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Abstract. In this paper, we consider the nonlocal Kirchhoff problem
- <€26L+ eb/ |Vu|2) Au+V(@)u=uP, u>0, uc H (R?),
R3

where a,b > 0, 1 < p < 5 are constants, e > 0 is a parameter. Under some assumptions on V (z),
we show the local uniqueness of positive multi-peak solutions by using the local Pohozaev identity.

1. Introduction and main results

Let a,b > 0and 1 < p < 5. Consider the singularly perturbed Kirchhoff problem
(1.1) — <e2a + eb/ |Vu|2> Au+V(z)u=u", u>0, ue H(R?,
R3

where € > 0 is a parameter, V: R®> — R is a bounded continuous function. Under
some mild conditions on V', Luo, Peng, Wang and the last named author of the present
paper [22] proved the existence of multi-peak solutions to (1.1). As a continuation
of the work [22], this paper is devoted to establish a local uniqueness result for the
multi-peak solutions obtained there. For physical background for equation (1.1), the
readers are referred to Luo et al. [22] and the references therein.

To be precise, we first give the definition of k-peak solutions of Eq. (1.1) as usual.

Definition 1.1. Let k € N, b; € R*, 1 <j < k. We say that u. € H'(R?) is a
k-peak solution of (1.1) concentrated at {by,bs, - , by}, if

(i) u, has k local maximum points z/ € R?, j = 1,2,..., k, satisfying
[L’z — bj
as € — 0 for each j;
(ii) For any given 7 > 0, there exists R > 1, such that

luc(z)] <7 for € R3\ U?Zl Bre(z?);
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(iii) There exists C' > 0 such that

/ (2a|Vu* +u?) < Cé.
R3

In the simplest case a = 1, b = 0, equation (1.1) is reduced to the following
perturbed Schrodinger equation:

(1.2) —EAu+V(z)u=uP, u>0 in R?

where 1 < p is subcritical. There are extensive results on the existence of solutions to
equations of type (1.2) for € > 0 sufficiently small in the literature. We only mention
for instance e.g. Floer and Weinstein [8], Oh [23, 24], del Pino and Felmer [4, 5|, Gui
[12], Rabinowitz |25] and the references therein.

One of our motivations of this work is from local uniqueness results for Schrédin-
ger equations (1.2). By local uniqueness, it means that if u!, u? are two k-peak
solutions of equation (1.2) concentrating at the same k points, then u! = u? for €
sufficiently small. The first result in this respect seems to be given by Glangetas
[10], where the uniqueness of solutions concentrating at one point for Dirichlet prob-
lems with critical nonlinearity on bounded domains is proved. By calculating the
number of single-peak solutions, Grossi [11] proved that there is only one solution
concentrating at any nondegenerate critical point of V(x). In fact, the uniqueness
of single-bump(single-peak) solutions concentrating at some degenerate critical point
of V(z) is true in [11] as well. Cao and Heinz [1] proved the uniqueness of multi-
peak solutions to (1.2) which concentrate at nondegenerate critical points of V' (z)
by using the topological degree, see also [10]. Recently, Deng et al. [6] proved the
local uniqueness and periodicity for the solution to the prescribed scalar curvature
problem

—Au = K(a:)u%, u >0 in RY

by the technique of local Pohozaev identity. Their work inspired Cao, Li and Luo
[2] to establish local uniqueness of multi-peak solutions to (1.2) under some mild
conditions on the potential function V' (z). In particular, V(x) is not required to be
nondegenerate at concentration points in [2]. For more local uniqueness results using
local Pohozaev identities, see e.g. Guo et al. [14] for critical polyharmonic equations
and Guo et al. [13] for fractional Laplacian equations.

