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Abstract. In this paper, we are concerned with the existence of weak solutions for the
Schrodinger equation with sign-changing potential in a smooth cone. For solving the Dirichlet
boundary-value problem with respect to the Schrédinger operator, we prove the existence of at
least one weak solution using changes of Schrédingerean harmonic measure, the energy estimate
method and refined inequality technique. Due to the fact that the nonlinearity is allowed to change
sign in our formulation, and the novelty of the boundary conditions, these results are new for dis-
crete and arbitrary time scales. As an application, concentration results are also investigated.

1. Introduction and main results

In this paper, we denote the set Ry x  with the domain Q on S™! by C,(Q),
where S"~! denotes the unit sphere in R" (n > 2). And we call it a cone. As in
[7, 17], we also consider the following Schédinger equation

(1) —Au+ a(P)u(P) =0,

where P € (C,(Q2) and a is a nonnegative radical potential satisfying certain con-
ditions. Fractional Laplacian can be understood as the infinitesimal generator of a
stable Lévy diffusion process, and appears in anomalous diffusions in plasmas, flames
propagation and chemical reactions in liquids, population dynamics, geographical
fluid dynamics, and American options in finance. Please see [1, 3, 20] for more
physical background.

In [19], when a is not a radical potential, using variational method, the authors
studied the existences and multiplicity results for the following critical Schédinger
equation

(2) (=A)°u+a(P)u(P) =0
where P € C,(£2), 0 < s < 1 and the potential a satisfies the following condition

(3) 0< inf a(P) < lim a(P) = ax < 0.
P=(r,0)eCy(Q) r—00

Invoking Ljusternick-schnirelmann category and Morse theory (see [6]), we inves-
tigate the existences and multiplicity results for the following problem

(4) e (=A)u+a(P)u(P) = f(u),

where P € C,(2). They required that a has a positive lower bound. In [4], the
authors studied (4) via penalization method. They needed a has a positive lower
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bound and the following local condition
0 <c¢= inf a(P) < inf a(P),
PeA PEdA
where A is open bounded set of C,,(€2). In [11], the author considered the Schodinger
equation by Lagrange multiplier method when a has a positive lower bound and

lim a(P) = oo.
r—00

When € — 0, (4) is equal to the following Schédinger equation
(=2)°u + a(P)v = f(P,u),
where P € C,(2). However, for
F(P, u) = V(P)|ul"u+ W(P)|ul"?u,
where 2 < ¢ < p < 2%, the case is different. Especially, W is allowed to be sign-
changing or negative.
In the present paper, our aim is to investigate, a is sign-changing, X\ is large, the

existences and concentration results for the Schodinger equation. More precisely, we
are devoted to study the following problem

(5) (—=A)*u+ a(P)u) + uag(P) = |ulP">uV (P) + W(P)|u|*?u,

where P € C,(2), A is large enough and 2 < ¢ < p < 2%.
It is well known that there exists no results in literatures on (5) if a is sign-
changing.
Throughout this paper, we always make the following assumptions:
(I) ap € L*(C,(2)) and ag := inf gy ao(P) > 0.
(II) a € C(C,(£2), R) and a is bounded from below.
(ITI) The set {P € C,(£2): a(P) < b} has finite measure and is nonempty, where b
is a positive constant.
(IV) Define Q = inta~'(0). Then it is easy to see that it has smooth boundary
and is nonempty. Meanwhile, Q = a~1(0).
(V) V(P) € L*(Ch(Q)), Vo := infpec, ) V(P) > 0, and there exists a positive
constant C'(\) satistying || Vo||lroo < C(N).
(VI) W(P) € L>(C,(f2)). W is sign-changing or negative and
{PeC,(Q): W(P) >0}
has finite measure.
Theorem 1.1. If a changes its sign, then (5) has at least a weak solution uy.

Theorem 1.2. If a(P) > 0, then (5) has at least a weak solution uy. Further-
more, uy — u in H*(C,(Q2)) as A — oo, where u is a weak solution of

(=A)u+ ag(P)u = |u|P~2uV (P) + W(P)|u|"%u, in Q,
u =0, on 0f2.
Remark 1.1. If W satisfies W (P) € L*(R), Wy := inf,cc, @ W(P) > 0. The-
orems 1.1 and 1.2 remain true. In fact, we only need to modify our proofs mildly.
Remark 1.2. a may be coercive or not coercive.

