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Abstract. In this paper, we prove the existence and multiplicity results of solutions with
prescribed L2-norm for a class of nonlinear Chern—Simons—Schrédinger equations in R?

— AU — AU K h2(|517|) OOh(S)’U,QS Slu= U
A )\+<|x|2 +f <>d> 7w)

x| S

where A€ R, k>0, f € C(R,R) and

h(s) = %/05 ru’(r)dr.

To obtain such solutions, we look into critical points of the energy functional

2
1 K ul? =] .
E.(u) = 5/R2|Vu|2—i—§/R2% </0 §u2(r)dr> — R2F(u)

constrained on the L-spheres S,.(c) = {u € H}(R?): ||u||3 = c}. Here, ¢ > 0 and F(s) := [ f(t)dt.
Under some mild assumptions on f, we show that critical points of F, unbounded from below on
Sy(c) exist for certain ¢ > 0. In addition, we establish the existence of infinitely many critical points
{uf} of E,; on S, (c) provided that f is odd. Finally, we regard x as a parameter and and present
a convergence property of uf as k N\, 0. These results improve and generalize the existing ones in
the literature.

1. Introduction

Jackiw and Pi in [13, 14] introduced a nonrelativistic model that the nonlinear
Schrodinger dynamics is coupled with the Chern—Simons gauge terms as follows:

iDo¢ + (D1Dy + Dy D) ¢ = —|o|P~29,
QA — Ay =— II?(¢D2¢)7
OpAy — DAy = Im(¢D1¢)7

O Ay — 0sAy = —%|¢|2>
where ¢ denotes the imaginary unit, dy = %, 0 = 6%1, Oy = 6%2 for (¢, 2, 15) € RY2,
¢: R — C is a complex scalar filed, A,: R"*? — R is the gauge filed and D, =
0, + 1A, is the covariant derivative for p running over 0,1,2. The Chern-Simons
gauge theory describes the nonrelativistic thermodynamic behavior of large number
of particles in an electromagnetic field. This feature of the model is important for

(1.1)
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the study of the high temperature superconductor, Aharovnov—-Bohm scattering and
the fractional quantum Hall effect.
The system (1.1) is invariant under the following gauge transformation

¢ pe’X, A, A, —d.X,

where y: RY2 — R is an arbitrary C* function. Recently, the existence of stationary
states for system (1.1) has been extensively investigated, see for example (8, 9, 10,
11, 12, 17, 15, 22, 23, 28, 29, 32|. In these references, the authors seek the solutions
to (1.1) of the following form

o(t, ) = u(lz))e™,  Ao(t, ) = k(|z]),
X9 x1
Ayt ) = Wh(m), Ax(t, ) = —Wh(\:d)-
If we insert the ansatz (1.2) into the system (1.1), then (1.1) is reduced to the
following nonlocal elliptic equation:

(1.3) —Au — Au + <M + /|OO @ﬁ(s) ds) u = |ulP~u, x € R?,

[ o 8

(1.2)

where h(s) = 5 [; ru®(r) dr. For more details about (1.1)-(1.3), we refer the readers
to [8, 9, 11, 22, 23, 25|.

In the present paper, motivated by the fact that physicists often seek “normalized”
solutions, we search for solutions with prescribed L?-norm of the problem (1.3) with
a general nonlinearity:

h? *h
(1.4) —Au—Au+k < |g|§|) —I—/ %uz(s) ds) u= f(u), z¢€R?
||

where A € R, k > 0 and f verifies the following assumptions:

(f1) f € C(R,R) and f(t) = o([t]) as t — 0;

(f2) there exists p > 4 such that f(¢)t < pF(t) for all ¢ € R, where F(t) :=

Jo f(s) ds;

(f3) limpy o B8 = o0

(f1) the function % is strictly increasing on (—o0,0) U (0, 00);

(f5) f is odd.
Under the above conditions, it is well known (see [3, 16]) that a solution of (1.4) with
|ul|2 = ¢ can be obtained as a constrained critical point of the functional

(15)  Ei(u) = %/R |Vu\2+g/R2 % (/O gu2(r)dr>2 _ /RZF(U)

on the constraint
Sr(c) ={ue HR?: |ull3 =c,c>0}.
The frequency A, in this situation, can not be fixed any more and it appears as a
Lagrange parameter with respect to the constraint S, (c).
More recently, normalized solutions for elliptic equations have received much
attention. See e.g. [1, 2, 3, 4, 5, 18, 19, 20, 21, 34]. Let we state some known results.
In [18], Jeanjean considered the following nonlinear Schrédinger equation:

(1.6) ~Au— M= f(u), ANeR, zecR",

where the following hypotheses on f are introduced:
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(Hy) f: R — R is continuous and odd;
(Hs) there exist «, 5 € R satisfying 2 + % < a < [ < 2* such that

(1.7) 0<aF(s)< f(s)s < BF(s), VseR\{0},

where 2* =2N/(N —2)if N >3 and 2* =00 if N = 2.
The condition F(s) > 0 in (H») is not stated in [18] but used implicitly. Then it is
proved that (1.6) admits a couple of solutions (u., A.) € H}(RY) xR~ with |Ju.[|3 = ¢

for N > 2. Moreover, the author also indicated the bifurcation result associated with
(1.6), that is,

|IVue|la = 00, A\e & —c0casc—0;  |[Vuella = 0, \. = 0 as ¢ — 0.
Later, if (H;) and (H,) are satisfied, Bartsch and De Valeriola [1| obtained the

existence of infinitely many normalized solutions for (1.6).
In [3], Bellazzini et al. dealt with the following Schrodinger—Poisson equation:

(1.8) —Au—du+ (|2 s uP)u — |[u|T?u =0, z<cR>
By using a mountain pass argument developed on
S(c) ={ue H'R?): |ull3 =c}, c¢>0,

they established the existence of (u., A.) € S(c¢) x R~ a couple of solutions of (1.8)
for ¢ > 0 sufficiently small and ¢ € (?,6). For the case ¢ € (2, %], we refer the
readers to [4, 5, 19]. Afterwards, based on [1, 3], Luo |20] has demonstrated that
when ¢ € (13—0, 6), problem (1.8) admits an unbounded sequence of couples of solutions
(U, M) € S,(c) x R™ for each n € N*t, where S,(c) = {u € H}(R?): |Ju||3 = ¢} for
¢ > 0. Very recently, using the techniques introduced in [1, 20|, Luo and Wang
[21] established the existence of infinitely many couples of solutions {(u’,\,)} C
S,(c) x R~ for the following Kirchhoff type problem:

