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Abstract. We consider a Robin problem driven by a nonlinear, nonhomogeneous differential
operator with a drift term (convection) and a Carathéodory perturbation. Assuming that the drift
coefficient is positive and using a topological approach based on the Leray—Schauder alternative
principle, we show that the problem has a positive smooth solution.

1. Introduction

Let © C R be a bounded domain with a C?-boundary 9. In this paper we study
the following nonlinear nonhomogeneous Robin problem with gradient dependence
(convection):

—diva(Du(2))+£(2)u(2)P~t = f(z,u(2))+r(2)|Du(2)|P~! inQ,
8‘97““ + B(z)uP~t =0 on 09, u > 0.

In this problem a: RY — R is continuous and strictly monotone and satisfies
certain regularity and growth properties listed in hypotheses H(a) below. These
hypotheses are general enough to incorporate in our framework many differential
operators of interest. The potential function £ € L*(€2) and £(z) > 0 for a.a. z € Q.
The drift coefficient r € L>°(£2) is nonnegative and the perturbation term f(z,z) is a
Carathéodory function (that is, for all x € R, z — f(z, x) is measurable and for a.a.
z € Q, x — f(z,x) is continuous) which exhibits (p — 1)-linear growth near +oc.
In the boundary condition 2% denotes the conormal derivative defined by extension

ong
of the map

(1.1)

CY(Q) 3 u— (a(Du),n)gw,
with n being the outward unit normal on 0f2.

The existence of positive solutions for elliptic problems with convection was
studied by de Figueiredo-Girardi-Matzeu [4], Girardi-Matzeu [11] (semilinear prob-
lems driven by the Dirichlet Laplacian) and by Faraci-Motreanu—Puglisi [2|, Faria—
Miyagaki-Motreanu 3|, Papageorgiou—Vetro—Vetro [19], Tanaka [21] (nonlinear Di-
richlet problems). For Neumann problems, we have the recent works of Gasiriski—
Papageorgiou [8] and Papageorgiou—Radulescu-Repovs [18] (semilinear problems).
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For Robin problems, there are the works of Bai—Gasinski-Papageorgiou [1] and
Papageorgiou—Radulescu—Repovs [17]. In these two works the gradient term is not
decoupled from the perturbation. This leads to different hypotheses which do not
cover the present setting (see hypotheses H(f)(ii) and (iii) in [1] and H(f) (iii) in
[17]). Moreover, in [17] the differential operator is the p-Laplacian. Finally for Robin
problems but without convection term we have the works of Gasiriski-O’Regan—
Papageorgiou [6] and Gasinski-Papageorgiou [9].

The presence of the drift term u — 7(z)|DulP~! makes problem (1.1) nonva-
riational. So, our approach is topological based on the Leray—Schauder alternative
principle (fixed point theory).

2. Mathematical background — hypotheses

Let X and Y be Banach spaces and let K: X — Y be a map. We say that K
is “completely continuous”, if x,, —  in X, implies that K (z,) — K(z) in Y. We
say that K is “compact”, if it is continuous and maps bounded set in X to relatively
compact sets in Y.

The Leray—Schauder Alternative Principle says the following:

Theorem 2.1. IfV is a Banach space, L: V — V is a compact map and
S={veV:v=AL(v) for some 0 < X\ < 1},

then exactly one of the following holds:
(a) S is unbounded; or
(b) L has a fixed point.

The following spaces will be used in the analysis of problem (1.1): the Sobolev
space WHP(Q), the Banach space C''(Q2) and the boundary Lebesgue space LP(0S2).
By || - || we denote the norm of W?(Q) defined by

1
ul| = (HUHZ + ||Du||§)P for all u € WHP(Q).
The Banach space C*(Q) is an ordered Banach space with positive (order) cone
Ci={ueC'Q): u(z) >0 forall z € Q}.

This cone has a nonempty interior given by

ou

intCy = {ue Cp:u(z)>0forall z €Q, 87‘690“71(0)

< 0}.

In fact D, is also the interior of C, when C*(Q) is endowed with the C'(Q)-norm

topology.