In [13], a(P) with (V1)-(IV) is first referred as the steep well potential in the
study of nonlinear Schrodinger equation. For more details, the reader is referred to
the papers [9, 10, 23, 22|, to the book [15] and to the excellent article [18]. Recently,
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Properties of weak solutions for the stationary Schrodinger equation with radical
potential in a smooth cone and cylinder were studied in [13, 12, 11].

We should point out that we need to reestablish the eigenvalue problem of frac-
tional Schrodinger. And during the research, there are some technical difficulties
to recover compact condition. c¢) is uniformly bounded about A is used to recover
compactness, so we need a elaborate estimate since it is different from Schrodinger
equations. It is very interesting that the initial thought in our present paper is to
study concentration results when V' is sign-changing, but we fail since it seems to
need a(P) > 0in (5) to obtain {u,} is bounded in E.

Denote Lebesgue measure of A by |A|. |- |, is the usual norm of L?(C,(Q2)). C
and C; are positive constants, which may be different from line to line. At first, we
recall (—A)*: S — L?(C,(Q)) is defined by (see [24])

s (P — u(P) — u(@Q)
(=A)u(P) = /Cn(ﬂ) Wd@

where S is be the Schwartz space of rapidly decaying C'*° functions in C,,(€2). The
Sobolev space H®(C,(2)) is defined as

H(C,(Q)) = {u € L}(Cn(Q)) [u(P) ~ w@Q)F LY(CH(Q) x On(Q))}

P—qp
endowed
(u, v)gs = / ((—A)%u(—A)%v + uv) dP
Cn(9)
and norm
Julfye = [ (G-2)20P + )P
(D
Let

B = {ue H(C,(Q): / a* (PYu2dP < oo},

be equipped with

and )
[ull = (u, u)z.
Fixed A > 0,

S

(u, v)\= / ((—A)Eu(—A)gv + Xat (P)uv) dP, |ul|x = (u, u)%
1CR(2)

Set By = (E, || - ||5). Clearly, [Jul] < ||u||x.

Lemma 1.1. £ < H%(C,(Q)) — L' (C,(Q)) fort € [2,24] and E — Lt _(C,(Q))
for t € [1,24%) is compact.

Proof. Noting that (/1) , it holds that a™(P) # 0. Denote
A(R) = {P = (r.0) € Cu(Q). R <r, b<a*(P)}
B(R) :={P = (r,0) € C,(Q), R<r, b>a"(P)}

1
/ u2dP§—/ u?dP.
A(R) b Cn(2)

Obviously,
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Since Holder inequality and (4) of [14], jointly with |B(R)| < co, we obtain

/ u?dP < C’/ |(—=A)2ul*dP.
B(R) Cn ()

/ u?dP < C’/ (=) 2ul>dP.
Cn(92;(0,R)) Cn ()

Therefore £ — H%(C,(Q)). It is well known that H%(C,(Q)) — LP(C,(Q)) is
continuous. The compact embedding follows from Rellich compactness theorem. [J

Similarly,

The functional of (5) can be written as follows

I(u) = 1 /C (Q)(\(—A)%uﬁ + Aa(P)u® + ag(P)u®) dP

2
(6) ] ]
— —/ V(P)|lu|lPdP — - W (P)|u|PdP.
YN (o) qJc, @)

Clearly, using Lemma 1.1 and Lebesgue dominated theorem, Iy is C* on E.
u € H%(C,(Q)) is a weak solution of (5) if and only if I}(u) = 0. Since a is sign-
changing, the quadric form

ay(u, u) /Cn(ﬂ)(|(—A)2u| + Xa(P)u”)dP

is indefinite. Denote

D:={u€E: suppu C a ([0, o)}

and
(7) F=D" = {u € E: suppu C a~1(]0, oo])}“.”A,
which means that F is closure of D under the norm | - ||x. According to [16, The-

orem 12.4], there exists a closed subspace M such that F\, = F @& M. If a(P) > 0,
then £ = F.
Consider the bilinear form

ax(u, v) = /C PRSI

and the eigenvalue problem
(8) (=AN)*u+ Xa™ (P)u = a\V~(P)u,

where u € M.
Let A :=suppa~. Noting that (/I]), it holds |A| < oco. It is easy to check that
there is C' > 0, such that for any v € M,