(1.9) — (a + b/ \Vu|2d3:) Au—u=|u|"%u, z€R3
R3
for each n € N* and ¢ € (%,6). Moreover, they also analyzed the asymptotic
behavior of u’ as b — 0F.
To the best knowledge of ours, little is known about the existence of normalized
solutions of Chern—Simons—Schrédinger equations except for [8, 16, 33]. Set

1.1 = inf [
(1.10) eq(c) uelg(c) q(u)a

where the functional [, is derived from (1.3) given by

2
1 L[ o qu? [y 1

It is standard that the minimizers of e,(c) are exactly critical points of I, restricted
to S,.(c), and thus normalized solutions of (1.3). By scaling arguments, it is readily
seen that ¢ = 4 is L*-critical exponent for (1.10) in the sense that for any ¢ > 0,
eq(c) > —o0 if ¢ € (2,4) and ey(c) = —o0 if ¢ > 4.

In [8], Byeon et al. proved that problem (1.10) admits a positive minimizer pro-
vided that ¢ > 0 is sufficiently small whenever g € (3,4) or ¢ > 0 is arbitrary whenever
q € (2,3]. If ¢ and ¢ satisfy the above assumptions, then Yuan [33] obtained infinitely
many distinet pairs of solutions (u,, A,) C H}(R?) x R~ of (1.3) for each n € N*
via the argument of Krasnoselski genus (see [26]). Furthermore, motivated by [1], the
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author also proved that for ¢ > 4, (1.3) admits an unbounded sequence of couples of
solutions (u,, \,) C H}(R?) x R~ for ¢ € (0,c) sufficient small.

In [16], Li and Luo considered problem (1.3) with ¢ > 4. For ¢ = 4, they showed a
sufficient condition for the nonexistence of constraint critical points of I, on S,(c) for
certain ¢ > 0 and obtained infinitely many minimizers of I, on S, (87). When ¢ > 4,
using a minimax procedure motivated by [1]|, the authors proved the multiplicity of

normalized solutions for (1.3) for ¢ € (0, \/A;]”Tg). Compared with [33]|, Li and Luo
4
Vp=3
in [33]. Moreover, the existence of normalized solutions for (1.3) was also considered
in [16]. To this end, they used the approach introduced in [24] to construct a suitable
submanifold of S,(c¢), which is defined by a condition which is a combination of the

related Nehari functional and Pohozaev identity, i.e.,

(1.11) V(c)={u e S.(c): Qu) =0},

where
2 el e ’ —2
u) = Vuz—l—/M / Drydr | - 422 ul?.
Q) = [ 1vup+ [ ([ e =/ 1

Motivated by all results mentioned previously, our contribution in this paper is to
generalize the existence and the multiplicity result of normalized solutions for (1.3) in
[16, 33] to (1.4). We emphasize that, at least in our knowledge, does not exist in the
literature actually available results involving the existence of normalized solutions for
(1.4) with general nonlinearities. To state our main results, we give some definitions
and nations. Analogous to (1.11), set

Vie)={u € S.(c): J.(u) =0}, m(c) := ueir\}f(‘c) E.(u),

presented a certain constant ¢y = which improved the result for the case ¢ > 4

where

(112)  Jo(u) = /R |vu\2+m/R2 % (/0 L) dr>2 —/RQ[f(u)u—QF(u)].

In addition, we shall prove that E, has a MP geometry on S,(c) and m(c) = v(c)
(see Lemma 2.6).

Definition 1.1. [3, Definition 1.1] Given ¢ > 0, we say that E,(u) has a MP
geometry on S, (c), if there exists K. > 0 such that

v(e) = inf max Ei(g(t)) > max{max E,(g(0)), max E,.(g(1))}

holds in the set I'(c) := {g € C([0,1], S,(c)): g(0) € Ak, and E.(g(1)) < 0}, where
Ag. ={u e S.(c): |Vul? < K.}
Our main results are as follows:

Theorem 1.1. Assume that (f;)—(f4) hold.

(i) Then for any ¢ > 0 and k > 0, E,, has a MP geometry on S,(c).

(ii) Then there exists a certain ¢, > 0 such that for any ¢ € (0, ¢,] and k > 0, there
exists a couple of solution (u., A\.) € S.(c) x R~ for (1.4) with E, (u.) = m(c)
and u, is nonnegative. In addition, |Vu.|s — oo and A\, — —o0 as ¢ — 0.

Theorem 1.2. Assume that (f1)—(f5) hold.
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(i) Then for any ¢ € (O,\/%) and k € (0,p — 3), problem (1.4) admits an
unbounded sequence of couples of solutions (u,, A\,) € S,(c) x R™ for each
neNt.

(ii) Then there exists ko > 0 such that for any k € (0, ko) and ¢ > 0, problem (1.4)
admits an unbounded sequence of couples of solutions (uf, \F) € S,(c) x R~

n? n
for each n € NT.

Corollary 1.3. Assume that (f1)—(fs5) hold. Then there exists an unbounded
sequence of couples of solutions {(un,, A\,)} C S.(c) x R~ for the following equation:

(1.13) —Au— u= f(u), inR>

Motivated by Theorem 1.2 (ii) and Corollary 1.3, we attempt to investigate the
convergence property of u® and A% found in Theorem 1.2 (ii) as kK — 0. Then we
have the following theorem.

Theorem 1.4. Let {(uf, \5)} C S,.(c) x R~ be found in Theorem 1.2 (ii). Then
for any sequence {k,,} — 0% as m — oo, there exists a subsequence of {k,,}, still
denoted by {k,}, such that for any n € N, (ufm \im) — (u2, \0) as m — oo,

nr’'n

where {(u2,\2)} C S,(c) x R™ is a sequence of couples of solutions for (1.13).

n’’'n

Remark 1.1. It is easy to check that the function

Pim2g forp; >4, 1<i<m,

(1.14) i)=Y s
i=1
satisfies (f1)—(fs) and Kk = 1 € (0,p — 3) due to p > 4. Thus, the results of The-
orem 1.1 (ii) and Theorem 1.2 (i) generalize and improve ones of Theorems 1.2-1.3
in [16] and Theorem 1.1 (3) in [33]. Moreover, the solutions obtained in Theorem
1.1 are mountain pass type and thus its Morse index is 1, which is not considered in

16, 33).

