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Abstract. In this paper, we consider the moment of the products of primitive Dirichlet L-

functions and L-functions associated with a Hecke–Maass form of SL(2,Z) twisted by primitive

Dirichlet characters. We prove that for any Hecke–Maass form f of SL(2,Z) and s0 = σ0 + it0

with 1/2 ≤ σ0 < 1, L(s0, f ⊗ χ)L(s0, χ) 6= 0 holds for some primitive Dirichlet character χ if

the conductor of χ is prime and sufficiently large. In particular, we show that unconditionally

L(1/2+ it, f⊗χ)L(1/2+ it, χ) 6= 0 for some primitive Dirichlet character modulo q for prime values

of q satisfying q ≫ (1 + |t|)255+ǫ. If we assume the Ramanujan–Petersson conjecture, the same

statement is valid for any prime values of q such that q ≫ (1 + |t|)15+ǫ.

1. Introduction

It is an important problem to determine whether an automorphic L-function is
vanishing at the central point of its functional equation. This problem is related to
several deep problems in number theory, including the Birch and Swinnerton–Dyer
conjecture, the nonvanishing of theta lifting, and the nonexistence of Landau–Siegel
zeros. There has been a number of results in this area. For example, Iwaniec and
Sarnak [10] proved that at least one third of Dirichlet L-functions do not vanish at
s = 1/2. In another paper [11] the same authors further showed that at least half
of the values of L(1/2, f), with f varying among the even holomorphic newforms
of a fixed even integral weight for Γ0(N), are positive as N → ∞. Soundararajan
[21] proved that at least seven-eighths of primitive quadratic L-functions do not
vanish at s = 1/2. The problem of simultaneous nonvanishing of L-functions is
also important. Briefly, this problem concerns whether L(s0, f)L(s0, g) 6= 0 holds
or not for some fixed point s0, where L(s, f) and L(s, g) are two L-functions that
are related to each other. This problem has been extensively investigated (see, for
example, [1, 3, 4, 7, 12, 14, 15, 16, 18, 17, 19, 22, 23]). Some of the results that are
particularly related to the context of this paper are described as follows.

Liu [16] considered the simultaneous nonvanishing of Dirichlet L-functions and
twists of automorphic L-functions. Let P be the set of prime numbers and for Q ≥ 2,

D := {q | q = pr, Q
3
4 < p ≤ 2Q

3
4 , Q

1
4 < r ≤ 2Q

1
4 , p, r ∈ P}.

Let π be a unitary cuspidal automorphic representation of GL2(AQ). Then Liu’s
result asserts that for any ǫ > 0, asymptotically

∑

q∈D

+
∑

χ (mod q)

L

(

1

2
, π ⊗ χ

)

L

(

1

2
, χ

)

= A(Q) +O(Q
15
8
+ǫ),
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where
∑+ denotes the summation over even primitive Dirichlet characters and

A(Q) := (1/2)
∑

q∈D q ≍ Q2/ log2Q. Consequently for each sufficiently large value

of Q, there exists a primitive Dirichlet character χ (mod q) with Q < q ≤ 4Q such
that L(1/2, π ⊗ χ)L(1/2, χ) 6= 0.

Inspired by Liu’s work, Das and Khan [4] considered the simultaneous nonvan-
ishing of Dirichlet L-functions and twists of Hecke–Maass L-functions of SL(2,Z).
They proved that for a Hecke–Maass form f for SL(2,Z) and prime values of q, one
has

(1.1)

+
∑

χ (mod q)

L

(

1

2
, f ⊗ χ

)

L

(

1

2
, χ

)

=
q − 2

2
L(1, f) +O(q

7
8
+ 7

64
+ǫ),

where ǫ > 0 is arbitrarily small. The number 7/64 in the exponent is a consequence
of the Kim–Sarnak bound (see the appendix 2 of [13]) towards the Ramanujan–
Petersson conjecture. Since L(1, f) 6= 0 (see [9], Lemma 5.9), their result implies
that for every sufficiently large values of q, there exists an even primitive character
χ (mod q) such that L(1/2, f ⊗ χ)L(1/2, χ) 6= 0. In some respects, their results are
stronger than the result presented by Liu, because the conductor of the characters is
fixed in this case. Recently Sun [22] considered the case in which the conductor q is
a product of two primes. On the other hand, Blomer, Fouvry, Kowalski, Michel and
Milićević [3] obtained

∗
∑

χ (mod q)

L

(

1

2
, f ⊗ χ

)

L

(

1

2
, χ

)2

=
(q − 2)L(1, f)2

ζ(2)
+O(q−δ)

for some δ > 0 in the same setting as above. The notation
∑∗ denotes the summa-

tion over all primitive characters. The same conclusion regarding the simultaneous
nonvanishing can be deduced from this asymptotic formula.

There are several results on nonvanishing of automorphic L-functions at a general
point. Let F be a number field, S be a finite set of places of F , and π be a unitary
cuspidal automorphic representation of GL(n). In the cases of n = 1 and 2, Rohrlich
[20] proved that there are infinitely many primitive ray class characters χ of F such
that L(s0, π⊗ χ) 6= 0, where s0 is a general point in the complex plane. Barthel and
Ramakrishnan [2] proved the same results for n ≥ 3 under the assumptions that π
is tempered (i.e. satisfies the Ramanujan conjecture) and ℜ(s0) > 1 − 2/(n + 1).
Akbary [1] studied the simultaneous nonvanishing of Dirichlet twists of newforms at
a general point. He proved that for newforms f ∈ Sk(Γ0(M), ψ), g ∈ Sk(Γ0(N), η)
and a complex number s0 = σ0 + it0 with σ0 > 1/2,

∑

q≤Q,q:prime

(q,MN)=1

∗
∑

χ (mod q)

L(s0, f ⊗ χ)L(s0, g ⊗ χ)

=
Q2

2 logQ

ϕ(MN)

MN
L(2σ0, f ⊗ g) +O

(

Q2

(logQ)2

)

as Q→ ∞. This indicates that for any s0 = σ0+ it0 with 1/2 < σ0 ≤ 1, there exists a
primitive Dirichlet character χ for which L(s0, f ⊗ χ)L(s0, g⊗ χ) 6= 0. This theorem
is related to the case of n = 4 of the result of Barthel and Ramakrishnan above, and
this surpasses the bound σ0 > 1− 2/(4 + 1). However, it has not been proved that a
similar result is valid on the line σ0 = 1/2. It is mentioned in [1] that such a result
needs a more elaborate treatment of the error terms in Proposition 2.5 of [1].
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The objective of this paper is to extend the results of Das and Khan [4] as
described above. We provide an asymptotic formula for the mean value of products
of Dirichlet L-functions and twists of a Hecke–Maass L-function of SL(2,Z) at a
general point s0 = σ0 + it0 with 1/2 ≤ σ0 < 1. The main theorem of this paper is
stated as follows.

Theorem 1.1. Let f be a Hecke–Maass form of SL(2,Z) and 1/2 ≤ A0 < 1
be an arbitrary fixed number. For any prime values of q and s0 = σ0 + it0 with

1/2 ≤ σ0 ≤ A0 < 1, we have

(1.2)
+

∑

χ (mod q)

L(s0, f ⊗ χ)L(s0, χ) =
1

2
L(2σ0, f)q +O

(

7
∑

i=1

Ei

)

,

where
∑+

denotes the summation over even primitive characters, and L(s, f) denotes

the L-function associated to f . The error terms E1, · · · , E7 are given by

E1 = q1−θ−2σ0+ǫ(qτ)θ+ǫ, E2 = q−
5
4
+ 3

2
σ0+ǫ(qτ)

3
2
− 3

2
σ0 , E3 = (qτ)1−

σ0
2
+θ+ǫ,

E4 = q−
1
2 (qτ)

3
2
−

σ0
2
+ǫ, E5 = q

1
2 (qτ)

5
4
+ 15

26
θ− 87

52
σ0+ǫ, E6 = q−1(qτ)

5
2
− 5

4
σ0+ǫ,

E7 = q−1(qτ)−
87
52

σ0+
37
26

θ+ 139
52

+ǫ.

Here, ǫ > 0 is arbitrarily small, τ := |t0| + 3 and θ in the exponents represent the

best bound towards the Ramanujan–Petersson conjecture for f , and can currently

be taken as θ = 7/64. The implied constant may depend on both f and A0, but is

independent of q and τ .

It should be mentioned that our Theorem 1.1 does not recover (1.1) completely.
Indeed, by putting σ0 = 1/2, τ = 3 and θ = 7/64, it follows that the error term

in Theorem 1.1 becomes O(q
127
128

+ǫ) (the E7 takes the maximal value). On the other

hand, the error term in the asymptotic formula (1.1) is O(q
126
128

+ǫ). The reason of
this subtle difference is that the author used slightly different values of N and M to
evaluate the contribution of the terms involving S2S3 (see the proof of Lemma 3.5).
The argument of Case II in [4] seems to be the most complicated part of that paper,
and our choice of these values enables us to treat these terms in a more direct way.