Let us now recall briefly some recent progress on the problem (1.1). For the
existence of single peak solutions to equation (1.1), we refer to e.g. He and Zou
[15], Wang et al. [26], He et al. [16, 17, 18], Figueiredo and Santos Junior [7], where
variational methods have been used. We also mention the work [21] of Li et al.,
where Lyapunov—Schmidt reduction method is applied. Very few result for multi-
peak solutions of problem (1.1) exists in the literature. The first one was obtained
by Luo et al. [22], where the authors found the right limiting problem for the first
time, and then they established some nondegeneracy result, which allows them to
apply Lyapunov—Schmidt reduction method to obtain multi- peak solutions. Another
result of multi-peak solutions for Kirchhoff equations with general nonlinearity can
be found in the quite recent work [19] of Hu and Shuai.

There are very few local uniqueness results for Kirchhoff equations. To the best
of our knowledge, the only result in this respect is given by Li et al. [21], where the
authors proved that single peak solutions of equation (1.1) obtained there is locally
unique under some mild conditions assumed on the function V' (z).
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In view of the results mentioned above, a natural problem is to study the local
uniqueness of the multi-peak solutions of problem (1.1) established by Luo et al. [22].
To state our main result, it is convenience to introduce the following assumptions
and notations.

(V1) V e L>*(R?) and 0 < infrs V < supgs V < o0;
(V) There exist m > 1, n >0, k € N, b; = (bj1,b;2,b;3) € R? ¢;; € R with
¢ji#0foreachi=1, 2, 3and j=1,---,k such that V € C'(B,(b;) and

{vm = V(b)) + 30, eialws — bia™ + Oz — by|™h), z € B,(by),

fe. = mejalws — bia " (i = bya) + O|x = s|™), € By(b;),

where x = (11, 29, 73) € R3.
Denote

and Jullf = (u, u),

<u,v)E:/ (€aVu- Vv + V(z)uw
R3

is

= {ue H'(R): [Jullc = (u,u);* < oo},
The energy functional correspondmg to Eq. (1.1)

(1.3) Te(u) = gl + 2 / Vi) - [

for u € H., where u; = max{u,0}.
We call u € H, a (weak) solution to equation (1.1) if for any ¢» € H,, it holds
that
(u, ) + be/ |Vu\2/ Vu- Vi = uPap.
R? R3 R3
Recall that it was proven in [22, Proposition 2.3| that the limiting problem of Eq.
(1.1) is given by the following system

—(a+bYF, [IVUIP)AU + V (b;)U' = (U')?  in R?,

(1.4) Ui >0 in R,
U' e HY(R?).
Hereafter, we denote by (U?, - - -, U¥) the unique positive radial solutions to the above

system (see [22]). Keep in mind that each U’ is also nondegenerate.
Our main result is as follows:

Theorem 1.2. Assume that V (z) satisfies (V1) — (V). Iful”, u® are two k-peak
solutions concentrating at the set of k different points {by,--- by} C R3 appeared
in the condition (V3), then for e sufficiently small, we have

u = @

and ugj)(j =1,2) is of the form
k

ul) =Y Uz —al)/e) + ()

i—1
with 2! € R3, o, € H, satisfying

| = b;] = o(e), [[@clle = O(*™)
fori—=1.- k.
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We first explain a characteristic of this multi-peak problem, which is different
from the case of Schrodinger equation. To construct multi-peak solutions to the
Schrodinger equation (1.2), it is very important to understand the limiting equation
as € — 0, which is known as the unperturbed Schrédinger equation —Aw + w = w?.
Denote by w; the unique (see [20]) positive radial solution to equation

Then, to construct a k-peak solution to Eq. (1.2) concentrated at {b1, ..., bs}, natural
candidates are functions of the form u, = Zle wi((x — %) /€) + e, where ! — b,
and @, should be appropriately chosen such that u. is indeed a solution to equation
(1.2). Accordingly, to construct multi-peak solutions to (1.1), a natural idea is that
the building block of the multi-peak solution should be the unique positive radial
solution w; of the unperturbed Kirchhoff equation

(1.5) — (a + b/ |Vu\2) Au+V(b)u=uP, u>0 in R’
R3

while the fact is that this idea only works for the single-peak solution, as can be
seen in Li et al. [21]. That is, there is no multi-peak solutions for (1.1) of the form
ue =8 wi((x —2%)/€) + e, (see [22, Proposition 2.2]). Furthermore, during their
proof of that the blow-up point b; must be critical points of V'(x), they found that
the right limiting equation of (1.1) is in fact a system of partial differential equations
(see [22, Proposition 2.3]).

