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Abstract. The article investigates mappings whose inverses distort the modulus of paths sim-
ilarly to the Poletsky inequality. It is proved that the classes of such mappings form equicontinuous
families if the majorant corresponding to the distortion of the module is integrable in the domain
of their definition. Under additional conditions on the geometry of the domain of definition and the
image domain these families are equicontinuous, not only at inner, but also at boundary points. In

addition, the question of removability of the isolated singularities for such mappings is resolved.

1. Introduction

In the theory of quasiconformal mappings, there are several remarkable results
relating to the equicontinuity of families of mappings. In particular, the classical
Viisila result asserts that families of such mappings are equicontinuous if they do
not take at least two fixed values in an extended Euclidean space, see [Vaj, Theo-
rem 19.2]. Many other results on this topic are also known. In particular, there are
analogues of the Vaisdla theorem relating to mappings with branching, mappings
between fixed domains and mappings with unbounded characteristic, see e.g. [MRV,
Theorem 3.17], [NPy, Theorem 3.1], [NPy, Theorem 3.1], [Cr, Theorem 8.9], [GU,
Theorem A| and [MRSY3, Theorem 3.1, Corollary 3.6]. In particular, the following
result holds; see [MRV, Theorem 3.17].

Theorem. (Martio-Rickman-Viisild) Suppose that G is a domain in R™ and
F C R" is a compact set of a positive capacity. Then for every K > 1, the family of
all K-quasimeromorphic mappings f: G — R"\ F is equicontinuous with respect to
the chordal metric.

We also give another classical result on the global behavior of maps, see [NPq,
Theorem 3.1].

Theorem. (Nidkki-Palka) Let § be a family of K-quasiconformal mappings of
a domain D # R" onto a domain D’ and let either D or D' be quasiconformally
collared on the boundary. Then § is uniformly equicontinuous if and only if each
f € § can be extended to a continuous mapping of D onto D' and infz h(f(A)) > 0
for some continuum A in D.

https://doi.org/10.5186/aasfm.2020.4520

2010 Mathematics Subject Classification: Primary 30C65; Secondary 32U20, 31B15.

Key words: Mappings with finite and bounded distortion, quasiconformal mappings, local and
boundary behavior.



260 Evgeny Sevost’yanov and Sergei Skvortsov

Here h(F) denotes the chordal diameter of the set E in the extended Euclidean
space. It is necessary to note that in the Martio-Rickman—Vaisild theorem, as well
as in the Nakki—Palka theorem, the transition to inverse mappings is possible. Of
course, we are talking about the situation of homeomorphisms in the first theorem.
Based on the analytical definition of quasiconformality, we may conclude that the
inverse of a quasiconformal mapping is also quasiconformal, see [Va;, Theorem 34.3|,
and thus the aforementioned results can be applied to inverse mappings as well.

The situation will change significantly if a family of mappings with an unbounded
characteristic is considered. As we will see from the examples at the end of the article,
there are families of maps with unbounded characteristic that are not equicontinuous,
however, the inverses to them are such. A similar remark applies to the case related
to the equicontinuity of families of maps in the closure of a domain. The problem of
equicontinuity for inverse mappings has been considered in [Sev| and [SevSkv| under
more restricted conditions than here.

Now we formulate the main assumptions and results. In what follows, M denotes
the n-modulus of a family of paths, and the element dm(z) corresponds to a Lebesgue
measure in R™, n > 2, see [Vay|. For the sets A, B C R" we set, as usual,

diam A = xs;epA |z —y|, dist (A, B) = xezlaxl}yfeB |z —y|.
For given sets E and F and a given set A in R" = R"U{oo}, we denote by ['(E, F, A)
the family of all paths v: [0,1] — R”™ joining £ and F in A, that is, v(0) € E,
v(1) € F and (t) € A for all t € [0,1]. Everywhere below, unless otherwise stated,
the boundary and the closure of a set are understood in the sense of an extended
Euclidean space R". Let zy € D, z # o0,

S(xg,r) ={x e R": |z — x| =7}, S;=S(xo,1), 1=1,2,
A:A($0,T1,T2):{$€RnIT1<‘$—I0|<T2}.

Let @: R™ — R™ be a Lebesgue measurable function satisfying the condition Q(z) =
0 for z € R" \ D. The mapping f: D — R" is called a ring Q-mapping at the point
xg € D\ {00}, if the condition

(1.1) MG S, D) < [ - Q) -n*(lx = wol) dm(z)

nD
holds for all 0 < r; < 7y < dy := sup,cp | — 20| and all Lebesgue measurable
functions n: (r1,72) — [0, 00| such that

T2
(1.2) / n(r)dr > 1.
r1
The mapping of f is called a ring Q-mapping in D, if condition (1.1) is satisfied at
every point zy € D, and a ring Q-mapping in D, if the condition (1.1) holds at every
point 2o € D. For the properties of such mappings see [RSY] and [MRSY|.

Estimates of the form (1.1) have a large range of applications and inequalities
of this type go back to [Vay| for quasiconformal and to [Pol| for quasiregular map-
pings. Inequality (1.1) can be also used for mappings with unbounded characteristics,
see [MRSY}, Theorems 4.6 and 6.10] and [KO, Theorem 4.1].

A domain D C R™ is called locally connected at the point g, if for any neighbor-
hood U of point z( there is a neighborhood V' C U of the same point such that VN D
is connected. The domain D is called locally connected on 0D, if this domain is such
at each point of its boundary. The boundary of the domain D is called weakly flat at
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the point xy, if for every number P > 0 and for every neighborhood U of this point
there is a neighborhood V' of point z such that M(I'(E, F, D)) > P for arbitrary
continua F and F| satisfying conditions F' N OU # @ # F N oV. The boundary of
domain D is called weakly flat if it is such at each point of its boundary.

Let (X, d) and (X', d’) be metric spaces with distances d and d’, respectively. A
family & of mappings g: X' — X is said to be equicontinuous at a point yo € X',
if for every € > 0 there is § = 0(g,y9) > 0 such that d(g(y),g(yo)) < e for all g € &
and y € X' with d'(y,y0) < §. The family & is equicontinuous if & is equicontinuous
at every point yo € X'. In what follows, unless otherwise stated, X = D and
d(xz,y) = |z — y|, where D is a bounded domain of the Euclidean space R™. The
space X’ means either D’ or D’ depending on the context. In this case, D’ is the
domain of the extended Euclidean space R", and h denotes the so-called chordal
metric defined by the equalities

T — 1
(13) h(l’,y): | 5 y‘ 27 x%oo#y, h(l’,OO): 72
\/1+|93| \/1—|—|y| 1+ |z|
For a given set £ C R", we set
(1.4) h(E) := sup h(z,y).
ekl

The quantity h(F) in (1.4) is called the chordal diameter of the set E.