Let M(σ0, θ) be the maximum of θ/(2σ0), 2(1 − σ0), (2 − σ0 + 2θ)/(σ0 − 2θ),
(3− σ0)/σ0, (65+ 30θ− 87σ0)/(87σ0− 30θ− 39), (10− 5σ0)/(5σ0− 2) and (−87σ0 +
74θ+139)/(87σ0− 74θ− 35). It can be easily confirmed that the main term in (1.2)
dominates the error terms if q ≫f,A0 τ

M(σ0,θ)+ǫ. Moreover, we have M(1/2, 7/64) =
255, M(1/2, 0) = 15. Hence we obtain the following corollary:

Corollary 1.2. For a Hecke–Maass form f of SL(2,Z), there exists a primitive

Dirichlet character χ modulo q for which L(s0, f ⊗ χ) and L(s0, χ) do not vanish if

the prime q satisfies q ≫f,A0 τ
M(σ0,θ)+ǫ. In particular, for any t ∈ R, there exists a

primitive Dirichlet character χmodulo q for which L(1/2+it, f⊗χ) and L(1/2+it, χ)
do not vanish if the prime q satisfies q ≫f (1 + |t|)255+ǫ. Further, if we assume the

Ramanujan–Petersson conjecture (θ = 0), the same statement is valid if the prime q
satisfies q ≫f (1 + |t|)15+ǫ.

Using Hölder’s inequality, we obtain a lower bound for the proportion of the
characters for which the L-functions are nonvanishing at s = s0.
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Theorem 1.3. Let f be a Hecke–Maass form of SL(2,Z) and q be a prime. For

s0 = σ0 + it0 with 1/2 ≤ σ0 < 1, put τ = |t0|+ 3,

Af,s0 = {χ (mod q) | L(s0, f ⊗ χ)L(s0, χ) 6= 0, χ(−1) = 1, χ : primitive}.
Then, for q ≫ τM(σ0,θ)+ǫ, we have

(1.3) |Af,s0| ≫
{

(qτ−3)1−ǫ (σ0 =
1
2
),

qτ−3 (1
2
< σ0 < 1)

for any ǫ > 0. The implied constants may be dependent on f , ǫ and σ0, but they are

independent of q and τ .

In particular, for any fixed s0 = σ0 + it0 with 1/2 < σ0 < 1, there exists
a positive proportion of even primitive Dirichlet characters χ(mod q) for which
L(s0, f ⊗ χ)L(s0, χ) 6= 0. This kind of result is not found in the paper of Das
and Khan [4]. The author is sure that the same statement will be valid for σ0 = 1/2,
but the proof will require several elaborate arguments on mollified moments of L-
functions at s0 = 1/2 + it0.

2. Preliminaries

Here, we prove Theorem 1.1 for even Hecke–Maass forms, as the proof for odd
forms is entirely similar. Let χ be an even primitive Dirichlet character modulo q.
The Dirichlet L-function associated to χ is defined by

(2.1) L(s, χ) =

∞
∑

n=1

χ(n)

ns

for ℜ(s) > 1. This function is continued holomorphically to the whole s-plane and
satisfies the functional equation

(2.2) Λ(s, χ) =
τ(χ)√
q
Λ(1− s, χ),

where

(2.3) Λ(s, χ) =
( q

π

)
s
2
Γ
(s

2

)

L(s, χ)

and τ(χ) =
∑∗

a(mod q) χ(a) exp(2πia/q) is the Gauss sum.

Next, let f be an even Hecke–Maass form for the full modular group SL(2,Z).
The eigenvalue of Laplacian is expressed by 1/4+T 2

f , where Tf is a real number. We
denote the n-th Hecke eigenvalue of f by λf (n). For the Dirichlet character χ above,
the Dirichlet twist of Hecke–Maass L-function is defined by

(2.4) L(s, f ⊗ χ) =

∞
∑

n=1

λf(n)χ(n)

ns

for ℜ(s) > 1. This function is continued holomorphically to the whole s-plane and
satisfies the functional equation

(2.5) Λ(s, f ⊗ χ) =
τ(χ)2

q
Λ(1− s, f ⊗ χ),

where

(2.6) Λ(s, f ⊗ χ) =
( q

π

)s

Γ

(

s+ iTf
2

)

Γ

(

s− iTf
2

)

L(s, f ⊗ χ).
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Let us prepare several lemmas on Dirichlet characters and Fourier coefficients of
Hecke–Maass forms.

2.1. Orthogonality of Dirichlet characters. To compute the summation
averaged over primitive Dirichlet characters, we use the following property of char-
acters.

Lemma 2.1. Let q be a prime number and n, m be positive integers such that

(nm, q) = 1. Then,

(2.7)
∗

∑

χ (mod q)

χ(n)χ(m) =

{

q − 2 (n ≡ m (mod q)),

−1 (otherwise).

The proof of this statement can be found in many textbooks. For example, see
[5].

2.2. Several properties of Fourier coefficients. We frequently use the
following individual bound, proved by Kim and Sarnak [13]:

Lemma 2.2. For any ǫ > 0, we have

(2.8) |λf(n)| ≪ǫ n
θ+ǫ,

where θ = 7/64.

To evaluate sums involving λf(n), we almost always adapt Lemma 2.2 above. It
should be mentioned that several estimates might be improved if we instead combine
Lemma 2.3 below on the average of |λf(n)| with partial summation:

It follows from the Rankin–Selberg theory that the Fourier coefficients satisfy
∑

n≤x

|λf(n)|2 ≪ x.

Combining this with the Cauchy–Schwarz inequality, we obtain the following upper
bound.

Lemma 2.3. We have

(2.9)
∑

n≤x

|λf(n)| ≪ x

as x→ ∞.

Next, we prepare the following Voronoi summation formula for Hecke–Maass form
of SL(2,Z), proved by Godber [6, Theorem 3.2]:

Lemma 2.4. Let q be a positive integer and ψ be a smooth function compactly

supported in R>0. Let d and d be integers satisfying (q, d) = 1, dd ≡ 1 (mod q).
Then, we have

(2.10)

∞
∑

n=1

λf(n)e

(

nd

q

)

ψ
( n

N

)

= q
∞
∑

n=1

λf(n)

n
e

(

nd

q

)

Ψ+

(

nN

q2

)

+ q
∞
∑

n=1

λf (n)

n
e

(

−nd
q

)

Ψ−

(

nN

q2

)

,

where Ψ± are defined by

(2.11) Ψ±(s) =
1

2πi

ˆ

(σ)

(π2x)−sG±(s)ψ̃(−s) ds
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for σ > −1, respectively. Here, ψ̃ denotes the Mellin transform of ψ and G±(s) are

defined by

(2.12) 2πG±(s) =
Γ
(

1+s+iTf

2

)

Γ
(

1+s−iTf

2

)

Γ
(

−s+iTf

2

)

Γ
(

−s−iTf

2

) ±
Γ
(

1+s+iTf+1

2

)

Γ
(

1+s−iTf+1

2

)

Γ
(

−s+iTf+1

2

)

Γ
(

−s−iTf+1

2

) ,

respectively.

Next, we use the following result [8, Theorem 8.1], which indicates that the
Fourier coefficients of f are orthogonal to additive characters on average:

Lemma 2.5. For any real number α, we have

(2.13)
∑

n≤N

λf (n)e(αn) ≪ǫ N
1
2
+ǫ.

Here, the implied constant is independent of α.

2.3. Approximate functional equations. To compute the moment in Theo-
rem 1.1, we need some approximate functional equations for L(s, χ) and L(s, f ⊗χ).
The following two lemmas are obtained by applying Theorem 5.3 and Proposition 5.4
of the textbook of Iwaniec and Kowalski [9] to these L-functions. Hereafter we put
τ := |t0|+ 3.

Lemma 2.6. For s0 = σ0 + it0 with 1/2 ≤ σ0 < 1, we have

(2.14)

L(s0, χ)

=
∑

n

χ(n)

ns0
Vs0

(

n√
q

)

+ τ(χ)q−s0
γ(1− s0)

γ(s0)

∑

n

χ(n)

n1−s0
V1−s0

(

n√
q

)

.

Here, γ(s) := π− s
2Γ(s/2) and

(2.15) Vs0(x) =
1

2πi

ˆ

(3)

(
√
πx)−u

Γ
(

s0+u
2

)

Γ
(

s0
2

) eu
2 du

u
.

The function Vs0(x) and its derivatives are bounded by

Vs0(x) ≪A min{1, (x/
√
τ)−A},(2.16)

V (l)
s0

(x) ≪ x−l.(2.17)

The implied constants depend only on σ0, A and l.

Lemma 2.7. Let f be an even Hecke–Maass form for SL(2,Z) and χ be an even

primitive character modulo q. Then, for s0 = σ0 + it0 with 1/2 ≤ σ0 < 1, we have

(2.18)

L(s0, f ⊗ χ) =
∑

n

λf(n)χ(n)

ns0
Ws0

(

n

q

)

+ τ(χ)2q−2s0
γ̃(1− s0)

γ̃(s0)

∑

n

λf(n)χ(n)

n1−s0
W1−s0

(

n

q

)

.