We mainly use the method in [2] to prove the main result. However, the nonlocal
term ([gs |[Vu|?) Au causes more technical difficulties than Schrodinger equation
(1.2). Moreover, as we consider the multi-peak solution of (1.1), on the one hand,
there are many crosses between bubbles, and on the other hand, the limiting equation
of (1.1) is a system of partial differential equations (see (1.4)), which is different from
the case of single-peak solution and Schrédinger equation (1.2), the difference of these
two aspects also makes the estimate more complex.

Now, we give the main idea of the proof of Theorem 1.2. We will follow the
idea of Cao, Li and Luo [2]. More precisely, if ugl), ul? are two distinct solutions
as stated in Theorem 1.2, according to Proposition 2.1 in this paper, they have the
same form; We firstly get the improved estimate of |zt — b;| and |||, then for the
function & = (ui”—u?’)/y\ui”—u?’||Loo(RS), which obviously satisfies ||&|| Leo(ms) = 1,
we show that [|&||zem@ms) — 0 as ¢ — 0, which gives a contradiction, and thus the
uniqueness is proved. During the above process, an important tool is a type of local
Pohozaev identity (see (2.8) below) from Deng, Lin and Yan [6], which helps us to
get the rate of the maximum points z' tending to b; as € — 0. For the estimate
of ||@elle, we will derive from the nondegeneracy result of Luo et al. [22]. We will
need more careful analysis in the procedure due to the presence of the nonlocal term
([ IVul?) Au, which leads to the local Pohozaev identity more complicated than
the case of the Schrédinger equation (1.2).

Our notations are standard. We write [ to denote Lebesgue integral of u over

R3, unless otherwise stated, and |[ull, = ([gs u?) Y2 We use Br(z) (and Bg(z))
to denote open (and close) balls in R? centered at x with radius R. We will use C'
and C; (j € N) to denote various positive constants, and O(t), o(t), o,(1) to mean
|O(t)| < C|t], o(t)/t — 0 and 0,(1) — 0 as t — 0, respectively.

The paper is organized as follows. In section 2 we give some preliminary esti-
mates. In section 3 we prove the local uniqueness results.
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2. Preliminaries
According to |22, Proposition 2.3|, the form of k-peak solutions to (1.1) are given
by the following:

Proposition 2.1. Let k € N, {by,b,...,b.} C R?®and u, be a k-peak solution
of Eq. (1.1) defined as in the Definition 1.1, with local maximum points at z!. Then,
for € > 0 sufficiently small, u. is of the form

(2.1) ue(r) = ZUi((I—xi)/E)ﬂPe(I)

with
i 3
(2.2) |z = bil = o(1),  [l@elle = ole?).
For simplicity in the below, we introduce the notation
wey(r) = w((z —y)/e).

for any function w. The estimates given by (2.2) is not sufficient for later use. Our
aim in this section is to prove the following proposition.

Proposition 2.2. Assume that V satisfies (V1) and (V). Let k € N, {by, ..., by}
C R3and u, be a k-peak solution of Eq. (1.1) defined as in the Definition 1.1, with
local maximum points at x'. Suppose that

Z Exl_‘_(pf

Then

(2.3) |zt — b;| = o(e)
for each i, 1 <1 <k, and

(2.4) lpelle = O(e¥2m).

