
along with w. Thus, u = @* everywhere on R", both of them are zero on 0f) (along
with v) and @* = @ = w in . Thus, we proved that w is a continuous function
on  that extends continuously by 0 on 9. This implies via our previous result |7,

Lemma 4.21]| that u € Hé’(p’l)(Q). Thus, claim (ii) holds when € is bounded provided
that l<n<p<ooorl<n=p<ox.

Case 2. We consider now the case when 2 # R" is unbounded. Without loss of
generality we can assume that 0 €  # R"™. Like in the proof of |7, Theorem 4.12],
we choose a sequence of 2-Lipschitz smooth functions (¢;);>1 C C§°(R™) such that
0<¢; <1, ¢; =10n B(0,j) and such that ¢, is compactly supported in B(0,j+1)
for every 5 > 1. We recall that in the discussion before the proof of Case 1, we
extended the functions wy, vg; and u by zero on R™ \ © and we denoted these
extensions by g, Uy; and u respectively. We noticed then that all the functions wuy
and vy, are continuous on R™.

Let j > 1 be a fixed integer and let s > 1 be a finite number. Let §2; :=
QN B(0,j+1). Via Lemma 4.1 and Remark 4.2 (see also [7, Lemma 4.9 and

Theorem 4.11]) we have that we; is in Hy' " (Q;) whenever w is in Hy' ™ () with

[wejll o,y < 3llwllgres )
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for all w € HS’(”’S)(Q). Thus, via Lemma 4.1 and Remark 4.2 (see also |7, Lemma 4.9

and Theorem 4.11]), we see that the sequence uy¢; is bounded in HS’(p’l)(Qj) since
¢; € C*(R™) is compactly supported in B(0,j + 1) and since the sequence wy, is
bounded in Hy'®(Q).

It is also easy to see via [7, Lemma 4.9] that we have u,¢; — u¢; weakly in
LPD(€) and V(upp;) — V(ug,) weakly in LPD(Q;; R™) since ¢; € C(R") is
compactly supported in B(0, j + 1), u, — u weakly in L®9(Q) and since Vuy, — Vu
weakly in L9 (Q; R"). By applying Case 1 to the sequence (uy¢;)r>1 with respect to
the bounded open set €2;, we see that ug; € HS’(p’l)(Qj). Thus, ug; € H&’(p’l)(ﬂj) C

Hy, (P ’1)(9) for every 7 > 1 integer. By doing a computation similar to the one from
the proof of our previous result [7, Theorem 4.12|, we obtain

1@ — @5 | .o gy < NT(L = 6) || Lo ey + (V05| Loty ey
+ (X = &) V|| Lo (mn ey
S 3 ||6XR”\B(0,]) HL(P,I)(Rn) + HVﬂXR”\B(O,j)||L(P,1)(Rn;Rn) N 0

as j — oo. From this, [7, Proposition 5.2|, the definition of w and the fact that ug;
is the extension by 0 on R™\ Q; of ug; € Hy " (Q,) ¢ HYPV(Q) for every j > 1
integer, it follows that v € HS’(p’l)(Q). This finishes the proof of the case {2 # R"
unbounded. Thus, we finish proving claim (ii) and the theorem. O

Remark 7.2. When proving this weak convergence result for H&’(p D(Q), we
relied heavily many times on the fact that we can work with continuous functions

from Hol’(p’l)(Q) whenever 1 <n < p <ooorl <mn=p < oco. The existence of
discontinuous and /or unbounded functions in HS (e ’1)(9) when 1 < p < n leaves as an

open question the membership of the limit function v in H&’(p’l)(Q) when 1 < p < n,
2 C R" is bounded and u is not compactly supported in 2. Thus, we do not know

at this point in time whether the weak convergence result concerning Hé (P ’1)((2) can
be extended to the case 1 < p < n.

The following proposition will be useful in the sequel.