Here, γ̃(s) := π−sΓ((s+ iTf)/2)Γ((s− iTf )/2) and

(2.19) Ws0(x) =
1

2πi

ˆ

(3)

(πx)−u
Γ
(

s0+u+iTf

2

)

Γ
(

s0+u−iTf

2

)

Γ
(

s0+iTf

2

)

Γ
(

s0−iTf

2

) eu
2 du

u
.
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The function Ws0(x) and its derivatives are bounded by

Ws0(x) ≪A min{1, (x/τ)−A},(2.20)

W (l)
s0
(x) ≪ x−l.(2.21)

The implied constants depend only on σ0, A and l.

3. The proof of Theorem 1.1

Hereafter A and B denote arbitrary large numbers, and ǫ represents an arbitrary
small positive numbers. These values may be different at each occurrence (for ex-
ample, we may sometimes replace 2ǫ with ǫ). All the implied constants might be
dependent on A, B, ǫ, A0 and Hecke–Maass form f . However, these implied con-
stants are independent of the values of conductor q and τ = |t0|+ 3. It follows from
the approximate functional equations (2.14), (2.18) that

(3.1)

+
∑

χ (mod q)

L(s0, f ⊗ χ)L(s0, χ)

=
1

2

∗
∑

χ (mod q)

(χ(−1) + 1)

·
(

∑

n

λf(n)χ(n)

ns0
Ws0

(

n

q

)

+τ(χ)2q−2s0
γ̃(1− s0)

γ̃(s0)

∑

n

λf(n)χ(n)

n1−s0
W1−s0

(

n

q

)

)

·
(

∑

m

χ(m)

ms0
Vs0

(

m√
q

)

+ τ(χ)q−s0
γ(1− s0)

γ(s0)

∑

m

χ(m)

m1−s0
V1−s0

(

m√
q

)

)

=:
1

2

∗
∑

χ (mod q)

(χ(−1) + 1)(S1 + S2)(S3 + S4),

say. Hence it suffices to evaluate
∑∗

χ(mod q) χ(±1)SjSk for j = 1, 2, k = 3, 4.

3.1. The terms involving S1S3. We first evaluate the contribution of S1S3.

Lemma 3.1. We have

(3.2)

∗
∑

χ (mod q)

χ(−1)S1S3 ≪ (qτ)
3
2
− 3

2
σ0+θ+ǫ.

Proof. By definition and Lemma 2.1, we have

(3.3)

∗
∑

χ (mod q)

χ(−1)S1S3 = (q − 2)Σ1 − Σ2,

where

Σ1 :=
∑

n

∑

m
(nm,q)=1

n+m≡0 (mod q)

λf (n)

ns0
Ws0

(

n

q

)

1

ms0
Vs0

(

m√
q

)

,

Σ2 :=
∑

n

∑

m
(nm,q)=1

n+m6≡0 (mod q)

λf (n)

ns0
Ws0

(

n

q

)

1

ms0
Vs0

(

m√
q

)

.
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By Lemma 2.2 and the estimates (2.16), (2.20), the contribution of the terms with
n ≥ (qτ)1+ǫ to Σ1 is at most

∑

n≥(qτ)1+ǫ

∑

m

nθ+ǫ

(nm)σ0

(

n

qτ

)−A ∣
∣

∣

∣

Vs0

(

m√
q

)∣

∣

∣

∣

≪ (qτ)A
(

(qτ)1+ǫ
)−A+θ+ 1

2
+ǫ







∑

m≤(qτ)
1
2+ǫ

1

mσ0
+

∑

m≥(qτ)
1
2+ǫ

1

mσ0

(

m√
qτ

)−A







≪ (qτ)−A.

Similarly, the contribution of the terms with m ≥ (qτ)
1
2
+ǫ to Σ1 is at most

∑

n

∑

m≥(qτ)
1
2+ǫ

nθ+ǫ

(nm)σ0

∣

∣

∣

∣

Ws0

(

n

q

)∣

∣

∣

∣

(

m√
qτ

)−A

≪





∑

n≤(qτ)1+ǫ

nθ−σ0+ǫ +
∑

n≥(qτ)1+ǫ

nθ−σ0+ǫ

(

n

qτ

)−A



 (qτ)
A
2

(

(qτ)
1
2
+ǫ
)

1
2
−A

≪ (qτ)−A.

Consequently it suffices to evaluate the contribution of the terms with n ≤ (qτ)1+ǫ,

m ≤ (qτ)
1
2
+ǫ. By Lemma 2.2, the contribution of these terms to (q− 2)Σ1 is at most

(3.4) q(qτ)θ+ǫ
∑

n≤(qτ)1+ǫ

∑

m≤(qτ)
1
2+ǫ

n+m≡0 (mod q)

1

(nm)σ0
.

Write n = kq −m, (m+ 1)/q ≤ k ≪ qǫτ 1+ǫ. Then the double sum in (3.4) is

(3.5)

∑

n≤(qτ)1+ǫ

∑

m≤(qτ)
1
2+ǫ

n+m≡0 (mod q)

1

(nm)σ0
≪

∑

m≤(qτ)
1
2+ǫ

∑

m+1
q

≤k≪qǫτ1+ǫ

1

(m(kq −m))σ0

≪
∑

m≤(qτ)
1
2+ǫ

∑

1≤k≪qǫτ1+ǫ

1

(kqm)σ0

≪ q
1
2
− 3

2
σ0+ǫτ

3
2
− 3

2
σ0+ǫ.

Therefore, by (3.4) and (3.5), we have

(3.6) (q − 2)Σ1 ≪ (qτ)
3
2
− 3

2
σ0+θ+ǫ.

On the other hand, by Lemma 2.2, we have

(3.7) Σ2 ≪
∑

n≤(qτ)1+ǫ

nθ+ǫ

nσ0

∑

m≤(qτ)
1
2+ǫ

1

mσ0
≪ (qτ)

3
2
− 3

2
σ0+θ+ǫ.

Substituting (3.6), (3.7) into (3.3), we obtain (3.2). �

Next, we compute
∑∗

χ(mod q) S1S3. This gives the main term in (1.2).
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Lemma 3.2. We have

(3.8)
∗

∑

χ (mod q)

S1S3 = L(2σ0, f)q +O(q1−2σ0+ǫτ θ+ǫ + q
1
4
+ǫτ

3
2
− 3

2
σ0 + (qτ)1−

σ0
2
+θ+ǫ).

Proof. By Lemma 2.1, we have

(3.9)
∗

∑

χ (mod q)

S1S3 = (q − 2)Σ3 − Σ4,

where

Σ3 :=
∑

n

∑

m
(nm,q)=1

n≡m (mod q)

λf(n)

ns0ms0
Ws0

(

n

q

)

Vs0

(

m√
q

)

,

Σ4 :=
∑

n

∑

m

(nm,q)=1

n 6≡m (mod q)

λf(n)

ns0ms0
Ws0

(

n

q

)

Vs0

(

m√
q

)

.

In the same way as (3.7), we obtain

(3.10) Σ4 ≪ (qτ)
3
2
− 3

2
σ0+θ+ǫ.

Next, we decompose Σ3 by

(3.11) Σ3 = Σ3,1 + Σ3,2,

where Σ3,1 denotes the contribution of the terms with n = m, and Σ3,2 denotes the
contribution of remaining terms. We first compute Σ3,1, which is given by

Σ3,1 =
∞
∑

n=1
(n,q)=1

λf(n)

n2σ0
Ws0

(

n

q

)

Vs0

(

n√
q

)

.

We remove the condition (n, q) = 1. Then the cost is at most

∞
∑

k=1

λf (qk)

(qk)2σ0
Ws0(k)Vs0(

√
qk) ≪

∞
∑

k=1

(qk)θ+ǫ

(qk)2σ0

(√
qk√
τ

)−2θ−ǫ

≪ q−2σ0+ǫτ θ+ǫ.

Here, we used the estimates Ws0(k) ≪ 1, Vs0(
√
qk) ≪ (

√
qk/

√
τ)−2θ−ǫ. Thus we have

(3.12) Σ3,1 =

∞
∑

n=1

λf(n)

n2σ0
Ws0

(

n

q

)

Vs0

(

n√
q

)

+O
(

q−2σ0+ǫτ θ+ǫ
)

.
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Substituting the definitions of the functions Ws0, Vs0 and writing the n-sum as an
L-function, we obtain

∞
∑

n=1

λf (n)

n2σ0
Ws0

(

n

q

)

Vs0

(

n√
q

)

=
1

(2πi)2

ˆ

(3)

ˆ

(3)

(

π

q

)−z− 1
2
w

L(2σ0 + z + w, f)

·
Γ
(

s0+z+iTf

2

)

Γ
(

s0+z−iTf

2

)

Γ
(

s0+w
2

)

Γ
(

s0+iTf

2

)

Γ
(

s0−iTf

2

)

Γ
(

s0
2

)

ez
2+w2 dz

z

dw

w
.