Remark 1.2. The strict monotonicity of the function ¢ — m(c) is essential
for the proof of Theorem 1.1 (ii), as well as Theorem 1.2 in [16]. To prove the

2
property, [16] gave the restriction that ¢ € (0, (2p — 4)21’—71)0] for p > 4. As described
in Lemma 2.8, however, we obtained a larger range that ¢ € (0, \/24;—_4] for p > 4. In
particular, due to the general nonlinearity f, it does not seems possible to deduce

the strict monotonicity of ¢ — m(c). In addition, it is worth pointing out that in [16,

: * L 2 4
Theorem 1.2] A should be negative due to ¢* := (2p — 4)2-5 < =t

Remark 1.3. The idea of Theorem 1.4 comes from [17], which studied the exis-
tence and asymptotic behavior of least energy sign-changing solutions for (1.4) with
f(u) = |u|?"2u (¢ > 6). But in [17] there is no information about the L*-norm of
the solutions. Hence, Theorems 1.1-1.3 can be also regarded as a complement of the
main results in [17]. In addition, the results of Theorem 1.2 (ii) and Theorem 1.4 are
new, even for problem (1.3).

Obviously, the conditions (fi)—(f5) imply that the functional FE, is no longer
bounded form below on S,(c). Therefore, the minimization method on S,(c¢) used
in [8] does not work. To prove Theorem 1.1, we construct a submanifold V'(¢) of
Sy (c), on which E, is bounded from below and then we prove that the minimum of
E, on V(c) is attained. This approach is motivated by [16]. However, we have to
overcome three main difficulties. Firstly, different from [16], it does not seem possible
to prove the coercivity of E, on V(c). Therefore, the first difficulty is to verify the
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boundedness of the minimizing sequence {u,} C V(c) of E,. We use the assumption
(Hs) in [18] to deal with such a difficulty. But the presence of the nonlocal term

(1.15) /R % (/lel guz(r) dr)2

in E, would require extra efforts to be treated. Secondly, because it is not assumed
that f is differentiable, it is difficult to prove that E,|y(, is a natural constraint of
E|s, (), which is not derived through the use of Lagrange multiplier theorem adopted
in [16]. Instead, we use the quantitative deformation lemma on S,(c), which was
introduced by [3]. Finally, although the workspace is H!(R?), the difficulty that the
weak limit @ € H!(R?) of {u,} does not necessarily lie in V(c) still exists as observed
in [16]. Because our minimization problem is constrained on a submanifold of S, (c)
but not on that of H}(R?), it is more difficult to prove that V(c) is weakly closed.
To circumvent this obstacle, we prove the monotonicity of the function ¢ — m(c)
and borrow some ideas from [27].

For Theorem 1.2, Since E,; is unbounded from below on S, (c), the genus of the
sublevel set

EY: {u € S.(c): Ey(u) <d}

is always infinite. This shows that the classical argument based on the Krasnoselski
genus seems not applicable to our case. To prove Theorem 1.2, we mainly follow the
strategy of [1] to construct a special (PS) sequence at high energy level v, (c) for each
fixed n € Nt and prove its boundedness and compactness. Compared with [1], we
get rid of the condition 0 < aF'(s) < f(s)s in (Hs), which seems essential to ensure
the boundedness of the (PS) sequence in [1], as well as in [18]. Instead, we assume
that ¢ € (0, \/%) and x € (0,p — 3) to prove the boundedness of (PS) sequence.
In addition, the restriction that ¢ € (0, \/%) originates in the need to show that
the associated Lagrange multiplier A\, are strictly negative. This property is used to
recover the compactness of (PS) sequence.

Remark 1.4. Let N = 2 in (H,). Obviously, (H;) and (Hs) imply (f1)-(f3),
(f5). It is easy to check that (1.14) also satisfies (H;) and (H,). However, the
following functions

2s5°
1+ s2

f(s) =45 In(1 + s?) +

and
fls)=5"+1sI""%s, p>4,
satisfy (f1) — (f1), but do not satisfy (Hy).

The remainder of this paper is organized as follows. In Section 2, we give the
proof of Theorem 1.1. Sections 3 is devoted to dealing with the proof of Theorems 1.2
and 1.4 and Corollary 1.3.

Notation. Throughout the article, we let u'(z) := tu(tx) for ¢ > 0. Denote by
C, Cy, k=1,2,--- various positive constants whose exact value is inessential. For
r > 0 and y € R?, we denote by B,(y) the open ball in R? with center y and radius
r. We denote by — (—) the strong (weak) convergence. We consider the Hilbert
space H'(R?) with the norm

1

Jull = ([ avup+a))’
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H!(R?) denotes the set of the radially symmetric functions in H'(R?). Denote the
standard norm of LP(R?) (1 < p < o0) by |lul|,- Recall that a sequence {u,} C
H'(R?) is said to be a PS sequence for F if

E(uy) is bounded and E'(u,) — 0 as n — oc.

We say F satisfies the PS condition if any PS sequence contains a convergent subse-
quence.

2. Proof of Theorem 1.1

In this section, without loss of generality, let x = 1. For simplicity, denote by
E(u) and J(u) the functionals F;(u) and Jy(u), respectively. Let

A(u) = /R% </0xg|u|2dr>2.

From now on we assume that (f;) — (f4) hold. Similar to the discussion of Proposi-
tion 2.3 and Lemma 3.2 in [8], we can get the following conclusions.

Lemma 2.1. A € C'(H}!(R?),R). Moreover, if u, — u in H(R?), as n — o0,
then
lim A(u,) = A(u), lim (A" (u,), un) = (A'(u),u) and lim (A'(u,), ) = (A'(u), ),
for any p € E.