(NI

v+ Aa(P)uv) dP,

(9) /Cn(mq(—mzm +at(P)u)dP > C/A)\a_(P)u ip,
(10) W (u) ;:/ ([(=A)3ul + Aa* (P)a?) dP.
Cn(9)
Lemma 1.2.
a(\) = inf W) 0

= >
orueM [, Aa~(P)u2dP

is achieved and oy () is the smallest eigenvalue of (8).



Existence of weak solutions for the Schrédinger equation and its application 1105

Proof. The proof is standard (see [8, p. 74]). The difference is that M is not
the whole space F\. But M is convex closed set. Let {u;} C M be a minimizing
sequence. In view of M is convex closed set, there exists u € M such that u, — u in
E). Combining with compact embedding Lemma 1.1, similarly to [8], we obtain the
desired conclusions. U

Similarly to [8, p. 80] (see also [5, p. 13]), A > 0, we can define a;(\), j = 2,3, .. ..
The following results are essentially known.

Proposition 1. Fach eigen-subspace is finite dimensional.

Jj—o0

Proposition 2. Fixed A > 0, a;(A\) —— 0.

Proposition 3. The eigenfunctions for different eigenvalue are orthogonal in F).

A—00

Lemma 1.3. Fixed j, aj(A\) —— 0.

Proof. Here we may always assume j > 2. Let u; € M be the corresponding
eigenfunctions of a;(\), ¢ =1,2,...,j —1). Denote V;_; = span{w;, i =1,2,...,j —
1}. Vi, denotes the orthogonal complement of V;_1 in L?. Let u € C§°(Cy(£2)) such
that suppu C suppa™, suppu Nsuppu; = (), 1 <7 < j — 1. Thus it holds that

fcn(g) [Vul?

an(Q) a=(P)u?
It follows that there exists A > 0 satisfying

(11) Ey :=span{e;a;(\) < 1}

aj()\)SA —0 as A — oo. O

when A > A from Lemma 1.3 is not empty and a,(u, ) is negative semidefinite in E\,
where e; is the corresponding eigenfunctions of o;(\). Set EY := span{e; a;(\) > 1}.
In the light of Propositions 1 and 3, By = M & F = E\ ® EY & F and dim E), < oco.

2. Proof of Theorem 1.1

We shall prove that I, satisfies linking geometric construction of [21, Theo-
rem 2.1.2].

Lemma 2.1. For each A > A, there exist py > 0 and k) > 0 such that
In(u) > Ky,
for all u € EY & F with ||u||x = pa.
Proof. By the definition of Ey, there is ) > 0 satsifying
ax(u, u) = oy ull3

for u € Ey and
ax(u, u) = [|ulf3,
where u € F. Thus for u = v+ w € Ef @ F, invoking Sobolev embedding, we get

1 1 1
I(u) = zax(v, v) + zax(w, w)+ —/ ao(P)u? dP
2 2 2 Jo, @
1 1
— —/ V(P)|u|PdP — - W (P)|u|?dP
P Jcn q.Jc, (@)

1
(12) > S min{dy, LHul} = Calfu]} = Cofful}.
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Taking € > 0, py > 0 and ) > 0 small enough, we have the desired conclusion.

By (IV), we take ey € C§°(€2) , then ey € F.
Lemma 2.2. For each A > A, there exists Ry > 0 such that

sup Iy(u) < Ky,
u€edQ

where R
Q={u=v+teg:v e E t>0, [|ul|]» < R}

Proof. In view of (V) and (VI) , there exist C) > 0,Cy > 0 such that
1 1
Z—)V(P)|u|p + §W(P)|u|q > Cy|ul? — Cy|t]%.

If u=v+w € E\ ® Rey, noting that

ax(u, u) = ax(v, v) +ax(w, w) < Jull3,

O

jointly with all the norms on finite dimensional space are equivalent and ¢ < p, we

obtain al
u — 00
Iy(u) < Cllull3 + Csllull§ = Callully ——— —

Therefore, there exists Ry > 0 such that Iy(u) < 0 for u € E,@® Rey with ||u][ = Ry, .

