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Abstract. Let L = —A + V be a Schrodinger operator, where the potential V' satisfies the

t

reverse Holder condition. In this paper, via the heat semigroup e* and the Poisson semigroup

e_t‘/f, we introduce several classes of fractional square functions associated with L including the
Litttlewood—Paley g-function, the area integral and the g}-function, respectively. By the regularities
of semigroup, we establish several square function characterizations of the Hardy space and the

Hardy—Sobolev space related to the Schréodinger operator.

1. Introduction

It is a well-known fact that, as a class of important Calderén—Zygmund singular
integrals, the square functions are usually applied to characterize function spaces.
In 1972, Fefferman and Stein [18]| proved that the square functions can be used to
characterize Hardy spaces HP(R?) for 0 < p < 1. From then on, such character-
izations were extended to other settings. We refer the reader to [13, 11, 21] and
the references therein. In the last decades, many researchers pay their attentions
to the equivalent characterizations of Hardy spaces associated with operators, such
as |16, 13, 21, 6, 26, 25, 29, 38, 7, 39, 40, 41| and the references therein. In par-
ticular, Dziubanski and Zienkiewicz [16] dealt with the Hardy space associated with
the Schrodinger operator. In this paper, based on the fractional square functions,
we will establish several equivalent characterizations of the Hardy space and the
Hardy—-Sobolev space associated with the Schrédinger operator.

In the following, we recall some backgrounds of the Hardy space and the Hardy—
Sobolev space associated with the Schrédinger operator, respectively. Let L = —A+
V be a Schrédinger operator on R, d > 3, where V # 0 is a nonnegative potential.
Assume that V' belongs to the reverse Holder class B,, ¢ > d/2, i.e.,

1/q
<L/ V(z) dx) <C <L/ V(z) dx) for every ball B.
|B| B |B| B
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Let {TF},~0 be the semigroup of linear operators generated by —L and let KL (-,-)
be their kernels. Since V' is nonnegative, the Feynman-Kac formula implies that

0 < Kf(z,y) < Til,y) = (4mt) P exp (~|z — y[*/4t) .
Dziubariski and Zienkiewicz [16] defined the Hardy space H}(RY) as
H}RY) ={feL'(R%): MfeL'R"},

where

M f(x) —sup}T f(z }

t>0

The Hardy space H;(R?) is a Banach space with the norm [fllzr = 1M fllpr. In
order to give the atomic decomposition of the Hardy spaces associated with L, we
introduce the function

1
p(x) ::sup{r>0 e V(y)dygl}.

B(z,r)

Definition 1.1. For 1 < ¢ < oo, a function a is an H}-atom associated with a
ball B(zg, ) if

(i) suppa C B(xo,7);
(ii) [lal[ze < [B(zo, 7”)|1/q_1
(iil) if r < p(xo), then [a(z)dz = 0.

The atomic quasi-norm of H}J(Rd) is defined by || f|| r-atom,q = inf { > [c;|}, where
the infimum is taken over all decompositions f = > ¢;a; and {a;} are Hj-atoms.

We have the following H{-atomic decomposition of H}(R?).

Proposition 1.2. Let 1 < ¢ < oco. The norms || f| g1 and || f||z-atom,q are equiv-
alent, i.e., there exists a constant C' > 0 such that

CH N < 1 lz-atoma < ClLf Ny -

Proof. The case ¢ = oo is obtained by Dziubanski and Zienkiewicz [16]. For
1 < ¢ < o0, it is easy to see that any H{°-atom is also an Hj-atom. On the other
hand, by Proposition 2.1, we can use a direct computation to deduce that there exists
a constant C' such that for any Hf-atom a, ||M(a)||; < C. We omit the details. [

Now, we can define the square function. For k € N, let
Qi f(x) = 1 (T o f ) (a).

then square function associated with {QF} is defined as

“+oo d dt 1/2
(Sk(f </ / QEH W)’ g—i—l)
le—y[<t t

The following square function characterization was obtained by Hoffmann et al.
(cf. [21]).