Lemma 2.2. Let b, ¢ and d be real constants and u € H}(R?) be a weak solution
of the equation:

Au+bu+c <h2(|x|) + /OO Mu2(5) ds) u+df(u) =0, x¢cR?

|| o S

where h(s) = 5 [; ru?(r)dr. Then there holds the following Pohozaev identity

2
b/ |u|* 4 2cA(u) + 2d/ F(u)=0.
R? R?
To estimate the quantity A(u), we present the following lemma.
Lemma 2.3. |16, Lemma 2.3] For u € H!(R?), the following inequality holds

1
<
Aw) < 1672

Now we give some preliminary lemmas to show some properties of V(c).

lull2 | V3.

Lemma 2.4. For each u € S,(c),
1—1¢

(2.1) E(u) > E(u') + J(u), Vt>0.

Proof. We first claim that the following inequality holds:
1—¢
2
Indeed, it is evident that (2.2) holds for 7 = 0. For 7 # 0, we denote
1=

2

(2.2) F)r + (2 = 2)F(7) + %F(m >0, V>0, T€R

o) FF)r 4+ (22— 2 F(r) + %F(tT), Wt > 0.
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After direct calculations, we see that
ftr)tr —2F (tr f(r)r —2F (7
g/(t):t‘7|4[( ) 4( )_ () - ()
(tl7l) 7]
This relation and (f4) mean that ¢’(¢) > 0 for £ > 1 and ¢'(¢) < 0 for 0 < t < 1, that
is,

(2.3) g(t)>g(1)=0, fort#1.
Therefore, (2.2) follows. Note that
o 12 , 12 1
(2.4) Eu') =— \Vul*+ =A(u) — = | F(tu).
2 R2 2 t2 R2

Then, from (2.2), (2.4) and (1.12), we get that

E(u) — E(u) = 1_2t /Rz|vu\2+1_2t A(u)+/

25) -5+ [ e 2 - 2F + )

1—¢?

and this proves (2.1). O
- Lemma 2.5. For each u € S;(c), there exists a unique t = t(u) > 0 such that
u' € V(c). Moreover, E(u') = max;>q E(u').

Proof. Consider a function ®(t) := E(u') on [0,00). By (f1)—(f3) and (2.4), it
is easy to check that ®(0) = 0, ®(¢) > 0 for £ > 0 small and ®(t) < 0 for ¢ large.
Hence, max;>o ®(t) is achieved at £ = t(u) > 0 and then ®'(#) = 0, that is,

P/R IVl + P A() — t%/Rz[f(iu)fu— 2P (fu)] = 0,

This shows that J(u') = 0 and u’ € V(c).
Next we prove that ¢ is unique for any u € S,(c). Let t;, t, > 0 be such that
u, w2 € V(c) and ty = aty. Then J(u") = J(u?) = 0. From (2.5), one has

Eu") = E(u") + /

[1 — % )t (0 — 2)F () + %F(au)}

e | 2
and
1— —2
E@?) = E(u™) + / [ 2& fwu+ (a™* = 2)F(u) + a2F(a_1u)} ,
R2

which together with (2.3) imply that @ = 1, i.e., &, = t5. In addition, it is readily
checked that F(u') = max;>q E(u). O

Thanks to Lemma 2.5, we get that
(2.6) m(c) = inf maxE(u') > 0.

u€Sn(c) >0

Let t — 0 in (2.2), then we get from (f;) and (2.3) that
(2.7) f(r)r —4F(r) >0, V7 e R\{0}.
By (f2) and (2.7), one has

(2.8) 4F(t) < f(t)t < pF(t), ¥t € R\{0},
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which implies that for all t € R,
s|PE(t) < F(ts) < [s|'"F(t), if |s| < 1;
(2.9) 4 ]
s|"F(t) < F(ts) < [s|PF(t), if [s] > L;

and F(t) > 0 for t # 0. In particular, taking ¢ = 1 in (2.9), we deduce from (f;) that
for any € > 0, there exists C. > 0 such that

(2.10) |F(s)| < el|s|* + C.|s|P for all s € R.

In what follows we shall need the following Gagliardo—Nirenberg type result (see
[30]): let ¢ > 2 and u € H}(R?), then

(2.11) lulld < C(@)IVullg ™ lull3

with equality holds for v = W, , where C(q) = ||W, 1577 and, up to translations,
W, is the unique ground state solution of

—9
—qTAW +W = |W|"2W, zeR2

Lemma 2.6. Forc > 0, E has a MP geometry on S,(c). Moreover, m(c) = v(c),
where v(c) is defined in Definition 1.1.

Proof. It follows from (2.7) that for any u € S,(c),

1 1
(2.12) B(w) — ~J(u) =+ / F(w)u — 4F(u)] > 0.
2 2 R2
We next show that there exist 0 < k; < kg such that
(2.13) 0 <oy = sup E(u) <uvg,:= inf E(u),
yeAkl ue Ak2

where Ay, is introduced in Definition 1.1. Note that by (2.9), (2.11) and Lemma 2.3,
we see that

1 1
2.14) [B(w)] < 5lIVulls + 5AMw) + FQ) (lulls + )
. . i
< SIVull; + Coll Vull3 + Col| Vul3 + Csl Vull;

In particular, ag, — 0" as k; — 0%. On the other hand, from (2.10), it follows that

1 1 1

E(u) = 5[ Vull3 + SA(u) —/ F(u) > S[|[Vull3 —ellull3 — Ccllull?
2 2 R2 2

(2.15) X

> 5 [IVull; —ec— Col| Va5~

Thus, since p > 4 and ¢ is arbitrary, we have vy, > ékQ for ky > 0 small. These two
observations imply that (2.13) holds. We now fix 0 < k; < ks as in (2.13). From (f3)
and (2.4), it is readily checked that

(2.16) |Vu'|| = o0 and E(u') - —oco ast— oo.

