Annales Academise Scientiarum Fennicee
Mathematica
Volumen 45, 2020, 199-213

AN EXTENSION PROPERTY OF QUASIMOBIUS
MAPPINGS IN METRIC SPACES

Tiantian Guan, Manzi Huang and Xiantao Wang*

Shantou University, Department of Mathematics
Shantou, Guangdong 515063, P. R. China; 17ttguan@stu.edu.cn

Hunan Normal University, School of Mathematics and Statistics, MOE-LCSM
Changsha, Hunan 410081, P. R. China, and
Qufu Normal University, School of Mathematical Science
Qufu, Shandong 273165, P. R. China; mzhuang@hunnu.edu.cn

Hunan Normal University, School of Mathematics and Statistics, MOE-LCSM
Changsha, Hunan 410081, P. R. China; xtwang@hunny.edu.cn

Abstract. In 1991, Viiséla discussed the extension property of quasisymmetric mappings in
Banach spaces. In 2009, Haissinsky got an extension property of quasisymmetric mappings in metric
spaces. The purpose of this paper is to establish an extension property of quasimébius mappings
in metric spaces.

1. Introduction

1.1. Extension of quasisymmetric mappings.

Definition 1.1. Suppose that (X, d) and (Y, d;) are metric spaces and n: [0, +00)
— [0,4+00) is a homeomorphism with 7(0) = 0. A homeomorphism f: (X,d) —
(Y, dy) is called n-quasisymmetric, briefly n-QS, if d(a,x) < td(x,b) implies

di(a',2") < n(t)d(2',b)

for any points a, x, b in X and any number ¢t > 0. Here and hereafter, the primes
always stand for the images of the points under the mappings. For example, a’ =
f(a).

Quasisymmetric mappings originate from the work of Beurling and Ahlfors [4],
who defined them as the boundary values of quasiconformal self-mappings of the
upper half-plane onto the real line. The general definition of quasisymmetric map-
pings, i.e., Definition 1.1, is due to Tukia and Véiséla [10]. Since its appearance, the
concept of quasisymmetric mappings has been studied by numerous authors. See, for
example, [3, 8| for the properties of this class of mappings. In 1991, Véiséla discussed
the extension property of quasisymmetric mappings in the setting of Banach spaces
and proved the following result.

Theorem A. |13, Theorem 7.39] Suppose that f: E — FE; is a homeomorphism
and E = AU B such that the restrictions f|4 and f|p are n-quasisymmetric, where
both E and E; are Banach spaces with dimension at least 2, and A and B are subsets
of . Then f is n-quasisymmetric, where n; depends only on n.

In 7], the author considered the extension property of quasisymmetric mappings
in metric spaces. The obtained result is as follows.
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Theorem B. |7, Theorem 3.1| Suppose X = X;U X, and Y = YUY, are metric
spaces with Z(X1, X5) > 0 and Z(Y1,Y2) > 0. Assume that X; N X, and Y NY;
are T-uniformly perfect such that diam(X; N X3) > gdiamX; for some q € (0,1),
where “diam” means “diameter”. If f: X — Y is a homeomorphism such that for
each j € {1,2}, f(X;) = Y and f|x, is n-quasisymmetric, then f is globally n,-
quasisymmetric, where 1, depends only onn, T, q, together with the angles / (X1, X5)
and Z/(Y1,Y3).

See Section 2 for the definitions of the angle Z(X;, X5) and the uniform per-
fectness. We remark that the assumption on the uniform perfectness of ¥; NY; in
Theorem B is redundant since the concept of uniform perfectness is an invariant
under quasisymmetric mappings (cf. [14, Lemma C]).

1.2. Extension of quasim6bius mappings. Let (X, d) be a metric space. Its
one-point extension is defined via

s )X, if X is bounded,
]| X U{ce}, if X is unbounded.

Let a, b, ¢, d be points in X with a # b and ¢ # d. Their cross ratio r4(a,b, ¢, d) is
defined by the formula
d(a,c)d(b,d)
d(a,b)d(c,d)

If a=corb=d, we set ry = 0. If some of these points is co, then we omit the
factors containing oco. For example,

rq(a,b,c,d) =

d(a,c)
d(a,b)’
Definition 1.2. Suppose that (X, d) and (Y, d;) are metric spaces and 6: [0, 00)
— [0, 00) is a homeomorphism with §(0) = 0. A homeomorphism f: (X, d) — (Y, d;)
is called 6-quasimdbius, briefly 0-QM, if r4(a, b, ¢,d) < t implies
rg, (a0, d) < 6(t)
for all points a, b, ¢, d in X and any number ¢ > 0.