Proposition 7.3. Suppose that 1 < n,q < oo, where n is an integer. Let
Q) C R" be an open set. Let u be a function in C(Q) N Hy™"(Q) and let (ug)r>1 C
c)n H&’("’l)(Q) be a sequence in HS’("’l)(Q) such that

for every k > 1. Then there exists a Borel set ' C §) such that Cap,, ,(F) = 0 and
such that u;, — u pointwise on 2\ F.

Proof. For every k > 1 let

Ok = {z € Q: Jupa(2) —ur(x)] > 27*} and Uy =[JOu
1>k

Since all the functions u; are continuous on €2, it follows that Oy is in fact an open
subset of ) for every k > 1. For every k > 1, the function wy, 1= 2¥|upy 1 — uyl is
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admissible for the open set O with respect to the global (n, ¢)-capacity and we have

Cap(n,q)(Ok)l/n < HwkHqu)(Q) + vakHL(”vq)(Q;R")
= 2k(||uk+1 - uk||L(7%q>(Q) + [[Vugsr — VUkHL(w)(Q;Rn))
< 2k(||uk+1 - U||L<w>(9) + [ Vg1 — VUHL(n»q)(Q;Rn))
+ 25 (||l — ull Loy + IVur — Vull poo @rn))
< ok (272k+D) 4 9=2k) - gl—k,

The set Uy, is a countable union of open sets in €2, hence it an open set in € itself
and

Cappg(Ui)'/" < Capgu g (Un)"" < D Cappr g (01" < 327 = 7%,
j=k

j=k

Let F' = (N5, Ug. It follows immediately that F' is a Borel set and Cap,, ,(F)) =
Capy, 4 (F) = 0. Let v: Q — R be the function

o(z) = limy, o0 ug () ?f r€Q\F,
0 if v € F.

We notice that uy converges to v pointwise in €2\ F' and uniformly on the sets
Q\ Uj,j > 1. In particular v is continuous when restricted to the sets Q\ U;,j > 1.
We know that u = v almost everywhere in €2 since the sequence uy converges to u in
Hy™9(Q) and to v almost everywhere in €. We claim that u = v on €\ F. This
would imply that that v), converges to u pointwise in 2\ F' and uniformly on the sets
Q\U;,j > 1.

In order to prove that u = v on Q\ F, it is enough to prove that u = v on Q\ U;
for all 7 > 1 since F = ﬂBl Uj. Let 5 > 1 be fixed. We study two separate cases
here, depending on whether €) is bounded or not.

Case 1. Assume that €) is bounded. We can assume without loss of generality
via Theorem 6.4 that u and the functions wy are continuous on € and 0 on 9. We
can also extend v by 0 on 0f2.

Since u is continuous on ), since v is continuous when restricted to 2\ U; and
since u = v almost everywhere in {2 we have that « = v pointwise on the open set
Q \ U; because all the points in this open set are Lebesgue points for both u and v.
We still have to show that u = v on 9U;. Since the functions u and v agree on Q\ U;
and on 0N and since they are both continuous when restricted to Q \ Uj, it follows
that they agree on 0U; as well. Therefore, u = v on Q\ U; when © is bounded.

Case 2. We assume now that 2 is unbounded. We can assume without loss of
generality that 0 € ). Like in the proof of |7, Theorem 4.12|, we choose a sequence
of 2-Lipschitz smooth functions (¢m,)m>1 C C§°(R™) such that 0 < ¢,,, < 1, ¢, = 1
on B(0,m) and such that ¢, is compactly supported in B(0,m+ 1) for every integer
m > 1. For a fixed m > 1 let

Okim = {2 € Q: |(wps10m) () — (urdp) ()] > 277} and Upym = ) Otm-

1>k
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For every fixed m > 1 it is easy to see that u¢,, € C(2) N HS’("’l)(Q) and that
(ukPm)r=1 C C(2) N H&’("’l)(Q). Moreover,

|k Pm — uPml Loy ) < lur — ul L) and
|V (urdm) — V(U¢m)||L<w>(Q;Rn) < ||Vuy — VUHL("»‘I)(Q;R") + 2|lug — UHL("»‘I)(Q)

for every k > 1. From our choice of the sequence of the sequence (¢y,)m>1 it follows
that

OkﬂB(O,m) C Ok,m C OkﬁB(O,m—i—l) and UkﬁB(O,m) C Uk,m C UkﬁB(O,m+1)

for all integers k,m > 1.