Ifue EAA, then we have
B <5 [ alPutdP+ Collull - Calull.
Cn ()

So we also obtain the conclusion.

According to Lemmas 2.1 and 2.2, I, has a sequence {u,} C E,, i.e.,
(13) In(un) — ¢, (1+ ||un||x) 5 (u,) — 0 in EY.

Lemma 2.3. {u,} is bounded (dependent on \) in Ej.

Proof. For n large enough, we have

1 1 1 1

B = 23 w) = (5= ) k- (5-1) [ L (Pap

1 1
(14) + (— — —) / ao(P)u? dP
2 q9) Jeuo
1 1
+ (———) / V(P)|u,|P dP = ¢+ 1.
q P Cn ()

Thus, combining with (II), we get
a2 < Cl>\/ 2 dP + O,
n(92)
Thus it suffices to prove that {u,} is bounded in L?(C,(Q)) . If

/ u? dP =2 0.
Cn(Q)

Denote v,, = |u—"|, then |v,|e = 1. By (14), we have
Un |2

(15) loall? + / ao(P)e2 dP — / A (Pr2dap < C
Cn () Cn ()
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Consequently, {||v,]|3} is bounded and
C n o
(16) / a(PWw2dp < — =% 0.
Cn(Q) | n|2

Up to a subsequence we can assume v, — v in E). It is easy to obtain v = 0
from (15) and Fatou’s lemma. Thus, we have

/ a(P)v? dP = / a(P)v? dP—l—/ a(P)v? dP
Cn(9) {z: a(P)>b} {z: a(P)<b}
> b (1 - / a(P)v? dP) 4 0a(1) 2 b+ 0n(1) > 0,
{z: a(P)<b}

which contracts with (16). O
Next lemma will be used in Lemma 2.5 to prove (C),. condition.
Lemma 2.4. ¢, is uniformly bounded about \.

Proof. In the light of [21, Theorem 2.1.2], ¢ € [k, Sup,cq Ix(u)]. We only need
to prove sup,cq Ix(u) has a positive bound from above independent of A. Set

1 1

I(u) == §aA(u, u>+§/c o ao(P)UQdP—Cl/Q|u|qu,

where u € E,.
A simple estimate, I)(u) < Jy\(u). It follows that there exists r,, > 0 satisfying

Cilul? > gnu?,  uf > 1y,
Cilul? < gnu?, ful <y,

for any 1 > 0. Let u = v+ w € Ey @ Rey. It holds that

1 1 1
Ta(u) < —/ |(—A)S2w|2dP+—/ ao(P)u? dP — —n/uzdP
2 Jon @ 2 Jo, @ 27 Jo

1
(17) + / (—nu2 - Cl|u|q) dP
{weQs [u(P)|<ry} \2
1
<5 [ A8 PP+ ClNillclul - 3 [ a4+t
2 Jen 2 /o

In view of eg € C5°(Q2) , we get
(Q) Q

Let (¢r, tx) be the eigenfunctions and eigenvalues of —A in  with Dirichlet
boundary data. According to [2, Lemmas 3.4 and 3.5], it holds

(19) [(=A) w2 (Z ak:uk) < 00,
where

ak:/wgpde.
Q
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In view of 0 < 3 < pig-++ < - -+ and py — o0 as k — oo, we get

(20) (=A) 2w 120 ( ama

So
[(=A) w20y < Col[(=A)2w| 20,
where Cj is only dependent with eg.
Noting that (18)—(20) , using Young inequality, it is easy to check

(21) /“JvAﬁmes%%m—>

Let n > 4C3. Then

(11

77
w3 + 2lul s,

/ (—0) w2
Cn ()

If | Vollzoo < according to (17), we have Jy(u) < C(n) + 1. O

C’R2 ’

Lemma 2.5. Let M be any positive constant. There is A = A(M) > 0 such
that (C). sequence {u,} satisfies u, — w in E\, where u is a weak critical point of
I, or I, satisfies (C'). condition, where ¢ < M.