Proposition 1.3. Let k € N. A function f € H}(R?) if and only if f € L*(RY)
and the square function S§(f) € L*(R?). Moreover,

1 ey ~ NSECOze + LDz
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In order to define the fractional square function, we first introduce the Poisson
semigroup. Let {PF};~o be the semigroup of linear operators generated by —VL.
Denote by PF(-,-) the integral kernel of PF. Since V' is nonnegative, it can be seen
from the Feynman-Kac formula that PE(-,-) is dominated by the classical Poisson
kernel P,(-,-):

Cyt
(% + |w — y[?) {072

Segovia and Wheeden [34] studied several types of fractional square and Lusin
—t(—=A)1/2

0 < PF(z,y) < Py(z,y) =

functions associated with e . Betancor et al. in [5] introduced the fractional
square functions associated with PF. The fractional derivatives *PL, o > 0, are
defined as follows (cf. [34]):

€ > m m—ads
m/o o Ph (x,y)s - M= la] +1.

Using the Poisson semigroup {PL}~0, we define the fractional square functions as

follows:
@) 1/2
t )

—im(m—a)

(1.1) Oy Pl (x,y) =

2
L0 P f ()

ga(N@) = (£

Galf)(@) = ( S5 e 1200 P f(x)’z%)m’
i 1w) 1= (I o () [prorpirta)] )™

The first main result of this paper is the following characterizations of the Hardy
space H}(RY).
Theorem 1.4. Let a > % and \ > d/2. The following assertions are equivalent:
(i) fe H(RY);
(i) f € L'(R?) and ga(f) € L'(RY);
(iii) f € L*(RY) and G, (f) € LY(RY);
(iv) f € L'(RY) and g;,\(f) € L'(RY).
Moreover, for every f € Hi(R?),

1Lz ~ ALl A+ ga (D~ A+ 1Ga (D~ 1A+ 1 gan (D]

In what follows, we consider the Hardy—Sobolev space associated with the Schro-
dinger operator, which are also important in harmonic analysis due to the fact that
they can be used to give the strong boundedness of some linear operators instead of
the weak boundeness. Denote by &’ the space of tempered distributions and denote
by P the space of polynomials, respectively. Let I,: §'/P — S'/P be the Bessel
potential operator. The function space I, (H?) which is called Hardy—Sobolev spaces
are natural generalizations of the homogeneous Sobolev space I, (L) to the range 0 <
p < 1. Hardy-Sobolev spaces associated with the Laplacian were studied by many
authors. In [35], Strichartz investigated the space I,,(H?),0 < p < 1, and proved that
I, /,(H?) was an algebra and found equivalent norms for the Hardy-Sobolev space or,
more generally, for the corresponding space with fractional smoothness and Lebesgue
exponents in the range p > n/(n+1). The trace properties of the space I,(H?) were
discussed by Torchinsky [36]. Miyachi [32| characterized the Hardy—Sobolev spaces
in terms of maximal functions related to mean oscillation of the function in cubes.
In particular, he obtained a counterpart of previous results of Calderéon and of the
general theory of De Vore and Sharpley [12].
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Recently, many scholars pay their attentions to Hardy—Sobolev spaces and their
variants on RY, or on subdomains. In [8], Chang, Dafni, and Stein studied Hardy—
Sobolev spaces in connection with estimates for elliptic operators. Furthermore,
Aucher, Emmanuel, and Tchamitchian [1| studied these spaces with applications to
square roots of elliptic operators. A simple strictly pointwise characterization of
the Hardy—Sobolev space in terms of first difference was obtained by Koskela and
Saksman in [28]. Lou and Yang [30] gave the atomic decomposition of the Hardy—
Sobolev space and proved the endpoint case of the div-curl theorem in [10]. More
about Hardy—Sobolev spaces can be found in [20, 9, 24, 33]. In [3] and [4], the authors
considered Hardy—Sobolev spaces on the manifold. In [22] and [23], Huang and his
coauthors studied the Hardy—Sobolev spaces associated with Hermite and special
Hermite operators.

Now, we give the definitions of Hardy—Sobolev spaces associated with the Schro-
dinger operator L.

