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Abstract. We prove that every K-quasiconformal mapping w of the unit ball B C R™", n > 2
onto a C?-Jordan domain € is Holder continuous with constant a@ = 2 — %, provided its weak
Laplacian Aw is in LP(B™) for some n/2 < p < n. In particular it is Holder continuous for every
0 < a < 1 provided that Aw € L™(B™). Finally for p > n, we prove that w is Lipschitz continuous,
a result, whose proof has been already sketched in [16] by the first author and Saksman. The paper
contains the proofs of some results announced in [17].

1. Introduction

In the paper B” is the unit ball in R", n > 2 and S"~! is the unit sphere. We con-
sider the vector norm |z| = (37, 22)%/2 and the matrix norms |A| = sup{|Az|: |z| =
1}. A homeomorphism u:  — ' between two open subsets 2 and 2’ of Euclidean
space R" will be called a K (K > 1) quasiconformal or shortly a qc mapping if the
following two conditions are satisfied:

(i) u is absolutely continuous function in almost every segment parallel to some

of the coordinate axes and there exist the partial derivatives which are locally
L™ integrable functions on 2. We will write u € AC'L™.
(i) w satisfies the condition

[Vu(z)["/ K < Ju(z) < KI(Vu(z))",
at almost every x in () where

[(Vu(z)) == inf{|Vu(z)(]: [¢] =1}
and J,(z) is the Jacobian determinant of u (see [26]).

Notice that, for a continuous mapping u the condition (i) is equivalent to the condition
that u belongs to the Sobolev space WL ().
Let P be Poisson kernel i.e. the function

1— [z
P(x777> == 771’
|z =)
and let G be the Green function i.e. the function
L 1 . '
(1) G(z,y) =c, (|r—y|n72 - (‘;p‘y|—y/‘y||)n—2) , ifn > 3;
log A= ifn=2and z,y € C~ R2

[1—zg|’
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where ¢, = m, and €,,_; is the measure of S"~1. Both P and G are harmonic
for || <1,z #y.

Let p > 1 and f € LP(S™ !, R"). Further let g: B" — R™ be continuous. The
weak solution of the equation (in the sense of distributions) Au = ¢ in the unit ball
satisfying the boundary condition u|gn—1 = f € L'(S"7!) is given by

@) ule) = P = Glalla) = [ Panfmdatn) = [ Glagt)ds

BTL

|z] < 1. Here do is the n — 1 dimensional Hausdorff measure of Euclidean sphere
satisfying the condition: P[1](x) = 1. It is well known that if f and g are continuous
in S"~! and in B” respectively, then the mapping u = P[f] — G[g] has a continuous
extension @ to the boundary and @ = f on S"~!. If g € L™ then G[g] € C**(Bn).
See [6, Theorem 8.33] for this argument.

We will consider the solutions of the PDE Au = g that are quasiconformal as
well and investigate their Lipschitz and Holder character. A mapping f of a set €2 in
Euclidean n-space R™ into R™, n > 2, is said to belong to the Holder class Lip, (€2),
0 < a < 1, if there exists a constant M > 0 such that

(3) [f(z) = fly)] < Mz —y|*

for x,y € Q. If D is a bounded domain in R™ and if f is quasiconformal in D with
f(D) c R™, then f is in Lip,(A) for each compact A C D, where a = K;(f)"/0—™
and K;(f) is the inner dilatation of f. Simple examples show that f need not be in
Lip, (D) even when f is continuous in D.

However, Martio and Né#kki in [20] showed that if f induces a boundary mapping
which belongs to Lip,(9D), then f is in Lipg(D), where

8 = min(a, K;(f)"/=);

the exponent (3 is sharp. In a recent paper of the first author and Saksman [16] it is
proved the following result, if f is quasiconformal mapping of the unit disk B? onto
a Jordan domain with C? boundary such that its weak Laplacian Af € L*(B?), for
p > 2, then f is Lipschitz continuous. The condition p > 2 is necessary also. Further
in the same paper they proved that if p = 1, then f is absolutely continuous on the
boundary of OB2.

The results from [16] generalize in certain sense the results of the first author,
Mateljevié, Bozin, Pavlovié¢, Partyka, Sakan, Manojlovi¢, Astala [10, 11, 14, 13, 22,
21, 23, 24, 8, 9, 3|, since they do not assume that the mapping is harmonic, neither
its weak Laplacian is bounded. The topic has its origin in the classical paper by
Martio [18].

In this paper we consider the following problem (a question). To what extent the
condition 1 < p < 2 affects to the boundary behaviour of quasiconformal mappings
between Fuclidean domains with smooth boundaries?