We move the lines of integrals to ℜ(z) = ℜ(w) = −1/2 + ǫ. Then we cross a pole
at z = w = 0 and its residue is L(2σ0, f). To evaluate the new integral, we use the
upper bound

Γ(s+ z)

Γ(s)
≪σ,β

|s+ z|σ+β− 1
2

|s|σ− 1
2

exp
(π

2
(|s| − |s+ z|)

)

(ℜ(s) = σ > 0, ℜ(z) = β > −σ)

(see [9], p. 100). Hence it follows that for ℜ(z) = ℜ(w) = −1/2 + ǫ, we have

Γ
(

s0+z±iTf

2

)

Γ
(

s0±iTf

2

) ≪f τ
1
2
−

σ0
2 |s0 + z|

σ0
2
− 3

4
+ǫ exp

(π

4
(|s0| − |s0 + z|)

)

≤ τ
1
2
−

σ0
2 |s0 + z|

σ0
2
− 3

4
+ǫe

π|z|
4 ,

Γ
(

s0+w
2

)

Γ
(

s0
2

) ≪ τ
1
2
−

σ0
2 |s0 + w|

σ0
2
− 3

4
+ǫ exp

(π

4
(|s0| − |s0 + w|)

)

≤ τ
1
2
−

σ0
2 |s0 + w|

σ0
2
− 3

4
+ǫe

π|w|
4 .

On the other hand, since (1 − ℜ(2σ0 + z + w))/2 = 1 − σ0 − ǫ ≤ 1/2 − ǫ, by the
convexity bound for L-function we obtain

L(2σ0 + z + w, f) ≪f (|2σ0 + z + w|2 + 3)
1
2
−ǫ

(see [9], p. 100, (5.20)). Combining these estimates we find that

(3.13)

1

(2πi)2

ˆ

(− 1
2
+ǫ)

ˆ

(− 1
2
+ǫ)

(

π

q

)−z− 1
2
w

L(2σ0 + z + w, f)

·
Γ
(

s0+z+iTf

2

)

Γ
(

s0+z−iTf

2

)

Γ
(

s0+w
2

)

Γ
(

s0+iTf

2

)

Γ
(

s0−iTf

2

)

Γ
(

s0
2

)

ez
2+w2 dz

z

dw

w

≪ q−
3
4
+ǫτ

3
2
− 3

2
σ0 .

By (3.12) and (3.13), we have

(3.14) Σ3,1 = L(2σ0, f) +O(q−2σ0+ǫτ θ+ǫ + q−
3
4
+ǫτ

3
2
− 3

2
σ0).
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Next we evaluate the off-diagonal term

Σ3,2 :=
∑

n

∑

m

n≡m (mod q)

n 6=m,(nm,q)=1

λf(n)

ns0ms0
Ws0

(

n

q

)

Vs0

(

m√
q

)

.

By the same argument as we discussed in the proof of Lemma 3.1, we find that the
contribution of the terms with n > (qτ)1+ǫ or m > (qτ)

1
2
+ǫ to Σ3,2 is O((qτ)−A).

Hence by Lemma 2.2, we have

(3.15) Σ3,2 ≪ (qτ)θ+ǫ
∑

n≤(qτ)1+ǫ

∑

m≤(qτ)
1
2+ǫ

n≡m (mod q)

n 6=m

1

(nm)σ0
+O((qτ)−A).

Let us evaluate the sum of the right hand side of (3.15). We first evaluate the
contribution of the terms with n < m. Write n = m− qk, 1 ≤ k < m/q. Then,

(3.16)

∑

n≤(qτ)1+ǫ

∑

m≤(qτ)
1
2+ǫ

n≡m (mod q)

n<m

1

(nm)σ0
=

∑

q<m≤(qτ)
1
2+ǫ

∑

1≤k<m
q

1

(m(m− qk))σ0

≪
∑

m≤(qτ)
1
2+ǫ

∑

1≤k<m
q

1

mσ0

≪ q−1(qτ)1−
σ0
2
+ǫ.

On the other hand, if n > m, we have the expression n = m + qk, 1 ≤ k ≪ qǫτ 1+ǫ.
Hence

(3.17)

∑

n≤(qτ)1+ǫ

∑

m≤(qτ)
1
2+ǫ

n≡m (mod q)

n>m

1

(nm)σ0
≪

∑

m≤(qτ)
1
2+ǫ

∑

1≤k≪qǫτ1+ǫ

1

(m(m+ qk))σ0

≪ q−σ0

∑

m≤(qτ)
1
2+ǫ

m−σ0

∑

1≤k≪qǫτ1+ǫ

k−σ0

≪ q−1(qτ)
3
2
− 3

2
σ0+ǫ.

Note that since σ0 ≥ 1/2, the right hand side of (3.17) is dominated by the right
hand side of (3.16). Hence we have

(3.18)
∑

n≤(qτ)1+ǫ

∑

m≤(qτ)
1
2+ǫ

n≡m (mod q)

n 6=m

1

(nm)σ0
≪ q−1(qτ)1−

σ0
2
+ǫ.

By (3.15) and (3.18), we have

(3.19) Σ3,2 ≪ q−1(qτ)1−
σ0
2
+θ+ǫ.

Combining (3.14) and (3.19), we have

(3.20) Σ3 = L(2σ0, f) +O(q−2σ0+ǫτ θ+ǫ + q−
3
4
+ǫτ

3
2
− 3

2
σ0 + q−1(qτ)1−

σ0
2
+θ+ǫ).

Finally, by substituting (3.10) and (3.20) into (3.9), we obtain (3.8). �
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By (3.2) and (3.8), we obtain
(3.21)

∗
∑

χ (mod q)

(χ(−1) + 1)S1S3

= L(2σ0, f)q +O(q1−θ−2σ0+ǫ(qτ)θ+ǫ + q−
5
4
+ 3

2
σ0+ǫ(qτ)

3
2
− 3

2
σ0 + (qτ)1−

σ0
2
+θ+ǫ).

3.2. The terms involving S2S4.

Lemma 3.3. We have

(3.22)

∗
∑

χ (mod q)

(χ(−1) + 1)S2S4 ≪ q−
1
2 (qτ)−

3
2
σ0+2+ǫ.

Proof. By definition we have

(3.23)

∗
∑

χ (mod q)

(χ(−1) + 1)S2S4

= q−2s0−s0
γ̃(1− s0)γ(1− s0)

γ̃(s0)γ(s0)

∗
∑

χ (mod q)

(χ(−1) + 1)τ(χ)2τ(χ)

·
∑

n

λf(n)χ(n)

n1−s0
W1−s0

(

n

q

)

∑

m

χ(m)

m1−s0
V1−s0

(

m√
q

)

.

Since

τ(χ)τ(χ) = τ(χ)τ(χ) = |τ(χ)|2 = q

holds for even characters χ, it follows that

(3.24)

∗
∑

χ (mod q)

(χ(−1) + 1)S2S4

= q1−2s0−s0
γ̃(1− s0)γ(1− s0)

γ̃(s0)γ(s0)

∗
∑

χ (mod q)

(χ(−1) + 1)τ(χ)

·
∑

n

λf(n)χ(n)

n1−s0
W1−s0

(

n

q

)

∑

m

χ(m)

m1−s0
V1−s0

(

m√
q

)

.

First, by Stirling’s approximation the quotient of gamma factors is evaluated by
O(τ

3
2
−3σ0) (see [9], (5.115)). Hence it suffices to evaluate

(3.25)
∑

n

λf (n)

n1−s0
W1−s0

(

n

q

)

∑

m

1

m1−s0
V1−s0

(

m√
q

) ∗
∑

χ (mod q)

τ(χ)χ(±n)χ(m).

Since the Gauss sum τ(χ) is defined by

τ(χ) =

∗
∑

a (mod q)

χ(a)e

(

a

q

)

,

the innermost sum in (3.25) becomes

∗
∑

χ (mod q)





∗
∑

a (mod q)

χ(a)e

(

a

q

)



χ(±n)χ(m) =

∗
∑

a (mod q)

e

(

a

q

) ∗
∑

χ (mod q)

χ(±n)χ(am).
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Using this and Lemma 2.1, it follows that (3.25) is equal to

(q − 2)

∗
∑

a (mod q)

e

(

a

q

)

∑

n

∑

m

±n≡am (mod q)

(nm,q)=1

λf(n)

n1−s0
W1−s0

(

n

q

)

1

m1−s0
V1−s0

(

m√
q

)

−
∗

∑

a (mod q)

e

(

a

q

)

∑

n

∑

m

±n 6≡am (mod q)

(nm,q)=1

λf(n)

n1−s0
W1−s0

(

n

q

)

1

m1−s0
V1−s0

(

m√
q

)

= (q − 1)
∗

∑

a (mod q)

e

(

a

q

)

∑

n

∑

m
±n≡am (mod q)

(nm,q)=1

λf (n)

n1−s0
W1−s0

(

n

q

)

1

m1−s0
V1−s0

(

m√
q

)

−
∑

n

∑

m
(nm,q)=1

λf(n)

n1−s0
W1−s0

(

n

q

)

1

m1−s0
V1−s0

(

m√
q

) ∗
∑

a (mod q)

e

(

a

q

)

= (q − 1)
∑

n

∑

m

(nm,q)=1

λf(n)

n1−s0
W1−s0

(

n

q

)

1

m1−s0
V1−s0

(

m√
q

)

e

(±nm
q

)

−
∑

n

∑

m
(nm,q)=1

λf(n)

n1−s0
W1−s0

(

n

q

)

1

m1−s0
V1−s0

(

m√
q

) ∗
∑

a (mod q)

e

(

a

q

)

.