On 092 we define the (N — 1)-dimensional Hausdorff (surface) measure o. Us-
ing this measure we can define in the usual way the “boundary” Lebesgue space
L7(08) (1 < r < 400). We know that there exists a unique continuous, linear map
Yo: WHP(Q) — LP(9Q), known as the “trace map”, such that

Yo(u) = ulaq  for all u € WHP(Q) N C(Q).

Hence the trace map extends the notion of “boundary values” to all Sobolev functions.
The map 7y is compact into L"(092) for all r € [1, %) if p < N and into L"(052)
forall 1 <r < 400 if p > N. In addition we have
im~yy = Wi’p((%l) and  kervy, = W,"(Q)
1

where % + 7 =1 (that is, 70 is not a surjection).
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In the sequel, for the sake of simplicity we drop the use of the trace map ~y. All
restrictions of Sobolev functions on 02 are understood in the sense of traces.
Let k € C(0,+00) and assume that it satisfies the following growth condition

£ (1)
k(t)

with ¢1,c0 >0and 1 <7 < p.
We introduce the condltlons on the map a.

H(a): a(y) = ao(|y|)y for all y € RN with ag(t) > 0 for all t > 0 and
(i) ap € C*(0,+00), t — ag(t)t is strictly increasing on (0, +00), ag(t)t —
0%t ast — 0" and

(2.1) 0<c< <cp and e’ P < k() < ctTT Y)Wt > 0,

ag(t)t
t—0+ ag(t)

> —1;

(ii) there exists c3 > 0 such that |Va(y)| < c3 ‘|y|‘ for all y € RV \ {0};

(i) MD1e2 < (V <>s E)rw for all y € RV \ {0}, all ¢ € RV,

Tyl
(iv) if Go(t) fo ap(s)s ds, then there exists 1 < ¢ < p such that

t— Go(t%) is convex on (0, 400)

and

Go(t) -
lim sup w <ec
t—0t a

Remark 2.2. Hypotheses H(a)(i)—(iii) are dictated by the nonlinear regularity
theory of Lieberman [12] and the nonlinear maximum principle of Pucci-Serrin [20].
Hypothesis H(a)(iv) addresses the particular needs of our problem. However, it is a
mild requirement and it is satisfied in all cases of interest. Similar conditions were
also used in Bai-Gasinski—Papageorgiou [1].

Note that Gy is strictly increasing and strictly convex. If we set
G(y) = Go(lyl) Yy e R,
then G is convex, G(0) = 0 and

VG(y) = Gylly)-L = ao(lyl)y = ay) ¥y € RN\ {0}, VG(0) =

m =
So, G is the primitive of a and on account of the convexity of G we have
(2:2) G(y) < (aly).y)rv Yy € RV

The next lemma summarizes the main properties of the map a. It follows from
hypotheses H(a).

Lemma 2.3. If hypotheses H(a)(i), (ii) and (iii) hold, then

(a) y — a(y) is continuous, monotone (hence maximal monotone too);
(b) there exists ¢4 > 0, such that |a(y)| < ca(|y[™" + |y|P7!) for all y € RY;
(c) (a(y), y)ry = ;25lyl? for ally € RY.

From this lemma and (2.1), (2.2), we have the following growth estimates for the
primitive G.
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Corollary 2.4. If hypotheses H(a) (i), (ii) and (iii) hold, there exists c5 > 0

such that
&1

p(p—1)
The p-Laplacian

[P < Gly) < es(1+yl)) VyeRY.

Ayu = div (|DulP">Du)  Yu € WHP(Q),
with 1 < p < 400 and the (p, ¢)-Laplacian
Ayu+ Aju Yu € WHP(Q),

with 1 < 7 < p < +o00 are within the framework corresponding to hypotheses H (a).
More about this set of conditions can be found in Papageorgiou-Radulescu [16].

The hypotheses on the potential £ and the boundary coefficient 3 are the follow-
ing:
H(&): £ € L*(2) and £(2) > 0 for a.a. z € Q.
H(B): B € C%(99Q) for some a € (0,1) and B(z) > 0 for all z € IN.

Hy: ¢ #£0or g#0.

Remark 2.5. If 5 = 0, then we recover the Neumann problem for the operator
—diva(Du) + £(2)|ul?.