By applying Case 1 to the sequence (ur¢m,)r>1 and to the bounded sets U;,, C
U;NB(0,m+1) and QN B(0, m+1), we see that ugp,, = ud,, uniformly on Q\ Uj ,,
for every m > 1. From this, the definition of the functions ¢,, and the fact that
u, — v uniformly on Q\ Uj, it follows that ug,, = v¢,, on Q\ U; for every m > 1.
Thus, u = v on 2\ U; when  is unbounded. This finishes the proof of Case 2 and
the proof of the proposition. O

8. Choquet property for the capacities associated to HS’(p’l)(Q)

In this section we prove that the Sobolev—Lorentz relative and global capacities
defined via the (p,1) norm and respectively via the p,1 norm have the Choquet
property whenever 1 < n < p < coworl < n = p < oo. We prove that all
these set functions satisfy a Monotone Convergence Theorem type result whenever
l<n<p<ooorl<mn=p< oo See Theorems 5.1 (v), 5.5 (v), 5.9 (iv) and
respectively 5.12 (iv) and the discussions before and after Questions 5.3, 5.7, 5.11
and respectively 5.14.

We start by showing that the Monotone Convergence Theorem holds for the (p, 1)
and the p, 1 relative capacities whenever 1 <n <p <ooorl <n=p< oo.

Theorem 8.1. Let n > 1 be an integer. Suppose that 1 < n < p < oo or
1 <n=p<oo. Let Q C R" be bounded and open. Let Ej be an increasing set of
subsets in Q and let E = J;_, Ey. Then

(1) limg 00 capg, 1)(Ek, 2) = cap, 1y (E, ),
(ii) limg_oo cap, 1 (Ek, Q) = cap, (£, €2).

Proof. We start by proving claim (i). Due to the monotonicity of cap, (-, €2),
we have obviously

L= lim cap, (L, Q)P < Cap(p’l)(E,Q)l/p.

k—o00

To prove the opposite inequality, we may assume without loss of generality that
L < oo. Let € € (0,1) be fixed. For every k > 1 we choose uy € A(E}, 2) such that
0<uwu;<1and

(28) IVurll Lo ey < cabi ) (B, )P + €

for every k > 1.
Via Theorem 6.4 when 1 < n =p < oo, via |7, Theorem 5.5 (iii)| when 1 =n <
p < oo or via |7, Theorem 5.6 (iv)] when 1 < n < p < 0o we can assume without

loss of generality (since u, = 1 on an open neighborhood of Ej) that uy is in C(€2) N
H&’(p’l)(Q) and zero on 0f2 for every k > 1. We notice that the sequence (ug)r>1 C
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c(Q)n HS’(p’l)(Q) is bounded in Hol’(p’l)(Q) because the sequence (ug, Vug)r>1 is
bounded in L®V(Q) x L@V (Q; R™).

Since Hy'PM(Q) ¢ HIP(Q) and the sequence uy, is bounded in Hy ™V (€), it
follows that wu; is bounded in the reflexive space Hy?(€). (See the discussion at
the beginning of the proof of Theorem 7.1). Thus, via Theorem 4.4 there exists
u € HyP(Q) and a subsequence, which we denote again by wuy, such that (ug, V) —
(u, Vu) weakly in LP(2) x LP(Q2; R™) as k — oo.