Definition 1.5. For a > 0, the inhomogeneous Hardy-Sobolev space H}*(R¢)
is defined as the set of all functions f € H}(R?) such that (I + L)*/?f € H}(R)
with the norm

1l = I+ L) Fllay + (1 F 1Ly -

In 1969, Segovia and Wheeden [34] obtained the characterization of the Sobolev
space LP® via the fractional square function defined as

> 0P fzdr\
Iralf) = / ‘tk_aw — , k>a>0.
0

t
In [5], the authors introduced the fractional square functions in the case of the
Schrodinger operator L and characterized the potential spaces associated with L.
The fractional Littlewood—Paley g-function associated with { P}, is defined as

o0 akPLf 2 dt 1/2
of) = thmoZ L1 ., k>a>0.
The fractional square function and the fractional gi-function associated to {PF}~o
are defined, respectively, by
1/2
2dy dt
J ) L k>a>0

+oo
Gl = ([
k, (f) ( 0 oyl <t td+1
and

1/2
+00 " 2X . akPLf 2y dt
x . = - t o L _ ]{j > 0
gk,a,)\(f) [/0 /Rd <|[L’ — y| + t) ’ otk a1 y Z o>

Define L};*(R?) as the collection of all functions f such that
f=U+L)"g, ge PR,
where 1 < p < oco. The main result of [5] is the following proposition.

Proposition 1.6. Let a > 0, k € N\ {0}, 1 < p < o0 and A > max{d/p,d/2}.
Then the following assertions are equivalent:

(i) f € LY (RY);
(ii) f € LP(R?) and gio(f) € LP(RY) for k > «;
(iii) f € LP(RY) and Gy o(f) € LP(R?) for o < k — (d +1)/2;

okPEf

tk‘—Oc
otk
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(iv) f e LP(R?) and g; ,.,\(f) € LP(RY) for o <k — (d +1)/2.

Moreover, for every f € LY,
[z ~ L fllze + [l gralH)Iee ~ [ fllze + 1GralH)lle ~ I Fllze + gk (O] ze-

In this paper, we will give the characterizations of the Hardy—Sobolev space
Hp*(RY) as foll
% (R?) as follows.

Theorem 1.7. Let o« > 3, k € N\ {0} and X\ > d. Then the following assertions
are equivalent:
(i) f € H"(RY);
(ii) f € HE(RY) and gro(f) € LYRY) for k > «;
(iii) f € H}(RY) and Gy o(f) € L'(R?) for a < k — (d +1)/2;
(iv) f e H(RY) and g} ,.\(f) € L'(RY) for o < k — (d+1)/2.

Moreover, for every f € H;*(R%),
1 Te ~ ey 4 lgmalO e ~ Wy +1GralO e ~ 1y + 195 ax (P2

The paper is organized as follows. In Section 2, we give some estimates of the
kernels associated with e~*% and PF. In Section 3, we give the proof of Theorem 1.4.
The proof of Theorem 1.7 will be given in Section 4.

Throughout this article, we will use ¢ and C' to denote the positive constants,
which are independent of main parameters and may be different at each occurrence.
By B; ~ By, we mean that there exists a constant C' > 1 such that 1/C < By/By <
C.

2. Preliminaries

In this section, we give some estimates of the heat kernel and the Poisson kernel
associated with L which will be used in the sequel. We first collect some basic facts
about the potential V' satistying the reverse Holder inequality. Obviously, B, C B,,
if ¢, > g,. But it is important that the B, class has a property of self improvement;
that is, if V' € B,, then V € B, for some ¢ > 0. We have assumed that V' € B,
and hence V' € B, for some ¢, > d/2. We also write 0y = 2 — d/q, > 0 and
0 = min(1,0p) < 1, and throughout the paper we keep this assumption and the
meanings of ¢,, dp and 0.

We first give the following estimates of the kernels KZ(-,-) (cf. [17]).

Proposition 2.1. (a) For every N € N, there is a constant Cy > 0 such
that

0 < Kl (w,y) < Oyt~ 2705 (14 Vi p(a) + ﬁ/p(y))_N-

(b) There exist § > 0 and C' > 0 such that for every N > 0, there is a constant
Cy > 0 so that, for all |h| < Vi,

K (2 + hyy) — K (2,9)]
< O (WYY 12 A= (L pla) + Vi pla))

Remark 2.2. By part (a) of Proposition 2.1, it is easy to see that the condition
|h| </t can be replaced by |h| < |z — y|/2 in part (b) of Proposition 2.1.
For k € N, define
Q (w,y) = P K (2, y)|s=re-
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The following estimates about the kernel QF(-,-) is obtained in [15].

Proposition 2.3. There exist constants C,0 < ¢’ < ¢ such that for every N,
there exist constants Cy > 0 and Cj y > 0, so that

) [QF @ )] < Cat~tem I (1 thp@) + t/p(w)

(b) Q¥+, )~ y>|<okN(“") OB (Lt () 41/ ply))
Ih| < t;

‘fRth 7y dy‘ < Oy

By the Bochner’s subordination formula, for any = € R? and t > 0,

Y

1 e

\/’ \/— tz/(4uf517 u = 2\/_/ — TEf(z) du.