We denote the last two lines by

(3.26) (q − 1)Σ5 − Σ6.

We first evaluate Σ6. Since
∗

∑

a (mod q)

e

(

a

q

)

= −1,

we have

(3.27) Σ6 ≪ (qτ)θ+ǫ
∑

n≤(qτ)1+ǫ

1

n1−σ0

∑

m≤(qτ)
1
2+ǫ

1

m1−σ0
≪ (qτ)

3
2
σ0+θ+ǫ.

Next, we evaluate Σ5. We first remove the condition (n, q) = 1. Then the cost is at
most

∞
∑

n
′=1

(qn
′
)θ+ǫ

(qn′)1−σ0

∣

∣

∣
W1−s0(n

′

)
∣

∣

∣

∑

m

1

m1−σ0

∣

∣

∣

∣

V1−s0

(

m√
q

)∣

∣

∣

∣

≪ q−1+σ0+θ+ǫ





∑

n
′≤τ1+ǫ

n
′−1+θ+σ0











∑

m≤(qτ)
1
2+ǫ

m−1+σ0







≪ q−1(qτ)
3
2
σ0+θ+ǫ.
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Hence we get

Σ5 =
∑

m

(m,q)=1

1

m1−s0
V1−s0

(

m√
q

)

∑

n

λf(n)

n1−s0
W1−s0

(

n

q

)

e

(±nm
q

)

+O(q−1(qτ)
3
2
σ0+θ+ǫ).

(3.28)

By partial summation, the n-sum in (3.28) is

∑

n

λf(n)

n1−s0
W1−s0

(

n

q

)

e

(±nm
q

)

∼
∑

n≤(qτ)1+ǫ

λf(n)

n1−s0
W1−s0

(

n

q

)

e

(±nm
q

)

=

ˆ (qτ)1+ǫ

1

u−1+s0W1−s0

(

u

q

)

d

(

∑

n≤u

λf(n)e

(±mn
q

)

)

=

[

u−1+s0W1−s0

(

u

q

)

∑

n≤u

λf(n)e

(±mn
q

)

](qτ)1+ǫ

u=1

−
ˆ (qτ)1+ǫ

1

(

∑

n≤u

λf(n)e

(±mn
q

)

)

d

du

(

u−1+s0W1−s0

(

u

q

))

du.

Using the bounds W1−s0(x) ≪ 1, W
′

1−s0
(x) ≪ x−1 and Lemma 2.5, it follow that the

above is O(q−1(qτ)σ0+
1
2
+ǫ). On the other hand, the m-sum in (3.28) is at most

∑

m≤(qτ)
1
2+ǫ

1

m1−σ0
≪ (qτ)

σ0
2
+ǫ.

Consequently the first term of the right hand side of (3.28) is O(q−1(qτ)
3
2
σ0+

1
2
+ǫ).

Note that the O- term in (3.28) is dominated by this, because θ < 1/2. Therefore
we have

(3.29) Σ5 ≪ q−1(qτ)
3
2
σ0+

1
2
+ǫ.

Substituting (3.27), (3.29) into (3.26), we find that (3.25) is O((qτ)
3
2
σ0+

1
2
+ǫ). Combin-

ing this with the estimate of the quotient of gamma factors and the trivial estimate
q1−2s0−s0 ≪ q1−3σ0 , we obtain (3.22). �

3.3. The terms involving S1S4.

Lemma 3.4. We have

(3.30)
∗

∑

χ(mod q)

(χ(−1) + 1)S1S4 ≪ q−
1
2 (qτ)

3
2
−

σ0
2
+ǫ.
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Proof. By definition we have

(3.31)

∗
∑

χ (mod q)

(χ(−1) + 1)S1S4

= q−s0
γ(1− s0)

γ(s0)

∗
∑

χ (mod q)

(χ(−1) + 1)

·
∑

n

λf (n)χ(n)

ns0
Ws0

(

n

q

)

τ(χ)
∑

m

χ(m)

m1−s0
V1−s0

(

m√
q

)

.

The quotient of gamma factors is O(τ
1
2
−σ0). Hence it suffices to evaluate

(3.32)
∑

n

λf (n)

ns0
Ws0

(

n

q

)

∑

m

1

m1−s0
V1−s0

(

m√
q

) ∗
∑

χ (mod q)

τ(χ)χ(±n)χ(m).

Since the Gauss sum is given by

τ(χ) =

∗
∑

a (mod q)

χ(a)e

(

a

q

)

,

we get
∗

∑

χ (mod q)

τ(χ)χ(±n)χ(m) =

∗
∑

a (mod q)

e

(

a

q

) ∗
∑

χ (mod q)

χ(±nm)χ(a).

Hence by Lemma 2.1, we find that (3.32) becomes

(3.33) (q − 1)Σ7 − Σ8,

where

Σ7 =
∑

n

∑

m
(nm,q)=1

e

(±nm
q

)

λf (n)

ns0
Ws0

(

n

q

)

1

m1−s0
V1−s0

(

m√
q

)

,

Σ8 =

∗
∑

a (mod q)

e

(

a

q

)

∑

n

∑

m

(nm,q)=1

λf(n)

ns0
Ws0

(

n

q

)

1

m1−s0
V1−s0

(

m√
q

)

.

We first evaluate Σ8. Since the a-sum is equal to −1, by Lemma 2.2, we have

(3.34)

Σ8 ≪
∑

n

|λf(n)|
nσ0

∣

∣

∣

∣

Ws0

(

n

q

)∣

∣

∣

∣

∑

m

1

m1−σ0

∣

∣

∣

∣

V1−s0

(

m√
q

)∣

∣

∣

∣

≪ (qτ)θ+ǫ
∑

n≤(qτ)1+ǫ

1

nσ0

∑

m≤(qτ)
1
2+ǫ

1

m1−σ0

≪ (qτ)1−
σ0
2
+θ+ǫ.

Next, we evaluate Σ7. We remove the condition (n, q) = 1. Then the cost is at most

∑

n
′

(qn
′
)θ+ǫ

(qn′)σ0

∣

∣

∣
Ws0(n

′

)
∣

∣

∣

∑

m≤(qτ)
1
2+ǫ

1

m1−σ0
≪ qθ−σ0+ǫ





∑

n
′≤τ1+ǫ

n
′θ−σ0+ǫ



 (qτ)
σ0
2
+ǫ

≪ τ 1+ǫ(qτ)θ−
σ0
2
+ǫ.
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Hence

Σ7 =
∑

m

(m,q)=1

1

m1−s0
V1−s0

(

m√
q

)

∑

n

e

(±nm
q

)

λf(n)

ns0
Ws0

(

n

q

)

+O(τ 1+ǫ(qτ)θ−
σ0
2
+ǫ).

(3.35)

By partial summation, the n-sum in (3.35) is

∑

n

e

(±nm
q

)

λf(n)

ns0
Ws0

(

n

q

)

∼
∑

n≤(qτ)1+ǫ

e

(±nm
q

)

λf(n)

ns0
Ws0

(

n

q

)

=

ˆ (qτ)1+ǫ

1

u−s0Ws0

(

u

q

)

d

(

∑

n≤u

λf(n)e

(

±nm
q

)

)

=

[

u−s0Ws0

(

u

q

)

∑

n≤u

λf (n)e

(

±nm
q

)

](qτ)1+ǫ

u=1

−
ˆ (qτ)1+ǫ

1

(

∑

n≤u

λf(n)e

(

±nm
q

)

)

d

du

(

u−s0Ws0

(

u

q

))

du.

Using the bounds Ws0(x) ≪ 1, W
′

s0
(x) ≪ x−1 and Lemma 2.5, it follows that the

above is O(τ(qτ)ǫ). Consequently we have

(3.36) Σ7 ≪ τ(qτ)ǫ
∑

m≤(qτ)
1
2+ǫ

1

m1−σ0
+O(τ 1+ǫ(qτ)θ−

σ0
2
+ǫ) ≪ τ(qτ)

σ0
2
+ǫ.

Here, we used θ < 1/2. Substituting (3.34), (3.36) into (3.33), we find that (3.32)

becomes O((qτ)1+
σ0
2
+ǫ). Combining this with the estimate of the quotient of gamma

factors and the trivial estimate q−s0 ≪ q−σ0 , we obtain (3.30). �

3.4. The terms involving S2S3. Finally we evaluate the terms involving S2S3.

Lemma 3.5. We have

(3.37)

∗
∑

χ (mod q)

(χ(−1) + 1)S2S3 ≪ q
1
2 (qτ)

5
4
+ 15

26
θ− 87

52
σ0+ǫ + q−1(qτ)

5
2
− 5

4
σ0+ǫ

+ q−1(qτ)−
87
52

σ0+
37
26

θ+ 139
52

+ǫ.