From Gasiniski-Papageorgiou [10], for any r € (1,400), we have the following
result.

Proposition 2.6. (a) If £ € L>*(Q), £(2) = 0 for a.a. z € Q and £ # 0, then
|Dulf; + / )l dz > collull” Vu € W),
Q

for some cg > 0;
(b) If B € C%*(09Q), B(2) >0 for all z € I and 8 # 0, then

| Dulf; + / Bl do > erllull Vu € W (Q),
o0

for some ¢; > 0.

Remark 2.7. If v, (u) = || Dul[l+ [, £(2)|u|"+ [5o B(2)|u|" do for all u € W'P(Q),
then Proposition 2.6 implies that

() = Gllull” Yu e WH(Q),
for some ¢y > 0.

Let r € (1, 400) and consider the following nonlinear eigenvalue problem:

(2.3) —Avu(z) + E(2)|u(z)["2u(z) = Aju(z) "2u(z) inQ,
. % + B(2)|u|"Pu=0 on Of).
Here g—TZ = |Du|""%(Du,n)g~. We say that \ is an “eigenvalue”, if problem (2.3)

admits a nontrivial solution @ € W7 (Q), known as an “eigenfunction” corresponding
to A. Nonlinear regularity theory (see Lieberman [12]), implies that u € C'(Q).
There is a smallest eigenvalue Xl(r, &, f) which has the following properties:
o \i(r,&, B) > 0 (see Proposition 2.6);
o \i(r,&, B) is isolated in the spectrum &(r) of (2.3) (that is, there exists & > 0
such that (A (r, €, 8), \(r, &, B) +¢) NG (r) = 0):
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o)\ (r,&, ) is simple (that is, if #,2 € C*(Q) are eigenfunctions corresponding

to A1(r, &, B), then u = nov for some n € R\ {0});
o if v,.(u) = | Dull; + [, &(2)|ul"dz + [, B(2)|u|" do for all u € W' (€2), then

(2.4) N(r & B)=  inf ()

wewtr@\{0} |Jul|n

The above properties imply that the elements of the one-dimensional eigenspace
corresponding to A;(r,&,3) > 0, do not change sign. By u;(r,&, ) we denote
the positive, L™-normalized (that is ||ui(r,&, B)||, = 1) eigenfunction correspond-
ing to Xl(r,g,ﬁ) > 0. We have uy(r,&,5) € D, (see Gasiniski-Papageorgiou |7,
p. 739]). More about the eigenvalue problem (2.3) can be found in Fragnelli-Mugnai-
Papageorgiou [5] and Papageorgiou-Radulescu [14].

Using above properties, we can easily prove the following lemma (see Mugnai—
Papageorgiou [13, Lemma 4.11]).

Lemma 2.8. If ¥ € L>(Q) and J(z) < Xl(r,g,ﬁ) for a.a. z € §) with strict
inequality on a set of positive measure, then there exists cg > 0 such that

sllull” < () — / Il dz Yu e W (Q).
Q

In what follows, we set

b

e="1e ana g =P"l5 =21t and g =1p.
C1 1 C C

Both pairs satisfy hypotheses H (&), H(3) and H.
The hypotheses on the drift coefficient r are the following.

H(r): re L*(Q), r(z) 20 for a.a. z € Q and 79 = chll - % > 0.

Remark 2.9. The last part of the above hypothesis impose a bound on the drift
coefficient r.

Finally we introduce the hypotheses on the perturbation f(z,z).

H(f): f: 2 x R — R is a Carathéodory function, f(z,0) =0 for a.a. z € Q and
() [f(z,2)| < ap(2)(1+2"71) for aa. z € Q, all & > 0, with ag € L>=(Q),,
p<r<ph
(ii) there exists a function ¥ € L>°(£2) such that

9(z) < Toxl(p, £, By) ae. inQ, U # Toxl(p, ey B),s

lim sup f(z )
T——400 ap~l
(iii) there exists a function n € L*>°(2) such that

n(2) = Mi(q,&. Bo) foraa. z€Q, 1% (g, o),
e
11 11

z—0+ il

< 9(z) uniformly for a.a. z € Q;

> n(z) uniformly for a.a. z € )

(here 1 < ¢ < p is as in hypothesis H (a)(iv)).