The above identity indicates that the Poisson kernel is given by

() —t2/ du)

PEf(z) = eV f(z) =

1 & e‘“

\/— \/_ tz/(4u (LU y d 2\/*/ U3/2 ZZI' y)d
The kernel 9% PF(-, -) satisfies the following estimates.

Proposition 2.4. [Proposition 3.6] Let o > 0. For any N > 0 and 0 < ¢’ < ¢

with 0 < &' < «, there exists a constant Cy such that for any x,y € R? and
€ (0, 00),

0 —t2/ 4u)

Pl (z,y) =

. Cyt -N
() 0= PHwy) S ST (1+t/pl@) +t/0(n)
a o pL Nta N
(0) 160F P, 9)] < (= ey (1 100 + 1/0())
Cxt*(|h]/1)” N

(c) [t*0p Pl (x+h,y)—t*0} Pl (2, y)| <
|h| < t;

°° t/p(x))”
d t* o Pk dy| < C (—
We can express 92 PLf as follows (cf. [37]).

Lemma 2.5. Let a > 0. For every f € L?(R%),

(2 |z —y[2)(@Ha)/2 <1+t/p(x)+t/p(y)> )

OPLf = ™ / A2 VXAEL (N, > 0.
0

At the end of this section, we give some basic facts on the tent spaces which will
be used in the sequel(cf. [10]). Let 0 < p < 0o, and 1 < ¢ < oo. The tent space T7?
is defined as the space of all functions u(-,-) on R such that

1/q
(fr(z) [u(y, t) quflf) € L'(RY), 1<q< oo,

sup Ju(y,t)| € LP(RY), q =00
(v.)el (@)

where I'(z) is the standard cone whose vertex is z € R, i.e

P(z) ={(y,0): ly — x| <1}
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Assume B(zo,7) is a ball in R, its tent B is defined by B = {(z,t): |z —zo| < r—t}.
A function a(-,-) that supported in a tent B, where B is a ball in R?, is said to be
an atom in the tent space Ty if it satisfies

dxdty\1/2

([ fata o 20 < e
B t

The atomic decomposition of 7% is stated as follows (cf. [10]).

Proposition 2.6. Let 0 < p < 1. Any u € Ty can be written as u = Y A\yay,
where {ay} are atoms and ) [\ |P < C'||u||‘;2p

3. The characterization of the Hardy space H}(R%)

In this section, we will give the characterizations of Hardy space H:(R?) by the
fractional square functions. Firstly, we give the following lemmas, which will be used
in the sequel (cf. [15] or [31]).

Lemma 3.1. Let a > 0. The operator t*9% PF defines an isometry from L*(R?)
into L>(R%M dx dt/t). Moreover,
4% : : N anga ply2 dt . 2 d
f(z) = lim lim (t°0y PF) f(:z:)T in L*(R%).
By the spectral theorem, we can prove

F(Qa) e—0 N—oo0 E

Lemma 3.2. Let o > 0. The operators go, Go and g, , are bounded on L*(R?).
Moreover, there exist constants C', C; and Cy such that

19afllz = Cliflle,  [|Gafllz < Cillfllezs Nganfllez < CallflLe-
The following proposition has been proved in [31].

Proposition 3.3. [31, Lemma 5.3] Let « > 0. There exists a constant C
such that for any function f which is a linear combination of H}-atoms, we have

1Gafller < Clfllu-
Similar to the proof of Proposition 3.3, we can prove

Corollary 3.4. Let o > 0. There exists a constant C' such that for any function
f which is a linear combination of H}-atoms, we have ||gof| < Cllfll and

lgafller < Cll fllee -

In order to prove the main result, we need the following Lemma (cf. [21]).

Lemma 3.5. f € H}(RY) ifand onlyif f € L'(R%) and Mp(f) = sup,.q PL(f) €
L*(RY). Moreover, we have

1Az ~ [1Mp()]]zr-

Now, we can give the proof of Theorem 1.4.

Proof of Theorem 1.4. By Proposition 3.3 and Corollary 3.4, for f € H}(RY),
we know that gof € L'(RY), Gof € L'(R?) and g, , f € L'(R?), respectively.

