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Abstract. We discuss the boundedness of linear and sublinear operators in two types of
weighted local Morrey spaces. One is defined by Natasha Samko in 2008. The other is defined by
Yasuo Komori-Furuya and Satoru Shirai in 2009. We characterize the class of weights for which
the Hardy-Littlewood maximal operator is bounded. Under a certain integral condition it turns
out that the singular integral operators are bounded if and only if the Hardy—Littlewood maximal
operator is bounded. As an application of the characterization, the power weight function |- | is
considered. The condition on « for which the Hardy—Littlewood maximal operator is bounded can
be described completely.

1. Introduction

The aim of this paper is to characterize the class of weights for which the Hardy—
Littlewood maximal operator M is bounded on the weighted local Morrey space
LME(1,w) of Samko type and on the weighted local Morrey space LM?(w,w) of
Komori-Shirai type. A similar characterization is obtained for the singular integral
operators, the fractional integral operators and the fractional maximal operators.
Here and below by a weight we mean a locally integrable function on R™ which is
almost everywhere positive.

We shall consider all cubes in R™ which have their sides parallel to the coordinate
axes. We denote by Q the family of all such cubes. For a cube @ € Q we use £(Q) to
denote the sides length of @), ¢(Q) to denote the center of @, |@Q| to denote the volume
of @ and c@ to denote the cube with the same center as () but with side-length c/(Q).

The class A, with 1 < p < oo is defined to the set of all weights w for which

p—1
Zggﬁ/q}w(x) dz (/Qw(z)_Pll dz) < 00.

This class A, initiated by Muckenhoupt [42], characterizes the condition for which
there exists a constant C' > 0 such that

M f(x)Pw(r)de < C - |f (@) [Pw(x) dz
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for all measurable functions f, where M is the Hardy-Littlewood maximal operator
defined by

_ oo Xe() n
M) = sup X /Q|f<y>|dy, reR".

The Hardy-Littlewood maximal operator M plays a fundamental role in harmonic
analysis. The Riesz transform, which is given by

1 Ty —Yj
R;f(z) = lim ——2= f(y) dy,
! 0 Jrm\B(aye) |7 — y[" T

is also important in harmonic analysis. Importantly, if w € A,, then

| imi@re@dr<c [ i) i

n

for all f € L.

Recently, more and more Banach lattices come into play in harmonic analysis. For
example, local Morrey spaces play important role to describe the real interpolation of
weighted Lebesgue spaces, which covers the off-range of the Stein—Weiss interpolation
theorem [3].

Let 1 < g <p < oo. The local Morrey norm || - || e is given by

1_1
||f||LM5 =sup|[-R, R|"[r "4 HfX[—R,R}" La
R>0

for a measurable function f. The local Morrey space LMY is the set of all the
measurable functions f for which the norm || f[|,p is finite. Following the notation
in the works [4, 10, 49|, we define weighted local Morrey spaces as follows: For a

measurable function f and the weights v and w, we write
1

11
||f||LMg(u,w) = ;lipo u([—R, R]")» " q ||fX[—R,R}”||Lq(w)~

The two-weight local Morrey space LM®E(u,w) is the set of all measurable functions
f for which the norm || f ||y (uuw) is finite. If u = 1, then we call LMP(1,w) the
local Morrey space of Samko type based on [47, 48] and if u = w, then we call
LM?(w,w) the local Morrey space of Komori-Shirai type based on [37]. When p = g,
LMB(u, w) = LP(w) and hence LM?(1,w) = LMb(w,w) = LP(w) with coincidence
of norms. So, in this case the theory of A, applies readily.

The weighted local Morrey space LM®(u,w) is a contrast of the weighted Morrey
space MP(u,w) which consists of all measurable functions f for which the norm

1_1
[ F 1 Az () = sup w(Q)? 7 || fxQll Lo )
QeQ

is finite. If u(z) = |z|? and w(z) = 1 or u(z) = v(z) = |z|® with 8 € R, then we say
that LMD (u, w) is the power weighted local Morrey space and that M?(u,w) is the
power weighted Morrey space.

In this paper, assuming that 1 < ¢ < p < oo, we seek a characterization for the
Hardy-Littlewood maximal operator M to be bounded mainly on LM?(1,w) and
LMY (w,w), motivated by the characterization due to Muckenhoupt.

j=1 2v
Denote by D = D(R") the set of such cubes. The elements in D are called dyadic
cubes. Denote by dist,, the ¢*°-distance on R". We define the base LQ of cubes by

LO ={Q € D: dist ({0}, Q) = £(Q)}.

For v € Z and m = (my, ma,...,m,) € Z", we define Q,,, = [[" [%, my+1
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We notice that the dyadic cubes in LQ are pairwise disjoint and that

Jt@: @ e Lo} =R"\ {0}.
We also notice that the number of dyadic cubes in LQ with the same side length is
2n(2" —1).
( We dgﬁne the weight class G by the set of all weights u that satisfy the following:
(i) u is doubling and reverse doubling at the origin, that is, there exist § > a > 1
such that
cu([~R, R") < u([-2R,2R)") < Bu(|~R, R]"), R >0

(ii) w is doubling with respect to LQ in the following sense: there exists v > 1
such that
u([~20(Q), 20@Q)]") < 7u(Q)
for all Q € LQ.

Our results are besed upon the following structure of weighted local Morrey
spaces.

Lemma 1.1. Let 1 < ¢ < p < oo and let u and w be weights. Assume that
u € G. Then

S =
Q=

||f“LM§(u,w) ~ sup U(Q) ||fXQHL‘1(w)
QeLQ

holds for any measurable function f.

Lemma 1.1 will be proved in Section 2.
Let 1 < ¢ < p < o0, and let v and w be weights. For a measurable function g its
LME(u, w)-associate norm ||g|| ppu,wy is defined by

191l LAtz uwy = sup {1 f - gller: f € LME(w,w), |l o) < 1}
The space LM?(u,w)" collects all measurable functions g for which the norm
91l LAz (uywy is finite. The space LMPE(u, w)" is called the Kdthe dual of LMY (u,w)
or the associated space of LMP(u,w). Below, we list our results.