Thus ', # (). Then form the definition of y(c), we get that v(¢) > v, > 0.
For any u € V(c), from ||Vu!||3 = #?||Vul|3 and (2.16), we deduce that there exist
t1 > 0 small and ¢, > 0 large such that u’* € A, and E(u®?) < 0. So, if we define

(2.17) g(r) = ut=hF - for 1 € [0, 1],
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then we obtain a path in I'.. Using (2.6),
v(c) < max E(g(7)) < max E(u") = E(u)

T€[0,1] 720

and thus 7(c) < m(c). On the other hand, from (fs), (1.12) and (2.10), it follows
that

I = |Vuld+ 4w - 0-2) | Pl

R2
2.1
(218) > || Vul}3 = e(p — 2)ull} - Clulf
> [|Vull3 = e(p = 2)e — Cof[Vull5
The fact that p > 4 and ¢ is arbitrary ensures that J(u) > 0 for |[Vu|3 < k;. Then

(2.12) implies that J(g([0,1])) NV (c) # 0 for any g € I'(c). Hence v(¢) > m(c). The
proof is completed. O

Lemma 2.7. For ¢ > 0, E is bounded from below on V' (c). Moreover for any
u € V(c), there exists a constant p > 0 such that ||Vu||3 > p.

Proof. For any u € V(c), it follows from Lemma 2.6 that that m(c) = v(c) >
Vi, > 0. This together with (2.14) implies that ||Vul|3 > p. O

Lemma 2.8. For any ¢ € (0, \/24;—_4], the function ¢ — m(c) is non-increasing,

where p is given in (fs).

Proof. For any 0 < ¢; < ¢p < \/24;7_4 and p > 4, from Lemma 2.5 and (2.4), it

follows that there exists {u,} C V(c1) such that

1
E(u,) = max E(ut) <m(c)) + —.
n

>0
We first claim that for any 0 < ¢; < ¢3 < \/24;—_4 and p > 4, then

1 1 1

3 (c2—c2) < 167%(cy? — el ?).
Indeed, it is sufficient to prove that
1 — ql/2-»)

c
, Where a := 2>

3 < 1677 5
—a Cq

Set the function f(z) = =52, = € (0,1). After direct calculations, we see that

[ pa— !

m mg(ﬂf);

g'(x) = (2p —5)(2p — 4)2® (1 — x).
From the expression of ¢'(z) and p > 4, we know that g(z) < ¢g(1) = 0 and thus
f'(z) <0 for x € (0,1). Then we have that
11—z 1
> i = 1).
f(@) 2 ool 1 — g4 2p — 4’ ve e (0,1)

This proves the assertion. Then it is easy to check that for n € N,

[(5—2p)z™ "+ (2p — 4)2™ > — 1] :=

i 2 _ =L 2 L 2
5 (0 = a72) | Vualy < (077 = 1) [ Vull,

which together with Lemma 2.3 shows that
(2.19) V|2 + a2A(un) < a7 2 (| Vun |2 + A(uy)), ¥n € N*.
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Let v, = un(a"2z), then ||v,||2 = co. Note that (f2) implies that
creasing in R\{0}. Therefore, for any 7 € R\{0},

o< (F(r) . F(aw—lwﬂ) P

|7-‘p (a2(p172) |7-|)p

F(T) . .
=517 is nonin-

(2.20) = F(r) - @ T (amT) <aF(1)— W F (az(pl—2> 7')
= aF(T) —G_ﬁF (am7—> _a—ﬁ(az&—’i) _)F (a2(p—1*2)7->
<aF(r)—a &I F (aﬁ7> ’

since ¢ > 1 and p > 4. In virtue of Lemma 2.5, there exists ¢, > 0 such that
vin € V(ez). Then by (2.19) and (2.20), we see that

=

t2
mies) < B() = 2 (190l + ®Alun)) — 15 [ Fltau)
R?2

n

a
& [ Pt
1
% “ -2 1
(U?LZ(? 2) tn) + a Z F (a2(p1*2) tnun> — % F(tnun>
tn R2 t R2

n

a7 (|| V|2 + Alun)) —

IN
N —

IA
s

1
< —
m(cl) + n’
which shows that m(ce) < m(c;) by letting n — oc. O

Lemma 2.9. There exists ¢, > 0 such that for any ¢ € (0, ¢.], m(c) is achieved.

Proof. 1t follows from Lemma 2.7 that m(c) > vy, > 0. Take

4—p

221) e min{ S BCUFD) L (CHIFD) ST ()T}

where C'(¢) and p is given in (2.11) and (fs), respectively. Let {u,} C V(c) be such
that E(u,) — m(c). Now we show that {||Vu,|/2} is bounded. Suppose arguing by

contradiction ||Vuy,||s — oo. Let ¢, = ”%rz(”?. Then from (2.1), (2.4), (2.9), (2.11)
and J(u,) = 0, we deduce

m(e) + (1) = Blug) 2 B((u)")
= B9l + S - & [ Pt
(222 > BP0l - ) [ (@l + )
> 89 — POV + el (DO
> dm(e) — cF(1) (Sm(IC(4) + Clp)(Em(e) ") > 2m).

which contradicts m(c) > 0. Thus, {||Vuy|2} is bounded and then {w,} is also
bounded in H!(R?). Then, there exists u # 0 such that, taking a subsequence if
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necessary,
u, —u in H'(R?),
u, — u in LY(R?),
U, = u a.e. in R?,
for ¢ € (2,00), and thus by (2.7) and (2.10), we have

(2.23) f(up)u, = f(uw)u and /R2 F(u,) — F(u).

R2
Otherwise, u = 0. Then it follows from (1.12) and (2.23) that ||Vu,|s — 0 and
A(u,) — 0, which and (2.23) imply E(u,) — 0, that is, m(c) = 0. This is a
contradiction. Next we suppose that ||ul|3 = ¢ € (0,c]. Then from (1.12), (2.23),
Lemma 2.1 and weak lower semi-continuity of norm, we get

(2.24) J(u) < liminf J(u,) = 0.

In virtue of Lemma 2.5, there exists ¢, > 0 such that u™ € V(¢). By (2.1), (2.12),
(2.23)—(2.24) and Lemma 2.8, one has

m(@) > m(c) = lim (E(un) - %J(un))

(2.25) =5 [ U= 1R @) = B - 160 2 B - Si0)

> m(e) - 2.(u).

This shows that J(u) = 0 and m(c) = m(¢). To this end, we only show that ¢ = c.
Arguing indirectly, suppose that ¢ < ¢. Let v, := u, — u, then by the Brezis-Lieb
Lemma [31, Lemma 1.32],

|vnll3 = ¢ — ¢+ 0,(1).
We may assume that for large n, there exist ¢, > 0 and 3, > %E such that vir €
V(B,). Using the previous argument in (2.25), for large n, one has

2

onl1) = (o) = 3 (0) 2 BGfr) = 2 (v0)

> m(Bn) + on(1) > m(c) + 0,(1).