For the reverse, we first show that for G,f € L'(R%), we have f € H}(R?).

In the following, for the sake of convenience, we use D¢ (-, -) to denote the kernel
t*9XPy(+,-). Assume that f € LY(R?) N L*(RY). When Gy .f € LY(R?), we can see

that 12
&0 dy dt
/I%f(éﬂ)ldx: / / / DeF)PLA) T a,
R re \Jo /B t
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which implies that D¢ f(z) belongs to the tent space Ty, where
Dy f(x / DY (z,y) f(y) dy.

By the atomic decomposition of Ty, we have D{ f(z) = Y. Nia;(x,t), where a;(x,t)
are T)-atoms and Y, |\;| < co. Assume that the atom a(z, t) is supported on B(zg, 7).
By Lemma 3.1,

o0 N o0 dt - o
— C/O D; (; )\iai(x,t)> < = ;Am@)

where 73(z) = [J° Df‘a;(z,t)%. For simplicity, we use 7(z) to denote 7;(z) for i =
1,2,---. We write

Isup e 7 (@)l < ll(sup [e™Y () ) xp-
>0 >0
= Il + 127
where B* = B(xg, 2r). For I, we use Holder’s inequality to deduce that

= Da t do
il ||<§ﬁzgl/Rd (/ ale )‘Z’()
- thdl’) ( o0 DoF thdl’)l/z
< s ([ [ leor®E) ([ [ 1meaer

< sup [B]7V|gll; < |B|72,
Igla<1

which gives I, < |B*|'/?|B|~Y/? < C.
Now we deal with 5. For s > 0, by functional calculus and Proposition 2.4, we

have
e—sVE (/ Dfa(x,t)@)‘ ‘ _s‘f/ / 20, PL ya(z, t)r'™ O‘d)\dt‘
o t At

v+ Gup e e (@)D sl
>

N adAdt
t O, PL, a(z, )N T
dt
— / 0 P a(w, t)— ‘
0 t

*° e dy dt
SC/ d+a| ( t) T
0 ((s+8)?+[z—yf?) >

When y € B(zg,r) and z € (B*)¢, we have |z — y| ~ | — x¢|. Then

—Sf< Dfa( xt)it)'

1/2 r 1/2
< Cl — |~ (/ /t?a 1dydt) </ /\a(y,t)P@)
0 B

1/2
< C’|B\_%\x — @] (@) (/ / 2~ 1dy dt) < Or®|z — ao| ™),
o JB

Finally, we get

,r,a
Izﬁ/ 7d+adz§0
Be(zo,r) |‘T - x0|
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When f € H:(R?), let G, be the bounded extension of Gu(f) from L*N HL(RY)

to H(RY). Since L? N H}(RY) is dense in H} (RY), there exists a sequence {f,} C

L* N H}(RY) such that f, — f as n — oo in H}(R?). By Proposition 2.4, we

conclude that Gu(f,) — Ga(f) as n — co. By the definition of Gy, we know that

Golfn) = Ga(f) as n — co. Therefore, for f € H}(RY), Gu(f) = G.o(f). This gives
£y = 1 i oy < Y [GaE)ler = 1GalF)ler = Gl )

For the Littlewood—-Paley g-function, it is sufficient to prove | G4 (f)|2: < Cllga(f)lL:-
For 5 > 0, we define G(f) by

G- ([ [ miwre)”

Then same as the above proof, we can prove that f € H}(R?) if and only if @;( f)e
L*RY) and f € L'(R?). Moreover, [l ~ 1Gs(f)llzr-
Let F(z)(t) == (8?6_“5]0) (z) and V(z, s) := e VL F(z). Then

V(Ilf> S) (t) = e_Sx/f (age_t\/ff) (ZL’) — (afce—(s—i-t)\/ff) (ZL’)
Therefore,
400 ) too )
/ |V (z,s) ()| > " dt = / ‘(age—(sﬂ)ﬁf)(x)‘ 201 gy
0 0

— / h }(Qf‘eﬂtﬁf) (a:)‘Q(t — 5)? L dt.

When a > 1, we have (t — s)?*~1 < ¢**~!. Hence,

sup/O : |V (@, s)(6) 1t dt < /0 i (02 VEP) (@) 227 dt = (guf(x))’

>0
Let X = L?((0,00),**dt). Then

sglg He_SLF(:z)HX < gof(x) € L'(RY).