Remark 2.10. Since our aim is to find positive solutions and the above hy-
potheses concern the positive semiaxis R, = [0, 400), without any loss of generality,
we may assume that

(2.5) f(z,z) =0 foraa. ze€Q, alx<0.
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In what follows A: W'?(Q) — WP(Q)* is the nonlinear map defined by

(A(u),h) = /Q(a(Du), Dh)gn dz  Yu,h € WHP(Q).

This map is monotone, continuous, hence maximal monotone. Also, if z € R, we set
r* = max{+z,0}. Then for u € W'P(Q) we define u*(-) = u(-)*. We know that, if
u € WHP(Q), then

uF e W (Q), u=ut—u", |ul=ut+u.

3. Positive solution

On account of hypotheses H(f), given € > 0, we can find ¢g = c9(¢) > 0 such
that

(3.1) f(z,2) = (((2) —e)x? ! — o' foraa. z€Q, allxz > 0.
We consider the following auxiliary Robin problem:
(3.2) —diva(Du(2))+&(2)u(z)P~! = (M(z) —e)u(2) —cou(2)"1 in Q,
' aa—n“a + B(z)uP~t =0 on 09, u > 0.

Proposition 3.1. If hypotheses H(a), H({), H(B) and H, hold, then for all
e > 0 small, problem (3.2) admits a unique solution u, € D,.

Proof. We consider the C'-functional ¢.: W (Q) — R, & > 0, defined by

1 p } 2)|ul? do
wa<u>=/QG<Du>dz+];/Qs<z>|u| dz+p/mﬁ< Y[l d
1

g /Q<n<z> — o)) dz + L u.

Using hypothesis Hy, Proposition 2.6 and recalling that ¢ < p < r, we have
Cg
Ve(u) Z erollull” + a7 = enllu™Ig
> crolull? + crol|u™l];, — cisl|uT]|
= ciollull” + (caallu™[[;7* = cas) |ut} Vu € WH(Q),

for some c¢qg, ¢11, €12, €13 > 0, S0, 1. is coercive.

Also using the Sobolev embedding theorem and the compactness of the trace map,
we infer that 1. is sequentially weakly lower semicontinuous. So, by the Weierstrass—
Tonelli theorem, we can find u, € WP(Q) such that
(3:3) viu) = _int o)

On account of hypothesis H(a)(iv), given € > 0, we can find § = d(¢) € (0,1)
such that

1.
(3.4) G(y) < 5(c+6)\y\q Y|y < 6.

Let t € (0,1) be small such that

(35) 0< tﬂl(q, 507B0)(Z) <6 VzeQ
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(recall that u1(q, &o, Bo) € D). To simplify the notation, let @ (q) = u1(q, &, o) and
)\1( ) = Al(q &0, Bo). Since § € (0,1) and ¢ < p, we have

—~ c+e ~
vt (@) < S ID )]+ / &otin(a)"d=+ = [ fofiin (o) do
o0
1 ~ et?  ct” | . ,
-2 [ @)+ =+ “ >||r
q.Jo q
s [~ tq < .
(3.6) = (Ai(g) —n(2))ui(q)? dz + 7(/\1@) + 1) + c1at”,
Q
for some ¢14 > 0 (see (3.4), (3.5) and recall that ||u1(q)||, = 1).
Note that

[ Gula) = n(e) (o) dz <o

Q

(see hypothesis H(f)(iii)). Therefore choosing € > 0 small and since ¢t € (0,1), ¢ <,
from (3.6) we infer that

Ve (tur(q)) <0 Ve > 0 small,

SO

¢e(u*) <0= 'lvbe(())
(see (3.3)) and thus u, # 0. From (3.3) we have

Yi(us) =0,
SO
(A(u*),h)+/Q£(z)|u*|p_2u*hdz+/mﬁ(zﬂu*\p_zu*hda

(3.7) :/(77( ) —e)(ul)? 1hdz—09/(u*+)r_lhdz Vh € WHP(Q).