Theorem 1.2. Let 1 < ¢ < p < oo and let u and w be weights. Assume that
u € G. Then the following are equivalent:

(1) The Hardy-Littlewood maximal operator M is bounded on LM (u,w);

(2) there exists a constant C' which is independent of Q € LQ such that

1 1

sup IXRllLa@)lXRIlLa@wy + sup = lIxQll Lo wuw) I XRI LAz @y < C-
reo, ko0 | R

ReQ, Rc2q | R
As a special case of Theorem 1.2, we obtain the following characterizations of
LMP(1,w) and LM?(w,w).
Corollary 1.3. Let 1 < ¢ < p < oo and let w be a weight. Then the following
are equivalent:

(1) The Hardy-Littlewood maximal operator M is bounded on LM®b(1,w);
(2) there exists a constant C' which is independent of Q € LQ such that

1 1
sup — w awy £+ sup  — P(1 w p1 0y < C.
REO, RC20 ‘R| HXRHLQ( )HXRHL (w) REQ. B0 ‘R| ||XQHL./\/IQ(17 )HXRHLM(I(I, )

Proposition 1.4. Let 1 < g < p < oo and let w be a weight. Then the following
are equivalent:

(1) The Hardy-Littlewood maximal operator M is bounded on LM (w,w);
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(2) w € G and there exists a constant C' which is independent of () € LQ such

that
L allzeollal oy + Lol Il <c
sup T IXRILa(w) || XR|| La(w) sup =X Pww) I XR Plww) .
reo, R20 | R ) @ ped ko |R|YE N EMa(ww) LMa(ww)

Our characterization can be applied to singular integral operators including the
Riesz transform. A singular integral operator is an L2-bounded linear operator T'
that comes with a function K: R" x R" — C satisfying the following conditions:

(1) (Size condition); For all x,y € R,
(1.1) |K(z,9)| S o=yl

(2) (Gradient condition); For all x,y, z € R" satisfying |x — z| > 2|y — 2],
(12) (K (2,2) = K(y,2)| S |z =yl "y — 2.
(3) Let f be an L*-function. For almost all z ¢ supp(f),

(1.3) Tf(x)= [ K(x,y)f(y)dy.

Rn
The function K is called the integral kernel of T.

Here and below in this paper we use the following notation: Let A, B > 0. Then
A < B and B 2 A mean that there exists a constant C' > 0 such that A < CB,
where C' depends only on the parameters of importance. The symbol A ~ B means
that A < B and B < A happen simultaneously.

For the singular integral operators, we have the following characterization.

Theorem 1.5. Assume that ||Xor+10, lLaeww) = @llX2tqollLameuw), Qo € LQ
for some a > 1 independent on k € N. Let T" be a singular integral operator. Let
1 < ¢ < p< oo and let u and w be weights. Assume that u € G and that there exists
a constant C' which is independent of () € LQ such that

el el sy + ~ xall gz el <c
Tl a(w a(w)’ su DI P(u,w Pluw) =~ -
gy Xl Ialleo) b TRy elemin IXRl LAt ww)

ReQ,

sup
ReQ, RC2Q

Then [|Tf | Lame(uwy S |l for all f € L.

The condition on u and w corresponds to the integral condition considered in
[44].

Theorem 1.6. Let 1 < ¢ < p < oo and let w be a weight. Assume that u € G
and that ||R;fllompww) S I1flmew for all f € LY and for all j = 1,2,...,n.
Then there exists a constant C' which is independent of () € LQ such that

1 1
sup e q(w a(w) T+ sup — P (anw puwISC.
REO, RC20 |R‘ HXRHL ( )HXRHL (w) REQ, B0 ‘R| HXQHLMQ( , )HXRHLM(I( W)

To investigate weighted Morrey spaces of Samko type, we simply let v = 1
in Theorems 1.5 and 1.6. Meanwhile, we have investigated the sufficiency of the
boundedness of the singular integral operators on weighted Morrey spaces of Komori—
Shirai type. However the necessity is somewhat non-trivial. So, we formulate it.

Proposition 1.7. Let 1 < ¢ < p < oo, and let w be a doubling weight. As-
sume in addition that ||R;f|iyveww) S IIflliameaw) for all f € L and for all
j=1,2,...,n. Then there exists a constant C' which is independent of () € LQ such
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that
1 1

sSup w wy T Sup o Plw,w pww’SC'
reo. me20 | R HXRHLq( )||XR||Lq( ) reo ho0 | HXQHLMQ( , )HXRHLMQ( ,w)

We apply our results to special cases.

Proposition 1.8. Let 1 < ¢ < p < oo and let w(z) = wg(z) = |z|® with 8 € R.
Then the following are equivalent:

(1) The maximal operator M is bounded on LM?(1,w);

(2) —in<pB < ng(1 - %)

Proposition 1.9. Let 1 < ¢ < p < oo and let w(x) = wg(z) = |z|® with 5 € R.
Then the following are equivalent:

(1) The maximal operator M is bounded on LM?(w,w);

(2) —n<B<n(p—1);

(3) we A,

The ranges obtained in Propositions 1.8 and 1.9 are the same as that for weighted
Morrey spaces of Komori-Shirai type and Samko type, respectively.

Proposition 1.10. [53] Let 1 < ¢ < p < oo and let w(z) = wg(x) = |z|’ with
B € R. Then the following are equivalent:
(1) The maximal operator M is bounded on M5 (1, w);

(2) —ng§6<nq(1—1).
p p

One of the ways to investigate the boundedness of the operators acting on Morrey
spaces is to combine the translation and the boundedness of the operators acting on
corresponding local Morrey spaces. Propositions 1.8 and 1.10 are significant in that
Proposition 1.10 can not be obtained by the translation of Proposition 1.8.

In [33] [ida and the first author obtained a complete characterization of the dual
inequality of Stein type in weighted Morrey spaces M?(1,w) of Samko type. See also
[30]. Despite the recent works [44, 46, 53| a complete characterization of the class
for which M is bounded on M?(1,w) or MP(w,w) is still missing.

Proposition 1.11. Let 1 < ¢ < p < oo and let w(z) = wg(z) = |x|® with
B € R. Then the following are equivalent:

(1) The maximal operator M is bounded on M?(w,w);

(2) —n<B<n(p-1);

(3) we A,.

We can consider the weighted norm inequalities for other operators. Let I, be
the fractional integral operator given by

(1.4) I.f(z) = /R" %dy, reR",

for a nonnegative measurable function f. The boundedness of the fractional integral
operator can be characterized in a similar way. Let 1 < p < s < oco. Recall that
the class A, ; of weights is defined to the set of all weights for which there exists a
constant C' > 0 satisfying

o f - wl

for any nonnegative measurable function f.

s S C|f - wlze
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To extend this boundedness to Morrey spaces, we can consider two types of
boundedness. One is due to Spanne [52] and the other is due to Adams [1]. The
following theorem corresponds to the result due to Spanne.