Proof. By definition, we have

(3.38)

∗
∑

χ(mod q)

(χ(−1) + 1)S2S3

= q−2s0
γ̃(1− s0)

γ̃(s0)

∗
∑

χ(mod q)

(χ(−1) + 1)τ(χ)2
∑

n

λf(n)χ(n)

n1−s0
W1−s0

(

n

q

)

·
∑

m

χ(m)

ms0
Vs0

(

m√
q

)

.
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The quotient of gamma factors is O(τ 1−2σ0). Hence it suffices to evaluate

(3.39)

q−2s0

∗
∑

χ(mod q)

τ(χ)2
∑

n

λf (n)χ(±n)
n1−s0

W1−s0

(

n

q

)

W1

( n

N

)

·
∑

m

χ(m)

ms0
Vs0

(

m√
q

)

W2

(m

M

)

for N < (qτ)1+ǫ, M < (qτ)
1
2
+ǫ, where W1 and W2 are arbitrary smooth functions

compactly supported in the interval [1, 2]. Since

τ(χ) =

∗
∑

a(mod q)

χ(a)e

(

a

q

)

,

(3.39) is equal to

q−2s0
∑

n

λf(n)

n1−s0
W1−s0

(

n

q

)

W1

( n

N

)

∑

m

1

ms0
Vs0

(

m√
q

)

W2

(m

M

)

·
∗

∑

χ (mod q)





∗
∑

a,b (mod q)

χ(ab)e

(

a + b

q

)



χ(±nm).

By Lemma 2.1, this equals

(3.40) q−2s0(q − 1)Σ9 − q−2s0Σ10,

where

Σ9 =
∗

∑

a,b (mod q)

e

(

a + b

q

)

·
∑

n

∑

m

±nm≡ab (mod q)

(nm,q)=1

λf(n)

n1−s0
W1−s0

(

n

q

)

W1

( n

N

) 1

ms0
Vs0

(

m√
q

)

W2

(m

M

)

=
∑

n

∑

m
(nm,q)=1

λf (n)

n1−s0
W1−s0

(

n

q

)

W1

( n

N

) 1

ms0
Vs0

(

m√
q

)

W2

(m

M

)

·
∗

∑

a (mod q)

e

(

a± anm

q

)

,

Σ10 =
∑

n

∑

m
(nm,q)=1

λf (n)

n1−s0
W1−s0

(

n

q

)

W1

( n

N

) 1

ms0
Vs0

(

m√
q

)

W2

(m

M

)

∗
∑

a,b (mod q)

e

(

a + b

q

)

.

We first evaluate Σ10. Since the a, b-sum is equal to 1, by Lemma 2.1 we have

(3.41) Σ10 ≪
∑

n≤(qτ)1+ǫ

(qτ)θ+ǫ

n1−σ0

∑

m≤(qτ)
1
2+ǫ

1

mσ0
≪ (qτ)

1
2
+

σ0
2
+θ+ǫ.

Next, we evaluate Σ9.



1148 Keiju Sono

I) First, we consider the case N < (qτ)
15
26 , M < (qτ)

1
4 . Since the a-sum is a

Kloosterman sum, by Weil bound, its absolute value is at most 2q
1
2 . Hence in this

case we have

(3.42) Σ9 ≪ q
1
2

∑

n≪N

N θ+ǫ

n1−σ0

∑

m≪M

1

mσ0
≪ q

1
2N θ+σ0+ǫM1−σ0 ≪ q

1
2 (qτ)

1
4
+ 15

26
θ+ 17

52
σ0+ǫ.

II) Next, we consider the case M ≥ (qτ)
1
4 . We remove the condition (m, q) = 1.

Then the cost in the m-sum is at most

∞
∑

m
′=1

1

(qm′)σ0

∣

∣

∣
Vs0(

√
qm

′

)
∣

∣

∣
W2

(

qm
′

M

)

≪ q−σ0

∑

m
′
≪M

q

1

m′σ0
≪ q−1M1−σ0 .

Hence

(3.43)

∑

m
(m,q)=1

1

ms0
Vs0

(

m√
q

)

W2

(m

M

)

e

(±anm
q

)

=
∑

m

1

ms0
Vs0

(

m√
q

)

W2

(m

M

)

e

(±anm
q

)

+O(q−1M1−σ0).

By Poisson summation, the m-sum becomes

(3.44)

∑

m

1

ms0
Vs0

(

m√
q

)

W2

(m

M

)

e

(±anm
q

)

=

q
∑

b=1

e

(±abn
q

) ∞
∑

m=−∞

1

(b+mq)s0
Vs0

(

b+mq√
q

)

W2

(

b+mq

M

)

=

q
∑

b=1

e

(±abn
q

) ∞
∑

m=−∞

ˆ ∞

−∞

(b+ qx)−s0Vs0

(

b+ qx√
q

)

W2

(

b+ qx

M

)

e(−mx) dx.

Changing the variable by (b+ qx)/M = y, (3.44) becomes

M

q

∞
∑

m=−∞

∑

b (mod q)

e

(±abn+mb

q

)

·
ˆ ∞

−∞

(My)−s0Vs0

(

My√
q

)

W2(y)e

(

−mMy

q

)

dy.

(3.45)

Put

Im :=

ˆ ∞

−∞

y−s0Vs0

(

My√
q

)

W2(y)e

(

−mMy

q

)

dy.

If m 6= 0, by partial integration, we have

Im = (−1)B
ˆ ∞

−∞

dB

dyB

(

y−s0Vs0

(

My√
q

)

W2(y)

)

(

− q

2πimM

)B

e

(

−mMy

q

)

dy

≪
(

q

|m|M

)B ˆ ∞

−∞

∣

∣

∣

∣

dB

dyB

(

y−s0Vs0

(

My√
q

)

W2(y)

)∣

∣

∣

∣

dy
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for any positive integer B. Moreover, for y ∈ [1, 2],

dB

dyB

(

y−s0Vs0

(

My√
q

)

W2(y)

)

≪
(

M√
q

)B ∣
∣

∣

∣

V
(B)
s0

(

My√
q

)∣

∣

∣

∣

+

∣

∣

∣

∣

dB

dyB
(y−s0)Vs0

(

My√
q

)∣

∣

∣

∣

≪
(

M√
q

)B (
My√
q

)−B

+ τB ≪ τB.

Hence

Im ≪
(

qτ

|m|M

)B

for any B > 0. Consequently, the contribution of the terms with |m| > (qτ)1+ǫ/M
to Σ9 is at most

q
∑

n

nθ+ǫ

n1−σ0

∣

∣

∣

∣

W1−s0

(

n

q

)∣

∣

∣

∣

· q · M
q

·M−σ0
∑

m>
(qτ)1+ǫ

M

( qτ

mM

)B

≪ (qτ)−A.

Hence by (3.45), we have

(3.46)

Σ9 =
∑

n≥1

(n,q)=1

λf(n)

n1−s0
W1−s0

(

n

q

)

W1

( n

N

)

∗
∑

a (mod q)

e

(

a

q

)

·
{

M

q

∑

|m|≤ (qτ)1+ǫ

M

∑

b (mod q)

e

(±abn +mb

q

)

·
ˆ ∞

−∞

(My)−s0Vs0

(

My√
q

)

W2(y)e

(

−mMy

q

)

dy

+O(q−1M1−σ0)

}

+O((qτ)−A).

The contribution of O(q−1M1−σ0) to Σ9 is at most

q
∑

n≤N

N θ+ǫ

n1−σ0
· q−1M1−σ0 ≪ Nσ0+θ+ǫM1−σ0 .

Moreover, the b-sum in (3.46) is equal to q if a ≡ ±nm (mod q) and otherwise 0.
Hence we have

(3.47)

Σ9 =M1−s0
∑

n≥1

(n,q)=1

λf(n)

n1−s0
W1−s0

(

n

q

)

W1

( n

N

)

·
∑

|m|≤ (qτ)1+ǫ

M

e

(

±nm
q

)
ˆ ∞

−∞

y−s0Vs0

(

My√
q

)

W2(y)e

(

−mMy

q

)

dy

+O(Nσ0+θ+ǫM1−σ0).

We remove the condition (n, q) = 1. Then the cost is at most

M1−σ0

∞
∑

n
′=1

(qn
′
)θ+ǫ

(qn′)1−σ0

∣

∣

∣
W1−s0(n

′

)
∣

∣

∣
· (qτ)

1+ǫ

M
≪ q−1M−σ0(qτ)σ0+θ+1+ǫ.
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Combining this and (3.47), we have

(3.48)
Σ9 ≪M1−σ0

∑

|m|≤
(qτ)1+ǫ

M

∣

∣

∣

∣

∣

∑

n≥1

λf(n)

n1−s0
W1−s0

(

n

q

)

W1

( n

N

)

e

(

±nm
q

)

∣

∣

∣

∣

∣

+O
(

Nσ0+θ+ǫM1−σ0 + q−1M−σ0(qτ)σ0+θ+1+ǫ
)

.

By partial summation, the n-sum in (3.48) is

∑

n≥1

λf(n)

n1−s0
W1−s0

(

n

q

)

W1

( n

N

)

e

(

±nm
q

)

=

ˆ 2N

N

u−1+s0W1−s0

(

u

q

)

W1

( u

N

)

d

(

∑

n≤u

λf(n)e

(

±nm
q

)

)

= −
ˆ 2N

N

(

∑

n≤u

λf (n)e

(

±nm
q

)

)

d

du

(

u−1+s0W1−s0

(

u

q

)

W1

( u

N

)

)

du.