QM mappings were introduced by Véisald in 1985 [11]. We know that every QS
mapping is QM [11, Theorem 3.2] and every QM mapping between two bounded
metric spaces is QS [11, p. 222|. Moreover, if a QM mapping fixes oo, then it is
QS [11, Theorem 3.10]. The reader is referred to [11, 12, 13] etc for more properties
concerning these two classes of mappings. Also, it has been well known that the class
of QM mappings has played an important role in the study of QC mappings (which is
the abbreviation of quasiconformal mappings), QS mappings and their relationships
(cf. [2, 9, 11, 14] etc.).

The main aim of this paper is to study the extension property of QM mappings.
Our result is an analogue of Theorem B for QM mappings, which is as follows.

rq(a, b, c,00) =

Theorem 1.1. Suppose that (X,d) and (Y,d;) are metric spaces and the fol-
lowing conditions are satisfied:

(1) X =X3UXy and Y =Y, UY, with Z(X;, Xs) > 0 and Z(Y1,Y3) > 0;

(2) X1 N Xy is T-uniformly perfect with 7 € (0,1);

(3) There is a constant q € (0, 1] such that

diam(X; N X5) > gmin{diam(X;), diam(X5,)}
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and
diam(Y; NY3) > ¢min{diam(Y}), diam(Y3)};
(4) f: X =Y is a homeomorphism such that for each i € {1,2}, f(X;) =Y;.

Then the restrictions f|x, (i € {1,2}) are 0-quasimébius if and only if f is 0;-
quasimobius, where 6 and 6, depend on each other, and T, q, together with the
angles /(X1, Xs) and Z(Y1,Y5).

Remark 1.1. By [10, Theorem 2.5|, we see that the diameter condition diam (X,
NXs) > gdiam(X;) in Theorem B guarantees the one diam(Y; NY3) > ¢ydiam(Y;),
where ¢; = m, because the corresponding mappings are QS. But for QM map-
pings, this property is no longer valid. This can be seen from Example 4.1 below.
Also, we construct three more examples to show that each of the assumptions (1) ~

(3) in Theorem 1.1 cannot be removed. See Examples 4.2 ~ 4.4 below.

We shall prove Theorem 1.1 by applying the inversions introduced by Buckley et
al. in [6] or [5]. The proof will be given in Section 3. Some necessary terminologies
will be introduced in Section 2, and in Section 4, four examples will be constructed.

2. Preliminaries

2.1. Inversions. Let (X,d) denote a metric space, and let p € X be a base
point. For z, y € X, = X \ {p}, let

: d(z,y)
ip(z,y) =
plY) d(z, p)d(y,p)
and
k
d,(x,y) = inf {Zip(x,-,xi_l): T =120, L1,...,Tp_1,T =Y E Xp} )
i=1
When X is unbounded, for = € X,,, we define
. 1
ip(x,00) = )
o) = )

Then we see that the definition of d,(, y) using auxiliary points in X, is the same as
the one using points in )A(p =X \ {p}, and so, the distance function d, on X, extends
to )A(p.

We call N

(Invy(X), dy) = (Xp, dp)

the inversion of (X, d) with respect to the base point p. In the following, sometimes,
we only use Inv,(X) to replace (Inv,(X),d,).

Let us recall the following useful properties concerning the inversions.

Theorem C. |6, Lemma 3.2| Let (X, d) denote a metric space, and let p € X be
a base point.
(1) For all points z,y € Inv,(X),

1. .
Zzp(xay) S dp(zay) S Zp(zay)‘

In particular, d, is a distance function on Inv,(X);
(2) The identity mapping id: (X, d) — (X, d,) is 6p-QM, where 0y(t) = 16t;
(3) (Inv,(X),d,) is bounded if and only if p is an isolated point in (X, d).
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2.2. Uniform perfectness and density.

Definition 2.1. A metric space (X, d) is called T-uniformly perfect if there is a
constant 7 € (0,1) such that for every z € X and every r > 0, B(z,7)\B(z,7r) # ()
provided that X\B(xz,r) # (), where B(z,r) denotes the metric ball B(z,r) = {z €
X:d(z,z) <r}.

We remark that the 7-uniform perfectness implies the 7i-uniform perfectness
when 0 <7 <7 < 1.