Theorem 1.12. Let 1 <g<p<oo,1<t<s<ooand(0 < «a<n satisfy
n n n o n

=———=— — —
p s q t
Let w and w be weights such that u € G. Consider the following statements:

(1) There exists a constant C' > 0 such that

H]afHLM?(u,wt) < CHfHLME(u,wq)

for any nonnegative measurable function f;
(2) there exists a constant C' > 0 such that

HMafHLM?(u,wt) < CHfHLME(u,wq)

for any nonnegative measurable function f;
(3) there exists a constant C' which is independent of Q € LQ such that

sup ((R)*
reo, rc20 | R

sup ((R)”
reQ,ro>Q |R|

IXRI| Lt @t Ix Rl La@ey < C

and

HXQHLMf(u,wt)||XRHLMS(u,wq)’ S C.

Then;
e (1) implies (2) and (3).
e (2) and (3) are equivalent.
e If there exists k > 1 such that 2||XolLars wwt) < Kl XrQllLat uwt) for all cubes
Q € LO, then (2) or (3) implies (1).
In the case of power weighted Morrey spaces of Samko type, we have the following
characterization of the boundedness.

Proposition 1.13. Let 1 <g<p< oo and 1 <t < s < oo. Assume that
1 a 1 1 «

1
s p n t q n
Then for the power weight w(x) = wg(z) = |z|® with 3 € R the following are
equivalent:

(1) The fractional maximal operator M, is bounded from LM?(1,w?) to LM;(1,

w');
(2) G <p< ﬁ/, that is, f = " or I,: LP(wP) — L*(w?).
s p s
We can replace M, by I, once we exclude the case of f = —% in (2).

In the case of power weighted Morrey spaces of Komori—Shirai type, we have the
following well-known characterization of the boundedness.

Proposition 1.14. Let0<a<n,feR, 1 <g<p<oxwandl <t<s < .
Assume that

1 a 1 1 «
s n ot s n
Then for the power weight w(x) = wg(z) = |z|® with 3 € R the following are
equivalent:
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(1) The fractional integral operator I, is bounded from LM?(w', w?) to LM (w',
w');
n ns
2) —— < pB< —.
@ -3 <s<i
We can replace 1, by M, once we include the case of f = —% in (2).
It may be interesting to compare these propositions with the following known

results for Lebesgue spaces, the case where p = ¢ and hence s = t in Propositions 1.13
and 1.14.

Proposition 1.15. Let 1 < p < s < 00,0 < a < n and § € R. Assume

1= % — 2. Then for the power weight w(z) = wg(x) = |z|° the following are
equivalent:

(1) There exists a constant C' > 0 such that
ot - wglls < CILf - wgllze

for all f € L.
n n
2) ——<pB< =,
@-t<p<
We can replace 1, by M, in the above.
As for weighted Morrey spaces of Samko type, we have the following conclusion:

Proposition 1.16. [46, Proposition 4.1] Let 1 < ¢ < p < 00, 0 < o < n and
1 <t<s<oo. Assume that
1 a g
»Tn b
Then for the power weight w(x) = wg(z) = |z|® with 3 € R the following are
equivalent:
(1) The fractional maximal operator M, is bounded from M¥b(1,w?) to M;(1,w");

n n
(2) —g§ﬁ<];-

Proposition 1.17. [46, Proposition 4.2] Let 1 < ¢ < p < 00, 0 < @ < n and
1 <t<s<oo. Assume that
1 a g
» W b s
Then for the power weight w(x) = wg(z) = |z|® with 3 € R the following are
equivalent:
(1) The fractional integral operator I, is bounded from M?(1,w?) to M;(1,w");

n n
(2) —;<B<Z7.

Proposition 1.18. [etl <g<p<oo,0<a<nandl <t <s<oo. Assume

that
1 1 a 1 1 « n
- = - = T = T T 5>__
s pon t q n t
Then for the power weight w(x) = wg(z) = |z|? with 3 € R the following are
equivalent:
(1) TI;Le fractior;leg integral operator I, is bounded from M&(w', w?) to M3 (w*, w');
2) —— < fB< —.
@ -t<p<
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We can replace 1, by M, once we include the case of # = —% in (2).

We remark that in the case of radial functions, Komori and Sato obtained the
following result:

Proposition 1.19. [36] Let ]l <p < s<oo, 1 <g<t<ocand ) <a<n
satisfy

Let [ satisfy
n o n n
q q

Then for the power weight w(z) = wg(z) = |z|® with 3 € R,

[ Lof - wpllim; < CIf - wplloae
for all radial functions f € L.

There is a huge amount of literatures dealing with weighted Morrey spaces to-
gether with their variants. Many researchers investigated the boundedness properties
of the linear operators acting on weighted Morrey spaces. such as sublinear operator
[4, 12, 15, 35], singular integral operators [14, 35, 63|, commutators [17, 12, 35, 59, 61|,
pseudo-differential operators [26], the square functions [11], Toeplitz operators [56],
the fractional integral operators [12, 28, 31, 32| and fractional integrals associated
to operators [51, 54, 55| including the related commutators. Applications to partial
differential equations can be found in [8, 19, 50]. Embedding relations together with
the envelope are investigated in [22]. A passage to the metric measure spaces is
done in [62]. Ye and Wang used the cube testing to get a characterization of a suffi-
cient condition which guarantees the boundedness of the Hardy-Littlewood maximal
operator [60]. See [57, 58] for Campanato spaces of Komori-Shirai type.

As for weighted Morrey spaces of Samko type, the boundedness property of
the sharp maximal operator, the maximal operator, the singular integral opera-
tors, the fractional operarots including the multilinear setting are investigated in
[18, 29, 44, 45, 46]. we can find its application to singular integral equations in
[41]. Liu considered the boundedness of the pseudo-differential operators in the set-
ting of generalized Morrey spaces [39]. There are many attempts of obtaining a
necessary and sufficient condition for the weighted norm inequality. See [34] for a
characterization of a sufficient condition which guarantees the boundedness of the
Hardy-Littlewood maximal operator.

The two-weighted Morrey spaces of the type M?(u, v) can be found in [24, 43, 49|
including generalized Morrey spaces [5, 9, 12, 13, 20, 21, 25| and their closed subspaces
12].