This is a contradiction and then the proof is complete. O

The above lemma shows that the set

M(c) = {uc € Vi(e): E(u.) = inf E(u)}
ueV(c)

is not empty.

Lemma 2.10. For each u. € M(c), there exists a \. € R such that (u., \.) €
H!(R?) x R solves (1.4).

Proof. From Lagrange multiplier theorem, to prove the lemma, it suffices to show
that any u. € M(c) is a critical point of Elg, (). The idea of the proof comes from
Lemma 6.1 in [3]. We give a detailed proof here for readers’ convenience.

Let u. € M(c) and suppose, by contradiction, that £’|g, (y(u.) # 0. Then by the
continuity of E’, there exist § > 0 and o > 0 such that

v € By, (30) = | E'[s,0) (V)| -1 (me) > 0
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where B, (0) :={v € S,.(¢): |[v —u.|]| < d}.

Let € := {mﬁ(f), 21 then [3, Lemma 6.1] yields a deformation n € C([0,1] x
Sy(¢), Sr(c)) such that

(i) n(L,v) =vif E(u) < ()—25OIE( ) > m(c) + 2¢;

(ii) n(1, E™9* N B, (0)) C E™9~¢ where E? := {u € S,(c): E(u) < d};

(iif) E(n(1,v)) < E(v), Yv € 5,(c).

Now let g € I'(¢) be the path constructed in (2.17) by choosing u = u. € V(c).
By the proof of Lemma 2.6, we can assume without restriction that sup,e4, E(u) <

v(c)/2. This and (i) show that n(1, g(7)) € I'(¢). Note that since E(g(7)) < E(uc)
m(c) = 7y(c) for all 7 € [0, 1], one of the following three cases must occur:

(1) If g(1) € S,(c)\ By, (0), then by (iii) and Lemma 2.2,
E(n(1,9(7))) < E(g(7) < E(uc) =(c).
(2) If g(7) € EV©~¢, then using (iii),
Emn(1,9(7))) < E(g ( ) <7(c) —

(3) If g(7) € E~([m(c) — &, m(c) +€]) N By, (6), then by (i),
Emn(1,9(7))) <v(c) —e.
Thus we have that
(2.26) max E((1,9(7))) < 7(c),
which contradicts the definition of v(c). O

Lemma 2.11. If u, € H'(R?) is a weak solution of (1.4), then J(u.) = 0.

Furthermore, if A > 0, then the only solution of (1.4) fulfilling ||u.||? < \/‘;%3 is null

function.

Proof. 1t follows from Lemma 2.2 that the following Pohozaev identity holds for
u. € H'(R?) weak solution of (1.4):

(2.27) )\/ lue* — 2A(u.) + 2/ F(u.) = 0.
R? R?
By multiplying (1.4) by u. and integrating, we derive a second identity
(2.28) V|3 — )\/ ue|? + 3A(ue) — f(ue)ue. = 0.
R? R?

Thus we have immediately

IVl + Atw) = | (Fuojue =2F () =0,
that is, J(u.) = 0. Then by Lemma 2.3, (2.27) and (2.28), we have

2 — 6 2 2
A c 2= A c) — A& c 5 —/ c)Uc — F c
] p_2 (uec) p_2||Vu H2+p_2 Rz[f(“)“ PF(uc)]
2p — 2 9
(2.29) < ( )—mllwclb
p—3 2 2 2
< B S <
< (g gl = 25 ) Ivedz <o,
if [Ju|? < A= Thus u, = 0. O
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Lemma 2.12. For any A\ > 0 and x > 0, there exists no positive solution to
(1.4) in H}(R?).

Proof. By (2.8), we have f(7)7 > 0 for 7 # 0. Then the rest of proof is similar
to |16, Lemma 2.9] or [8, Proposition 4.2|. So we omit it. O

Proof of Theorem 1.1. Point (i) follows form Lemma 2.6.

By Lemmas 2.5, 2.7 and 2.9, it is enough to show that for any 0 < ¢ < c., E|y ()

. . . . . . . 47-‘- 471—
attains its minimum at ., where ¢, is given by (2.21). Since ¢, < T < s for

p > 4, the first part of point (ii) follows from Lemmas 2.10-2.12. To end this, by
J(u.) =0, (2.8), (2.10) and (2.11) yields

IVl < /m[f(uc)uc — 2F (uc)] < ellucllz + Cellucll}
P1 p_ P p—2
< 2+ Cillucll < & + ol Vel
where p is given in Lemma 2.7. Thus,
(2.30) V|2 < 2C||Vu |5 2e.

Thanks to p > 4, (2.30) tells us that ||[Vu.|2 — oo as ¢ — 07. Moreover, we deduce
from (2.29) that

1 p—3 2 1
)\c<_ - ch<_7vc2_)_ )
< (e 25 ) IVull <~ Tl - —oc
as ¢ — 07. Thus the proof is completed. O

3. Proof of the multiplicity results

In this section, we shall prove Theorems 1.2-1.4. From now on, we assume that
(f1)—(f5) hold. Let X = H}(R?) and {V,} C X be a strictly increasing sequence
of finite-dimensional linear subspaces such that (J,, V}, is dense in X. In addition, we
denote the orthogonal space of V,, in X and the dual space of X by V. and X*,
respectively.

Lemma 3.1. [1, Lemma 2.1] For ¢ > 2 there holds:
v 2 _I_ 2 2

o V)
UGVnJ;l (fR2 |u|q) e UGVnJ;l ||u||q

Now for ¢ > 0 fixed and for each n € NT, we define

tn(q) == — 00, asn — oo.