We are interested in the condition under which the quasiconformal mapping is in
Lip,(B™), for every a < 1. It follows form our results that if u is a quasiconformal
selfmapping of the unit ball and |Au| € LP with p > n/2 then u is in Lip,(B"),
where o = 2 — £ In particular if p = n, then u € Lip,(B") for a < 1.

Our result is the following:

Theorem 1. Let n > 2 and let p > n/2 and assume that g € L?(B"). Assume
that w is a K-quasiconformal solution of Aw = g, that maps the unit ball onto a
bounded Jordan domain Q C R" with C%-boundary.
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(1) If p <n, then w is Holder continuous with the Holder constant ov =2 — 2.

(2) If p=n, then w is Holder continuous for every « € (0, 1).
(3) If p > n, then w is Lipschitz continuous.

Remark 1.1. The item (3) of the previous theorem for n = 2 has been already
proved in [16], where it is also mentioned that a similar approach can be used for
n > 2. The main novelty of this paper are items (1) and (2). The proof presented
in this paper uses some iterating schema that already appeared in the papers by
Astala and Manojlovi¢ [3] and by the first author and Saksman in [16]. Astala and
Manojlovi¢ in [3] among the other results presented a short proof of the fact that
every harmonic mapping of the unit ball onto a Jordan domain with C? is Lipschitz
continuous. This result has been firstly proved by Kalaj in [10].

The formulations of results of this paper and the formulations of some necessary
lemmas has been published in the conference paper [17]|, but without proofs. The
detailed proofs are given here. Motivated by the corresponding result for the planar
case in [16], we conjecture that

Conjecture 1.1. Under condition of Theorem 1, for p = n/2, n > 3, the map-
ping w is absolutely continuous on every line from the boundary of the unit ball.

2. Proofs of the results

In what follows, we say that a bounded Jordan domain 2 C R"™ has C*-boundary
if it is the image of the unit ball B” under a C?-diffeomorphism of the whole Euclidean
space onto itself. In the sequel, A refers to the distributional Laplacian. We shall
make use of the following well-known facts from potential theory:

Proposition 2.1. (Morrey’s inequality) Assume that n < p < oo and assume
that U is a domain in R™ with C' boundary. Then there exists a constant C' de-
pending only on n, p and U so that

(4) [ullcoew) < Cllullwrew)

for every uw € CY(U) N LP(U), where
a=1- ﬁ.
p
Lemma 1. (See e.g. [3]) Suppose that w € W2 (B")NC(B™), that h € LP(B")
for some 1 < p < oo and that
Aw=h in B", with w‘snfl =0.
a) If 1 < p < n, then
pn
n—p

IVwllza@ny < clp,n)llblle@m, =

b) If p=mn and 1 < ¢ < oo, then

[Vwl| L@y < c(g,n)||] n@n).-
c) if p > n, then

HVCL)HLoo(Bn) S C(p, n)||h||Ln(Bn)
Now we prove

Lemma 2. If Au=g € L? and r <1, then Du € Li(rB) for ¢ < ;"=
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Proof of Lemma 2. By writing v = v + w from (2), and differentiating it we
have

(5) Du(z)=Dvo+Dw= [  VoP(e.n)f(n)do(n) - / V.Glz, y)g(y) dy.
gn—1 B
Then
q

[ pu@pds= [ | v.p@aso ot - [ V.Gt ] d.
rB rB Sn—1 B

Thus

| Dall o) = 1Dl o) + Dl oy

q 1/q
dx) .

(1, )l

Further, there is a constant C' so that

L VeP ) doto)

/B V.G (z, v)9(y) dy

(6) VP (z,m)] < W

From Lemma 1 and (6) we have || Dul| ¢y < 00. O
Now we formulate the following fundamental result of Gehring:

Proposition 2.2. [5] Let f be a quasiconformal mapping of the unit ball B"
onto a Jordan domain 2 with C? boundary. Then there is a constant p = p(K,n) > n
so that

/Bn |IDfIP < C(n, K, f(0),Q).

Then we prove

Lemma 3. If H: R" - R and w = (wy, ..., w,): A — B (where A, B are open
subsets in R™) are functions C* mappings, then

oH
2
A(How) = Z 5 2|sz\ +2 Z 8w3 (Vw;, Vw;) +Zaw2AwZ
1<z<]<n
Proof. For every k € (1,...,n) we have:
O(H ow)(xy,...,x ZaHﬁwl
Oxy, ow; Oxy,
Thus
O*(How)(zy,...,2,) z": (5 5]
Ox? & Oy

" [9[Z2] o, | OH 0w,

s Z": O*H 0w, | dw, Z@H@wz
4 = Ow;0w; Oxy, | Oxy, Ow; Ox?