Definition 2.2. Suppose that (X, d) is a metric space, a and b € X, and {z;};cz
is a sequence of points in X with a # x; # b, where Z denotes the usual integer set.
(1) {x;}iez is called a chain joining a and b if x; — a as i — —oo and x; — b as

1 — +o0o. Further, if there is a constant ¢ > 1 such that for all 4,

| log Td(a7 Ty Ti+1, b)| S log g,

then {x;}icz is called a o-chain.
(2) (X,d) is said to be o-dense with o > 1 if every pair of points in X can be
joined by a o-chain.

We remark that (1) every o-dense space does not have any isolated points, and
(2) each o-dense space is oj-dense if o7 > 0.

(In the rest of this paper, we make the following notational convention: Suppose
A denotes a condition with data v and B another condition with data v;. We say that
A implies B quantitatively if A implies B so that v; depends only on v. If A and B
imply each other quantitatively, then we say that they are quantitatively equivalent.)

The next result means that the o-density is invariant under QM mappings.

Lemma 2.1. Let f: (X,d) — (Y, dy) be 8-QM between two metric spaces. Then
(X,d) is o-dense if and only if (Y,d,) is o1-dense, quantitatively.

Proof. Assume that f is -QM. Then f~! is 6;-QM with 6;(¢t) = 1/671(1/t) (see
[11, p. 219]). This fact implies that, to prove this lemma, it suffices to show the
necessity. For this, we only need to show that for any «/, v € Y, there exists a
(o )-chain joining them with (o) > 1.

It follows from the density of (X, d) that there exists a o-chain {x;};cz joining u
and v. Since

|log ra(u, z;, 41, v)| < logao,
we see that
|log g, (u', 2, 2,1, 0")| <logf(o),
and thus, {z}};cz is a 6(o)-chain joining «' and v’. Hence the proof of the lemma is
complete. O]

Theorem D. [14, Lemma E| Let (X, d) be a metric space. Then the following
are quantitatively equivalent:

(1) X is uniformly T-perfect;
(2) X is o-dense.

The following corollary is a direct consequence of Lemma 2.1 and Theorem D.

Corollary 2.2. Let f: (X,d) — (Y,dy) be 0-QM between two metric spaces.
Then (X, d) is uniformly T-perfect if and only if (Y, d) is uniformly T -perfect, quan-
titatively.
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The following result concerns the removable property of the uniform perfectness,
which is useful for the discussions in Section 3.

Lemma 2.3. Suppose that (X, d) is a T-uniformly perfect metric space and S
denotes a finite sequence of points in X. Then X \ S is 7/-uniformly perfect, where

r_ T
T = 3.

Proof. Assume that S = {ay,...a;}. To prove this lemma, it suffices to show
the following assertion.

Assertion. For any 1 <i <k, X \ {ay,...,a;} is p-uniformly perfect, where
pi = (1= 5717,

We start the proof of the assertion with two claims.

Claim 2.1. X \ {a1} is py-uniformly perfect, where py = (1 — $)7.

Assume that © € X \ {a1}, 7 > 0 and (X \ {a1}) \ B(z,r) # 0. Then it follows
from the uniform perfectness of X that there is w; such that
wy € B(z,r) \ Bz, 7).
If wy # aq, then wy € (X \ {a1}) N (B(z,r)\ B(x,7r)) C (X \ {a1}) N (B(z,7)\

B(z, (1 — )7r)). Otherwise, since X is uniformly perfect, we see that a; is not an

isolated point of X. This implies that there is a sequence {w;;}32, C X \ {a;} such
that

wij —>a; as j — oo.
Let

€1 = %min {d(al,x) - (1 - %)7'7” r—= d(a1>I)}‘

Then e; > 0. Also, we know that there is a sufficiently large N; such that
(1= Hrr <d(ar,z) —e1 < d(wn,, x) < d(ar,z) + &1 <,
from which we get
win, € (X \{ar})N(B(z,r) \ Bz, (1 - i)T’f‘)).
Hence the claim is proved.
Claim 2.2. X \ {ay, a2} is po-uniformly perfect, where po = (1 — %)7'.

Let z € X \ {a1,a2} and r > 0. Assume that (X \ {a1,a2}) \ B(z,r) # 0. It
follows from Claim 2.1 that there exists a point wy such that
w2 € (X \ {ar}) N (B(z,r) \ B(z, (1 - 7)77)).
If wy # as, then wy € (X \{a1,a2})N(B(z,r)\B(z, (1—1)77)) C (X \{a1,a2})N
3

(B(z,r) \ B(z, (1 — 2)7r)). Otherwise, there must exist a sequence {ws;}32, C

X \ {a1,as} such that
W j — Ay as J — OC.