Therefore, F' € Hg(RY), where H%(R?) can be seen as a vector-valued Hardy space
(cf. [19]). This shows that GXF(x) € L*(R%), where

- oo dy dt\ '
cxra=([ [ Iprwl )
0 |z—y|<2t t

We can assume that % < a < 1. Then the identity

O*PE=C i Os Pl s7 ds
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gives

orpPLor Pl =C / / OuPL, 0y P ja™“dab™ db
= / / 2P, a b dadb
C’/ / RPE . ,a (N —a) “dNda
—C / 8APA+SH< / A\ — )‘O‘da)d)\
2/2
—c [Torrh.. [( [ ) ada] 0
A/2

= C/ 0/2\PAL+S+t)\1_2ad)\.
0
When o > 1/2, we get

oy Pf@? PSL = 830‘ PSLH.
Then

oo op dydt
@ra’ = [ [ Iorrwli
|z—y|<2t
oo dy dt

+oo
/ }t“@f“e_tﬁF(y)(s) ‘252“_1615 p
y|<2t t

|lx—

+oo  ptoo
/ / / a2a —(s+t) ‘ff( )‘ t2a—1—d82a—1dy dt ds
|x— y|<2t

0 0

+00 +00
/ / / |02 VE F(y)|*(t — s)* 7 s dy dt ds
0 |z —y|<2(t—s)

+00
- / / 022V F(y)['(t — s)2 7 s dy ds dt
0 0

le—y|<2(t—s)

+oo /2
2/ / / 8201 —t\/_f( )‘ ( )20c 1-d 2a 1dyd$dt
0 0 lz—y|<2(t—s)

+00
> / / / ‘8t2°‘e_tﬁf(y)‘ztza_l_dszo‘_ldy ds dt
0 0 |lx—y|<t

200 [T _ 1
— ?/ / | ‘6204 t\/_f( )‘2t4 1 ddydt
r—y|<t

200 [T o 20— adydt  2a = 2
_/ / ‘tz (‘92 tff )‘ o :g(sif(f)) ,
le—yl<t ¢

which implies G, (f) € L'(R%). Hence, f € Hi(R?).
Since in the cone I'(z) = {(y, 1): |:17 —y| < t}, we have [t/(|x — y| + )]} > 272\,
Therefore,

2) du d 1/2
Gal)(2) < [ [ 2 (o) rrrtwP | 260w,

|z =y
This completes the proof of Theorem 1.4. O
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4. The characterization of the Hardy—Sobolev space H}J’O‘(Rd)

We denote by E, the spectral decomposition of the operator L. If M is a bounded
function on (0, 00), the spectral multiplier M (L) is defined by

M) = [T MO, f € D))
where the domain
DOIW) = {f € LPRY: [ IMOPUENL.S) < oo},
0
We say that a function M on R belongs to the space C(s), s > 0, if

[M||ces) == > sup |[M®(N)] < oo, s € Z;
k=0
]
M logsy = 1MED | paps—1s)) + g_josup IMP ()| < 0o, s € Ze.

We have the following version of spectral multiplier theorems.

Proposition 4.1. [14, Theorem 1.11| Let M be a bounded continuous function
on (0,00). If for some ¢ > 0 and a nonzero function ¢ € C(0,00), there exists a
constant C' > 0 such that for every t > 0,

()M (&)l eayare) < C,
then the operator M (L) is bounded on H}(R?).
For a, 6 > 0, let
A (T+ X))~
My(N) = ———
(14 A2’ 2N =T e

where A > 0. Then, it is clear that M;, j = 1,2,3, are smooth and bounded on
(0,00). It follows from Proposition 4.1 that

Proposition 4.2. Let o, 3 > 0. Then, for j = 1,2,3, the operators M;(L) can
be extended to bounded operators on H}(RY).