The remaining part of this paper is organized as follows: In Section 2 we get
a characterization of the local Morrey norm || - ||, ye. Based on the observation in
Section 3, we prove Theorem 1.2 in Section 4. Theorems 1.5 and 1.6 are proved in
Section 5. Finally, as apply our results for the power weight w(x) = |z|* in Section
6.

2. Preliminaries

2.1. Structure of weighted local Morrey spaces—the proof of Lemma 1.1.
We prove Lemma 1.1.

Proof of Lemma 1.1. The proof consists of two auxiliary equivalences.
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We first claim

1
2.1 Nl ~ SUI%(U([—2m+172mH]n)” @ || fxmame1 gmtayny (—om om)n || La(w)-
me

It is easy to see that

1_1
||f“LM§(u,w) Z Sugu([—gm—i-l, 2m+1]n)p q HfX[_2m+1’2m+1]n\[_2m’2m}n La(w)-
me

To obtain the reverse inequality, we fix R > 0. Then if we set j = [1 + log, R|, we
have

1 1 SR B |
u([—R, R|")» " || fx—rrp || oy S ul[=27,27]")» 79 || X2 2017 || La(uw)

thanks to the doubling property of u at the origin. Since ¢ < p and u is reverse
doubling at the origin, we have

j_
u(=2,21")7 70 37 w2 2] e~
l=—00

and hence

. . 1_1
u((=27, 27177 || X2 290 | )

j—1
o 1_1
Su([—2172y]n)p q Z ||fX[_2l+172l+1}n\[_2l’2l]nHLq(w)

l=—0

_1.1 11
X Z U([—21>2l]n) T ‘U([_2la21] )» q||fX[—2l+1,2l+1]n\[—2l,2l]n||Lq(w)

_1,41 m m ny -1
X Z u([_21’2l]n) p+q Sugu([_Q +1’2 +1] )P q||fX[_2m+172m+1}n\[_2m72m]n||Lq(w)
me

1_1
5 Sll}% u([—2m+1, 2m+1]n>p q HfX[_2m+1’2m+1}n\[_2m’2m}n
me

La(w)-

Thus,

1_1
||fHLM§;(u,w) < sup U([—Qmﬂa 2m+1]n)” K HfX[—2m+1,2m+1]n\[_2m,2m}n

Li(w)>
meZ

which yields (2.1).
Next, we shall verify that

11
sup w([—2mH 2™ BT || fxmomat gmea e (—am amin | Lo(uw)
me

1_1
(2.2) ~ sup u(Q)? 1| fxqllLaw)-
QeLQ

A simple geometric observation shows that
11
u([=27 27 T | a2 g [ o

1_1
<2"2"—=1)  sup  w(Q) || fxollLaw)-
QELQ7 Z(Q):Zm
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Thanks to the doubling condition of u (with respect to LQ), we have reverse inequal-
ity
1 1

l_l m m n\—-—=
w(@Q)» 1| FxqllLaw) S w([=2™, 2™ T a | fxmamt gmerrjny (—am gmin || La(uw)

for all cubes @ € LQ with £(Q) = 2™. Thus, (2.2) is verified and the proof of the
lemma is completed. O]

2.2. The Lerner—Hytonen decomposition. To investigate the boundedness
property of the singular integral operators in Theorem 1.5, we need the Lerner—
Hytonen decomposition.

A collection {Q?}keNo, jeu, of dyadic cubes is said to be sparse, if the union

Q= J @k k=12

J€Jk
satisfies;
(2:3) X = D Xoit S Xew = ) Xos S 1,
J€Jk41 Jj€Jk
and

211 N QN < 1QS| (€ Ji).
Let Qo be a cube and f: Q9 — R be a measurable function. Choose m(Q)y) so that

(2.4) {z € Qo: f(z) >my(Qo)}, HzeQo: flz) <m(Qu)} < %IQoI-

Note that m;(Qo) is not determined uniquely. The quantity m(Qp) is called the
median of f over (Jg. The mean oscillation of f over a cube @ of level A € (0,1) is
given by;

(f:Q) = mE((f ~ e)xa) Q).
where * denotes the decreasing rearrangement for functions. Hyténen showed that
there exists a sparse family {Q?}keNU{o}, jeq, € D(Qo) such that

|f(z) = mys(Qo)| <2 Z Z wa-n-2([; Q?)X@é?(l")

k=0 jeJi

for a.e. x € Qo [27]. See also [38].
Motivated by this, define the distributional dyadic mazimal operator Mg,n,Q by

MY Lf(m) = sup xo()wa-n(f;Q), x€R™
QeD(Qo)

3. Hardy-Littlewood maximal function — Proof of
Theorem 1.2 and Proposition 1.4

3.1. Proof of Theorem 1.2. Assume that (1) holds. One can deduce the
condition

1
@ HXQHLMg(u,w) HXRHLMg(u,w)’ 5 1

for all dyadic cubes Q € LQ and all cubes R € Q with R D 2@ in a well-known

manner: simply use

(i [ Vwlan) xo < g o)
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Meanwhile, if @ € LQ, since we are assuming that M is bounded on LM?(u, w),

w([~46Q), 4UQ)]")» 7 [ xa@MIF X2l o)
S HM[fX2Q]||LM%;(u,w)
N HszQHLM%;(u,w)
~ u([~€(Q)/2,6Q) /20" 7 | fxaall o
Thus, thanks to the doubling property of u at the origin,
IMfx20)llLaw) S 1 x2q | Lagw)-

This is equivalent to

1
sup - |IX&ll o) xRl Loy S 1.

RreQ,R2q | R
Let us prove the converse: assume that (2) holds. We have that, for Q € LQ,

Yo@MF(@) < xo@)Mfxaol(@) +C  sup X [ 1slar
reo. k20 |R| Jr

Together with the A,-property at @) this implies

_1
“IxeM fllLaw)

==

u(Q)
1_1 1_1 1
S u(@Q)7 7 IxoM[fx20]lLaw) + w(Q)? 7 Xl Low)  sup —/If(y)\dy
rReQ, k2 |R| Jr

< u([—40(Q), 4(Q)]™)» 77 | fxzel| acw)

1
sup @||XR||LMZ;(u,w)’||f||LM§(u,w)

+ || XQ || LMY (u,w)
ReQ, RD2Q

S ||f||LMg(u,w)a
where we have used Lemma 1.1 and the conditions (i) and (ii) of u. Thus, the proof
is complete.