For given domains D and D’ in R” and given Lebesgue measurable function
Q: R™ — [0,00], which vanishes outside D, denote by Rq(D,D’) the family of
all homeomorphisms g of D’ onto D such that the mapping f = ¢~ is ring Q-
homeomorphism in D. The following result holds.

Theorem 1.5. Let n > 2, and let D be a bounded domain in R™. If Q € L*(D),
then the family Rq (D, D') is equicontinuous in D'.

Note that Theorem 1.5 does not contain any geometric conditions on D and D’
except that D is bounded. We also present an equicontinuity result in the closure of
a domain. For this we make the following assumptions. Let D and D’ be domains
in R", A C D a continuum and Q a Lebesgue measurable function which vanishes
outside D. We let &5 .4.0(D, D’) be the family of all homeomorphisms g of D’ onto
D such that f = ¢! is a ring Q-homeomorphism in D, and the condition

h(f(A)):= sup h(z,y) >0
z,yef(A)

is fulfilled. The following assertion holds.

Theorem 1.6. Letn > 2, and let D be a bounded domain in R™ which is locally
connected at all its boundary points. Suppose that the boundary of the domain D' is
weakly flat; moreover, no component of 9D’ degenerates into a point. If Q € L*(D),
then each map g € &5.4.0(D, D’') has a continuous extension g: D’ — D, such that
g(D’) = D, while the family &5 4,o(D,D’), consisting of all extended mappings, is
equicontinuous in D’.

It is quite natural that in Theorem 1.6 there are more conditions than in The-
orem 1.5. Indeed, in order for the family of mappings to be equicontinuous in the
closure of an domain, at least a continuous extension to its boundary is required.
However, even for conformal mappings of the unit disk, this property can be violated
if the boundary of the image domain is “too bad”.
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2. Preliminaries

We need the following topological lemma and refer to [SevSkv| for the proof.
Recall that a path will be called a continuous mapping v: I — R of a segment,
interval or half-interval I C R into n-dimensional Euclidean space R™. As usual, the
following set is called the locus of a path v: I — R™:

|y ={z e R": It € I:y(t) =z}.

We also say that the paths 7; and 2 do not intersect each other if their loci do
not intersect as sets in R™. A path v: I — R" is called a Jordan arc, if v is a
homeomorphism of I onto |v].

Lemma 2.1. Let n > 2, and let D be a domain in R" that is locally connected
on its boundary. Then every two pairs of points a € D, b€ D andc € D, d € D
such that a # ¢ and b # d can be joined by non-intersecting paths v, : [0,1] — D and
Yo: [0,1] — D so that v;(t) € D for all t € (0,1) and all i = 1,2, while v,(0) = a,
71(1) = b, 12(0) = c and 12(1) = d.

The following statement is a simple consequence of the well-known Viisala the-

orem on the lower estimate of the modulus of families of paths joining two continua
that intersect the plates of a spherical ring.

Lemma 2.2. (Viiséld’s lemma on the weak flatness of inner points) Let n >
2, let D be a domain in R", and let zy € D. Then for each P > 0 and each
neighborhood U of point xy there is a neighborhood V' C U of the same point such
that M(I'(E, F, D)) > P for any continua E, F C D intersecting OU and 0V.

Proof. Fix a neighborhood U of a point xy. Without loss of generality, using
auxiliary inversion p(z) = z/|z|?, if necessary, we may assume that zy # oo. Choose
now g9 > 0 so that B(zg,e0) € D NU. Let ¢, be a positive Véiséld constant
defined in [Va;, (10.11)], and let € € (0,50) be so small that ¢, -log=® > P. Let
V := B(xg,¢), and let E, F' be arbitrary continua intersecting OU and 0V. Then
also £ and F intersect S(xo, o) and 9V, see [Ku, Theorem 1.1.5.46|. Therefore, the
desired conclusion follows from [Va;, Section 10.12|, because

M(I'(E,F,D)) > ¢, -log = > P, O
g

3. Proof of Theorem 1.5

We prove the theorem 1.5 by contradiction. Suppose that the conclusion of this
theorem does not hold, that is, the family of maps R (D, D’) is not equicontinuous
at some point yo € D’. Then there is yo € D’ with the following property: for
each m € N there are y,, € D’ and a homeomorphism g, € Rq(D, D’), such that
R(Ym, yo) < 1/m, however,

(3.1) |9m (Ym) — gm(yo)| = €0
Consider a straight line
r=7m(t) = gn(yo) + (gm(Ym) — gm(0))t, —00 <t < oo,

passing through points g,,(y,,) and g,,(vo), see Figure 1.
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Figure 1. To the proof of the theorem 1.5.

Since the domain D is bounded, in view of [Ku, Theorem 1.1.5.46] the above
line r = r;,(t) intersects dD for some value of the parameter ¢ > 1. In this case,
there is t7" > 1 such that r, (") = " € 0D. Without loss of generality, we
may assume that r,(t) € D for all t € [1,"). In this case, the segment +]*(t) =
Im(Y0) + (gm(Ym) — gm(v0))t, t € [1,7], belongs to the domain D for all ¢t € [1,t]"),
V() = 2 € 0D and 4" (1) = gm(Ym). Similarly, there are t* < 0 and a segment
V3 () = gm(Yo) + (gm(Ym) — gm(y0))t, ¢ € [t3",0], such that 13" (t3") = 23" € ID,
YH0) = gm(yo) and ¥4 (t) € D for all t € (5%,0]. Set f,, := g,,* and fix m € N.
Since f,, is a homeomorphism, the limit sets C( f,,, 27*) and C(f,,, ¥5") are in the set
0D’ (see [IMRSY3, Proposition 13.5]), where, as usual, we use the notation

C(f,r):={yeR":Ja, € D: vy =, f(zp) >y, k— oo}

Therefore, there is a point 2" € D N |y7*| such that h(f,(27"),0D") < 1/m. Since
the space R" is compact, we may assume that f,,(z7") — p; € 9D’ as m — oo.
Using similar reasoning, we also conclude that there is a sequence zI* € D N |45
such that h(f,,(25"),0D") < 1/m and f,,(25") — p2 € 0D’ as m — oo. Denote by
P,, the part of the segment 7", located between points g,,(y,) and z7*, and by @,
the corresponding part of the segment 73", located between the points ¢,,(yo) and
zy'. Put
A, =AR e e ) ={r e R": ' < |z — 27"| < 7'},

where

e = |gm(Ym) — 21"1, €5" = [gm(yo) — 21"
Let Iy, = T'(Pp, Qm, D). Let us show that
(3.2) Ly > T(S(el), S(27e8), AN D).