My(A) =

Mz(A) = (B+A)"%,

By Lemma 2.5, we can get
O~ PE(LY2 ) = LU= PE(LR f) = IN2PE(f) = E ().
Therefore, we can prove (cf. [5] Proposition 4.1)

Lemma 4.3. Let 0 < o < k,k € N and A > d/2. For every f € D(L*/?), we
have

gk—a(La/Qf) = gk,a(f)a Gk—a(La/2f) = Gk,a(f)a gZ—a,A(La/zf) = g:,a7A(f)‘
By Lemma 4.3 and Theorem 1.4, we get
Proposition 4.4. Let 0 < a < k,k € N and A > d. Suppose that

feDLY)NHL(RY and L*%f € L*(RY) N H}(RY).
Then
1Ll ~ Ngkal Ao ~ 1GralPllr ~ gk an(Fllr

Now, we can prove



618 Jizheng Huang, Pengtao Li, Yu Liu and Jie Xin

Theorem 4.5. Let 0 < a < k,k € N and A\ > d. Suppose that
feD((I+L)*)NnH}RY and (I+L)**f e L*RY)nH(RY.
Then
I+ L)l ~ A+ lgro Dl ~ 1 f [z + [Gralf)]l
~ g+ 1195 an ()l

Proof. We give the proof of ||(I + L)O‘/2f||Hi ~ [ fllzs + 1gx,a(f)]lz2- The proofs
for the cases of Gy o(f) and g; , \(f) are similar.

By Proposition 4.2, we know that the operators L/?(1+L)~*/? and (I+L)*/?(1+
L*/2)~! are bounded on H}(R?). Then following from Proposition 4.4, we have

12+ L) fll g = (1 + L)*2(L + L)L+ L) fl
<N+ L)l < CU N + 1292 L)
< C[I iy + Ngralh)lm |
For the reverse, we take the function M;(\) = A¥2(14+\)"*/2 X\ > 0. For any
r e R, we get

)\a/2
/ )\a/szL Nf = / w(1+)\)a/2dEL(>\)f

= Ml(L)/O (14+ N2 dEL(\) f.

Letting 7 — oo, we get LY¥2(f) = My(A\)(I + L)*/?(f). Using Proposition 4.2
again, we obtain
1L fll g < CIT + L) fl

and
1 ey = 12+ L)~ + L) |y < CIT+ L) [y
Theorem 4.5 follows from Proposition 4.4. O
Denote by

Sar=1{f € HL(R"): (I +L)**f € CZ(R")}.
Since C°(RY) is dense in HE(R?), S, is dense in H,*(R?). Note that
Sar € D((I+L)*?)n H}(RY)

and

(I + L)*%S, = C®RY c L*(RY) N Hi(RY).
By Theorem 4.5, gk, Gr.o and g, can be extended to H}J’Q(Rd) as bounded op-
erators from H,;*(R%) to L'(R%). Let grq be the extension of g, to H*(R?) as a
bounded operator from H,*(R?) to L'(R?). Then, there exists C' > 0 such that for
f e H, (R,

(4.1) [l + gralHll < ClA g

Now, we give the proof of Theorem 1.7.
Proof of Theorem 1.7. We first prove

1z + lgka (Nl < ClLF e
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By (4.1), it is sufficient to prove g (f) = gra(f). For N € N and h € H} (R?), by
the subordination formula, we have

(4.2)

e PHe)

o0 e—t2/8u B
o0 <0 [ Ll @) du < O Fsup TR o).

u>0

Then

> k—a a L 2di s OO —1—-2« 2 L
el PEn@| ) o ([ ) sw mER) @)
1/N 1/N u>0
< CN®sup [Ty (h)(x)].

u>0

By the definition of H}(R?), we conclude that the operator

h— (/;;’tk a;ka(h)( )2%)1/2

is bounded from H}(RY) to L'(R%).
Therefore, if f = (I 4+ L)~*/2h, where h € H} (R%) N L*(R%), we have

H /N‘tk o0 pi((r+ )3 h)(g;)@)

ot 0
_ (/ - awPL(L“M(L)h)( )2%)1/2 |
_ </1/N ‘tk ag; ZPL(M(L)h)(x> 2%)1/2 1

< CIM(L)b|lgy < Clihllm,

where C' > 0 does not depend on N € N and M(A) = A*/2(1 4+ \)"/2 X\ > 0. Let
N — o0, we get

k
kaa

||§k7;<f>r|ﬂ:”</o oo Bl %)/

< Ol e
Lt

By S,z is dense in H;*(R%), for f € H*(R%), we have

© a0 dt\"? _
Hgk,a<f>||u=H(/o oo Se P @[ G ) | =1l < Cllle

The proofs for the cases of Gy, and gj, , \ are similar.
For the reverse, we prove

(4.3) 107 PE(H)laz < 2 fllay
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For m € N and m > «, by (4.2), we have

sup# (00 PN (@)) | < s ([T st SR RE () s )

B8>0

e’} . e’} —(t—l—s) /8u

<C 2218/ s / W| u—l—ﬁ(.f)(x) duds
0 m a—1 o0 —I/U

L e
< C’sup|T |/ /0 gy dv
<Ct” O‘sup|TL( f)(x

u>0

Therefore, (4.3) follows from the definition of H}(R?).