Let

€9 = %min {d(a2,x) — (1 — g)rr, r— d(a2,x)}.
Then €9 > 0, and we also see that there is an integer N, such that

(1—23)mr < d(az,z) — €3 < d(wa,n,, ) < d(ag,z) + €2 <.
This implies that
wan, € (X \ {a1,a2}) N (B(a,r) \ B(a, (1 2)7r)),

from which the claim follows.
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By repeating the discussions as in Claims 2.1 and 2.2, we see that the assertion
is true, and hence, the proof of the lemma is complete. O

Remark 2.1. Let Q be the set of all rational numbers in R (the real field),
and let X = QU {+/2,v/3}. Then we see that X is 7-uniformly perfect for every
7€ (0,1), but X \ Q = {+/2,V3} is not g-uniformly perfect for any p € (0,1). This
fact shows that Lemma 2.3 is invalid for the case when the removed set is infinite.

Lemma 2.4. Suppose that (X,d) is a 7T-uniformly perfect metric space and
diam(X) > r, where r is a positive constant. Then for every a € X, there exists a
point w € X such that

T <d(w,a) < 7.

Proof. Since diam(X) > r, for every a € X, there must exist a point wy € X
such that

d(wg,a) >

Y

w3

which guarantees that X \ B(a, %) # (). By the uniform perfectness of X, we know
that there exists a point w such that

wGB(a,%)\B(a,%).

Hence the proof of the lemma is complete. O

2.3. Angles at seams, weak quasiconvexity and quasiconvexity. Suppose
(X, d) is a metric space. Let X; and X3 be two closed subsets of X with X7 N X, # 0.
The seam is by definition the intersection X; N X,. Following Agard and Gehring
[1], the angle Z(X;, X3) between X; and X5 at the seam X; N X5 is by definition the
supremum over all constants ¢ > 0 such that for any (z1,x2) € X7 X Xo,

d(z1,29) > ¢ inf  {d(zy,y) +d(zs,y)}.

yeX1NXa

Definition 2.3. Suppose that (X, d) is a metric space, and X; and X are closed
subsets of X with X = X; U Xy and X; N Xy # (. Let u > 0. X is called weakly
p-quasiconvez relative to (X1, Xo) if for each pair of points (x1, z2) € (X7, X3), there
exists a point z € X; N X, such that

min{d(zy, z), d(x2, 2)} < pd(xy, ).

Definition 2.4. A metric space (X, d) is called v-quasiconvez if for any x; and
9 € X, there exists a rectifiable curve « joining those two points such that

U(y) < vd(x1, 72),
where £() means the arclength of ~.

The following lemma shows that quasiconvexity implies weak quasiconvexity.

_ Lemma 2.5. Suppose that (X,d) is v-quasiconvex with X = X; U Xy and
X1 N Xy # (), where the closures are taken in X. Then X is weakly v-quasiconvex
relative to (X1, X2).

Proof. Let x1 € X; and x5 € X5. Then it follows from the assumption of the
quasiconvexity of X that there is a curve v C X such that

g(”}/> S Vd(.ﬁlfl, LUQ).
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The lemma easily follows since min{d(z, 1), d(z,z2)} < £() for any z € y N X, N
Xo. OJ

Our next lemma demonstrates the equivalence between the positive angle and
the weak quasiconvexity.

Lemma 2.6. Suppose that (X,d) is a metric space, and X; and X, are closed
subsets of X with X = X; U X, and X; N X, # (). Then the following statements
are quantitatively equivalent.

(1) Z(‘lea)(2) > 07

(2) X is weakly p-quasiconvex relative to (X, Xs).

Proof. For the proof of the necessity, let Z(X;, X5) = ¢. Then ¢ > 0, and the
proof follows from the assertion: For any x; € X; and x5 € X5, there exists a point
u; € X7 N X5 such that

c+1
. d(zy,xs).

(21) min{d(ul,xl),d(ul,xg)} S

To prove this assertion, we only need to consider the case x; # x5. Since the
assumption ¢ > 0 implies that

¢ inf {d(y,z1)+d(y,xe)} < d(x1,x9),

yeX1NXa

and because there exists a point y; € X7 N X5 such that
d(yr,x1) +d(y,22) < inf {d(y, z1) + d(y, 22) } + d(1, 22),
yeX1NX2
we know that
min{d(yh x1>7 d(y17 1’2)} <

By letting u; = v, we see that (2.1) is true.
To prove the sufficiency, we only need to show that for any z; € X; and x5 € X,

d(yl,LEj) +d(y1,$2) < C+1
2 - 2c

d(.flfl, LUQ).