_ 2 . (22 + c)P/?
On ‘= L p 2/”Ln(p)p 2 Wlth L = Igga(m

and
(3.1) B, :={uc¢€ VnL_1 NS,(c): ||Vu||§ = on}-

Then we have:

Lemma 3.2. b, :=inf,ep, E.(u) = 0o asn — oo. In particular, we can assume
that b, > 1 for any n € N1 without any restriction.
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Proof. For any u € B, using (2.10), we get that

1 K 1 1
Eq(u) == s+ = A(u,) — | F(u) > = 5—Cic—=| ul?
w(u) = SlIVullz + 5 A(un) /R (w) 2 SlIVullz = Cie p|| ullp

1 1 P
> SIIVull; = Cre = ——=(I|Vull; +¢)2
2 pin(p)
(3.2) 1 L o
> S| Vul2 = Cre — ———(||V :
> 2H ul| — Cic pﬂn(p)p/z(ll ul[h + c2)

—(———) —Cc—iL ¢
2 p) T T p2

Combining this estimate and Lemma 3.1, we deduce from p > 4 that b, — oo as
n — oo. 0

Next we follow the arguments in [1]| to set up a min-max scheme. Define a map
H: X xR — X by H(u,s) = e*u(e*z) and a C* functional E,: X x R — X given
by
~ e

2s 2s
E.(u,s) = - /R2 |Vul* + 6714(11) —e % /R2 F(e’u).

It is clear that B, (u,s) = E.(H (u,s)) and for all s € R, H(u,s) € S,(c) if u € S,(c).
We know from Lemmas 2.3 and 3.1 that
{HVH(U, )2 = 0, Eq(u,s)— 0, as s — —oo;

3.3 ®
(3:3) IVH (u,s)|zs = o0, E.(u,s) — —o0, ass— oo.

Thus by virtue of the fact V,, is finite dimensional, for each n € N7, there exists a
sp > 0 such that

(3.4) Gn: [0,1] X (S,(e) N Vi) = Su(e),  Gult,u) = H(u, (2t — 1)s,)

satisfies

(3.5)

IV3n(0,u)ll2 < en,  [[VGn(L u)ll2 > on;
E(n(0,u)) < by, Ey(Gn(1,u)) < by.

Now we define
I, :={g:[0,1] x (S, (¢)NV,,) — Sr(c)‘g is continuous, odd in u

3.6
(3.6) and such that Yu: ¢(0,u) = §,(0,u), g(1,u) = gn(1,u)}.

Clearly g, € I',,. Using the linking property (see |1, Lemma 2.3|), we have immedi-
ately the following intersection result:

Lemma 3.3. For eachn € N7,

3.7 5(¢) = inf Ex(g(t,u)) > by.
(37) 7 (€) gler{“n te[o,l}gle%}:(c)mw (9t 1) =

Next we will show that {7/ (¢)} is indeed a sequence of critical values of E, on
Sy(c). To do that, we first show that there exists a bounded (PS) sequence at each
level v%(c). We fix an arbitrary n € N from now on. To this end, we adopt the
approach developed by [18], already applied in [1, 16]. Set

¥(e) = inf ma, E. (3 t,u)),
Tnl€) glefn tE[O,l],uES}f(c)ﬂVn (gt )
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where

T, == {7:]0,1] x (S,(c) NV,) = S,(c) X R|7 is continuous, odd in u
and such that Ho g €', }.

Clearly, for any g € ', §:= (g,0) € T,.. From the fact that the maps

0: Ty =T g @(g):=(g,0) and ¢:T,, >y, G 0(G) :=Hog
satisfy
E(¢(9)) = Eulg) and  E.(¥(3)) = Ex(q),

we get that 4%(c) = v (c). Following [3] or [31, page 86], the tangent space at a point
(u,s) € S,(c) x R is defined as Tv(u,s) ={(v,;t) €Y: [g,uv =0}, where Y := X xR
is equipped with the scalar product ((u, s), (v,t))y = [g2(VuVv +uv + st) and the
corresponding norm defined by ||(u,s)|ly = (||u]|®> + s?)"/2. Then the norm of the
derivative of E, | S.(c)xr at (u,s) is defined by

I(Exls,@xr) (u,8)l = sup [(Ex(u,s), (v, £))].
(uvs)eT(u,s)7”(“75)”3’:1

Lemma 3.4. For any fixed ¢ > 0 and n € N7, there exists a sequence {vg} C
Sy(c) such that as d — oo,

Ey(va) = 75(c),
(3.8) 1. @ (va)ll« =0,
JK(Ud) — 0.

Proof. We borrow some elements of Lemma 2.4 in [18]. Noting the definition of
vi(c), we have that for each d € NT, there exists g; € I',, such that

1
FE.(ga4(t, < A -
eton 2 oy, Erlgaltsw)) < mle) +

Set §q = (ga,0), then §; € T, and

I 1
Eﬁ q t, < Af -,
tG[O,l},umeas}f(c)mvn (ga(t,u)) < An(c) + p

since 4%(c¢) = ~%(c). Similar to Proposition 2.2 in [18|, we obtain a sequence
{(ua, sa)} C Sr(c) x R satisfying that

(3.9) E(ug, sa) = 75(c),  (Exls,©xr) (ta, sa)ll+ = 0
and
(3.10) tE[O,l],iIéISri(c)ﬂVn (ua, ) = Galt, w)lly = 0.

For each d € N, let vg = H(ug, $q). Then vy € S,(¢) and from (3.9), we have that

(3.11) E.(vq) = vi(c) asd— oo.
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For any (w,t) € Y, we see that

<E/;(ud> Sd)> ('LU, t)>

2
||
:te2sd]|Vud||§+e2sd/ Vude+f<ae2sd/ % / fufl(r) dr
R2 R? ‘SL’| 0o 2

ugl? =] . ) || 0
(3.12) 4 g5 /R2 ||a:||2 (/0 §ud(r) dr) (/0 rug(r)w(r) d?") + tre* A(ug)

— te 2% / [f (etug)efiug — 2F (e*uy)] — e~ 25 f(e*tug)e*tw
R? R?
= (Ey(va), H(w, s4)) + Je(va)t.
Let (w,t) = (0,1) € T(ud@d)v then (3.9) and (3.12) imply that

(3.13) Je(vg) — 0.
For any w € T,,,, if we take t = 0 in (3.12), then we get that
(314) <E//§(ud7 8d)7 (H(w7 _Sd)7 O)> = <E//i(vd)7 U)>,

where T;,, = {w € X: fR2 wvg = 0}. Moreover, since fR2 wug = fR2 ugH (w, —s4), we

obtain that w € T, & (H(w, —54),0) € T{(y,,s,)- To verify that [|E]|s, ) (va)|l« — O,
it suffices to show that {(H (w, —s4),0)} is uniformly bounded in Y for n large, which
is insured by the fact that

= -0l < i - t 0 <1
54| = |84 |_t€[0’1]7£fé{9fi(c)mvn||(Uda8d) (ga(t,u),0)|ly <

for d large enough. This ends the proof. O

Proposition 3.5. Let ¢ € (0, \/%), k € (0,p —3) and {uj} C S.(c) be a
sequence satisfying (3.8). Then {ul}} C S,(c) is bounded. Moreover, there exist
{A\} C R and u,, € X, such that, up to subsequence, as d — o,

(1) ulj = up, #0 in X;

(i) \b — A\, in R;

(iii) B (ul) — Ajul — 0 in X*.