From Theorem 7.1 (i) we can assume that v is in fact in C'(Q) N Hé’(p’l)(Q) and
u = 0 on 0f). These assumptions can be made via Theorem 6.4 when 1 < n = p < oo,
via [7, Theorem 5.5 (iii)] when 1 = n < p < oo or via |7, Theorem 5.6 (iv)| when
1 <n < p < oo. Moreover, from (9) and (28) we also have

k—o00

We want to show that v = 1 on E. Let vi 3 be the sequence constructed in the
proof of Theorem 7.1 (i) by applying Mazur’s Lemma with respect to the sequence
(ug, Vug) and the space LP(€2) x LP(Q2; R™) in order to prove (9). Since the sets of
admissible functions are closed under finite convex combinations and E,  E as
k — oo, we have that vy 3 € A(Ej, Q) for every k£ > 1. In particular, vy 3 = 1 on an
open neighborhood of Ej, for every k > 1.

We assume first that 1 < n < p < co. By inspecting the proof of Theorem 7.1
(ii) (the case €2 bounded), we see that the functions vy 3 converge uniformly to u on
Qif1 <n<p<oo. Since v;j3is 1 on Ej whenever 7 > k > 1, since the functions
vg 3 converge uniformly to u on Q and since By, /' E as k — oo, it follows that u = 1
on F when 1 <n < p < oo. Thus, we proved that u=10on Fif 1 <n <p < .

Assume now that 1 < n = p < oo. By inspecting the proof of Proposition 7.3,
we see that there exists a Borel set F' C Q such that Cap, (F) = 0 and such that
the sequence vy 3 converges to u pointwise on Q \ F. Similarly to the notation from
Proposition 7.3, F' C €2 is defined as F' := Ny>1Uy, where Uy, = U;>;0; and

O = {x € Q: |vpi13(®) — vps(x)| > 277}

for every k > 1.

We see that O; N Ej, = () whenever j > k > 1 because vj3 = 1lon E; D E
whenever j > k > 1. Thus, U, N E}, = 0 for every k > 1, which implies F N E = (.
Thus, vy 3 converges to u pointwise on Q\ F' O E. Since vj3 = 1 on Ej whenever
j >k >1 and since Ey, /' E as k — oo, the pointwise convergence of v 3 to u on E
implies that w =1 on £ when 1 <n = p < co. Thus, we proved that « =1 on F if
1<n=p<oo.

So far we showed that u € C(Q) N Hol’(p’l)(Q), u=0o0n 0N and u=1on E. We
notice that *- € A(E, Q). Thus, we have

1
1—c¢

1
cap, 1y (E, Q)" < 1—_5||vu||L(Pv1)(Q;R”) < (L+e)

for every € € (0,1). By letting ¢ — 0, we obtain
capg, 1 (&, Q)P <= kh—{go cap .1 ( Ex, Q)P < cap, ) (E, Q).

This finishes the proof of the claim (i), namely the case of the (p, 1) relative capacity.
The proof of claim (ii), namely the case of the p, 1 relative capacity follows by doing
an argument very similar to the argument used in the proof of claim (i). This finishes
the proof of the theorem. O
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From Theorem 8.1 (i) and the discussion before Question 5.3 it follows that the set
function cap, (-, §2) satisfies properties (i), (iv) and (v) of Theorem 5.1 whenever
l1<n<p<ooorl <n=p<oo Thus, capy(-,?) is a Choquet capacity
(relative to 2) whenever 1 <n <p <ooor 1l <n=p < oco. Like in Theorem 5.1,
the set () is bounded and open in R", where n > 1 is an integer. We may invoke

an important capacitability theorem of Choquet and state the following result. See
Doob [9, Appendix II].

Theorem 8.2. Let () be a bounded open set in R", where n > 1 is an integer.
Suppose that 1 <n <p < ooorl <n =p < oo. The set function E + cap, (&, Q2),
E C Q, is a Choquet capacity. In particular, all Borel subsets (in fact, all analytic)
subsets E of €} are capacitable, i.e.

Cap(p71)(E, Q) = sup {Cap(p,l)(K, Q): K C E compact}.