0 Q
In (3.7) we choose h = —u; € W'?(Q). Then

Dl + [ e@ras+ [ ey <o

o0

SO

cisflus[|” <0,
for some ¢15 > 0 (see Proposition 2.6), thus

(3.8) ue 20, wu, #0.

From (3.7) and (3.8), we have

(3.9) {a div a(Du*(z_)) +&(2)ue(2)P7 = ((2) — €)ua(2)77 + coua(2)"1 in Q,

G+ B(R)urt =0 on 05,
(see Papageorgiou-Radulescu [14]).
From (3.9) and Proposition 2.10 of Papageorgiou-Radulescu [15], we have

u, € L>(Q).

Then from the nonlinear regularity theory of Lieberman [12|, we have that
u, € Cy \ {0}.

From (3.9) we obtain

div a(Du.(2)) < (col|ue|/’2? + [|€]|oo)ux(2)P~F for a.a. z € Q,
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so uy, € D, (see Pucci-Serrin |20, pp. 111, 120]).
In fact this positive solution of (3.2) is unique. To show this, we introduce the
integral functional j: L'(Q) — R = R U {+00} defined by
Jo G(Du%) dz + ]lj Jo £(2)us dz,
ju) = +2 foa Blz)ut do ifu >0, us € WHP(Q),
+00 otherwise.

As in Papageorgiou—Réadulescu [16, proof of Proposition 3.5|, we show that

(3.10) Jj is convex
and
—di p—1 _
(3.11) 7(u9)(h) = é / diva(D “q)_f SR 1 whe o' @),
Q U 5

Here we use the fact that given h € C1(Q), for |t| < 1 small we have u +th € dom j.
Suppose that v, is another positive solution of (3.2). Similarly we have

’U*EDJ,_

and

P (h) = / —diva(Dv) +EEW, g, e Q).
qJq

qg—1
Ux
From (3.10), it follows that j’ is monotone. Therefore

T D . p—1 _ A D . p—1
0</< dvaDu.) + &zl 4, —divatDu.) + &) hdz)(uZ—vfi)dz
Q U Vx

— 6 / (o0 — ) (uf — 0f) dz <0,
[9]

so u, = v,. This proves the uniqueness of the positive solution of (3.2). O
For h € L>(£2), we consider the following auxiliary Robin problem:
—diva(Du(z)) + £(2)|u(2)[P"*u(z) = h(z) in Q,
aa_:a + B(2)|ulf?u =0 on 0f).

Proposition 3.2. If hypotheses H(a), H(&), H(/3) and Hy hold, then problem
(3.12) admits a unique solution K (h) € C1(Q).

Proof. Consider the C'-functional p: WP(Q) — R defined by
1 1
p(u) = / G(Du)dz + - / §(2)|ulP dz + —/ B(2)|ul? do
Q D Ja D Joq

—/hudz Vu € WHP(Q).
Q

(3.12)

Using Corollary 2.4 and Proposition 2.6, we see that p is coercive. Also, it is sequen-

tially lower semicontinuous. So, by the Weierstrass—Tonelli theorem, we can find
K(h) =u € W'?(Q) such that

e it
() uevlvrl{pm)u(U),

so p/(u) = 0 and thus

(3.13) (A(ﬂ),w—l—/gf(z)|ﬂ|p_2@vdz—l— 8Qﬁ(z)|ﬁ|p_2ﬂvdaz/ghvdz
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for all w € WH(Q2), so K(h) = 4 is a solution of (3.12). The nonlinear regularity
theory implies that

K(h) =u € CY(9Q).

The uniqueness of this positive solution follows as in the proof of Proposition 3.1. [

Remark 3.3. If h € L>(Q) satisfies h(z) > 0 for a.a. z € Q, h #Z 0, then
K(h) € D,. To see this, in (3.13) we choose v = —u~ € W?(Q) and obtain

cigllu”[|” <0
for some ¢4 > 0 (see Lemma 2.3 and Proposition 2.6), so
u=>0, u#0

(since h # 0).
So, we have u = K(h) € C, and

diva(Du(z)) < ||€|lecti(2)P™"  for a.a. z € Q
(since h > 0), thus
i=K(h)eD,
(see Pucci-Serrin |20, p. 111, 120]).
We consider the solution map K: L*(Q) — C1(Q).