3.2. Proof of Proposition 1.4. We need only verify that w € G, if (1) holds.

Once this is verified, then we are in the position of using Theorem 1.2.
For Q = [-R, R]", R > 0, and any measurable set £ C @, since

12l IE]
Q] Q]

LP(w) — LMP(w,w) and M is assumed bounded on LM?E(w,w), we have that

D=
Q=

= w(Q)

S =

(@Q)

La(w) ’

L A

|E| 1
@W(Q)” < |IMxelimeww S IXE|LMmz@ww) < IXEl|Lrw) = w(E)

This A.-property of w at the origin is more than enough to guarantee that w € G.

4. Boundedness of the singular integral operators — Proof of
Theorems 1.5, 1.6 and Proposition 1.7

4.1. Proof of Theorem 1.5. Let Oy € LQ be a fixed cube. Form the Lerner—
Hytonen decomposition of T'f at (9. Then we obtain a sparse family of dyadic cubes
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{Qf}keNo,jeJk in Qp satisfying

T () = mrp(Qo) <2 > wh-na(Tf; Q?)XQ;? (x)

k=0 jeJi,

for almost every x € )g. Thus we have

11,01
w(Qo)? ™ lwrxqeT f| e

o Z Z wo-n—2(Tf; Q;C)XQf

k=0 jeJi,

1

+u(Qo)r~1w(Qo) 1 [mrs Qo).

La

< QU(QO)%_%

Let us set ¢ = w™ a1, To dualize the first term in the right-hand side, we choose a
non-negative function g € L7 (¢) and consider

1= ZZ (Tf;Q5)xqx(w)g(x) do

R"™ k=0 jeJy

Then we have

=33 [ @) do

k=0 jeJi

—ZZ Tf@’“/ 9() da

=0 jeJi

<N w(Tf;QNIQY mf Mg(x).

k=0 jeJi

Let us set E¥ = Q% \ Qpy1. Then we have 2|E¥| > |Q%|. Since T is weak-(1,1)
bounded, we have

A

[<2 kzz mf Mf(z |E]|x1€n£k]\/[g(x)
0j€J J

Since {Ef}keN,je 7, 1s a disjoint family contained in @)y, we have

[<2 | Mf(x)Mg(z)dz.
Qo

If we use the L? (¢)-boundedness of M in Qq and ||g|| .« (o) = 1, then we have

i Z Z wo-n—2(Tf; Q;C)XQéﬁ

k=0 jeJi

1
S lwe M fllzaqo)-

La
Consequently, since M is bounded thanks to Theorem 1.2,

o Z Z wo-n—2(Tf; Qf)fo

k=0 jeJi,

11,01
w(Qo)r o [Jws M fl|La(qo)

1
q

=

u(Qo)? ™

La
S ||Mf||LMg(u,w)
S ||f||LMg(u,w)'

Since we are assuming that there exists o > 1 such that

||X2k+1Qo ||LM5(u,w) Z a||X2on ||LM5(u,w)
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forall k=0,1,2,... and

= 1
< E _
|mTf(Q0)| ~ rt |2lQ0‘ |f(z)| dl’a

2!Qo

we have
mrr(@Q)] - Qo) 1w(Qo)r S Y u(2'Qo)r 1w (2'Qo)t 5
=1

5 ||Mf||LMg(u,w)
5 ||f||LMS(u,w)a

1

z)| dz
500 2lQ0| (z)]

as was to be shown.

4.2. Proof of Theorem 1.6. We say that a sequence Qo, Q1,...,Qk in LQ is
a chain if £(Qy_1) = 20(Qx) and Q_1 and @) intersect at a set of Lebesgue measure
zero for all k =1,2,..., K and Q; N Q; =0 if |j — k| > 1. We need a lemma.

Lemma 4.1. Let 1 < ¢ < p < oo and let w be a weight. Assume that u € G
and that ||R; fllopmeuw) S 1fllzmeuw) for all f € L and j =1,2,...,n. Suppose
that we are given a chain g, @1, Q2, Q3 in LQ.

(1) The cubes 2Q, and Q3 do not intersect.
(2) For any non-negative f € L supported on 2Qy, we have

2Qo

SRS 2 [ Ty (e Qo).

(3) [Ix2@oll Lt w0y ~ X Qs | LA () -
(4) There exists a constant C' > 0 independent of Qg € LQ such that

1
mHX%?o||Lq(w)||X2Qo||Lq(w)' <C.

Proof. We suppose that Qo = [2™,2"T1)" and Q3 = [2™73,2™"2)" for the sake
of simplicity.
(1) A geometric observation shows that 2Qy = [2™71,5 - 2m~1" and Q3 = [2™~3,
2m=2]" 50 that 2Q, and Q3 do not intersect.
(2) Let f € L°(2Qy) be a non-negative function. Since

2 o=y " Qo)
for any x € Q3 and y € 2Q)y, we have

n n 1
> 1Ry f(o)l == 3 Ryfte) = Z/n‘x_ Lotz o [ sy

(3) By considering f = x2q, in (2) and usmg 12X 20 | At () S X200l zAg (0,0

we can show that ||xqs [l L uw) ||X2Qo||LMp(uw We can swap the role of
2Qo and @3 to have ||x2q, HLMg’(u,w S 11x@s | s () i we go through a similar
argument.

(4) From (2) we have

1 1_1
Iaulrg / 500 S W o ~ W@ s
0
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for any non-negative measurable function f supported on 2Q)y. It remains to
use the duality. 0

Going through a similar argument, we have the following corollary.

Corollary 4.2. Let 1 < g < p < oo and let w be a weight. Assume that u € G
and that ||R;fllveww) S 1fllamee) for all f € L and j = 1,2,...,n. Then
there exists a constant C' > 0 independent of () € LQ such that

1
sup - |[XllLaq) X Rl Loy < C-
reQ, Rc2q | R

Proof. Let R € Q satisfy R C 2¢). By decomposing R or by expanding R, we can
assume that R is a dyadic cube. Then we can choose a sequence S = 57, Ss, S3 = R of
cubes such that (R) ~ ((Sk) ~ dist(R, S) for k = 1,2, 3, that Sy and Sk, intersect
at a point for k = 1,2 and that 25; N2S3 = (). If we replace @3 by S and Qg by R,
respectively in the proof of Lemma 4.1, we can argue as before. U

We move on to the proof of Theorem 1.6. In view of Corollary 4.2, it remains to
show that there exists a constant C' which is independent of ) € LQ such that

p X u,w X u,w) =

for all cubes @ € LQ. By expanding R we can assume that R D 2Q). By decomposing
R suitably, we can further assume that there exists a chain Q) = Qq, @1, @2, @3 such
that R and 203 do not intersect.