Indeed, let v € T',,, in other words, v = v(s): [0,1] — R", v(0) € P, v(1) € Qm
and y(s) € D for 0 < s < 1. Let ¢,, > 1 be a number for which

27" = gm(Yo) + (gm(Ym) — 9m(Y0))@m-
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Since v(0) € B,,, there is 1 < t,,, < ¢y, such that
Y(0) = gm(Yo) + (gm(Ym) — Gm(Yo))tm-

Therefore,
[7(0) = 2" = [(gm(Ym) — 9 (40)) (@m — )]
(3.3) < (gm(Ym) = gm(¥0))(@m — 1)
= [(9m(Ym) = 9m(¥0))@m + gm(Y0) = Gm(Ym))|
= |gm(ym) — 21" = €1

On the other hand, since (1) € Q,,, then there exists p,, < 0 such that
V(1) = gm (o) + (9m(Ym) — I (Y0))Pim-

In this case, we obtain that

|7(1) - Z{n| = |(gm(ym) - gm(yo))(Qm _pm)|
> |(gm(Ym) — Gm(¥0))Gm]
34 — g 5n) = 9 (56 + 6 (50) — G50
= |gm(yo) — 21"| = 3"
Note that
(3.5) [9m(40) = Gm (Ym)| + €7 = |gm(Y0) = G (Ym)| + [9m(Ym) — 21"

= |21" = gm(y0)| = &2,
and, therefore, " < €4'. Then we obtain from relation (3.4) that
(3.6) [Y(1) = 27" > et

If v(0) & S(27",€), then from the relations (3.3) and (3.6) it follows that |y| N
B(z",el) # @ # (D \ B(21",¢7")) N|y|. Then, in view of [Ku, Theorem 1.1.5.46],
there is t; € (0, 1) such that v(¢;) € S(z7", 7). Without loss of generality, we may
assume that v(t) & B(2]",e") for t € (t1,1). Put 71 := |, 1-

On the other hand, since " < &b and v (t;) € S(z]",e"), we obtain that
|y1| N B(2", eh) # @. By (3.4), we obtain (D \ B(z]",e5")) N |11]| # @. Therefore,
by [Ku, Theorem 1.1.5.46| there is t5 € [t1, 1) such that v, (t2) € S(2]", €5").

Without loss of generality, we may assume that v, (t) € B(2]", ") for t € (t1,ts).
Put 75 := | ). Then v > v and v, € I'(S(21", €), S(21", €5), An). Thus, the
relation (3.2) is now established.

Put

1 m -m
TR O
07 t ¢ [61 1 €2 ]
Observe that n satisfies the relation (1.2
obtain from (3.1) and (3.5) that

) with 1 = " and ry = €'. In fact, we

TL—Ty =€y — &) = |gm(y0) - Z{n| - |gm(ym) - Zgn‘ = |gm(ym) - gm(yo)‘ 2 €o.

Then fa,én n(t)dt = (1/eo) - (e — ") > 1. By the definition of the corresponding

€1
class of mappings in (3.2) considered at the point 2]", we obtain that

M (fin(Tm)) < M(fm(T(S(21" €7"), S (21", €5"), Am 0 D))

(3.7) < %/[)Q(x) dm(r) := ¢ < oo,
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since @ € LY(D).

Relation (3.7) is a uniform estimate of the corresponding modulus of families of
paths, in which "uniformity” refers to the index m on the left; however, the right-
hand side of this relation does not depend on m. Now we show that this leads to
a contradiction with the condition of the weak flatness of the interior point y, in
which we consider our family of maps Rq(D, D’). Indeed, first of all we have that

h(fm(Pm)) Z WY fm(21")) 2 (1/2) - M(yo, p1) > 0
and

h(fm(@m)) = h(yo, fm(23")) = (1/2) - h(yo, p2) > 0
for large m € N. (Recall that chordal diameter h( f,,(Qn,)) of the set E is defined by
the relation (1.4), where, in this case, E := f,,,(Q.,)). Moreover, note that

M (Po)s B @u)) i= 0 () < By ) 0. m o oc.

Then, by Lemma 2.2, we have that
M(fu(Tm)) = ML (fin(Pn), fn(@mn), D')) — 00, m — oo,

which contradicts (3.7) and hence also (3.1). The obtained contradiction refutes the
assumption made in (3.1). The theorem is proved. O

4. On the behavior of mappings in the closure of an domain

We now pose the question of the equicontinuity of families of mappings not only
at internal, but also boundary points. In order to fully understand this question, we
prove one important topological statement about the approach of the image of the
continuum to the boundary of the domain. Note that similar statements were pre-
viously known for quasiconformal mappings, see, for example, [Va;, Theorems 21.13
and 21.14|. However, we get this result for more general classes of mappings and
according to our own scheme of arguments, different from [Va;]. The meaning of
this statement is that the image of a fixed continuum under mappings satisfying the
estimate (1.1) cannot approach the boundary of the image domain if this domain has
some "good” properties and the diameter of the image of the continuum is bounded
below.

Lemma 4.1. Let n > 2, let D be a bounded domain in R™, and let D' be some
domain in R™. Suppose that D is locally connected on 0D, D' has a weakly flat
boundary, Q € L'(D) and, moreover, no connected component of the set 0D’ does
not degenerate into a point. Let f,,: D — D’ be a sequence of homeomorphisms of
D onto D', satisfying the relation (1.1) in D with the same function ). Suppose also
that there is a continuum A C D and a number 6 > 0 such that h(f,,(A)) > ¢ > 0 for
allm = 1,2,..., where, as usual, h(f,,(A)) is defined in (1.4). Then there is 6; > 0
such that

h(fm(A),0D") >, >0 Vm €N,

where h(f,,(A),0D") = e (ifgfye@D’ h(z,y).