(2.2) inf  {d(y,z1) + d(y,z2)} < d(zq,22).

2(,& + 1) yeX1NXo
Since X is weakly p-quasiconvex relative to (X, X5), there exists a point yg €
X1 N X5 such that
max{d(yo, 1), d(yo, z2)} < (u+ 1)d(xq,x2).
Obviously, (2.2) follows from the following inequality:

inf  {d(y,z1) + d(y, x2)} < 2max{d(yo, z1),d(yo, x2)}

yeX1NXo

Thus the lemma is proved. O]

3. Quasimobius mappings and unions

Lemma 3.1. Suppose X; and X, are closed subsets of X with X = X; U X5
and X1 N Xy # (), where (X, d) is a metric space. If diam(X; N X,) > gdiam(X;)
and X, N Xy is T-uniformly perfect with ¢ € (0,1] and 7 € (0, 1), then for any 1,
r12 € X1 and £ € X1 N Xs, there exists a point ( € X1 N Xy such that

1
Zd(ﬂfll,fﬂm) < d(&,¢) < Ld(z11,x12),

where L = max{%, 1}
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Proof. If diam(X; N X3) < %d(mll,xlg), since there is a point ¢ € X; N X, such
that
idlam(Xl N X2) S d(g,g) S d1am(X1 N Xg),
it follows from the assumption diam(X; N X5) > gdiam(X;) of the lemma that

(31) %d(xu,xlg) S d(C7 5) S %d(l‘n, 1’12).

Now, we assume that diam(X;NX5) > %d(mll, x12). Then Lemma 2.4 guarantees
that there exists ( € X7 N X, such that

(3.2) 1d(z11,219) < d(C,6) < fd(w11, 12).
Easily, the lemma follows from (3.1) and (3.2). O

Lemma 3.2. Suppose that (X, d) is a metric space and the following conditions
are satisfied:

(1) Xy and X, are closed subsets of X with X = X; U Xy and X1 N Xy # 0;

(2) X is weakly p-quasiconvex relative to (X, Xy) with p > 0;

(3) There is a constant q € (0, 1] such that

diam(X; N X5) > ¢min{diam(X}), diam(X>»)};
(4) X1 N Xy is T-uniformly perfect with 7 € (0,1).
Then for any p € X7 N X5, the following hold:

(i) X, is weakly p;-quasiconvex relative to ((X1),, (X2),) with respect to the
metric dy,, where ji; = 16L(p 4 1)(L + 1) and L is the constant from Lemma
3.1;
(ii) diam,((X;),) = diam,((X, N Xy),) fori € {1,2};
(iii) (X1 N X3), Is m-uniformly perfect with respect to the metric d,, where
depends only on T.

Here diam, (M) denotes the diameter of a set M with respect to the metric d,.

Proof. By the assumption (4) of the lemma, we see that X; N X, has no isolated
point. Then Theorem C(3) ensures that all the quantities diam,((X;),) (i € {1,2})
and diam,((X; N X5,),) are oo, and so, the statement (ii) of the lemma is true.

Again, the assumption (4) of the lemma along with Lemma 2.3 guarantees that
(X1 N Xy), is 7-uniformly perfect, where 7 = 7. Then the statement (iii) of the
lemma follows from Theorem C(2), Theorem D and Lemma 2.1.

To complete the proof, it remains to prove the statement (i) of the lemma. We
are going to prove that for any z; € (X;), and x5 € (Xa),, there exists ¢ € (X1NX3),
such that

(33) min{dp(xhC)vdp(I?ag)} < :uldp(xlvx2)7
where py = 16L(p+ 1)(L + 1).

If 21 € (X1NXy), (resp. 3 € (X1 NX5),), by taking ¢ = 1 (resp. ¢ = x2), (3.3)
follows.

If 2 € (X1), \ ((X1)p, N (X2),) and 22 € (Xa), \ ((X1), N (X2),), it follows from
the assumption (2) of the lemma that there exists zy € X; N X, such that
(3.4) max{d(x1, z0), d(22, 20)} < (1 + 1)d(x1, x2).

Without loss of generality, we may assume that

min{diam(X), diam(X,)} = diam(X;).

We divide the discussions into two cases: d(zg, p) < 3d(x1, z0) and d(29, p) > 3d(x1, 20).
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For the former case, we see from (3.4) that
max{d(xy,p),d(z2,p)} < max{d(zy, 20),d(x2, 20)} + d(20, p)
<A(p+ 1)d(zq,x2).