Then for any non-negative function f € L™ Supported on R, we have

R RICLE |Rf( )

for all y € Y3 As a result, assuming that ||ij||LM§(u,w) S e s We see

1
(@ /Rf (z) dx) sl gy S 1l rg )

Since [|Xqs |l LA ww) ~ 11XQ Il LA (u,w) thanks to Lemma 4.1(3), we obtain

1
<® /Rf(x) dl‘) ||XQHLMZ(“7“’) 5 HfHLMZq’(u,w)'

By passing to the Kothe dual, we obtain |[Xr|| s wwy IXQl LaEww) S IR, as re-
quired.

4.3. Proof of Proposition 1.7. We need to prove that w € G in particular, w
is reverse doubling at the origin. To this end, we observe

18 f | g oy S 1oy

for all f € L. Let @ be a cube centered at the origin and let Q" be a cube such that
|Q| = |Q'| and §(Q N Q') = 1, where $F stands for the cardinality of the set £ C R".

Then since w is doubling, we have

11
w(Q)? — ~ S P(w)
D [ 1y~ w@ i [ 1wl S 1

for all f € L* with supp(f) C Q. Let R be a cube contained in Q. If we let

f= w_%xR, then we obtain w € A,;;. Thus, we see that w € G and we are in the
position of using Theorem 1.6.
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5. Fractional integral operators — Proof of Theorem 1.12

We can prove that (2) and (3) are equivalent similar to Theorem 1.2. Mean-
while, (1) is clearly stronger than (2). It remains to show that (3) implies (1) un-
der an additional assumption. This is achieved similar to Proposition 1.8 using
M o (Iaf) (@) S Maf(z), (x € R?).

6. The case of the power weight — Proof of
Propositions 1.8 and 1.9, 1.13 and 1.14

Here we consider the case where w(z) = |z|? where 3 > —n. Note that w € A,
so that w € G.

6.1. Proof of Proposition 1.8. Let us assume —%n <pB<q (1 — %) n. It is
clear that

1 1 1 1
sup = IXrll L)Xkl Lawy S sup —rlIxrw(cQ)? || Lallxrw(cg) @ |l =1
reD, rcQ | R ReD, Rcq | R

for all cubes @ € LQ. Next we will prove

11
Ixallzs) xRl Lagawy < ClQI7|R|
or equivalently

HXQHLMg(l,w)HXRHLMg(l,w)’ S |R|

for all cubes @ € LQ and R such that ) C R. To this end, by replacing R with a
larger one, say 10R, we may assume that R = [—2r, 2r|" is centered at the origin.
Write R* = [r, 2r]". By the dilation formula for (LM?)’, we have

_1 B _1 _1
e (2005 ey = 27 Ixre (2)w@) F laey =20 7 e - w0 |y
Then since 8 < ¢ (1 - 1—1)> n, we have

_1 _1
||XR||LM§;(1,w)f = [[xrw ™9 ||(LM§;)' < Z ||X2*IR\2*1*1R7~U 4 ||(LM5)'
1=0

NZHXR* Y™ gy ~ Ixrew™e gy

~ w(CR*)_EHXR* (LME)’ -

Thus, since Zn + 8 > 0, thanks to [44, Example 2.3]

S wlcg)tllxellaw(er) " lIxr- [l agy

nt8 1L n+p n_ ntB
SUQ) T wlcr:) 7[R SUQ) @ L(R)" >
S Qlr[R].

Let us assume that M is bounded on LM?(1, [z]7). Then x(_1,1j» € LME(1, wp)

and lezlgl| |n ¢ LMP(1,wg), where B is a small open ball centered at the origin.

We observe that x(—11» € LM{(1,wg) if and only if § > —In and that xig\""” ¢
LME(1,wg) if and only if 8 < ¢(1 — %)n

Xl La) IXRI LA 1wy

rQ

Q‘;—l
’E\»—A
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6.2. Proof of Proposition 1.9. According to [6], (2) and (3) are equivalent.
If we assume (1), then M is bounded from LP(w) to LM?(w,w). As a result,

Q@/if|@)<mmm

for all measurable functions f and all cubes centered at the origin. Thus,

o () s

for all cubes centered at the origin, where o(z) = w(:v)_ril, r € R". As a conse-
quence we have —n < § < n(p — 1).
Assume —n < < n(p — 1). As before, it is clear that

'U|>—'

w(Q)

1 1 1 _1
sup ®IIXRIILq(w>IIXRIILq( » < C sup @HXRW(CQ)‘ZHLQHXRW(CQ) || =C

RED,RCQ ReD, RCQ
for all cubes Q € LQ.
Next we will establish
11
(6.1) X Lo [IXRI LAz () < Cw(Q)s™ 7[R

or equivalently

HXQHLMg(w,w)HXRHLMg(w,w)’ 5 |R‘
for all cubes @ € LQ and R such that ) C R. To this end, by replacing R with a
larger one, say Q(0,10¢(R)), we may assume that R = [—2r,2r]" is centered at the
origin. Write R* = [r, 2r|". By the dilation formula for LM?(w,w)’, we have

_ (n+6)

HXR*(QZ')HLMS(w,w) X R | LM (0,00 -

Since w is a power weight

Ixa-1m 211 Rl A .y ~ IR ) LA 0,00y
Thus,

||XR||LMg(w,w)/ < Z HX2*ZR\2*Z*1R||LM§(w,w)’ N Z HXR*(2I')HLM§(w,w)’-
1=0 1=0

Assuming 5 < n(p — 1), we have

_ l(n+ﬂ)
HXRHLMp(ww <22 e ||XR*
=0

Sw(R)T rwlen) 1R |7 S w(R) PR,
As a result, since n + 8 > 0, thanks to [44, Example 2.3]
1 * * n——=
@l lIXAll Lz wy S w(@)Tw(RY) #|R'| < Q)T ¢(R)"™

ntB_n+tpB

SUQ) T TR S w(Q)i R

LMY (w,w) ™ HXR ||LMp (w,w)’

Thus (6.1) is proved.