Before proving the above proposition, we first collect some useful facts. Note that
since the unique positive solution of equation —Au+V (b;)u = uP decays exponentially
at infinity (see |9]), we infer that

(2.5) max (U'(z) + |VU (z)]) = O(e™7)

1<i<k
for some o > 0. Let 0 < § < min{|b; — b;|/4: i # j} and denote
D5 = Bg(bl) X X Bg(bk)

Note that if (z!,---,2%) € Ds, then |2! — 27| > |b; — b;|/2 > 26 for i # j, which
implies by (2.5) that
(2.6) /v VUt (U;xl) (ijj)s _O(e ) ifi 4

for any given r, s > 0, where v > 0 is a constant.
We recall an inequality: For any 2 < ¢ < 6 there exists a constant C' > 0
depending only on n,a and ¢ but independent of €, such that

3_3
(2.7) @l Lagsy < Cea2lplle

holds for all ¢ € H,. For a proof, see e.g. (3.6) of Li et al. [21].
The crucial Pohozaev type identity we will use is as follows:
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Proposition 2.3. Let u be a positive solution to Eq. (1.1). Let 2 be a bounded
smooth domain in R?® such that V € C*(Q) holds. Then

ou Ou
oV 2 2 2, _ gt gt
/ Olu = (e a—i—eb/Wu\ )/a <|Vu\ Vo — 2 a)

(2.8) 5
+/ Vulv, — —— up“Va
o9

for each a = 1,2, 3, where v = (11, v, 13) is the unit outward normal of 0S).

Proposition 2.3 can be proved by multiplying both sides of equation (1.1) by 0, u
for each 1 < a < 3 and then integrating by parts. We omit the proof, see Cao, Li
and Luo [2, Proposition 2.3] for the details.

Proof of Propos1t1on 2.2. For snnphmty, write ¢ = . in the following. Denote
Xe:(xiv'“7x]:)7 6,Xe — Zz 1 exl' Let

Lop—— <62a +eb / IVG..x. 2) Ay

— 2¢b </ VG x. - th) AG x, +V(z)p — pGY, XE‘P’

for ¢ € E, x_, where

_&&:{uem;wa U&J—Ohﬁ=L~whj:123}

By Proposition 3.4 of [22], there exist €, § > 0 small enough, and p > 0 such that

plielle <l Leplle ¢ € Eex.
Now we compute L.p. By the equation (1.4) of U?, we have

- (e a+ebZ/|VUj J|2> Aszz (b)szz (sz) in R?.

Summing over ¢ on both sides of the equation, we have

k
—(ea+€bZ/WU”J|2>AGEX€+ZV Z Ul,) inR

As u, is a solution of equation (1.1), we have

— <62a + eb/ VG, x. + Vg0|2> A(Gex. +¢) +V(2)(Gex. +¢) = (Gex. + )P

As a result, ¢ must satisfy

3 3
(2.9) Lep = er + Z fi
=1 j=1

with
ry = eb (/ |V<p|2) Au., 19 = 2¢b (/ VG, x. - Vgp) A,
s = Eb </‘VGEX€ Z/‘V Exl )AGE,Xev




Local uniqueness of multi-peak solutions to a class of Kirchhoff equations 127

k p k p k p—1
=1 i=1 i=1

k p k
fo= (z U:,x2> =S (v
i=1 i=1
k
fa= Z(V(bi) —V(2)U; .

Hence!

3

3
2.10) el < (o) =3 [rie+ Y [ e

By the fact that

(2.11) / Vgl2 = O 2|?),

we have

[ro=a([19er) [T +9)- 7

—_ _1 _ _3 —_
= O el2) (2 llelle + € 2el2) = Ot lIgll? + € lllld,

/ rap = 2eb ( / V.. - w) / Vol = Ofe-et e ol € 2lo]2) = O 3 glf)

and
k
/ ry = eb ( / VGox -3 / VUE, |2> / VG, x. Vg
=1

= ¢b / » VUV / VGex.Vyp=0(e*
i -
where v > 0 is a constant.
Similar to the proof of (5.14) and (5.15) in [2], we have, for j =1 and j = 3,

3 m % m
[ 10 = ot +lai = bl
Since each U' decays exponentially, we also derive that

/ fap = O ¢ll.

for any v > 0. Combining the above estimate with (2.10), we have

¢lle),

_3 — 3 m i m
lelle = O 2 lpllZ + e Pllelld) + e2O(e™ + |ag — bi[™).
As a result,

(2.12) lelle = e20(™ + |zt — b|™).