Proof. In view of Lemma 2.3, if necessary going to a subsequence, u,, — u in F).
Since V is sign-changing, we need to divide into two cases:

Case (i). Ix(u) < 0.

Case (ii). Ix(u) > 0.

If (i) holds, then it is easy to see that u is weak and the proof is completed. If
(ii) holds, then we will show that w, — w in F). Let v, = u,, — u. By (iii),

2
Un Un ]_
(22) /‘ zﬁdP:i/ dP+1/ dP < —||val]3 + 0,(1).
Cn(92) {z: a(P)>b} {z: a(P)<b} Ab

Thus, it follows from interpolation inequality and Sobolev inequalities that
o o 1 —0 g

(23)  lvnlp < fonl3 (= A)20a]377 < d(A) ™2 [[unllx + 0a(1),

where 0 < 0 < 1, d is a constant. We have

(24) In(vn) = In(un) = In(u) + 0n (1), I3(vn) = I3(un) + 0n(1)

from Brezis-Lieb lemma.
A direct computation, there holds that

(1 _ 1) /C o VAP AP < 1) ~ é(fg(vn), on)

qg p

=c— Iy(u) + 0,(1) < M + 0,(1).
Therefore,

Mpq
Vo(p —q)
Noting that condition (VI) and

/ Aa” (P)v2dP = o,(1),
Cn(9)

(25) |un|h < +0,(1).
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it follows from (22)—(25) that
0n(1) = (I3(vn); va) = |lvall3 — Cilval} + 0a(1)

(26) Mpg "7 & 2
. (1 s tr=r) (W> fenlls ()

Choosing A large enough, we get v, — 0 in FE). U

3. Proof of Theorem 1.2

According to our assumptions on Theorem 1.2, we obtain that I, has mountain
pass geometry. Invoking [14, Theorem 2.2|, I) has a C.. sequence. Note that E, = {0}
does not influence the results of Lemmas 2.3 and 2.5. Similarly to Lemmas 2.3 and
2.5, we obtain a weak critical point uy for I with I)(uy) € [k, Co] for A large enough
where x and Cj are independent of \.

A direct computation, we get

1
C>\n = I>\n (un> - 5(1;\»” (un>7 un)

11 , (1 1)/ ,
= (2= ) ]+ (=== ao(P)u2 dP
(27) (2 q) w3, 2" q) Jew o(P)
1 1

1 1
Y V(P)|un|? dP > (= — 2)|Junl3, -
(q p)/wm (P)]unl (5 = luallx,

It follows from (27) that {u,} is bounded in E. After extracting a subsequence,
we may assume u,, — u in . We have

2
(28) / a(P)@ dP < limint / o(P)Z2 dP < timinf 122 _
W () Cn(©) A

n— oo n— oo n

from Fatou’s Lemma.

Souw = 0 ae. in C,(Q)\a"(0), w € Hi(Q) by (IV). Since for any ¢ € C5°(£),
(I3, (un), ) = 0, it is easy to check W is a weak solution of (5). To complete the
proof, we only need to prove u, — uw in F and u # 0. The proof is almost standard
and we refer the readers to [14, Section 3.5] with slight modification. Here we sketch
the proof for the readers’ convenience.

Step 1. Using Lions vanishing [21, Lemma 12.1], we have w,, — @ in L*(C,(Q))
for 2 <t < 27

Step 2. By (I} (un),un) = (I}, (uy), %) we get u, — U in E.

Step 3. w # 0 is obtained since u,, # 0 and u,, — w in E.

Acknowledgment. The author wishes to thank the anonymous referees very much
for carefully reading this paper and suggesting many valuable comments.

References

[1] Baskonus, H.M., T. A. SurLAIMAN, H. BuLuT, and T. AKTURK: Investigations of dark,
bright, combined dark-bright optical and other soliton solutions in the complex cubic nonlinear
Schrédinger equation with delta-potential. - Superlattices Microstruct. 115, 2018, 19-29.

[2] BRANDLE, C., E. COLORADO, A. DE PaABLO, and U. SANCHEZ: A concave-convex elliptic
problem involving the fractional Laplacian. - Proc. Roy. Soc. Edinburgh Sect. A 143:1, 2013,
39-71.