Proposition 3.4. If hypotheses H(a), H(§), H(8) and Hy hold, then the map
K is sequentially continuous from L*°(2) with the w*-topology into C*(Q2) with the
norm topology.

Proof. Let h, 2 h in L>(Q) and let u, = K(h,) for all n € N. We have
(A(tUy),v) + / )P P uvdz + | B(2)|wn P 2w do
Q o0
(3.14) = / hovdz Yo € WH(Q), n € N.
Q
In (3.14) we choose v = U, € WP(Q). Then

a ||Dﬂn||g + / £(2)|un,l?dz= +/ B(2)|un|? do < errl|u,|] Yn €N,
p—1 Q o0

for some ¢;7 > 0 (see Lemma 2.3), so
asl|unl]” < errllun||  Vn €N,

for some 13 > 0 (see Proposition 2.6) and thus the sequence {u,},>1 C WP(Q) is
bounded.

Then from Proposition 2.10 of Papageorgiou—Radulescu [15], we know that we
can find ¢19 > 0 such that

||ﬂn]|oo < C19 Vn € N.
The nonlinear regularity theory of Lieberman [12]| implies that

(3.15) B € C(@), ullcio@ <o W EN,

for some « € (0,1) and some cy9 > 0. Exploiting the compactness of the embedding
Che(Q)) C CY(9Q), from (3.15) we see that, at least for a subsequence, we have

U, — u in CH(Q).
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Passing to the limit as n — 400 in (3.14), we obtain
u= K(h).
So, for the origin sequence, we have
i, = K(h,) — K(h) =u in C'(Q),
so K: L>®(Q) — CY(Q) is sequentially (w*, s)-continuous. O

Let u, € D, be the unique positive solution of problem (3.2) produced in Propo-
sition 3.1. We introduce the following truncation of f(z,-):

f(zu(2)) if 2 < u(z2),

(3.16) flz2) = {f(z,x) if u.(2) <.

This is a Carathéodory function. Let Ng be the Nemytski (superposition) map

corresponding to f, that is,

Ni(u)() = fl-u() Vue WH(Q).

We consider the map N: C1(Q) — LP(Q) defined by
N(u) = Nz(u) + r(z)|Dut|Pt Yu e Q).

We know that u — u™ is continuous from W?(Q) into itself. Moreover, note that N
has values in L™ (see hypotheses H(f)(i) and H(r)). In fact, N maps bounded sets
in C'(Q) to bounded sets in L>(Q2). So, by Krasnoselskii’s theorem (see Gasiriski—
Papageorgiou |7, Theorem 3.4.4, p. 407]), the Nemytskii map N is continuous.
Now, consider the map L = K o N: C'(Q) — C*(Q). We see that L is con-
tinuous. Also, if D C C1(Q) is bounded, then N(D) C L*>(fQ) is bounded and so
it is relatively sequentially w*-compact (since L>(2) = L'(Q)* and the space L'(Q)
is separable). Therefore, using Proposition 3.4, we obtain that L(D) C C'(9Q) is
relatively compact. We conclude that the map v —— L(u) = (K o N)(u) is compact.
Consider the set

S={uecC'(Q):u=AL(u), 0 <\ <1}

Proposition 3.5. If hypotheses H(a), H(&), H(S), H(r) and H(f) hold, then
the set S C C*(Q) is bounded.

Proof. Let uw € S. Then

L= L) = (K 0 N)(u) = K(N(w).
—divg(iDu(z)) + 7€ (2)|u(z) P ?u(z)
(3.17) = (z,u(2)) +r(z)|Dut(z)|P~! in
aéfl:) + o1 B(2)[uP2lu =0 on 0f.