'Here we apply an additional property that pl|¢||? < (Lcp, ) holds for ¢ € E. x.. As the proof
is standard (see e.g. [3]), we omit the details.
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Next we prove (2.3) for fix i € {1,--- , k}. It suffices to choose i such that
|zt — b;| = max{|z! — b;]: 1 < j <k}

Applying the Pohozaev-type identity (2.8) to u = u, with Q = By(z?), where 0 <
d < ¢ is chosen in such a way (see |2, Lemma 4.5| for details) that

e GO C R o (lot2+ [ 1or)

for any ¢ € H.. We have

/ 8‘/(3:) uz — <€2CL + Eb/ |VU/€‘2) / <‘VUE|2I/O{ . Qaue aUE)
Ba(xi) O%a dBg(xt) Ov Oz,

2
+/ V(x)utv, — —— uP My,
OBa(1) p+1Jop, i)

(2.14)

We estimate each side of (2.14) as follows. By Proposition 2.1, we know ||| = o(e?).
Thus, a straightforward computation gives

(2.15) lucll. = O(e?).
So
(2.16) e2a + eb/ Vul? = O(e).

By an elementary inequality, we have

[V < CZ VULl + CIV el
1=1
From (2.5), we know
k A
[ S p=oe)
OBa(x}) j—1

holds for some A > 0 independent of €. As a result,

ou, Ou
2.1 2 o|? / S, — 222 ) — O 2
(2.17) <e a+eb/|Vu| ) ", (|Vu AL 8%) 0(e + ||o|12)

for any v > 0. Using similar arguments and choosing a suitable d if necessary, we
also derive

/ V(z)uiva = O(" + [lll?),
0Bg(xt)
since V' (z) is bounded. Furthermore, from (2.7) and (2.13), we have
[t = 0@+ (el = 0@ + el
OBg(xl)
Combing the above estimate and (2.14), we obtain
v
(2.18) | G =0@ el
By(xi) a!)ﬁ'a

for any v > 0.
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Next we estimate the left hand side of (2.18). Substitute the form of u, into the
integral, and recall (2.6). We obtain

2.19 / —u? :/ ijl +2/ —U§x1<p+0 o2+ ¢
DI S el A rad CE) BT A (gl + ¢

for any given constant v > 0. By the assumption (V3) and Hélder’s inequality, there
holds

av ) 3 m— 7 m—
(2.20) / 9 Ueary = €20(e Pl = oY el
Bd(l‘l Ia

Applying the assumption (V3), we have

[ (0)
= MCiq /Bd(xg') 1Za — bial™ (2o — bio) <U2x2>2

(2.21) +0 </Bd(xé) ‘:L’a — bi,a|m <U2x1>2)

= mcme?’/ ez + &L o — bia|" (€0 + 2Ly — big) (U")2
B4(0)

+E0(em + |2t — b|™),

where 2 , is the ath exponent of 7.
Therefore, combining (2.18)-(2.21) and (2.12) yields

(2.22) / lexs, + xi,a P e (= !y — bia) (UZ(;E))2 = O™ + |z — b|™).
B4 (0)
Note that, for a, b € R, m > 1, m* = min{m, 2}, we have the following inequality

(2.23) l|a + 0™ — |a|™ — m|a|™ %ab| < C(|a\m_m*\b|m* +0™)

where the constant C' is independent of a, b.
Applying (2.23) to a = exq + @, — bi o and b = —ex,, we have

|2, o, — bil / ez + &L — bia|" (€0 + 2l o, — bid) (U’(x))2
B4 (0)