Combining Lemma 2.5 and the estimates W1−s0(x) ≪ 1, W
′

1−s0
(x) ≪ x−1, we easily

find that the above integral is O(τ(qτ)σ0−
1
2
+ǫ). Consequently by (3.48), we obtain

(3.49)
Σ9 ≪ M−σ0q−1(qτ)σ0+

3
2
+ǫ +Nσ0+θ+ǫM1−σ0

≪ q−1(qτ)
3
4
σ0+

3
2
+ǫ + (qτ)

1
2
+

σ0
2
+θ+ǫ.

III) Finally, we consider the case N ≥ (qτ)
15
26 , M < (qτ)

1
4 . In the evaluation of

Σ9, we remove the condition (n, q) = 1. Then the cost is at most

q
∑

n
′

∑

m

(qn
′
)θ+ǫ

(qn′)1−σ0

∣

∣

∣
W1−s0(n

′

)
∣

∣

∣

1

mσ0

∣

∣

∣

∣

Vs0

(

m√
q

)∣

∣

∣

∣

≪ qσ0+θ+ǫ
∑

n
′≤τ1+ǫ

n
′−1+σ0+θ+ǫ ∑

m≤(qτ)
1
2+ǫ

m−σ0 ≪ (qτ)
1
2
+

σ0
2
+θ+ǫ.

Hence

(3.50)

Σ9 =
∑

m
(m,q)=1

1

ms0
Vs0

(

m√
q

)

W2

(m

M

)

∗
∑

a (mod q)

e

(

a

q

)

∑

n

λf(n)

n1−s0
W1−s0

(

n

q

)

W1

( n

N

)

e

(

±anm
q

)

+O
(

(qτ)
1
2
+

σ0
2
+θ+ǫ

)

.

To compute the n-sum above, we adapt Lemma 2.4 with ψ(x) = x−1+s0W1−s0(Nx/q)W1(x),
d = ±am. Then

(3.51)

∑

n

λf(n)

n1−s0
W1−s0

(

n

q

)

W1

( n

N

)

e

(

±amn
q

)

= N−1+s0

{

q

∞
∑

n=1

λf(n)

n
e

(

±amn
q

)

Ψ+

(

nN

q2

)

+ q

∞
∑

n=1

λf(n)

n
e

(

∓amn
q

)

Ψ−

(

nN

q2

)}

,
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where

(3.52) Ψ±(x) =
1

2πi

ˆ

(2)

(π2x)−sG±(s)

ˆ ∞

0

t−1+s0W1−s0

(

Nt

q

)

W1(t)t
−s−1 dt ds.

We denote the contributions of the terms involving Ψ+, Ψ− to Σ9 by Σ+
9 , Σ−

9 respec-
tively and decompose

(3.53) Σ9 = Σ+
9 + Σ−

9 +O
(

(qτ)
1
2
+

σ0
2
+θ+ǫ

)

.

We only evaluate Σ+
9 , since Σ−

9 is evaluated in the same way. Now Σ+
9 is given by

Σ+
9 = qN−1+s0

∑

m
(m,q)=1

1

ms0
Vs0

(

m√
q

)

W2

(m

M

)

·
∞
∑

n=1

λf(n)

n
Ψ+

(

nN

q2

) ∗
∑

a (mod q)

e

(

a± amn

q

)

.

(3.54)

The a-sum is equal to q − 1 if n ≡ ±m (mod q) and otherwise −1. Hence

(3.55)

Σ+
9 = q(q − 1)N−1+s0

∑

n

∑

m
(m,q)=1

n≡±m (mod q)

1

ms0
Vs0

(

m√
q

)

W2

(m

M

) λf(n)

n
Ψ+

(

nN

q2

)

− qN−1+s0
∑

n

∑

m

(m,q)=1

n 6≡±m (mod q)

1

ms0
Vs0

(

m√
q

)

W2

(m

M

) λf (n)

n
Ψ+

(

nN

q2

)

= q2N−1+s0
∑

m
(m,q)=1

1

ms0
Vs0

(

m√
q

)

W2

(m

M

)

∑

n
n≡±m (mod q)

λf(n)

n
Ψ+

(

nN

q2

)

− qN−1+s0
∑

m
(m,q)=1

1

ms0
Vs0

(

m√
q

)

W2

(m

M

)

∑

n

λf(n)

n
Ψ+

(

nN

q2

)

=: q2N−1+s0Σ+
9,1 − qN−1+s0Σ+

9,2,

say. By partial integration, the t-integral in the definition of Ψ+(x) is evaluated by
ˆ ∞

0

t−1+s0W1−s0

(

Nt

q

)

W1(t)t
−s−1dt≪ 1

(|s|+ 1)B

for any B > 0. In addition, by Stirling’s estimate we have

G+(s) ≪ (|s|+ 1)2ℜ(s)+1.

Hence by moving the path of integration in s in (3.52) to ℜ(s) = C (0 < C < B/3),
we find that

Ψ+(x) ≪
ˆ

(C)

∣

∣(π2x)−s(1 + |s|)2C+1
∣

∣ (1 + |s|)−B|ds| ≪ x−C .

Therefore, the contributions of the terms with n ≥ (qτ)2+ǫ/N to Σ+
9,1, Σ

+
9,2 are at

most O((qτ)−A). On the other hand, by moving the path of integration in s in (3.52)
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to ℜ(s) = −1 + ǫ, we have Ψ+(x) ≪ qǫx. Hence

Σ+
9,1 ≪

∑

M≤m≤2M

1

mσ0

∑

n≤
(qτ)2+ǫ

N

n≡±m (mod q)

|λf(n)|
n

qǫ
nN

q2
≪ M1−σ0q−2+ǫN sup

m

∑

n≤
(qτ)2+ǫ

N

n≡±m (mod q)

nθ+ǫ

≪ M1−σ0N−θq−3(qτ)2θ+2+ǫ,

Σ+
9,2 ≪

∑

M≤m≤2M

1

mσ0

∑

n≤ (qτ)2+ǫ

N

|λf(n)|
n

qǫ
nN

q2
≪M1−σ0Nq−2+ǫ

∑

n≤ (qτ)2+ǫ

N

nθ+ǫ

≪ M1−σ0N−θq−2(qτ)2+2θ+ǫ.

Therefore, by (3.55) we have

Σ+
9 ≪ q−1M1−σ0Nσ0−θ−1(qτ)2θ+2+ǫ.

As we mentioned before, the same estimate holds for Σ−
9 . Hence by (3.53) and our

assumption M < (qτ)
1
4 , N ≥ (qτ)

15
26 , we have

(3.56)
Σ9 ≪ q−1M1−σ0Nσ0−θ−1(qτ)2θ+2+ǫ + (qτ)

1
2
+

σ0
2
+θ+ǫ

≪ q−1(qτ)
17
52

σ0+
37
26

θ+ 87
52

+ǫ + (qτ)
1
2
+

σ0
2
+θ+ǫ.

Combining (3.42), (3.49), (3.56), we obtain

(3.57)
q−2s0(q − 1)Σ9 ≪ q

3
2
−2σ0(qτ)

1
4
+ 15

26
θ+ 17

52
σ0+ǫ + q−2σ0(qτ)

3
4
σ0+

3
2
+ǫ

+ q1−2σ0(qτ)
1
2
+

σ0
2
+θ+ǫ + q−2σ0(qτ)

17
52

σ0+
37
26

θ+ 87
52

+ǫ.

Substituting (3.41), (3.57) into (3.40) and combining the estimate of the quotient of
gamma factors, we conclude that the left hand side of (3.38) is

(3.58)

∗
∑

χ (mod q)

(χ(−1) + 1)S2S3

≪ τ 1−2σ0

{

q−2σ0(qτ)
1
2
+

σ0
2
+θ+ǫ + q

3
2
−2σ0(qτ)

1
4
+ 15

26
θ+ 17

52
σ0+ǫ

+ q−2σ0(qτ)
3
4
σ0+

3
2
+ǫ + q1−2σ0(qτ)

1
2
+

σ0
2
+θ+ǫ + q−2σ0(qτ)

17
52

σ0+
37
26

θ+ 87
52

+ǫ

}

≪ q−1(qτ)
3
2
− 3

2
σ0+θ+ǫ + q

1
2 (qτ)

5
4
+ 15

26
θ− 87

52
σ0+ǫ + q−1(qτ)

5
2
− 5

4
σ0+ǫ

+ (qτ)
3
2
− 3

2
σ0+θ+ǫ + q−1(qτ)−

87
52

σ0+
37
26

θ+ 139
52

+ǫ.

Since the first and fourth terms of the right hand side of (3.58) are dominated by the
third, we obtain (3.37). �

By substituting (3.21), (3.22), (3.30) and (3.37) into (3.1), we obtain (1.2). �

4. The proof of Theorem 1.3

To prove Theorem 1.3, we need some upper bounds for the moments of L-
functions at s = s0, and to prove these estimates we use the following well known
inequality.
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Lemma 4.1. For any complex numbers an(n = 1, 2, 3, · · · ), we have

∑

χ(mod q)

∣

∣

∣

∣

∣

∑

n≤N

anχ(n)

∣

∣

∣

∣

∣

2

≤ (q +N)
∑

n≤N

|an|2.

