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Abstract. Let L = −∆ + V be a Schrödinger operator, where the potential V satisfies the

reverse Hölder condition. In this paper, via the heat semigroup e−tL and the Poisson semigroup

e−t
√
L, we introduce several classes of fractional square functions associated with L including the

Litttlewood–Paley g-function, the area integral and the g∗λ-function, respectively. By the regularities

of semigroup, we establish several square function characterizations of the Hardy space and the

Hardy–Sobolev space related to the Schrödinger operator.

1. Introduction

It is a well-known fact that, as a class of important Calderón–Zygmund singular
integrals, the square functions are usually applied to characterize function spaces.
In 1972, Fefferman and Stein [18] proved that the square functions can be used to
characterize Hardy spaces Hp(Rd) for 0 < p ≤ 1. From then on, such character-
izations were extended to other settings. We refer the reader to [13, 11, 21] and
the references therein. In the last decades, many researchers pay their attentions
to the equivalent characterizations of Hardy spaces associated with operators, such
as [16, 13, 21, 6, 26, 25, 29, 38, 7, 39, 40, 41] and the references therein. In par-
ticular, Dziubański and Zienkiewicz [16] dealt with the Hardy space associated with
the Schrödinger operator. In this paper, based on the fractional square functions,
we will establish several equivalent characterizations of the Hardy space and the
Hardy–Sobolev space associated with the Schrödinger operator.

In the following, we recall some backgrounds of the Hardy space and the Hardy–
Sobolev space associated with the Schrödinger operator, respectively. Let L = −∆+
V be a Schrödinger operator on Rd, d ≥ 3, where V 6≡ 0 is a nonnegative potential.
Assume that V belongs to the reverse Hölder class Bq, q ≥ d/2, i.e.,

(
1

|B|

ˆ

B

V q(x) dx

)1/q

≤ C

(
1

|B|

ˆ

B

V (x) dx

)
for every ball B.
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Let {TL
t }t>0 be the semigroup of linear operators generated by −L and let KL

t (·, ·)
be their kernels. Since V is nonnegative, the Feynman–Kac formula implies that

0 ≤ KL
t (x, y) ≤ T̃t(x, y) := (4πt)−d/2 exp

(
−|x− y|2/4t

)
.

Dziubański and Zienkiewicz [16] defined the Hardy space H1
L(R

d) as

H1
L(R

d) =
{
f ∈ L1(Rd) : Mf ∈ L1(Rd)

}
,

where

Mf(x) = sup
t>0

∣∣TL
t f(x)

∣∣.

The Hardy space H1
L(R

d) is a Banach space with the norm ‖f‖H1
L
= ‖Mf‖L1. In

order to give the atomic decomposition of the Hardy spaces associated with L, we
introduce the function

ρ(x) := sup

{
r > 0:

1

rd−2

ˆ

B(x,r)

V (y) dy ≤ 1

}
.

Definition 1.1. For 1 ≤ q ≤ ∞, a function a is an Hq
L-atom associated with a

ball B(x0, r) if

(i) supp a ⊂ B(x0, r);
(ii) ‖a‖Lq ≤ |B(x0, r)|1/q−1;
(iii) if r < ρ(x0), then

´

a(x) dx = 0.

The atomic quasi-norm of H1
L(R

d) is defined by ‖f‖L-atom,q = inf
{∑

|cj|
}
, where

the infimum is taken over all decompositions f =
∑

cjaj and {aj} are Hq
L-atoms.

We have the following Hq
L-atomic decomposition of H1

L(R
d).

Proposition 1.2. Let 1 ≤ q ≤ ∞. The norms ‖f‖H1
L

and ‖f‖L-atom,q are equiv-

alent, i.e., there exists a constant C > 0 such that

C−1‖f‖H1
L
≤ ‖f‖L-atom,q ≤ C‖f‖H1

L
.

Proof. The case q = ∞ is obtained by Dziubański and Zienkiewicz [16]. For
1 ≤ q < ∞, it is easy to see that any H∞

L -atom is also an Hq
L-atom. On the other

hand, by Proposition 2.1, we can use a direct computation to deduce that there exists
a constant C such that for any Hq

L-atom a, ‖M(a)‖1 ≤ C. We omit the details. �

Now, we can define the square function. For k ∈ N, let

Qk
t f(x) = t2k

(
∂k
sT

L
s |s=t2f

)
(x),

then square function associated with {Qk
t } is defined as

(SL
k (f))(x) :=

(
ˆ +∞

0

ˆ

|x−y|<t

∣∣Qk
t (f)(y)

∣∣2dy dt
td+1

)1/2

.

The following square function characterization was obtained by Hoffmann et al.
(cf. [21]).

Proposition 1.3. Let k ∈ N. A function f ∈ H1
L(R

d) if and only if f ∈ L1(Rd)
and the square function Sk

L(f) ∈ L1(Rd). Moreover,

‖f‖H1
L
∼ ‖Sk

L(f)‖L1 + ‖f‖L1.
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In order to define the fractional square function, we first introduce the Poisson
semigroup. Let {PL

t }t>0 be the semigroup of linear operators generated by −
√
L.

Denote by PL
t (·, ·) the integral kernel of PL

t . Since V is nonnegative, it can be seen
from the Feynman–Kac formula that PL

t (·, ·) is dominated by the classical Poisson

kernel P̃t(·, ·):

0 ≤ PL
t (x, y) ≤ P̃t(x, y) :=

Cd t

(t2 + |x− y|2)(d+1)/2
.