¢ m m* |, .0 m—m* i 2
- (lezal™ + lemal™ |2t o = bial™ ™) (U ()"
B4 (0)
Take o = ig € {1,2,3} such that |z ; — b;;| > |m\/__b il Note also that |z io — Diiol <

|2t — b;|. Thus, combining with (2.22) and (2.24), we have
e = 0™ = [ = B[ O(e™ + |ag = 0i]™) + O(€™ + |ag = b "™ ™)
. . 1 .
= |7 = Bi|O(€™ + |z = bil™) + O(e™) + glae = bil™,
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which implies '
|ze = bi] = O(e).
Then, from (2.22), we have

/B%(O)

From |z¢ — b;| = O(€), we suppose % — t as € = 0. Then we have

/ |, + toé|m_2 (Ta +1a) (Ul(z))2 =0,
B%(O)

2 — b | xt, = b
To + 22— <xa + ”‘“) (U'(x))* = O(e).

€

€

where t, is the ath component of ¢ for a = 1,2, 3.
As U'(z) is radially symmetric decreasing, we get ¢t = 0. This yields (2.3). Then,
combining (2.3) and (2.12) yields (2.4). The proof of Proposition 2.2 is complete. [

3. Local uniqueness results

In this section, we prove the local uniqueness results. We use a contradiction

argument as that of Cao, Li and Luo [2]. Assume ul) = Ek U’ o @ i=1,2,

i=1Y,
are two distinct solutions concentrating on {by, -+, b} C R3. Set
- MORINC)
e = u e
and B .
E(w) = Elex + D)
for an arbitrary ig € {1,--- ,k}. In the below, iy will be fixed always. It is clear that

€cll oo (rey = 1.
To obtain a contradiction, in the rest of this section, we prove
(3.1) €/l = (ms) = o(1).
To prove (3.1), we will first prove that |£.| — o(1) holds locally uniformly, and then

prove that it holds at infinity. To this end, we will establish a series of results. First
we have

Proposition 3.1. There holds
€l = O(¥?).

Proof. Since both ugi), i = 1,2, are assumed to be solutions to Eq. (1.1), we
obtain

- (eza + eb/ |Vu£1)|2) A+ V()&

(3.2)

—eb ( / V(u® +u®). vge) Aul? = O (x)&,
and

— <€2CL + eb/ |Vu£2)\2) A&+ V(x)E,
(3.3)

—¢b ( / V(u® +u@). vge) Ault) = C(x)&,,
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where )
C)=p [ (o) + (1= Dl ()
0

Adding (3.2) and (3.3) together gives
- (26% +eb / IVull|? + |VU§2>|2) A€+ 2V (x)E,
(3.4)
—eb </ V(u® +u?) . Vgﬁ) A (u) +u®) =20 (2)€..

Multiply & on both sides of (3.4) and integrate over R?. As the terms containing b
are positive, we can throw away them. So

&2 < / C.e2da.

As |&| <1, for i = 1,2, direct computation gives

. p—1 9 3
(07 ,0)" & <ce

. D) p— 3 3y \P/ 83 2
[ e < IOz < € () (e
= oc(1)]I&2,

where we have used (2.7) and Proposition 2.1. Hence

2 3 2
167 < /C’egfdx < /C (Z (fom)p 1 +3 (¢<i>)p—1> 2da
ij=1 e i=1

= O(*) + o (1)|&]12,

which implies the desired estimate. The proof is complete. U

and

Next we study the asymptotic behavior of &,.

Proposition 3.2. There exist dg € R, § = 1,2,3, such that (up to a subse-
quence)

as € — 0. Here iy is the index used in the definition of &,.

Proof. We will prove that the limiting function of & belongs to the kernel of a
linear operator associated to U%. It is straightforward to deduce from (3.2) that &,
solves

— <a + e_lb/ |Vu£1)|2) A&, + V(ex 4+ zoW)E,
(3.5)
— el (/ V(ul +u®) - V&) Aul? (ex + 22W) = Colex + 2P W)E..