By replacing z11, x12 and £ in Lemma 3.1 by x4y, p, p, respectively, it follows from
Lemma 3.1 that there exists z; € X; N X5 such that

1

(35> Ed(xlvp) < d(sz) < Ld(xlvp)7
and so, (3.5) gives

d(z1,p) < 4L(p+ 1)d(xq, x2).
Thus the assumption of this case and (3.4) lead to

d(x2, 21) < d(2, 20) + d(20, p) + d(21,p) < 4(p+ 1)(L + 1)d(z1, 22).

Thus we deduce from Theorem C(1) and (3.5) that

d(l’g, Zl)
3.6 dy(g,21) <
( ) p( 2 1) d($2ap)d(zlap)
Since x; # p, again, it follows from (3.5) that z; # p. By taking ( = z1, (3.3)

follows.
For the latter case, i.e., d(zy, p) > 3d(x1, z9), we know that zy # p and
d(xlvp) S d(207p> + d(xh ZO) S %d(z(bp)‘
Then Theorem C(1) and (3.4) lead to
d(l’g, ZO) 16
d < < — 1)d .
P(x2720> = d(ig,p)d(zo,p) =3 (IU’ + ) P(xhx?)

By taking ¢ = zg, we know that (3.3) is true. Hence the lemma is proved. U

< 16L(p+ 1) (L + 1)dp(xy, z2).

Proof of Theorem 1.1. The sufficiency is obvious. To prove the necessity, for
convenience, let f; = f|x, for ¢ = 1, 2. Now, we assume that both f; and f, are
0-QM. Let p € X; N X5, and let

(3.7) g=idyofoidi': (X, d,) = (Y, diy),

where p’ = f(p), both id;: (X,,d) = (X,,d,) and idy: (Y, dy) — (Y, dy ) are the
identity mappings. Also, we use x (resp. y) to denote both z and its image id; ()
for any = € X, (resp. both y and its image ids(y) for any y € Y,,). Furthermore, for
1=1, 2, let
9i = 9lx,-

Then g;(x) = &’ for all x € (X;),, where 2’ = f(x).

To finish the proof, we need the following claim.

Claim 3.1. (a) g; is 01-QS, where 0,(t) = 160(16t);

(b) g is me-QS, where 1, depends on 0, T, q, together with the angles Z(X, X5)

and Z(Y1,Y3).

First, we prove (a). We see from Theorem C(2) that for each i € {1,2}, g¢; is
0,-QM. Without loss generality, we may assume that ¢ = 1. To prove this statement,
we only need to show that for every triple {z, a,b} in (X1),,

01 (91(2), 92 (a)) d,(x, a)
(3:8) b (2(@) 01 () = % (16dp<x,b>) |
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By the uniform perfectness of X; N Xy, we know that there is a sequence {p,} C
(X1 N X3), such that d(p,,p) — 0 as n — oo. Obviously, {p,,} C (Y1 NY3), and
dy(pl,,p') — 0 as n — oo, where p/, = f(p,). Since ¢; is 6;-QM, we have

01 (91(2), 91(0))ds y (92(8), 91 () dy (. a)dy (b, )
01y (912, 91(0)) g (92(2), 2 (p)) = 0" (16dp<x, b>dp<x,pn>)

Moreover, it follows from Theorem C(1) that all the quantities

dp(,pn); dp(b,pn), diy(91(2), 91(pn)) and dipy(g1(b), 91(pn))

tend to oo as n — co. Thus (3.8) follows from (3.9) by letting n tend to oco.

Next, we shall apply Theorem B to prove (b). For this, we need to check that
all the assumptions in Theorem B are satisfied. Since Corollary 2.2 guarantees that
Y1 N'Y5 is m-uniformly perfect, where 7 depends only on 6 and 7, we see from
Lemmas 2.6 and 3.2, together with the statement (a) of the claim, that all the
assumptions in Theorem B are satisfied. By Theorem B, we know that the statement
(b) of the claim is true, and thus, the claim is proved.

(3.9)

We are ready to finish the proof of the theorem. Since Claim 3.1(b) implies that
flx, = idy Yog oidy is 6o-QM, where 6, depends only on 7, and since p is not an
isolated point of X, we see from the homeomorphism of f that f is also #5-QM. Now,
the proof of the theorem is complete.

4. Some examples

Throughout this section, C denotes the complex plane and z = x + ¢y stands for
a point in C, where x and y € R, O denotes the coordinate origin in C, and the
metric d = | - | is the usual Euclidean metric.

In this section, our purpose is to construct four examples. The first example
shows that the diameter condition in Theorem B is not invariant with respect to QM
mappings. The remaining three examples demonstrate that each of the first three
assumptions in Theorem 1.1 cannot be removed.