Proof. Since D is a bounded domain and, moreover, f,, (D)= D', m=1,2,...,
then 0D’ # @. Thus, the distance h(f,,(A),0D’) is well defined.

We carry out the proof by contradiction. Suppose that the conclusion of the
lemma is not true. Then for each & € N there is some number m = my, such that
h(fm, (A),0D") < 1/k. Of course, we can assume that the sequence my increases on
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k. Since R™ is compact, the set D’ is also compact in extended Euclidean space.
Note that the set f,, (A) is compact as a continuous image of a compact set A C D
under the mapping f,,,. In this case, there are elements z;, € f,,, (A) and y; € 0D’
such that h(f, (A),0D") = h(xy, yr) < 1/k (see Figure 2).

D (L)

Figure 2. To the proof of Lemma 4.1.

Since 0D’ is a compact set, we may assume that y, — yg € 0D’ as k — oo; then
also

T — Yo € OD', k — oo.

Let K be a connected component of the set dD’, containing yy. Obviously, Kj is

a continuum in R™. Since D’ has a weakly flat boundary, the mapping g,,, = n:kl
can be extended to a continuous mapping g, : D’ — D (see [Sm, Theorem 3]).
Moreover, g, is uniformly continuous on the set D’ for every fixed k, because the

mapping g, is continuous on the compact set D’. In this case, for each € > 0 there
is 0, = dx(€) < 1/k such that

(4.2) T, (2) = G, (20)| <& V20 € D', h(x,30) <0, 0 <1/k.
Choose ¢ > 0 such that
(4.3) e < (1/2) - dist (0D, A).
Denote By,(z9,7) = {x € R": h(z,29) < r}. For a given k € N, we set
By = |J Bu(zo, %), keN.
20eKo

Since the set By, is a neighborhood of the continuum Ky, due to [HK, Lemma 2.2|
there is a neighborhood Uy, of the set K, such that U, C By and U,N D’ is connected.
Without loss of generality, we may assume that Uy is an open set, so Uy N D’ is also
path connected (see [MRSY3, Proposition 13.1]). Let h(Ky) = mo. In this case,
there are zp,wy € Ky such that h(Ky) = h(zo,wg) = mg. So, there are sequences
€ UsND', 2z, € U, ND' and w, € U, N D’ such that z, — 29, Jx — yo and
wy — wo as k — 0co. We may assume that

(44) h(zk,wk) > m0/2 Vk e N.
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Since the set Uy N D’ is path-connected, we can sequentially join the points z, 7x
and wy, using some path 7y such that |y;| C Uy N D’. As usual, we denote by |7x| the
locus of the path 7y in the domain D’. Then g¢,,, (|7|) is a compact set in the domain
D. If x € |y, then there is g € Ky such that x € B(xzg,0;). Put w € A C D.
Since = € || and, moreover, x is an inner point of the domain D', we can write here
9m, (7) instead of g, (v). By the relations (4.2) and (4.3), as well as by the triangle
inequality, we obtain that for sufficiently large k € N,

|9my, () = W[ = [w = Gy, (20)| = [, (20) = Gy, ()]

(45) > dist (9D, A) — (1/2) - dist (3D, A) = (1/2) - dist (9D, A) > e,

where dist (0D, A) = inf,cop yea |v — y|. Taking inf in the relation (4.5) over all
x € || and w € A, we obtain that
(4.6) dist (gm, (|7%l), A) := inf lr —y| >e, Vk=12,....

z€gm, (|1 ]).y€A

We cover the continuum A with balls B(x,c/4), x € A. Since A is a compact set, we
may assume that A C Uf\i‘)l B(x;,e/4), x; € A, i =1,2,..., My, 1 < My < o0o. By
definition, M, depends only on A, in particular, My does non depend on k. We set

Note that
Mo
(4.8) Ty = [ JTw,
i=1

where T'; consists of all paths : [0,1] — D, belonging to the family I'y, such that
7(0) € B(z;,e/4) and y(1) € g, (|7k]). We now show that

(4.9) Das > D(S(xs, 2/4), S (24, £/2), Alwi, 2/4,£/2)).

Indeed, let v € I'y;, in other words, v: [0,1] — D, v(0) € B(x;,¢/4) and (1) €
gme (). By (L6), b N Blae/d) £ & # || N (D \ Blar,e/4)). Thercfore,
by [Ku, Theorem 1.1.5.46] there is 0 < t; < 1 with the condition (1) € S(z;,e/4).
We can assume that v(t) ¢ B(z;,¢/4) for t > t;. Put v = 7|p,,y. By (4.6),
|y | N B(xi,e/2) # & # | |N(D\ B(x;,e/2)). Thus, by [Ku, Theorem 1.1.5.46] there
is t; < to < 1 with v(t2) € S(x;,e/2). We may assume that v(t) € B(z;,¢/2) for
t < t. Put 72 := |y - Then, the path v, is a subpath of v, which belongs to
the family I'(S(x;,e/4), S(zi,e/2), A(zi,/4,¢/2)). Thus, the relation (4.9) is estab-
lished. Further reasoning is based, as before, on the successful choice of an admissible
function n. Put

0, tee/4,¢e/2].

Note that n satisfies (1.2) for = €/4 and 7y = £/2. Then, according to the definition
of a ring ()-homeomorphism at z;, we obtain that

(4.10) M(fon, (T(S (i /4), S (i, €/2)), Awi,e/4,€/2))) < (4/€)" - [|Qflr < ¢ < o0,

where ¢ is some positive constant and ||Q||; is Li-norm of the function @ in D.
By (4.8), (4.9) and (4.10), using the subadditivity of modulus, we obtain that

46]1\140 / Q(x)dm(z) < c- My < oo.
D

n(t) = {4/5, t € le/4,¢/2),

(4.11) M(fm, (T)) <
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The estimate (4.11) contradicts the weak flatness on the boundary of D’. Indeed,
let P> c-Myand U = By,(yo,70) = {y € R": h(y,y0) < 10}, where 0 < ry <
min{d/4,mg/4},  is the number from the condition of the lemma and h(Ky) = my.
Note that || NU # @ # || N (D' \ U) for sufficiently large £ € N, since h(|yx|) =
mo/2 > mo/4, Uk € || and Tx — yo as k — oo. Similarly, f,,, (A)NU # & #
fm, (A) N (D"\ U). Since |y| and f,,, (A) are continua, we obtain that