Thus, in view of ||& ||z~ m®s) = 1, the elliptic regularity theory implies that & is
locally uniformly bounded with respect to € in Cllo’f(Rs) for some 6 € (0,1). As a
consequence, we assume (up to a subsequence) that

ge - g in CI{JC(R3>'
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We claim that € € Ker£™, that is,

(3.6) - (a + bg/ |VUJ'|2) AL —2b (/ VU -vg) AU +V (by)€

=p(U")'¢.
Then by the fact that U™ is nondegenerate, we have & = 22:1 dﬁ% for some

dz € R (8 =1,2,3), and thus Proposition 3.2 is proved.
To deduce (3.6), we only need to show that (3.6) is the limiting equation of
Eq. (3.5). Observing that

/ | Va2

0 2

ZVUJ )+ VW

2
20
+2e_1/ E W <7€> -Vl +€_1/|V<p(1) 2

Z / S Ea I )+ 0 E el

]

/ Z D / VUI) - VU + e i 0ol

i#£]
_ /Z VU7 + O(e=3) + O(em),

where we have used (2.5), (2.6) and (2.4), s

(3.7) /\vu“ /ZWUJP—O(e 14 0@ = 0

as € — 0. For convenience, we introduce

) (2) = ul (ex + 2°M) and @Y = ) (ex + W)

€

for ¢+ = 1, 2. Similarly, we have
e—l/V(uS) +u®) . Ve, — Q/VUiO - VE,

= / (Val) + va® —2vU™) . VE,

J#io i#io
)
VU (2) + VU (2 + Z Ty - 2VU@'0(z>> VE / (Vel +Vel) - Ve

=0(e % +e™ 3] =0
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as € = 0, and that, for any ® € C5°(R?),

/V (u® (ex + 20W) — UP) . VP

io(1) _io(2) ' io(1) _ 3(2) .
- /v (Uio(z T Y e ) - U%)) VO

€ J#i0
+ /V@@) VO = O(e ¢ + ™ 2)||®]| — 0.

Here, we have used (2.3), which implies
xio(l) _ xio@)

—— = (1),

and used

io(1)

SL’? (@)

L
T oo fori=1,2 and j # ip.

€

as ¢ — 0. Combining the above two formulas and & — £ in C}_(R?), we conclude
that

) (/ V(u +ul?). Vﬁe) Au® (ex + 20W)

—2b < / VU™ . VE) AU

in H~'(R3). Since V(ex + :L’io(l)) — V(b;,) holds locally uniformly, we have
V(ew + 20ME — V(b )E.
Also, similar to Cao et. al. [2, proof of (3.11)], we have for any ® € C°(R?),
(3.9) / Ce(ex + z0M)ED — / p(UP)PED.
Finally, combining (3.7) (3.8) (3.9), we obtain (3.6). The proof is complete. O

Now we prove

(3.8)

Proposition 3.3. Let dg be defined as in Proposition 3.2. Then
dg=0 for f=1,2,3.

Proof. We will combine Proposition 2.2 and the Pohozaev-type identity (2.8) to

prove that
- oU
(3.10) d5/|zza|m_2xaU’°(x) =

=0.
8:):5

Applying (2.8) to ul” and u'® with Q = By(2°"), where d is chosen in the same
way as that of Proposition 2.2, which combine with (2.4), (2.13) and Proposition 3.1
implies

(3.11) / —(E@IVRIP V(@) D7) = O ([le@]2) = O (&)
aBd(xzo(l))
fori=1,2 and

(3.12) / (PIVEP+V@)le) = 0 ().
8Bd(m2°(1))
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We obtain
oV
1) 2)
/B(’()(l) 0o (u +ud) &
= <€2a + Eb/ |V“£1)|2) / (Vul + Vul®) - Vér,
Ba(y™M)
(2) (1)
(3.13) 4 <e2a+eb/ |Vu£2)\2) / e Qu™ O Oue
0B,y \ 0T OV ov Ox,
+eb(/v 1) er)/ (|Vu£2)| I/a—28u 8u )
9B4(y")