Example 4.1. Let
X = X3 UXy,
where X; = (I, UL) \ {0}, Xo = (13U I4) \ {O},
L ={z€C: 2 +¢y*<4, 2>0, y >0},
L={zcC:1<2*+y* <4, <0, y <0},
Ii={2cC:2?+¢y* <4, <0, y<0}
and
L={2€C:1<2*+y*<4, 2>0,y>0}
(see Figure 1), and let
f: X—=Y
with f(z) = prand Y = f (X). Then we have the following conclusions.
(1) The homeomorphism f is 03-QM, where 65(t) = 81¢;
(2) diam(X;) = diam(Xs) = diam(X; N Xy) = 4;
(3) diam(f(X1)) = diam(f(X2)) = oo, but diam(f(X;) N f(X2)) = 2.

Proof. The first assertion follows from [11, p. 220], and the rest two assertions
are obvious. 0
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Figure 1. Example 4.1.

The following example shows that the assumption (1) in Theorem 1.1 cannot be
removed.

Example 4.2. Let
XZXl UXQ,
WhereX1:J1UJ3, XQZJQUJS, J1:{Z€CI 6i4 <l’2+y2<1, 1L'>0, y>0},

Jo={2€C:2°+9y*<1,2>0,y<0} and J3={2€C: 2> +9°=1,2 > 0}

(see Figure 2), and let
f: X =Y,

where flx,(2) = 7, flx(2) = z and Y = f(X). Then the following statements
hold.

(a) X = X;UXj is not weakly p-quasiconvex relative to (X, X5) for any p > 0;

(b) Both X; N X, and f(X;) N f(X2) are connected;

(c) diam(X; N Xy) = diam(X;) = diam(Xs) = 2, diam(f(X;) N f(X2)) =
diam(f(X>)) = 2 and diam(f(X;)) = 8v/2;

(d) Both f|x, and fl|x, are 65-QM, where 63(t) = 81¢;

(e) The homeomorphism f is not 8-QM for any homeomorphism 6.

Figure 2. Example 4.2.
Proof. To prove the first statement, let z; = % + s and 2z, = % — 18, where
0<s< % Then we have

|21 — 22| = 2s.
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Moreover, for any z € X; N Xy = J3, we have

2 —+/1+4s2

min{|z) — 2], | — 2]} > 25

By letting s — 0, we see that X is not weakly u-quasiconvex relative to (X, X3) for
any p > 0.

The second and the third statements are obvious, and the forth one easily follows
from [11, p. 220]. Now, we remain to show the last statement. For this, let

Z3=— —1S, 24 = — —18, 2521—1-@’8 and zg = = + s,

2

where 0 < s < % By elementary computations, we obtain

_ e — zslla — — 64s% and 1 — EA 2M1(s)Xa(s)
|23 — 24|25 — 26| |25 — 2} ]| 25 — 2] \/(1—1-1652)(1—1-482)’

where

15 3

Ai(s) = \/(Z — 452) + (17 4 1652)252  and Ay(s) = \/(5 — 252)2 + (5 + 4s2)2s2

Since 0 < s < %, we see that

"> gm,

and thus, the fact r — 0 as s — 0 implies that f is not #-QM for any homeomorphism
0. O

The purpose of our next example is to illustrate that the assumption (2) in
Theorem 1.1 cannot be removed.

Example 4.3. Let
X =X,UXy,

where X; = {2 € C: 22 +4? < 1, * < 0} U {po}, po denotes the point (1,0) and
Xo={2€C:2>0, y=0} (s eF1gure3) and let

f: X—=X,

where f|x,(z) = z and f|x,(z) = 2%. Then the following statements hold.
f(X;) =X, for each 1 =1, 2;

I)
(IT) X = X; U X, is weakly 1-quasiconvex relative to (X7, Xs);
(ITT) X; N X5 is not 7-uniformly perfect for any 7 € (0, 1);
(IV) diam(X; N X5) = ¢min{diam(X;), diam(X5)} = 1, where ¢ = 3;
(V) flx, and f|x, are ,-QM, where

04(t) = 4t> + 82Vt + 135t + 8t\/t + 90t + 16V/¢;

(VI) The homeomorphism f is not §-QM for any homeomorphism 6.



An extension property of quasimébius mappings in metric spaces 211

Figure 3. Example 4.3.