(iv) El(un) — Apuy, = 0 in X*;
In addition, if \,, < 0, then we have uq — u,, in X asd — oc. In particular, ||u,||3 = ¢
and E(u,) =5 (c).

Proof. By the second relation of (3.8), we obtain

(3.15) (Ex(ug), ug) = [ Vugllz + 36A(ug) /RQ fug)ug = o([lugl])-

From Lemma 2.3, (2.7), (3.8) and (3.15), we conclude

K 1 n K n n
@)+ ol1) = IVl + 5Aw - [ P

> §||Vud||§ + 5 A(wg) = 7 (IVugll + 38A(ug)) + of[lugl)

1 n n n
= 7 (IVeglls = rA@d)) + ollugl)

1 ke 0|2 n
> 1 (1= 1o ) 19318 + ol

(3.16)
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Thanks to ¢ € (0, \/AI‘)%) and x € (0,p—3), (3.16) shows that {u}} C S,(c) is bounded.
Similar to the proof of Lemma 2.9, we know that there exists u,, # 0 such that, taking

a subsequence if necessary, as d — 00,

ug — U, in X,
(3.17) u? = u, in LY(R?),
u — u, a.e. in R?

for g € (2,00). Thus point (i) holds and

(3.18) Fumu = F(u)un  and /R F(uf) > Flu).

R2
In addition, the proofs of points (ii)—(iv) are similar to that in |16, Proposition 2.26].
Using (ii)—(iv), we obtain that

(3.19) (E/(ul}) — MNjulj,uly — u,) = o0(1) and (E (u,) — AU, ul] — u,) = o(1).
if A, <0, then we deduce from (3.18), (3.19) and Lemma 2.2 that
|Vualla = ||[Vunl|lz  and  Juglla = ||unll2, as d — oo.

The proof is completed. O

Remark 3.1. In the above proof, (3.16) also shows that if £ > 0 is sufficient
small, then {u]} C S,(c¢) is bounded and thus the the conclusions (i)—(iv) of Propo-
sition 3.5 still hold.

Proof of Theorem 1.2.  From Lemmas 2.11 and 3.4 and Proposition 3.5, it
follows that for ¢ € (0, \/%), k € (0,p—3) and each n € N7, there exists a couple of
solutions (uy,, A,) € S,(c) x R~ for (1.4) with E,(u,) = 7%(c). By Lemmas 3.2 and
3.3, we deduce that 7,(c) — 0o as n — oo and the sequences of solutions {(u,, \,)}
is unbounded. Thus (i) is proved.

To prove (ii), we only need to show that if (u,, \,) € H}(R?) x R solves (1.4),

then A, < 0 provided that x > 0 is sufficient small. In fact, similar to (2.29), we get

that )
A < ——" (ke — —— c :
0_87r2(p—2) (mc p—B) |Vue|3 <0
for k > 0 small enough. This ends the proof. O

Remark 3.2. In the proof of Theorem 1.2 (ii), x = 0 is allowed. Therefore, we
can prove Corollary 1.3.

Proof of Theorem 1.4. For k > 0 sufficiently small, let {(uf, %)} C S,(c) x R~
be obtained in Theorem 1.3 (ii). We decare that for any sequence {x,,} — 07, {usm}
is bounded in X. Indeed, it follows from dimV,, < oo that for each n € N7,

R e : < .
(€)= inf eion 2 o B (g(t;w)) < inf o X, B (9(t,u)) < oo
Since the sequence of {(uf™, A ) ben C Sp(c) xR solves (1.4), we get that {ulm} C

V(c) and
1
3200 =1V s - [ ]
C R2
Similar to Remark 3.1, we can obtain {ufm} is bounded in X. Furthermore, by
(2.9)—(2.11) and Lemmas 2.1 and 2.3, it is easy to see that {\%™} is bounded in R.
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Then there exist a subsequence of {k,,}, still denoted by {r,,}, u® € X and \Y <0
such that as m — oo, A\ — A2 and

ufm — Y in X
(3.21) ut —ud in LY(R?), 2 < ¢ < 6;

ut — ud  ae. in R
It is trivial that for each n € N, (u%, \?) is a couple of solutions of (1.13), i.e.,
VulVou — )\SL/ ulv = f@lv, VveX.

R2

R? R?

Then we have

(3.22) VT ) < [ b - ul) = [ f) - ul)
R? R? R?

Since {(uf, \%)} is a sequence of couples of solutions for (1.4) with k = k,,, and {ul™}

is bounded in X, using A" — A2 and Lemma 2.3, we get that

3:23) [ Vuprtur )X [ - = [ ) —a) o),

R? R2 R?
(3.21)(3.23) imply that
(3.24) IV (i = up)llz = Anllun™ = w3 = o(1).
At this point, using \Y < 0 we get ||V (ufm — ul)|la = 0. Moreover, if A0 = 0, then
(u), 0) is a couple of solutions of (1.13). Thus it is readily checked that [g, F'(u)) =0
and [g, f(ud)ud = ||[Vul||3 = 0. Then by Lemma 3.3, as m — oo,

1< by < ypm(e) = By, (upm) — 0.

This contradiction means A2 < 0. From (3.24), we deduce that |u®™ — u2||; — 0.
Hence the sequence of {(u2, \%)} C S,(c) x R~ solves (1.13). O
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