Similarly, from Theorem 8.1 (ii) and the discussion before Question 5.7 it follows
that the set function cap, (-, ) satisfies properties (i), (iv) and (v) of Theorem 5.5
whenever 1 < n < p <ococorl <n=p < oo Thus cap,,(-,) is a Choquet
capacity (relative to §2) whenever 1 < n < p < oocor 1l <n =p < oco. Like in
Theorem 5.5, the set 2 is bounded and open in R", where n > 1 is an integer. We
may invoke an important capacitability theorem of Choquet and state the following
result. See Doob |9, Appendix II.

Theorem 8.3. Let () be a bounded open set in R"™, where n > 1 is an integer.
Suppose that 1 <n < p < oo orl <n = p < oco. The set function E + cap,,(F, ),
E C Q, is a Choquet capacity. In particular, all Borel subsets (in fact, all analytic)
subsets E of () are capacitable, i.e.

cap, ;(£,§2) = sup {cap,;(K,Q): K C E compact}.
Now we prove that the Monotone Convergence Theorem holds for the (p, 1) and
the p, 1 global capacities whenever 1 <n <p<oocorl<n=p<oo.

Theorem 8.4. Let n > 1 be an integer. Suppose that 1 < n < p < oo or
1 <n=p<oo. Let E}; be an increasing set of subsets in R"™ and let E = Uzozl E;.
Then

(l) hmk_>oo Cap(nl) (Ek) = Cap(pﬂ) (E),
(ii) limg_o Cap,;(E£x) = Cap,;(F).

Proof. We prove the claim in the case of the global (p,1)-capacity. Due to the
monotonicity of Cap,)(+), we have obviously

L:= lim Cap, ) (Ey)'" < Capg, ) (E)"/7.

To prove the opposite inequality, we may assume without loss of generality that
L < oo. Let € € (0,1) be fixed. For every k > 1 we choose uj, € S(Ej) such that
0 <wu, <1 and

(29) ||uk||H1,(p,1)(Rn) < Cap(p’l)(Ek)l/p +e

for every k > 1.

Via Theorem 6.4 when 1 < n = p < oo, via |7, Theorem 5.5 (iii)] when 1 =
n < p < oo or via |7, Theorem 5.6 (iv)] when 1 < n < p < oo we can assume
without loss of generality (since u; = 1 on an open neighborhood of Ej) that wuy

is in C(R™) N Hy™"(R") for every k > 1. We notice that the sequence (up)r>1 C
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CR") N HS’(p’l)(R") is bounded in Hol’(p’l)(R") because the sequence (ug, Vug)r>1
is bounded in L®Y(R") x L®Y(R"; R").

Since Hy®Y(R™) ¢ HY?(R") and the sequence uy, is bounded in Hy ™" (R™),
it follows that wy is bounded in the reflexive space Hy”(R™). (See the discussion
at the beginning of the proof of Theorem 7.1). Thus, via Theorem 4.4 there exists
u € Hy?(R™) and a subsequence, which we denote again by uy, such that (ug, Vi) —
(u, Vu) weakly in LP(R™) x L?(R™; R") as k — oc.

From Theorem 7.1 (ii) we can assume that u is in fact in C(R"™) N Hé’(p’l)(R").
These assumptions can be made via Theorem 6.4 when 1 < n = p < oo, via |7,
Theorem 5.5 (iii)] when 1 =n < p < oo or via |7, Theorem 5.6 (iv)] when 1 < n <
p < 00. Moreover, from (7) and (29) we also have

HUHHMPJ)(Rn) < li}gn inf ||Uk||H1,(p,1>(Rn) < L+e.
—00

We want to show that v = 1 on E. Let vi; be the sequence constructed in the
proof of Theorem 7.1 (i) by applying Mazur’s Lemma with respect to the sequence
(ug, Vug) and the space LP(R™) x LP(R";R") in order to prove (7). Since the sets
of admissible functions are closed under finite convex combinations and E, " E as
k — oo, we have that vy, € S(E)) for every k > 1. In particular, vy, = 1 on an
open neighborhood of Ej, for every k > 1.