On (3.17) we act with v and obtain

L p 1 D l/ D
eIl g [ €M+ 5 [ B do

</f(z,u)udz—i—/r(z)\DuﬂuJ’dz
Q Q
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(see Lemma 2.3 and recall that Du™ = (Du)x,,.,, ), 80
(1o + [ empds s [ amura)
p—1 % o0
(3.18) < / Flz,u)udz + / r(z)| Dut|ut dz
Q Q

(since 0 < A < 1). From (3.16) and hypotheses H(f)(i) and (ii) we see that given
e > 0, we can find ¢9; = ¢91() > 0 such that

~

flzyx)r < (0(2) +e)|zP +co1 foraa. ze€Q, allz € R,

SO
(3.19) / Feuyuds < / (9(2) + 2)[ul? d= + o,
for some cyy > 0. Also,Q if )
(u) = || Dvllf + /Q&(Z)\UV’ dz + /m Be(2)|vlP do Vv € WH(Q)
and Xl(p) = Xl(p, &, Bx) > 0, then
/QT(Z)|DU+|1”_1U+ dz < |rllool Du |~ lu ),

T oo
(3.20) < rlomp(@llal, < 27

1
Ai(p)?
(by Holder’s inequality and by hypotheses H (), H(3)). We return to (3.18) and use
(3.19) and (3.20). Then

a Il ) /
— = | W) = [ IE@)[uf dz —efull’ < ez,
(p—l M)/ Q

Yp(u)

SO
mu) = [ Dl dz = <l < e
Q

thus
(cas = &)[[ull” < ca2,
for some co3 > 0 (see Lemma 2.8 and hypothesis H(f)(ii)).
Choosing ¢ € (0, co3), we conclude that the set S C W'?(Q) is bounded. Then
from (3.17) and Proposition 7 of Papageorgiou-Réadulescu [15], we infer that

1
HX“HOO <y YAE(0,1), ues,
for some o4 > 0. Therefore from Lieberman [12], we have that

1 _
(3.21) T € CY*(Q) and < g5 with A€ (0,1), ues,

1
HX“H(JM@)
for some o € (0,1) and cg5 > 0.

Since Aeps < co5 (A € (0,1)) and CH2(Q) C CHQ), from (3.21), we conclude that
the set S C C1(Q) is bounded. O

Now, we are ready to prove the existence of a positive solution for problem (1.1).

Theorem 3.6. If hypotheses H(a), H(&), H(B), Hy and H(f) hold, then prob-
lem (1.1) has a solution ug € D,.



766 Pasquale Candito, Leszek Gasiriski and Nikolaos S. Papageorgiou

Proof. Proposition 3.5 permit the use of Theorem 2.1 (the Leray—Schauder al-
ternative principle). So, we can find uy € C*(Q2) such that

up = Luo) = K(N(uo)),

SO
(Auo), b + / £(2)uolP2uph dz + / B~ 2uoh do
Q o0
(3.22) _ / (Fl,u0) + r(2) [ Dud " Yhdz Wh € W(Q).
Q
In (3.22) we choose h = (u, — ug)™ € WP(Q2). Then
(A(ug), (ue —ug) ™) + /5(z)|u0|p_2u0(u* —up)dz+ [ B(2)|uolPPuo(uy, — uo)" do
Q o0
_ / (f(2, ) + 7(2) [ D [Pty — o)+ dz > / F (2w (s — wg)* dz
Q Q
> [ ((1(2) = )™ = ot = o)
Q

= (A(uy), (us —up)™) + /Qg(z)u{j_l(u* —up) T dz + ., B(2)ul™ (uy — uo) T do

(see (3.16), hypothesis H(r), (3.1) and use the fact that r > 0), so
U 2 U,

thus ug € Dy and wg solves problem (1.1) (see (3.16) and (3.22)). O

Remark 3.7. A similar existence theorem can be proved for the Dirichlet prob-
lem. In fact on account of the Poincaré inequality, the estimations in the proofs
are easier and we can also have ¢ = 0. Suppose that the differential operator is
the Dirichlet p-Laplacian (that is, a(y) = |y|P7%y for all y € RY, 1 < p < +00),
r(z) = ro > 0 and J(z) = Yo > 0. In this case ¢, = p — 1 and the condition in
hypothesis H(r) becomes

1

Xl >7’0—|—191/>:1;,

for some v € (190,}1). This is exactly the growth hypothesis in Faraci-Motreanu—
Puglisi [2].
It would be interesting to have Theorem 3.6 without the hypothesis that r > 0.

Acknowledgement. The authors wish to thank a knowledgeable referee for his/her
corrections and useful remarks.
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