Applying the above lemma to the approximate functional equation of L(s0, f⊗χ),
we obtain the following estimate.

Proposition 4.2. Let f be an even Hecke–Maass form of SL(2,Z). Then, for

s0 = σ0 + it0, we have

(4.1)

+
∑

χ(mod q)

|L(s0, f ⊗ χ)|2 ≪
{

(qτ)1+ǫ (σ0 =
1
2
),

qτ (1
2
< σ0 < 1).

Proof. By Lemma 2.7, we have

L(s0, f ⊗ χ)

= L1(s0, χ) + L2(s0, χ) + τ(χ)2q−2s0
γ̃(1− s0)

γ̃(s0)
(L3(s0, χ) + L4(s0, χ)) +O((qτ)−A),

where

L1(s0, χ) =
∑

n≤qτ

λf (n)χ(n)

ns0
Ws0

(

n

q

)

,

L2(s0, χ) =
∑

qτ<n≤(qτ)1+ǫ

λf (n)χ(n)

ns0
Ws0

(

n

q

)

,

L3(s0, χ) =
∑

n≤qτ

λf (n)χ(n)

n1−s0
W1−s0

(

n

q

)

,

L4(s0, χ) =
∑

qτ<n≤(qτ)1+ǫ

λf (n)χ(n)

n1−s0
W1−s0

(

n

q

)

.

Hence

(4.2)

+
∑

χ(mod q)

|L(s0, f ⊗ χ)|2 ≪
∑

χ(mod q)

|L1(s0, χ)|2 +
∑

χ(mod q)

|L2(s0, χ)|2

+ |τ(χ)|4q−4σ0

∣

∣

∣

∣

γ̃(1− s0)

γ̃(s0)

∣

∣

∣

∣

2

·





∑

χ(mod q)

|L3(s0, χ)|2 +
∑

χ(mod q)

|L4(s0, χ)|2


 .

We evaluate the above four moments of L-functions by combining Lemma 4.1 and
the Rankin–Selberg type estimate

(4.3)
∑

n≤x

|λf(n)|2 ≪ x.
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First,

∑

χ(mod q)

|L1(s0, χ)|2 =
∑

χ(mod q)

∣

∣

∣

∣

∣

∑

n≤qτ

λf(n)χ(n)

ns0
Ws0

(

n

q

)

∣

∣

∣

∣

∣

2

≤ (q + qτ)
∑

n≤qτ

|λf(n)|2
n2σ0

= (q + qτ)

ˆ qτ

1−

u−2σ0d

(

∑

n≤u

|λf(n)|2
)

= (q + qτ)







[

u−2σ0
∑

n≤u

|λf(n)|2
]qτ

1−

+ 2σ0

ˆ qτ

1−

u−2σ0−1
∑

n≤u

|λf(n)|2 du







≪ qτ

ˆ qτ

1

u−2σ0 du≪
{

qτ log qτ (σ0 =
1
2
),

qτ (σ0 >
1
2
).

Next,

∑

χ(mod q)

|L2(s0, χ)|2 =
∑

χ(mod q)

∣

∣

∣

∣

∣

∣

∑

qτ<n≤(qτ)1+ǫ

λf(n)χ(n)

ns0
Ws0

(

n

q

)

∣

∣

∣

∣

∣

∣

2

≪ (qτ)1+ǫ
∑

qτ<n≤(qτ)1+ǫ

|λf(n)|2
n2σ0

(

n

qτ

)−A

= (qτ)A+1+ǫ

ˆ (qτ)1+ǫ

qτ

u−2σ0−Ad

(

∑

qτ<n≤u

|λf(n)|2
)

= (qτ)A+1+ǫ







[

u−2σ0−A
∑

qτ<n≤u

|λf(n)|2
](qτ)1+ǫ

qτ

+(2σ0 + A)

ˆ (qτ)1+ǫ

qτ

u−2σ0−A−1
∑

qτ<n≤u

|λf(n)|2 du
}

≪ (qτ)A+1+ǫ

ˆ (qτ)1+ǫ

qτ

u−2σ0−A du≪ (qτ)2−2σ0+ǫ.

Next, since L3(s0, χ) = L1(1 − s0, χ), by the evaluation of the moment of L1(s0, χ)
above, we have

∑

χ(mod q)

|L3(s0, χ)|2 ≪ qτ

ˆ qτ

1

u−2(1−σ0) du≪
{

qτ log qτ (σ0 =
1
2
),

(qτ)2σ0 (σ0 >
1
2
).

Finally, since L4(s0, χ) = L2(1 − s0, χ), by the estimate of the moment of L2(s0, χ)
above, we have

∑

χ(mod q)

|L4(s0, χ)|2 ≪ (qτ)2σ0+ǫ.

Substituting these estimates and |τ(χ)| = q
1
2 , γ̃(1 − s0)/γ̃(s0) ≪ τ 1−2σ0 into (4.2),

we obtain (4.1). �
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Proposition 4.3. We have

(4.4)

+
∑

χ(mod q)

|L(s0, χ)|4 ≪
{

(qτ)1+ǫ (σ0 =
1
2
),

qτ (1
2
< σ0 < 1).

Proof. Let χ be a primitive Dirichlet character modulo q. Then L(s0, χ)
2 is

expressed by

L(s0, χ)
2 =

∑

n

χ(n)d(n)

ns0
Us0

(

n

q

)

+ τ(χ)2q−2s0
γ(1− s0)

2

γ(s0)2

∑

n

χ(n)d(n)

n1−s0
U1−s0

(

n

q

)

,

where γ(s) = π− s
2Γ
(

s
2

)

, d(n) denotes the number of positive divisors of n, and

Us0(x) =
1

2πi

ˆ

(3)

(πx)−u
Γ
(

s0+u
2

)2

Γ
(

s0
2

)2 eu
2 du

u
.

The function Us0(x) has the estimate

Us0(x) ≪A min

{

1,
(x

τ

)−A
}

for any A > 0. Hence we have

L(s0, χ)
2 = L5(s0, χ) + L6(s0, χ) + τ(χ)2q−2s0

γ(1− s0)
2

γ(s0)2
(L7(s0, χ)

+ L8(s0, χ)) +O((qτ)−A),

where

L5(s0, χ) =
∑

n≤qτ

χ(n)d(n)

ns0
Us0

(

n

q

)

,

L6(s0, χ) =
∑

qτ<n≤(qτ)1+ǫ

χ(n)d(n)

ns0
Us0

(

n

q

)

,

L7(s0, χ) =
∑

n≤qτ

χ(n)d(n)

n1−s0
U1−s0

(

n

q

)

,

L8(s0, χ) =
∑

qτ<n≤(qτ)1+ǫ

χ(n)d(n)

n1−s0
U1−s0

(

n

q

)

.

Consequently,

(4.5)

+
∑

χ(mod q)

|L(s0, χ)|4 ≪
∑

χ(mod q)

|L5(s0, χ)|2 +
∑

χ(mod q)

|L6(s0, χ)|2

+ |τ(χ)|4q−4σ0

∣

∣

∣

∣

γ(1− s0)

γ(s0)

∣

∣

∣

∣

4

·





∑

χ(mod q)

|L7(s0, χ)|2 +
∑

χ(mod q)

|L8(s0, χ)|2


 .
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The methods to evaluate the moments of L5, · · · ,L8 are almost the same as those in
the proof of Proposition 4.2 above. The only difference is that we use the estimate

∑

n≤x

d(n)2 ≪ x(log x)3

instead of (4.3). Thus we have

∑

χ(mod q)

|L5(s0, χ)|2 ≪
{

qτ(log qτ)4 (σ0 =
1
2
),

qτ (1
2
< σ0 < 1),

∑

χ(mod q)

|L6(s0, χ)|2 ≪ (qτ)2−2σ0+ǫ,

∑

χ(mod q)

|L7(s0, χ)|2 ≪
{

qτ(log qτ)4 (σ0 =
1
2
),

(qτ)2σ0+ǫ (1
2
< σ0 < 1),

∑

χ(mod q)

|L8(s0, χ)|2 ≪ (qτ)2σ0+ǫ.

Substituting these estimates and |τ(χ)| = q
1
2 , γ(1− s0)/γ(s0) ≪ τ

1
2
−σ0 into (4.5), we

obtain (4.4). �

We prove Theorem 1.3. Using the generalized Hölder’s inequality, we have

(4.6)

∣

∣

∣

∣

∣

∣

+
∑

χ(mod q)

L(s0, f ⊗ χ)L(s0, χ)

∣

∣

∣

∣

∣

∣

≤ |Af,s0|
1
4





+
∑

χ(mod q)

|L(s0, f ⊗ χ)|2




1
2




+
∑

χ(mod q)

|L(s0, χ)|4




1
4

.

If q ≫ τM(σ0,θ)+ǫ, the left hand side of (4.6) is asymptotically ≍ q. By adapting
Propositions 4.2–4.3, we obtain the conclusion of Theorem 1.3. �
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