(4.12) S (A)NOU # @, || NOU # 2,

see [Ku, Theorem 1.1.5.46]. For a given P > 0, let V' C U be a neighborhood of the
point yo, corresponding to the definition of a weakly flat boundary. Then we have
that

(4.13) M(I(E,F,D"))> P

for any continua E, F' C D’ with ENOU # & # ENOV and FNOU # @ # FNIV.
Observe that

for sufficiently large k € N. Indeed, Ui € ||, zx € fm, (A), where 24, — yo € V
as k — oo. Therefore, || NV # @ # f,,,(A) NV for large k € N. In addition,
we have that h(V) < h(U) < 2rg < mo/2. By (4.4), h(|vk|) > mo/2, therefore,
|76|N(D'\V) # @. Thus, by [Ku, Theorem 1.1.5.46], |y,|NOV # @. Similarly, h(V') <
h(U) < 2rg < §/2. Since h(fn, (A)) > J, we obtain that f,, (A)N(D'\V) # @.
By |Ku, Theorem 1.1.5.46], we have that f,,, (A) N0V # @. Thus, the relation (4.14)
is established.
By (4.12), (4.13) and (4.14), we obtain that

(4.15) M(T(fin (A), [yxl, D)) > P
Note that F(fmk(A)’ |7k|>D/) = fmk(F(A7 gmk(|7k|)>D)) = fm/k(rk) Therefore, the

relation (4.15) can be written as
(4.16) ML (fm, (A), [yl D) = M(fm,, (Tk)) > P > c- My

In this case, by (4.11) and (4.16), we have that simultaneously M(f.,, (I'x)) > ¢- My
and M(fm, (I'x)) < ¢ My for sufficiently large k& € N. The resulting contradiction
means that the above assumption h(f,, (A),0D’) < 1/k was incorrect. The proof of
the lemma is complete. [J O

Proof of Theorem 1.6. Let g € G5 .4.0(D, D’). Since D' has a weakly flat bound-
ary, g can be extended to a continuous mapping g: D’ — D (see [Sm, Theorem 3|,
see also [MRSY3, Theorem 4.6]).

We now verify the equality g(D’) = D. Indeed, by definition, g(D’) C D. It
remains to show the converse inclusion D C g(D’). Let xy € D. Now, we show
that zo € g(D’). If 7y € D, then either 2y € D, or 2y € dD. In the case zy € D
there is nothing to prove, since g(D’) = D by the condition of the theorem. Now
consider the case when xy € dD. In this case, there are x;, € D and y, € D’ such
that 2, = g(yx) and 2, — o as k — co. Since D’ is a compact set of an extended
Euclidean space, we may assume that y, — 1o € D’ as k — oo. Since f = g~ ! is
a homeomorphism, 1y € dD’. Since the mapping §~' is continuous in D’, we have
9(yx) — G(yo) as k — oo. However, in this case, g(yo) = xo, because g(yx) = x5 and
Tp — 7 as k — oo. Therefore, 7y € g(D’). The inclusion D C g(D’) is proved.
Finally, the relation D = g(D’) is also established, as required.
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The equicontinuity of the family &;5.40(D,D’) in the domain D’ is the state-
ment of Theorem 1.5. It remains to establish that the same family of mappings is
equicontinuous at the boundary points of the domain D’.

We carry out the proof by contradiction. Suppose that the above conclusion
does not hold. Then there is a point zp € dD’, a positive number £y > 0, a sequence
zm € D’ converging to a point z, and a map g, € Ss.4.0(D, D’) such that

(4.17) |G (2m) — Gn(20)| = €0, m=1,2,....

Put ¢,, := §,,|p/. Since the map g,, has a continuous extension to dD’, we may
assume that z, € D’ and, therefore, G,,(2m) = gm(zm). In addition, there is a
sequence z; € D' with z/ — zp as m — oo, such that |g,,(2,),) — G,.(20)] — 0
as m — oo. Since the domain D is bounded, D is a compact set. Therefore, we
may assume that g,,(z,) and g,,(z0) converge as m — oo. Let ¢,,(2) — 71 and
Jn(20) — T3 as m — oo. By the continuity of the module in (4.17), 77 # 3.
Also, since homeomorphisms preserve the boundary of the domain, 75 € dD. Let
x1 and x9 be different points of the continuum A, none of which is the same as 77.
According to Lemma 2.1 we can join pairs of points x;, T; and xy, T3 using the
paths v, : [0,1] — D and ~s: [0,1] — D so that |y| N || = &, 1(t),12(t) € D for
t € (0,1), 11(0) = z1, (1) = 71, 12(0) = x5 and 7»(1) = T3. Since the domain D
is locally connected on 0D, there are neighborhoods U; and U, of points 77 and 73,
respectively, whose closures do not intersect, and, moreover, sets W; := D N U; are
path-connected. Without loss of generality, we may assume that U; C B(Z7, dy) and

(4.18) B(T1,00) N || =@ =Us N ||, B(T1,60) NU, = 2.

In addition, we may assume that g,,(z,) € Wi and g¢,,(z,,) € W5 for all m € N. Let
a; and ay are arbitrary points belonging to || MW7 and |yo| N Ws. Let 0 < t1,t < 1
be such that ~;1(t;) = a; and 2(t2) = as. Join the points a; and g¢,,(z,) by means
of the path a,,: [t;, 1] — W) such that a,,(t;) = a1 and a,,(1) = g (2). Similarly,
let us join as and g,,(z,,) by means of the path 5,,: [t2, 1] = Ws, 5,,(t2) = a2 and
Bm(1) = gm(z,,) (see Figure 3).