Assume that f € H}(RY) and gro(f) € LY(RY). Let {f,} be a sequence in
C>(RY) such that f,, — f as n — oo in Hi(R%). Fix ¢t > 0, denote f' = PL(f) and
ft = PE(f,), n € N. Then f* and f! in H}(R?).

By Lemma 2.5 and (4.3), we have
(4.4) O i, = L[, € HL(RY).

Then, by Proposition 4.1, we get
g =M(L)(I + L) f} € HL(RY),
where M(A) = (1 +X\)*2(1 4+ X¥/2)71 X\ > 0.
Note that (I + L)~*/%g! = f! we have f! € H;*(R%) and ||f,';]|H£a = |lgpll a2 -
By (4.3) again,
O fl = 0 f', as n— oo in Hj(R?.
Proposition 4.1 and (4.4) imply that
g = M(L)(I + L) f; = M(L)(I + 7)) f, — M(L)(I +97) f'
as n — oo in H}(R?). Therefore, there exists F* € H;“(R%) such that f! — F' as
n — oo in H*(RY). So ft — F'asn — oo in HE(RY). Since ff — f'asn — oo in
H(RY), we get f' = F' € HP*(RY) and f! — f* as n — oo in H;“(RY).

Noting that f; € L*(R%) N H}(R?) and (I + L)*?f! € L*(RY) N H{(RY), by

Theorem 4.5, we get
£l + lgka(f)lle ~ [ fall e

Letting n — oo, we have
1 e < CUL ey + Nlgraf ).

a0 = ([ R d)

oo , O 2dsy 1/2
:/O _8)

Ph(s s PHA @) S
< PpF

([ [sosrine d—)/] (@),

we get [|gr.a(f)1 < lgk.a(f)]l1. Furthermore, this gives
(4.5) 1 Ve < CUL oy + gkalfOl) < CUFla + gralHIlL),

Since
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where C' > 0 does not depend on t.

By (4.5), we know {f*} are uniformly bounded in H,;*(R%), i.c., {(I+L)*?(f')}
are uniformly bounded in H}(R%). Since H}(R?) is a Banach space, we can find
g € Hi(R?) such that

(I+L)a/2(f;) — g as j — 00,

where {f}} is a subsequence of {f*}.
Since H}(R?) is the dual space of VMO (R?Y) and C°(R?) is dense in VMO (R?)
with norm of VMO, (R?) (cf. [27]), we get

lim (T+ L)**(f}), ) =g, @), ¢ € CF(RY).
By the fact that (I + L)~%/? is self-adjoint and bounded on C®°(R?) , we have
T (), 6) = (T + 1), ¢), € O=(RY).
Let h = (I + L)"*/%g. Then h € H;*(R?) and
T (7)), 6) = {h, 6), ¢ CR(RY,

By the arguments analogous to p.776 in [2|, which relay on the decay of the
kernel of PF, we can get

(4.6) lim(f', ¢) = (f,¢), ¢ € CZRY).

t—0

It follows that f = h and

[ lge < U + lgealh)llz)-
This completes the proof of Theorem 1.7. U

Remark 4.6. If we define the following HardySobolev space #;*(R%) as the
set of all functions f € H} (R?) such that L*/2f € H}(R?), with the norm

£ llpze = 1L g + 1 f 1Ly -

Theorem 4.7. Let o > 0, k € N\ {0} and A > d. The following assertions are
equivalent:
(i) feH"(RY;
(ii) f € HE(RY) and gro(f) € LYRY) for k > «;
(iii) f € H}(RY) and G o(f) € LY(RY) for a < k — (d+1)/2;
(iv) f e Hi(RY) and g} ,.\(f) € L'(R?) for o < k — (d+1)/2.

Moreover, for every f € Hy*(RY),
[ lgge ~ W + NgralDllee ~ Wl + 1Gral e ~ 1 T2+ 1195 (Pl 2

Since the above proof is similar to that of Theorem 1.7, we omit the details.
Theorems 1.7 and 4.7 imply that the Hardy-Sobolev spaces H;*(R%) and H;*(R?)
are equivalent.
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