Proof. The first statement is obvious. To prove the second statement, it suffices
to show that for any z; € X; and 29 € Xs, there exists z* € X7 N Xo(= {0, po}) such
that

(4.1) min{|z; — 2%, |20 — 2*|} < |21 — 22|

If 21 € XiN Xy (resp. 25 € XN Xy), let 2* = 21 (resp. 2 = z3). Then (4.1) is
obvious.
If z1 € X7\ (X1 NXy) and 25 € X5\ (X7 N X3y), then we easily know that the
s =3

angle formed by the vectors Oz; and Oz, is at least 7. By letting 2* = O, we see
that (4.1) is true.

The third and forth statements are obvious. For the fifth one, obviously, f|x, is
01-QM, where 605(t) = t. Hence it is 04,-QM, where

04(t) = 4t> + 82Vt + 135t + 8t\/t + 90t + 16V/%.
About f|x,, we first show that f|x, is n-QS, where
n(t) = t(t + 2).
Let z1 = (21,0), 22 = (22,0), 23 = (x3,0) € Xy with z; # z3. Then

|f(21) — f(22)| _ |9‘3% — l’% _ (1 + 22)|21 — 29
|f(21) — f(z3)| |23 — 23 (71 + 23)|21 — 23]
Since
I <oy |21 —22|’
T + 23 |21 — 23]

we see that f|x, is n-QS, where n(t) = ¢(t + 2). Thus the similar reasoning as in the
proof of [11, Theorem 3.2| ensures that f|x, is 6,-QM.
To finish the proof, it remains to show the last statement. For this, let
24=0, z5 =35, 26 =—s and z; = —2s,
where 0 < s < 1. By elementary computations, we obtain

_ |za = 2||25 — 2] _ A=zl — s+ 2

=3 and r =

B |24 — 25]|26 — 27| |2y — 25|26 — 24 s

Now, it follows from the fact r; — +o00 as s — 0 that f is not #-QM for any
homeomorphism 6. Hence the proof of the example is complete. O
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By the next example, we know that the assumption (3) in Theorem 1.1 cannot
be removed.

Example 4.4. Let
X - X1 U XQ,

where X; = {z € C:22+y> > 1, 2 >0, y >0}, Xo = KUKy, K; = {z €
C:2?4+y*=1,2>0,y>0}and Ko ={2 € C: z =1, y <0} (see Figure 4), and
let

f: X =Y,

where f|x,(2) = L flx,(2) = z and Y = f(X). Then the following statements
hold.

(i) X = X1 U X, is weakly 1-quasiconvex relative to (X, Xp) and Y = f(X;) U
f(X2) is weakly 1-quasiconvex relative to (f(X1), f(X2));
(ii) Both X; N X,y and f(X;) N f(X3) are connected;
(iii) diam(X;) = diam(X;) = oo, diam(X; N X3) = /2, and diam(f(X;) N
f(X»)) = min{diam(f(X1)), diam(f (X2))} = v'2:
(iv) Both f|x, and f|x, are 6#3-QM, where 65(t) = 81¢;
(v) fis not #-QM for any homeomorphism 6.

Y
1 X,
Ky
Po |
[9) 1w
|
1
|
Ko
|
|
|
|
|
|

Figure 4. Example 4.4.

Proof. To prove the first statement, we only need to illustrate the relatively weak
quasiconvexity of X since the proof of that of Y is similar. To reach this goal, it
suffices to show that for any z; € X; and z5 € X5, there exists zg € X7 N Xo(= K;)
such that

(4.2) min{|z; — 2o[, |22 — 20|} < |21 — 29]-

If z1 € K7 (resp. z9 € K3), let 29 = 21 (resp. zo = 22). Then (4.2) is obvious.

If z1 € Xj \ Ky and 2 € X5\ K, then we easily know that the angle formed by
the vectors poz; and pozs is at least 5 ( we recall that py denotes the point (1,0) in
C). This fact guarantees that (4.2) holds by letting zo = po.

The second and third statements are obvious, and the forth one follows from [11,
p. 220|. To finish the proof, it remains to show the last statement. For this, let

1+
z3 = B

t, z2=(1410t, 25=1—10i and z5 =1—ti,
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where ¢ > 10 is an integer. By elementary computations, we obtain
lm—aslla =zl V(E =22+ (E+20)2/(E - 1)% + 42

o as — zullzs — 2| V2t(t — 10)
and
AR V=124 (10t 4+ 1)2/(2t — 1)2 4 (22 + 1)2
AR VaH(t ~ 10) |
Now, it follows from the fact 7 — /5 and r; — 400 as t — 400 that f is not #-QM
for any homeomorphism 6. Hence the proof of the example is complete. U
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