ST

Figure 3. To the proof of Theorem 1.6.
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Put

1 _ Vl(t% t6[0>t1]> 2
Cm(t)_{am(t), e, O

(t) _ 72(t)a te [OatQ]a
Bm(t), t € [ta, 1]
As usual, we denote by |C! | and |C? | the loci of the paths C! and C?,, respectively.
Setting
lo = min{dist (|71, |2]), dist (|7, U2)},

consider the coverage Ay := U,¢,, B(@,lo/4) by balls of |y1[. Since |y is a compact
set, we can choose a finite number of indices 1 < Ny < oo and the corresponding
points 1, ..., xy, € |y such that |y | C By := N, B(xi,lo/4). In this case,

No
Chl € Uy Ulml| € B(@,00) U Blai, lo/4).

i=1

Let T',, be a family of paths joining the sets |C| and |C?] in the domain D. Then
we will have that

No
(4.19) Lo = JTomi:
=0

where I';,,; is a family consisting of paths v: [0, 1] — D such that v(0) € B(x;,lo/4) N
|CL] and (1) € |Ci'] at 1 < i < Np. Similarly, define T',,,0 as a family, consisting of
paths 7: [0,1] — D such that v(0) € B(z1,d0) N |CL| and (1) € |C3|. By (4.18)
there is oy > 0y > 0 such that

B(@1,00) N2l =2 =N ||, B@i,00)NT = 2.
Arguing as in the proof of Lemma 4.1, we may show that

Fm,(] > F(S(x_lu 60)7 S(flf_l, O'(]), A(flf_l, 507 00) N D)7
Put

n(t):{zl/zo, t € [lo/4.10/2], no(t):{y(o—o—(so), t € [0, 00,

0, t & [lo/4,10/2], 0, t & [do, 09).
Let f, := g,'. Then by virtue of (1.1), we obtain that
M(fm(F(S(I_l, 50)7 S(I_lu 00)7 A(I_lu 607 00) N D))) < (1/(00 - 5(]))% ' HQHl

(4.21) < € < 00,
M(fin(D(S (i, lo/4), S (i, lo/2), Al lo/4,10/2) N1 D)) < (4/(1))" - Q1
< ¢y < 00,

where ¢; and ¢; are some positive constants independent on m. Combining re-
lations (4.19), (4.20) and (4.21) and taking into account the subadditivity of the
modulus of families of paths, we obtain that

(4.22) M(fm(Tm)) < (4" No/lg + (1/(00 = 60))") | Q|1 == ¢ < o0

Again, as in the proof of Lemma 4.1, we show that relation (4.22) contradicts the
condition of the weak plane of the mapped domain. Indeed, by Lemma 4.1, there is
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a number 0; > 0 such that h(f,,(A),0D’) > §; > 0 for all m = 1,2,.... Therefore,
h(|fm(crln)|) = h(zma fm(zl)) 2 (1/2) ' h(fm(A)aaD/) > 51/2a
h(| fn(CRI) = 1z, frn(w2)) = (1/2) - B(fin(A),0D") > 6,/2

for some My € N and all m > My. Put U := By(20,70) = {y € R": h(y, z) <
ro}, where 0 < ry < 01/4 and the number J; is from the relation (4.23). Note
that |f,,(C)|NU # @ # |fn(CL) N (D" \ U) for sufficiently large m € N, since
(| frn(CL)]) = 61/2 and 2, € |fi(CL)], 20n — 20 as m — oo. Similarly, | f,,(C2)| N
U# @4 |fm(C2)|N(D'\ U). Since | f,,(C})| and |f,,(C?)| are continua,

(4.24) [ Co)lNOU # &, | fu(Cy)| N OU # 2,

see, e.g., [Ku, Theorem 1.1.5.46]. Since 0D’ is weakly flat, then for a given P > 0
there is a neighborhood V' C U of 2, such that

(4.25) M(T(E,F,D")) > P

for any continua £, F' C D’ with ENOU # @ # ENOV and FNOU # @ # FNOV.
We show that the following relation holds:

(4.26) [fm(Co)| MOV # 3, |fu(Cp) N OV # @

(4.23)

where m € N is large enough.

Indeed, let z,, € |fn(CL)], 2., € |fm(C2)|, where 2,2} — z0 € V as m — oo.
In this case, |f(CL) NV #£ @& # |fn(C2)| NV for sufficiently large m € N. Also,
h(V) < h(U) < 2rg < 8,/2. Further, by (4.23) we obtain that i(|f,,(CL)|) > 6,/2.
Therefore, |f,,(CL)| N (D"\ V) # @ and, therefore, |f,,(CL)| NIV # & (see [Ku,
Theorem 1.1.5.46]). Similarly, h(V) < h(U) < 219 < 01/2. By (4.23) h(|fm(C2)|) >
81/2, therefore | f,,,(C%)| N (D' \ V) # @. By |[Ku, Theorem 1.1.5.46] we obtain that
| fm(C2)| MOV # @. Thus, the relation (4.26) is established.

Combining the relations (4.24), (4.25) and (4.26), we obtain that

M(fin(Tm)) = ME(|fin(Co)l, [fn(CR)|, D)) > P.
The last relation contradicts the inequality (4.22). Theorem is completely proved.

Remark 4.27. One of the versions of Theorem 1.6 was established by us earlier
and related to less general classes of mappings, see [SevSkv, Theorem 3|. In addition,
the mapped domain D’ here was (QF D-domain by Gehring—Martio, which can also
be considered as a particular case of a domain with a weakly flat boundary. We also
mention paper [SSI|, where the boundary behavior of families of mappings with two
normalization conditions is investigated. Although the publications mentioned above
correspond to the situation of general metric spaces, the results of this article do not
follow from them in full. In particular, an equicontinuity of families of mappings
inside a domain cannot be obtained as in Theorem 1.5, in an arbitrary metric space.

5. On isolated singularities of inverse mappings

We consider the removability of an isolated singularity for mappings whose in-
verses satisfy (1.1). Isolated singularities have been studied in [MRSY,, Corol-
lary 5.23|, [RS, Theorem 6.1] and [Sm, Theorem 5], but, besides (1.1), we do not
assume any extra conditions on the domains of definitions and their images. The
main result is as follows.
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Theorem 5.1. Let D and D’ be domains in R*, n > 2, and let g be a homeo-
morphism of a domain D’ onto a domain D, the inverse f = g~! of which satisfies
the condition (1.1) at every point xy € OD. If Q € L*(D) and v, is an isolated point
of the boundary of the domain D’ then the mapping g has a continuous extension
g: D' U{y} — R" to yp.

Theorem 5.1 does not imply the removability of an isolated singularity for f,
see [MRSY3, Proposition 6.3|, although for quasiconformal mappings, as in the par-
ticular case of such classes, we can still assert the validity of Theorem 5.1 for both
f and g, see |[Va;, Theorem 17.3]. As before, the boundary, closure, and continuous
extension of maps are understood in the sense of the extended space R". For a given
mapping f: D — R" and a set £ in R", we put

C(f,E)={yeRr:3x € E, v, € D: 2, > x, f(r;) =y, k— oo}

The next most important statement is published in [IR, Lemma 5.3|, see also [MRSY3,
Lemma 6.5].