1110 Jinjin Huang

[3] BuLut, H., T. A. SULAIMAN, and B. DEMIRDAG: Dynamics of soliton solutions in the chiral
nonlinear Schrodinger equations. - Nonlinear Dynam. 91:3, 2018, 1985-1991.

[4] CHEN, Q., H. QIN, J. L1u, J. X140, R. ZHANG, Y. HE, and Y. WANG: Canonical symplectic
structure and structure-preserving geometric algorithms for Schrodinger-Maxwell systems. - J.
Comput. Phys. 349, 2017, 441-452.

[5] Evang, L. C.: Partial differential equation. - Amer. Math. Soc., 1998.

[6] HuaNg, Z., J. Xu, B. Sun, B. Wu, and X. WU: A new solution of Schrédinger equation
based on symplectic algorithm. - Comput. Math. Appl. 69, 2015, 1303-1312.

[7] LaskiN, N.: Fractional Schréinger equations. - Phys. Rev. E 66:2, 2002, 056108.

[8] Lu, W.: Variational methods in partial differential equations. - Beijing Scientific Publishing
House in China, 2002.

[9] Qiao, L.: Matsaev’s type theorems for solutions of the stationary Schrédinger equation and
its applications. - Discrete Contin. Dyn. Syst. 36:10, 2016, 5709-5720.

[10] Qiao, L.: Asymptotic behaviors of Green—Sch potentials at infinity and its applications. -
Discrete Contin. Dyn. Syst. Ser. B 22:6, 2017, 2321-2338.

[11] Qiao, L.: Solutions of the Dirichlet—Sch problem and asymptotic properties of solutions for
the Schrodinger equation. - Appl. Math. Lett. 71, 2017, 44-50.

[12] Qia0, L., and G. PAN: Theorems of the Phragmén—Lindelof type for subfunctions in a cone.
- Proc. Edinb. Math. Soc. 60, 2017, 739-751.

[13] Qiao, L., and Y. REN: Integral representations for the solutions of infinite order of the
stationary Schrédinger equation in a cone. - Monatsh. Math. 173:4, 2014, 593-603.

[14] RaBINOWITZ, P.: Minimax methods in critical point theory with applications to differential
equations. - CBMS Reg. Conf. Ser. Math. 65, Amer. Math. Soc., Providence, RI, 1986.

[15] RosENBLUM, G., M. SOLOMYAK, and M. SHUBIN: Spectral theory of differential operators. -
VINITI, Moscow, 1989.

[16] RupIN, W.: Functional analysis. - China Machine Press, Beijing, second edition, 2004.

[17] SasA, N., and J. SATSUMA: New-type of soliton solutions for a higher-order nonlinear
Schrédinger equation. - J. Phys. Soc. Japan 60:2, 1991, 409-417.

[18] SERVADEI, R., and E. VALDINOCI: Variational methods for non-local operators of elliptic type.
- Discrete Contin. Dyn. Syst. 33:5, 2013, 2105-2137.

[19] SHEN, J., W. SHA, Z. HUANG, M. CHEN, and X. Wu: High-order symplectic FDTD scheme
for solving a time-dependent Schrédinger equation. - Comput. Phys. Commun. 184:3, 2013,
480-492.

[20] SuLaMAN, T. A., T. AKTURK, H. BULUT, and H. M. BASKONUS: Investigation of various

soliton solutions to the Heisenberg ferromagnetic spin chain equation. - J. Electromagnetic
wave 32:9, 2018, 1093-1105.

[21] WILLEM, M.: Minimax theorems. - Boston Birkhduser Boston Inc, 1996.

[22] YosHIDA, H.: Construction of higher order symplectic integrators. - Phys. Lett. A 150:5-7,
1990, 262—-268.

[23] ZHENG, C., and Z. ZHOU: Exact controllability for the fourth order Schrédinger equation. -
Chin. Ann. Math. Ser. B 33:3, 2012, 395-404.

[24] ZHONG, P., C. ZHANG, and F. WU: Energy decay rate of multidimensional inhomogeneous
Landau—Lifshitz—Gilbert equation and Schrédinger map equation on the sphere. - Adv. Differ-
ence Equ. 2018, 2018, 335.

Received 24 November 2017 e Revised received 25 February 2019 e Accepted 27 February 2019