B by 18w,0w] Oxy, Oxy, 0wi 0:L'k
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Now we have:

"L 0*(How)(xy,...,xn
3 ( )( )

A(How) =
ox2

B ; [zzzl Ow;Ow; [8% 8$IZ] Z Ow; O ]
n ow; Ow 0w
- Z 8w18w] [Z Oxy, 8@:] Z Ow; [ ]
Z ow 2|V“’2‘2+2 Z

1<i<j<n

" 0H
iy j i D
wlawj (Vw Vw]>+;8wi

Proof of Theorem 1. It turns out that the approach of [8], where the use of
distance functions was initiated, is substantial for further development.

We say a = b if there is a constant C' > 1 such that a/C < b < Ca; and we say
a < b if there is a constant C' > 0 such that a < Cb.

By our assumption on the domain, we may fix a diffeomorphism : Q — Bn
that is C? up to the boundary. Denote H := 1 — [1|?, whence H is C*-smooth in Q
and vanishes on 092 with |[VH| &~ 1 in a neighborhood of 92. We may then define
h: B™ — [0, 1] by setting

h(z) := How(z) =1— [(w(z))|* for z € B".

The quasiconformality of w and the behavior of VH near 02 imply that there is
ro € (0,1) so that the weak gradients satisfy

(7) |\Vh(z)| = |Vw(z)| for ro < |z| < 1.

Moreover, by Lemma 2, for ¢ € (1, %] , we have

IVh(2)] LaroBry S IVW ()] Lo@roBry < C.
It follows that for any ¢ € (1, ;%] we have that
(8) Vh e LY(B") if and only if Vw € LY(B").
From Lemma 3 by using the fact that H € C? is a real valued function, we obtain
(9) | AR S [Vwl* +g].

The higher integrability of quasiconformal self-maps of B" makes sure that V(¢ o
w) € L1(B") for some ¢ > n, which implies that Vw € L?(B"). By combining this
with the fact that g € LP(B") with p > n/2, we deduce that Ah € L"(B") with
r = min(p,q/2) > n/2. Asin [3| and [16], we use bootstrapping argument which can
be stated as the following observation.

(10) If Vw e LY(B") with n < ¢ < 2n, then Vw € Lz (B"),

where a = ¢ A 2p := min{q, 2p}. In order to prove (10), assume that Vw € L?(B")
for an exponent ¢ € (n,2n). Then (9) and our assumption on g verify that Ah €
L92"*(B™). Since h vanishes continuously on the boundary OB", we may apply
Lemma 1(a) to obtain that Vi € L"/(27=9)(B") which yields the claim according to

(8).
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We then claim that in our situation one has Vw € L(B") with some exponent

=2p, ifp<m
> 2n, ifp>n.

To prove that, fix an exponent ¢y > n obtained from the higher integrability of the
quasiconformal map w so that Vw € L%(B"). By diminishing ¢ if needed, we may
assume that ¢y € (n,2n) and ¢o ¢ {2™/(2™' —1), m = 3,4,...}. Then we may
iterate (10) and deduce inductively that Vw € L* (B™) for k =0,1,2,..., ko, where
ag = go A 2p and a;, satisfy the recursion apy = 5= - A 2p and kg is the first index
such that

(11)

=2p, ifp<m
a
ho > 2n, ifp>n.

Such an index exists. Namely if p > n and a; < 2n, then a; < apy; = zgf’;k If for
all k, ap < 2n, then a; converges to a point a so that 5 = a, which is then equal
to n and this is impossible. If p < n, then again a; is nondecreasing, which means
that it converges to a = n, which is impossible, or which is stationary sequence from
an index kg, and then a;, = 2p for k > k.

Thus we may assume that Vw € L9(B"), where ¢ = ay, satisfies (11). Now we

consider the following cases.

The case p < n. Since Vw € L™/("~P)(B"), by Morrey’s inequality w is Holder

continuous with the constant c=a =2 — % as claimed.

The case p = n, in this case we use the previous case by choosing p’ < p close
enough to p.

The case p > n. We know that Vw € L? with some ¢ > 2n. Further (9) shows
that Ah € LPMN@/2(B"). As pA(q/2) > 2n, Lemma 1(c) verifies that Vh € L*(B").
Thus Vw € L*°(B™) and hence w is Lipschitz continuous. O

If follows from the proof of the previous theorem the following theorem.

Theorem 2. Assume that g € L"(B"). If w is a K-quasiconformal solution
of Aw = g, that maps the unit disk onto a bounded Jordan domain ) C R"™ with
C?-boundary, then Dw € L*(B™) for every p < oo.
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