Proposition 5.2. Let D and D' be domains in R*, n > 2, and f: D — R" a
homeomorphism. Then there exists a one-to-one correspondence between the com-
ponents K and K’ of the boundaries 0D and 0D’ such that C(f, K) = K’ and
C(f~LK') =K.

Proof of Theorem 5.1. Without loss of generality, we may assume that y, #
oo. Here and everywhere, as usual, h(x,y) denotes the chordal (spherical) distance
between points z,y € R”, see (1.3). Suppose the contrary, namely, suppose that g
has no limit at . Since the space R" is compact, C(g,v0) # @. Then there are
x1, 79 € R", 21 # 79, and at least two sequences ¥, y,, — yo as m — oo such that
Zm = 9(Ym) — 21, 2., = g(y),) = 2 as m — oo. Without loss of generality, we may
assume that z; # oco.

Since yy € 0D’ is an isolated point of D', C'(g, yo) is a continuum and, moreover,
is a component of the boundary 0D (see Proposition 5.2). Let us show that there
exists £ > 0 such that

(53) B(%’l,él)mK:@

for every component K of the boundary 0D such that C(g,yo) # K.

We establish the relation (5.3) also by contradiction. Suppose the contrary. Then
there is a sequence d,, of components of 0D, d,, # C(g,y), m = 1,2,..., such
that B(z1,1/m)Nd,, # @. By Proposition 5.2, the component d,, of the set D is in
one-to-one correspondence with some component d/ C 9D’ such that C(f,d,,) = d],.
Therefore, we may choose (,,, € B(z1,1/m) N D so that

(G dl) = nf B(7(Ga).p) < 1/m.
Since d!, is a compact set in R", there is &, € d! such that h(f((n),d)) =
h(f(Cm)s&m). Since R™ is compact, there is a subsequence f((n,), converging in
R" as k — oo. Since (,, € B(x1,1/my), then by Proposition 5.2 the sequence
f(Gmy,) can converge only to yo as k — co. Then by the triangle inequality

as k — oo, which contradicts the assumption that the point y4 is an isolated point
of 0D’. We may consider that f(z) # oo for x € B(z1,e1) N D. Let Bi(22,62) =
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B(wy,e3) for x5 # 0o and B, (x9,e5) = {x € R": h(x,00) < &5} for 25 = c0. As in
the proof for (5.3) there is €5 > 0 such that
B*(ZL'Q,EQ) NK =0

for every component K of the boundary 0D, not equal to C(g,yo) # K. Without
loss of generality, we may assume that B(xy,e1) N By (x2,82) = &, 2,, € B(x1,€1) and
2} € Bi(xg,e9) for all m =1,2,... (see Figure 4).

Figure 4. To the proof of Theorem 5.1.

Note that the set B(x1,¢1) is convex, and B, (x2,e5) is path connected. In this
case, the points z; and z, can be joined by the segment I,,(t) = 21 + t(z, — 21),
t € (0,1), lying inside the ball B(zy,e;). Similarly, the points z] and z/ can be
connected by the path J,, = J,(t), t € [0, 1], lying in the "ball” B, (2, e2).

Note that the set |I,,| does not have to lie in the domain D entirely. However,
in this case, there is ¢,, € [0,1] such that h(l,(tm),0D) < 1/m and |Ly|pu,.| C
D. Similarly, J, may not be in D entirely, but there is p,, € [0,1] such that
h(Jm(pm),0D) < 1/m and |Jlop.| € D. If I, C D or J, C D, then we put
tm = 1 and p,, := 1, respectively. Put C,} := I,|j0+,,] and C2 := Ji|(0p). Con-
sider the sequences % := f(Iu(t,)) and 3 : = f(J,n(pm)). Since the space R™ is
compact, we may assume that all considered sequences I,,(t,), Jim(Pm), y,, and y,5*
converge as m — 00.

We show that y,;, — yo and y,;* — yo as m — oo. Indeed, let ;> — wyas m — oo.
Since the sequence 1, (t,,) converges by assumption and, moreover, h(l,(t,,),0D) <
1/m, then I,,(t,) converges to some point wy € 9D. Since I, (t,,) € B(z1,€1),
and, moreover, by (5.3) the ball B(z1, 1) does not contain other components of 9D
besides C(g,yo), we have that wy € C(g,9o). Since y,5 = f(In(tm)) and y,5 — yo as
m — 0o, we obtain that wy € C(f,C(g,0)). Taking into account that g = f !, by
Proposition 5.2 we obtain that wy = yp, as required. Reasoning similarly, we may
show that y* — yo as m — oo.

Since B(z1,e1) N Bi(xg,62) = &, then for some &} > £, we also still have
B(xy,e%) N By(x2,e9) = &. We may consider that f(x) # oo for z € B(xy,e7) N D.
Let T, = T(|CL|,|C2]|, D). Note that

(54) r,, > F(S(l’l,é{), 5(1'1,61),/1(1'1,81,81) N D)
Indeed, let v € Ty, v: [a,0] — R™ Since y(a) € |CL] C B(wo,e1) and v(b) €
|C2| € R"\ B(xg,&1), due to [Ku, Theorem 1.1.5.46] there is ¢; € (a,b) such that

~v(t1) € S(z1,e1). Without loss of generality, we may assume that |y(t) — z1| > &
for t > t;. Next, since y(t;) € B(z1,&}) and v(b) € |C%| C R™\ B(zo,¢}), by [Ku,
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Theorem 1.1.5.46] there is to € (t1,b) such that vy(t3) € S(z1,e7). Without loss of
generality, we may assume that |y(t) — 21| < €} for t; <t < ty. Thus, v|p, 4, is &
subpath of v, belonging to the family I'(S(x1, €}), S(z1, 1), A(x1,€1,€7)). Thus, the
relation (5.4) is established. Consider the function

_ 1/(61(_61)7 te [glv‘gﬂv
i) = {0, LR\ 2,21

Note that the function n satisfies the relation (1.2) for r; = £; and ry = €}. By (1.1)
at o := z1, taking into account the conditions @ € L*(D) and (5.4), we obtain that
M(f(Tm)) < M(f(T(S(21,27), S(21, 1), A(21, €1, €7) 0 D)))