+/ - V(x) (ugl) + u£2)) ElVy — 2/ Ak,
9By(z0™) 0By (x0M)

where 1 < o < 3 and

1
Aez/ (tul) + (1 — t)u®)".
0

We estimate (3.13) term by term. By (2.16), (3.11) and (3.12), we have

(62a + eb/ |Vu£1)|2) / A% (uM + @) - V|
OB (y (1))
gc(e/“ |v¢wﬁ (3/‘ |vmﬁ
aB4(yM) 9B4(yM)

= 0(€ + ||¢c]|)O(e2) = O(¥™)

by choosing ~ sufficiently large. Similarly, we obtain

oc. out? ¢ oul!
2 (2))2 _Yse _ 3+m
(6 a—l—eb/|Vue | )/8Bd () <8xa ov ov 0z, O(e™)

< / v (ul Vfg) / N (IVul® Py — 20,uM9ulV) = O(T™).
6Bd(yel )

By (3.11) and (3.12), we have
[ V@ @ ) €,
8Bd(x10(1))

1 1
2 2
< C E (7,) 2 / . 2
(/BBd 20(1) E | 8Bd(m20(1)) |€ |

= 0(65+m L€2) = O(*t™).

As to A., we have

2
=0(€+ ) _|p“P) on 9By(xle™)
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for any given v > 0, since U’, j = 1,--- , k, decay exponentially at infinity. Hence
we can deduce that

Iy w) re ([ 1) led
/aBd(x?“)) 0By (x2") Z 0By (@)

2
<040 <Z<ep—if%||so<i>r|ﬁ>p<ep—if%Hane))
=1

_ O( 3+pm)

by choosing v > % + pm.
Hence by the above estimate, there holds

(3.14) /B( o (ul) +u®) & = O(e™).

io(1)) 8:5

Next we estimate the left hand side of (3.14). By the assumption (V2), we have
/ WV () 1 u®) g,
Ba(a®

io(1)) 8:5

= mcio,a/ o |To — bio,a|m_2(xa - bio,a> (ugl) + u£2)) §e
Bd(xso )

"‘O </ |I—bi0‘m (Ugl) +U£2)) §e> =: Il+]2.
By(z0™)

Note that
io(1) _p ™ (1) _ 0(2) _
[2 -0 €3+m/ 4+ u [ [Jio 113'5 Te te 55(1')
B4(0) € €
where

2 - ,’,UiO(l) _ ZL’J(Z) 2 ' '
e= ZZUJ T+ % + Zapi(ex + o),

i=1
Using the estimates (2.3) and (2.4) and the exponential decay of U7 (j = 1,... k),
and the fact that [|£.||cc = 1 we deduce that

12 = O(€3+m).
Combining the above estimate with (3.14) yields
]1 = O(€3+m).

By the same arguments as that of I, and using the assumption that ¢;, # 0 for
every 7, @ and using Proposition 3.2, we deduce

' . o) _ L io(2) B
da/ (2o + 0d(1)]" 7 (20 + 0.(1) | U + U |2+ =" | +¢ | &(x)
B4(0) €

—0(¢)

which implies

Zdﬁ/m\m tro U (2 )aUZO( ) =0.

aSL’g
Thus d, = 0 for « = 1,2, 3. The proof is complete. O
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Now we can complete the proof of Theorem 1.2.
Proof of Theorem 1.2. Propositions 3.2 and 3.3 imply that

1€l Lo (Br(o)) = 0e(1),
so we have
||£E||Loo <U§:1 BRe(:ci(l))> = o.(1).

In the domain R*\ JY_| BRE(:ci(l)), we can apply the same argument as that of |2,
Proposition 3.5] to conclude that

8ell o ro U, Braiy) = 0c(1):

Thus ||&||L=ms) = 0c(1) holds, which is in contradiction with ||{||zem3) = 1. The
proof is complete. O
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