We assume first that 1 < n < p < co. By inspecting the proof of Theorem 7.1
(ii) (the case Q2 = R"), we see that the functions vy, converge uniformly to u on
compact subsets of R" if 1 <n < p < oo. Since v, is 1 on Ej whenever j > k > 1,
since the functions vy ; converge uniformly to u on compact subsets of R™ and since
E, M E as k — oo, it follows that u = 1 on F when 1 < n < p < co. Thus, we
proved that u =1on Fif 1 <n < p < oc.

Assume now that 1 < n = p < oo. By inspecting the proof of Proposition 7.3,
we see that there exists a Borel set I C R" such that Cap, (F) = 0 and such that
the sequence vy ; converge to u pointwise on R™ \ F'. Similarly to the notation from
Proposition 7.3, F' C R" is defined as F' := (5, Uy, where Uy = {J;5, O; and
Or = {z € R": |vgy11(2) — vpa(z)] > 277}

We see that O; N Ej, = () whenever j > k > 1 because vjp = lon E; D E
whenever j > k > 1. Thus, U, N E;, = 0 for every k > 1, which implies FF N E = ().
Thus, vk converges to u pointwise on R™ \ F' O E. Since v;; = 1 on Ej, whenever
Jj >k >1 and since By /' E as k — oo, the pointwise convergence of vy ; to v on E
implies that w =1 on £ when 1 <n = p < co. Thus, we proved that u =1 on F if
1<n=p<oo.

So far we showed that u € C(R")N HS’(p’l)(R") and u =1 on E. We notice that
= € S(£). Thus, we have

1
HUHHL(P»U(Q) < ——(L+e)

Cap(pvl)(E)l/p < 1—:

—1-—¢

for every € € (0,1). By letting ¢ — 0, we obtain
Cap(%l)(E)l/p <L= 1}520 Cap(m)(Ek)l/” < Cap(p’l)(E)l/p.

This finishes the proof of claim (i), namely the case of the (p, 1) global capacity.
The proof of claim (ii), namely the case of the global p, 1-capacity follows by doing
an argument very similar to the argument used in the proof of claim (i). This finishes
the proof of the theorem. O



Sobolev—Lorentz capacity and its regularity in the Euclidean setting 567

From Theorem 8.4 (i) and the discussion before Question 5.11 it follows that the
set function Cap, ;)(-) satisfies properties (i), (iii) and (iv) of Theorem 5.9 whenever
l1<n<p<ooorl<n=p<oo Thus, Capy;)(-)is a Choquet capacity when
1 <n<p< oorwhen 1 < n = p < oo. Like in Theorem 5.9, n > 1 is an
integer. We may invoke an important capacitability theorem of Choquet and state
the following result. See Doob [9, Appendix II].

Theorem 8.5. Let n > 1 be an integer. Suppose that 1 < n < p < oo or
1 <n=p < oo. The set function E — cap,,(E), E C R", is a Choquet capacity.
In particular, all Borel subsets (in fact, all analytic) subsets E of R" are capacitable,
ie.
Cap(m)(E) = sup {Cap(p,l)(K): K C E compact}.

Similarly, from Theorem 8.4 (ii) and the discussion before Question 5.14 it follows
that the set function Cap,,(-) satisfies properties (i), (iii) and (iv) of Theorem 5.12
whenever 1 <n <p <ocorl<n=p<oco Thus, Cap,,(-) is a Choquet capacity
whenever 1 < n < p<ooorl<n=p< oo. Like in Theorem 5.12, n > 1 is an
integer. We may invoke an important capacitability theorem of Choquet and state
the following result. See Doob |9, Appendix IIJ.

Theorem 8.6. Let n > 1 be an integer. Suppose that 1 < n < p < oo or
1 <n =p < oco. The set function £ — Cap,,(F), E C R", is a Choquet capacity.
In particular, all Borel subsets (in fact, all analytic) subsets E of R™ are capacitable,
ie.
Cap,;(F) = sup {cap, ;(K): K C E compact}.
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