<[QII/(e1 — €)™ < o0,

where [|Q|| denotes L'-norm of the function @ in D. We show that the relation (5.5)
contradicts the condition of a weak flatness at the point y (see Lemma 2.2). Indeed,

diam | f(Cy)| = £ (21) = f(Ln(tm))| = g1 =yl = (1/2) - ly1 — 90| > 0

(5.5)

and

diam [ £(C7)| = [/ (=) = f (T = Iy =y | = (1/2) - ly{ — yo| > 0

for large m € N, and, in addition,

dist (1/(Co) |, [F(CoID < Jym = ] = 0
as m — 0o. By Lemma 2.2
M(f(Tm)) = M(L(If(Co)l, [£(CR)], D)) — o0
as m — 00, which contradicts the relation (5.5). O

Remark 5.6. It is easy to see that the assertion of Theorem 5.1 is true un-
der much weaker condition on the mapping f, namely, it is enough to require the
condition (1.1) just in one finite point of the cluster set C(g, yo)-

Moreover, it is not so important whether to require the condition (1.1) in 9D
or in D. In fact, suppose that under conditions of Theorem 5.1 we require the
relation (1.1) not on 9D, but at each inner point xy € D. Repeating the proof of
this theorem at the same notations, we obtain the relation (5.4). Now let ax € D,
k = 1,2,..., be some (arbitrary) sequence of points converging to x; as k — oo
such that |ay — 21| < 1/k. Fix © € B(z1,e1). Then, by the triangle inequality
|x —ag| < |z —x1| + |71 — ax| < €1+ 1/k and, therefore, B(x1,e1) C B(ag,e1 + 1/k).
Further, for « € B(ay, e1 + 2/k) by the triangle inequality we have that

|z — 21| < |z —ag| + |ag — 21| <e1+3/k.

Let ko € N be so large that e1+3/k < ¢ for k > ko. Then B(ay,e1+2/k) C B(xy,¢e7)
for k > kq. Putting & :=e; + 1/(ko + 1) and &3 := €1 + 2/(ko + 1), we obtain that

(5.7) B(z1,e1) C Blaky+1,€1) C Blagy+1,62) C B(xy,€7) .

Arguing by analogy with the proof of the formula (5.4), from the relation (5.7) we
obtain that

(5.8) [(S(xq,e7),S(x1,€1), A(x1,61,€7) N D)

. > F(S(ako-i-l)évl))S(ako-i-la‘%)aA(ako-i-laa)gQ) mD)a

see Figure 5.
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Figure 5. To Remark 5.6.

Consider the function

U(t) — 1/(‘%_5)7 te [51,5% ~
0, tER\[él,éfQ].
Note that the function 7 satisfies the relation (1.2) with r; = &1 and ry = 5. Then

by (1.1) at zy := ag,41, taking into account the condition @ € L'(D) and the
relations (5.4) and (5.8), we obtain that

M(f(rm>> < M(f(r(s(ako-i-la a)v S(ako-l-lv év2)7 A(ako-l-la évla éé) N D)))
<R/ (&2 — &)™ < oo,
where ||Q]| denotes L'-norm of Q in D. So, instead of (5.5) we have the relation (5.9).

The rest of the proof of Theorem 5.1, based on a contradiction of (5.9) with the weak
flatness condition at the point gy, does not change.

(5.9)

6. Some examples

Example 6.1. We have already mentioned that maps inverse to a given class
may turn out to be better (or worse) than the original class of maps. This situation
is impossible for quasiconformal mappings, but is quite real for relatively simple
mappings with unbounded characteristic. Here is one such example.

Fix a number p > 1 satisfying the condition n/p(n —1) < 1. Put a € (0,n/p(n —
1)). We define the sequence of mappings f,, of the unit ball onto the ball B(0,2) as
follows:

1+(1/m)“
P x, 0 < o] < 1/m.

Itz 1/m < |zl €1
fm(x>:{w o Ymslrl<d

a\n—1 _
Note that f,, satisfies the condition (1.1) for @ = (H'm' ) at every zp € B",

alz] @
moreover, () € LP(B") see, for example, [Sev, proof of Theorem 7.1].

By [Vu, Lemma 4.3], the ball B(0,2) has a weakly flat boundary. Note that the
mappings f,, fix an infinite number of points of the unit ball for every m > 2. By
Theorem 1.6, the family & = {g,,}>°_;, gm = f,, ', is equicontinuous in B(0,2).

Note that the "inverse” family of mappings § = {f»}>°_, is not equicontinuous
in B". Indeed, |fm(zm) — fm(0)] =14+ 1/m* — 1 as m — oo, where |z,,| = 1/m.
In particular, it follows that the family & contains an infinite number of mappings
Gy = frls fm, € T, that cannot satisfy the relation (1.1) for any functions Q € L'.
Indeed, otherwise, by Theorem 1.5, § must be equicontinuous in B”.
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Example 6.2. As for Theorem 5.1, we can also construct an example that is
very similar to the one already given above. More precisely, let us point out the
case when the inverse mapping extends by continuity to an isolated point of the
boundary of the domain, and the corresponding direct mapping does not already
have this property.

Let p> 1, € (0,n/p(n—1)) and e; = (0,0,...,0,1/2). Consider the mapping
f in the domain D := B™\ {e; U0} as follows:

fy - Ll

|z
It is easy to see that the mapping f is a ring @-mapping of B™ \ {e; U0} onto A :=
{1 < |yl <2} \ {e2}, where Q(z) := (l;Taa)n_l, r = |z| (see, e.g., [MRSY3, Propo-

sition 6.3]). Moreover, @ € LP(B"). Note that f(e;) = (0,0,...,0,1+ (3)%) := es.

The inverse mapping g := f~'(y) = & (lyl — 1)/ has a continuous extension to

the point eq, g := %(|y| — )Y g: {1 < |y| < 2} — B™\ {0} (the existence of this
extension also follows from Theorem 5.1). On the other hand, the mapping f := g1,
f:B"\ {0} — {1 < |y| < 2}, does not have a continuous extension to the point
0, which is an isolated point of the boundary of the domain B™ \ {0}. The latter
circumstance is connected with the non-existence of an integrable function Q*(y),
corresponding to the map g in {1 < |y| < 2} in the context of the inequality (1.1).

x, x€B"\{eUO}.
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