6.3. Proof of Proposition 1.11. (1) is sufficient for (2) and (3) similar to
Proposition 1.8. Let () be a cube. We need to show that

1

(/wa Pt i) S 1l

1_

(6.2) w(Q)?

vQ\»—t
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for all cubes Q. If —n < § < n(q—1), then we can go through the same argument as
[37] which is followed by [12, 40, 56, 59] and so on. So we assume 3 > n(g—1). We may
assume that ) is centered at the origin or that 0 ¢ 4Q). Let ¢ € (0, Z(n(p — 1) — 8)).
We distinguish four cases:

(1) Assume that f is supported on 3@ and that @ is centered at the origin. We
borrow the idea of [7]. In this case, we have

w(Q) = ws(Q) ~ L(Q)™
from [44, Example 2.3] and

( / M f(2)w() dx)a < Q)T ( / M f ()| @D dx)a,
Q Q

since 8 > n(q—1) >n(qg—1) —e. Since |z["4=Y=¢ € A, we have

([ armapen==as) s ([ (rptere=ar)’
Q 3Q

We next decompose 3@ dyadically to have

( [ 1@ daz) q

3Q

< f(2)]%x n(g—1)—e da:) g
> (/ _24@\3.24*1@' ()1l

') 1
n(q 1) e—8 q
~3 @@ ( / |f(93)|q|x|5dx)
=0 327IQ\3-271-1Q

> n(q 1) e—B n+B8 _ n+pB
<S> @ 27Q) T T L f (1w
=0

Arithmetic shows that

ng=1)—e=-F n+p n+f_np-1)-8 c_,
q q p p q

Thus, the series in the most right-hand side converges to have

1

nts s B-n(g—1)+e l—1)—e a
63)  (Q) Q) (/3Q|f(x)lqlfcl @) dx) < o

Consequently, we have (6.2).

(2) Assume that f is supported outside 3Q) and that @ is centered at the origin.
In this case, using [44, Example 2.3| again, we have

1

(/ Mf ()l >daz) SO s i |/ )l dy
nJmB

5?;513(@) |2lQ\ 2ZQ\QIf( y)| dy.

Let [ € N be fixed. We decompose 2/Q \ Q dyadically to have

'G\'—‘
Q‘;—l

'LU

n+p 1

£ ntf 1 _£ n+,8
@ g Ly O ZW / ) dy

kQ\Qk IQ
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If we use the Holder inequality, then we have

£ (y)| dy

nts 1
2 —
12'Q] Jao\q

l
J (k1) 1q )q
R A G BRI

l
Q) 522"’“ ( ! If(y)\q\y\ﬁdy)

l

on(k—1)— ntBy
Z ( P ||f||./\/lp(ww)

k=1

Since ZQ"(k_l)_%Bk < 1, we obtain (6.2).

k=1
(3) Assume that f is supported on 3@ and that 0 ¢ 4Q). Then we have

(4) Assume that f is supported outside 3Q) and that 0 ¢ 4Q). Then we have

w(Q)r~ %(/Mf )ow(z )daz)1

~ Q@) ( / M f(z)u(c )
~ Q@) s R| R\3Q| (1) dz
~ (1Qluw(c(Q)))? sup ! £(z)) dz.

R:cubes,RDQ,c(Q)=c(R) |R| R\3Q

If 0 ¢8R, ¢(Q) = ¢(R) and @ C R, then we have
1

1
- d
5 /R s

|
< () s [ o) ar

1

< w(R)} (W / RECE dx) < I stz
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Suppose instead that 0 € 8R, ¢(Q) = ¢(R) and @) C R. Then we have

L n(g—1)—e n-i-q 1
ml (@]de < o </|f Yol dx) (/m dx)
<_ % n(g—1)—e
< it (/ @) dx)

From (6.3) we have

L
q

—1)—e % B—n(g—1)—¢ _1,1
(/R ()l dx) < (R w(R) | e

As a result,
11 1 Bin _1
W(Q)P—‘m f(@)] dz S w(R)PL(R) T w(R) > 7| Fll gz S 1 aezww)-
R\3Q

Putting these results all together, we obtain the desired result.

6.4. Proof of Proposition 1.13. If we assume (1), then we have x[_11» €
LM;(1,w") and xp|- |7 ¢ LME(1,w?), or equivalently xp|-|™"** ¢ LM? where B
is a small open ball centered at the origin. We observe that x(_11» € LM; (1, w") if
and only if g > —%, and that xp|- |7""" ¢ LM?E, if and only if § —n < —=. 1f we
assume —2 < g < 2 2 then we can argue as we d1d in the proof of Proposition 1.8,
to conclude that w = wg satisfies

p LB s oy + s U ollemnw Ialloagny < C
reo.nc2q R o IRl
for all cubes Q) € LQ.
In fact, if R is a cube such that R C 2@, then we have

((R)’ ((R)°
—5 Ixrllze@n xRl La@ay ~ Ixrllzellxrll ey = 1.
|R‘ (w?) (w?) |R‘ (

Meanwhile if R is a cube such that R O ), we denote by R* the cube satisfying
|R*| = 100™|R| and centered at the origin. Then

((R)" L Uy’
WHXQHLMf(Lwt)||XR||LM§(1,wQ) SR Q1+ (@)l xae | a1 oy

We note that
w SUR)Y,

~

IXRe etz 1 wny = o™ xRl angy < lw™ xae

where we used 3 < Z to guarantee that ||w ™!y HL,,r = |[(wg)"*xg+||;» is finite.
Observe also that ¢(Q) ~ £(Q). As a result, since —2 < f3,

(R)° UQ)°*
t q) < A¥
|R‘ ||XQHLM 1w ||XRHLM PLwe) ~ ﬁ(R)B"'

o3| «|3
IA
—_

We can consider I, by the use of Theorem 1.12.
6.5. Proof of Proposition 1.14. If we assume (1), then x{_1,1j» € LME(w', w?)

and Xf)y“ ¢ LMP(w',w?), where as before B is a small open ball centered at
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the origin. We observe that x_11» € LME(w',w?) if and only if ft > —n and
xsl| " o LMb(w', w?) if and only if

log ||

ns

< —.
B P

If 1, is bounded from LM?(1,w?) to LM;(1,w"), then we can rule out the possibility
of B =—2 since |- |~ LR ¢ LM (1,w"). If we assume —2 < § < Z

can argue as we did in the proof of Proposition 1.9, that w = wg satisfy

,t, then we

U(R)?
sup X Rl Lt i) [ X Rl La(way
ReQ, RC2Q |R‘
((R)’
T sup HXQ”LMf(wHwt)||XR||LMg(wt,wq)f <C
rReQ, RoQ | R

for all cubes @ € LQ. In fact,

(R
sup LBl sl oy
reo, Re20 | R|
{(R)Pw(cg _
< oup AEWER) o en) Il ey = 1.
REQ, RC2Q |R|

We move on to the proof of

R)
sup  ——— s (wt awt Pt wry S L.
reo oo |R| ||XQ||LMt( )HXRHLMQ( w9)
By expanding R suitably, we may assume that R is centered at the origin. Let

t t n n t n n
Azﬁ(l—l————)+———+5:5—+———+5.
p q p q S q

Here € > 0 is chosen small enough to have A < g. This is possible because

t ot t ot
L ate=2- <1+———)>(”—f—5)<1+———)>0.
q D P q p't P q

Meanwhile,

1 n+ Bt
s

Xl Lz w0t a0ty ~ (@)

and for a non-negative measurable function f

={Q) -
/Rf(a:) dr < (/Rf(x)qpswdx)%(/R|x|—q“dx)

1
< UR)7 (/f )9|z | da:)
We borrow the idea of |7] again. We decompose

@)yl ar sz @) %
- 21-iR\2-i R

U~
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as usual. We note that

(/s dx)%

S (@R R ([ )

WE
Q=

<.
Il
—

< F ()] o9 (-5) e d:c) q

WK

@)yt ( |

1-jR\2-9R

<.
Il
-

Q=

NE

(2IU(R) (2 R)Y (/ o f<x>q|x|"5dﬂf) S LRV vty
- 21-IR\2-9R

<.
Il

Thus,

(6.4) / F(@) dz < 6R)F | L gt

We note that .
n n

B—n+—/—>\+6:———ﬁ—.

q s s

Consequently,
((R)? ngt _n_gt
sup ———[[xollmswtawn Xl At wey S sup A(Q)SHU(R) ™5 = 1.
reo,oqQ | R REQ,ROQ

Thus, I3 is bounded from LM?(w', w?) to LM;(w', w') thanks to Theorem 1.12.
The proof for M, is similar.

6.6. Proof of Proposition 1.18. The case of M, is omitted because this is
similar to the case of I,. If I, is bounded from MP?(w', w?) to M;(w*, w'), then we

n

have —% < b < ”,st as before. Conversely assume -2 < b < ",i Let f e L. If

f < 0, then we can argue as Komori and Shirai did in [37]. Let us assume § > 0.
We distinguish four cases as before to show that

(65 @ ([ A ) 1S

(1) If @ is a cube centered at 0 and if f is supported on 3@, then we have

w( ii(/ﬁff Hﬂm®>
(/ L f(@) |a:|”da:)

B, 5) Since f is supported on 3Q),

1

Q) Q)P ( [ 1est@ar dx) ?

< w'(Q)s+4(Q) </|f |mm¢0

’ﬁ\»—t
vQ\»—t

Swi(@)r”

®» |

Here 7 satisfies 7 € (
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We borrow the idea of |7]. From the definition of the norm,

(/ If(x)|"\x|”dw)q
3Q

(/ o |f<x>|q|xrqu)"
0 3.2-9Q\3.2-9-1Q

(270Q)" ( /3 R f ()| d:):)

(270Q) ™ W' (27Q)T | fll vt -

(]

q

A

<
Il
o

S

M

7=0

We observe that

T—ﬂ+(n+tﬁ)(1—1):T+n<1—1)—£62n<1—1) >0,
qa p q P S q P

where we used 7 > éﬁ for the penultimate inequality. Thus, the series is
summable to have (6.5).

(2) If Q is a cube centered at 0 and if f is supported outside 3@, then we have

'@ [ el ds:)1 sw@r [ Wl

mag [Y]"

from the expression of I, f(x). We note that

/ |f(y)] dy
rR\3Q |Y["T
> 1
< - - d
3 g Lol

<10 (g [ @)

J=1

S i)\ BtE8 1 ql, |98 ‘
SZE(TQ) ! <wt(2jQ) /2JQ\2j1Q|f(y)| Yl dy) :

j=1
Since
1 a 1 1 «
—=-+—- —-=-+-
q n p s n
we have
(Q™ ™ @ Qe

1 T = — — b2 _%.
v@f | weef | weeieer " Y

Hence we have

mao y["

f||/\/lg(wt,wq)’

Putting these estimates all together, we obtain (6.5).
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(3) If @ is a cube such that 0 ¢ 32Q) and if f is supported on 3@, then by the
classical Hardy-Littlewood—Sobolev theorem
1 1
11 t 11 t
@ ([ 1@l e ar) < wi@ @ (| |faf<x>|tdx)
1 1
Sw@ @ [ st \de)
<o) ([ 1 |x\ﬁqu)

S Il ot wey -

(4) If @ is a cube such that 0 ¢ 32Q and if f is supported outside 3(Q), then

W)
/Rn\gQ y— Q)= Y

from the integral expression of f. Consequently

wh(Q)+ ¢ ( /Q | L f ()] * dx) t
| 1
Q)Y dy.
w Q) pii E(QjQ)n_a /2]+1Q\2]Q|f(y)| y

Let jo > 6 be the smallest integer such that 0 € 27°71Q. Then since |y| ~
((27°Q) for all y € 29073Q), we have

Z Tl ALY

Jo—4 %
< 02 q
S 202 (g [ O )

Jo—4 1 ;
< g 27 ocg 970 |19 )
S LA (i [ VO

@ =

'@ ( [ s |a:|ﬁtdx)1 < u'(Q)

Jo—4

S ST UPQ)U27Q) T w (2 Q) F I et
7j=1

We note 6(2jQ)awt(2jQ)_% ~0(27Q) % C(Q)\_%, since
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As a result,
Jo—4 1

> [ sl

S 02°Q) T Q) (@) I oty
SUPQ I UQ)E
= (2°Q)F Q)
~w'(20Q)

Consequently,

fHMg(wt,wq)

2

f||./\/l5(wt,wq)

Sl (t way -

Jjo—4

1 1
w'(Q)* 7/ T Ay < F e wt we)-
(@) ;E(QJQ)N_Q R LI LS Ff Peree

We use the idea of [7]. As we did in (6.4), using 8 < 22, we have

p/t )

P — 1
ot P / £ Ay S 1F e,
j:jzo—sg(”@)"_a 211Q\21Q )

Thus, putting these observations together, we obtain

1 — 1
w'(Q)s 7/ T dy < e ot awe) -
Q2 TG o guug TN 0 S M hatgorn

All together then, we conclude that I, is bounded from M2 (w', w?) to M;(w', w’).
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