Segovia and Wheeden [34] studied several types of fractional square and Lusin

functions associated with e−t(−∆)1/2 . Betancor et al. in [5] introduced the fractional
square functions associated with PL

t . The fractional derivatives ∂α
t P

L
t , α > 0, are

defined as follows (cf. [34]):

(1.1) ∂α
t P

L
t (x, y) :=

e−iπ(m−α)

Γ(m− α)

ˆ ∞

0

∂m
t PL

t+s(x, y)s
m−αds

s
, m = [α] + 1.

Using the Poisson semigroup {PL
t }t>0, we define the fractional square functions as

follows: 



gα(f)(x) :=
(
´∞
0

∣∣∣tα∂α
t P

L
t f(x)

∣∣∣
2
dt
t

)1/2
,

Gα(f)(x) :=
(
´∞
0

´

|x−y|<t

∣∣∣tα∂α
t P

L
t f(x)

∣∣∣
2
dy dt
td+1

)1/2
,

g∗α;λ(f)(x) :=
(
´∞
0

´

Rd

(
t

|x−y|+t

)2λ∣∣∣tα∂α
t P

L
t f(x)

∣∣∣
2
dy dt
td+1

)1/2
.

The first main result of this paper is the following characterizations of the Hardy
space H1

L(R
d).

Theorem 1.4. Let α ≥ 1
2

and λ > d/2. The following assertions are equivalent:

(i) f ∈ H1
L(R

d);
(ii) f ∈ L1(Rd) and gα(f) ∈ L1(Rd);
(iii) f ∈ L1(Rd) and Gα(f) ∈ L1(Rd);
(iv) f ∈ L1(Rd) and g∗α;λ(f) ∈ L1(Rd).

Moreover, for every f ∈ H1
L(R

d),

‖f‖H1
L
∼ ‖f‖1 + ‖gα(f)‖1 ∼ ‖f‖1 + ‖Gα(f)‖1 ∼ ‖f‖1 + ‖g∗α;λ(f)‖1.

In what follows, we consider the Hardy–Sobolev space associated with the Schrö-
dinger operator, which are also important in harmonic analysis due to the fact that
they can be used to give the strong boundedness of some linear operators instead of
the weak boundeness. Denote by S ′ the space of tempered distributions and denote
by P the space of polynomials, respectively. Let Iα : S ′/P → S ′/P be the Bessel
potential operator. The function space Iα(H

p) which is called Hardy–Sobolev spaces
are natural generalizations of the homogeneous Sobolev space Iα(L

p) to the range 0 <
p ≤ 1. Hardy–Sobolev spaces associated with the Laplacian were studied by many
authors. In [35], Strichartz investigated the space Iα(H

p), 0 < p ≤ 1, and proved that
In/p(H

p) was an algebra and found equivalent norms for the Hardy–Sobolev space or,
more generally, for the corresponding space with fractional smoothness and Lebesgue
exponents in the range p > n/(n+1). The trace properties of the space Iα(H

p) were
discussed by Torchinsky [36]. Miyachi [32] characterized the Hardy–Sobolev spaces
in terms of maximal functions related to mean oscillation of the function in cubes.
In particular, he obtained a counterpart of previous results of Calderón and of the
general theory of De Vore and Sharpley [12].
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Recently, many scholars pay their attentions to Hardy–Sobolev spaces and their
variants on Rd, or on subdomains. In [8], Chang, Dafni, and Stein studied Hardy–
Sobolev spaces in connection with estimates for elliptic operators. Furthermore,
Aucher, Emmanuel, and Tchamitchian [1] studied these spaces with applications to
square roots of elliptic operators. A simple strictly pointwise characterization of
the Hardy–Sobolev space in terms of first difference was obtained by Koskela and
Saksman in [28]. Lou and Yang [30] gave the atomic decomposition of the Hardy–
Sobolev space and proved the endpoint case of the div-curl theorem in [10]. More
about Hardy–Sobolev spaces can be found in [20, 9, 24, 33]. In [3] and [4], the authors
considered Hardy–Sobolev spaces on the manifold. In [22] and [23], Huang and his
coauthors studied the Hardy–Sobolev spaces associated with Hermite and special
Hermite operators.

Now, we give the definitions of Hardy–Sobolev spaces associated with the Schrö-
dinger operator L.

Definition 1.5. For α > 0, the inhomogeneous Hardy–Sobolev space H1,α
L (Rd)

is defined as the set of all functions f ∈ H1
L(R

d) such that (I + L)α/2f ∈ H1
L(R

d)
with the norm

‖f‖H1,α
L

:= ‖(I + L)α/2f‖H1
L
+ ‖f‖H1

L
.

In 1969, Segovia and Wheeden [34] obtained the characterization of the Sobolev
space Lp,α via the fractional square function defined as

gk,α(f) =

(
ˆ ∞

0

∣∣∣tk−α∂
kP̃tf

∂tk

∣∣∣
2dt

t

)1/2

, k ≥ α > 0.

In [5], the authors introduced the fractional square functions in the case of the
Schrödinger operator L and characterized the potential spaces associated with L.
The fractional Littlewood–Paley g-function associated with {PL

t }t>0 is defined as

gk,α(f) =

(
ˆ ∞

0

∣∣∣tk−α∂
kPL

t f

∂tk

∣∣∣
2dt

t

)1/2

, k ≥ α > 0.

The fractional square function and the fractional g∗λ-function associated to {PL
t }t>0

are defined, respectively, by

Gk,α(f) =

(
ˆ +∞

0

ˆ

|x−y|<t

∣∣∣tk−α∂
kPL

t f

∂tk

∣∣∣
2dy dt

td+1

)1/2

, k ≥ α > 0

and

g∗k,α;λ(f) =

[
ˆ +∞

0

ˆ

Rd

(
t

|x− y|+ t

)2λ ∣∣∣tk−α∂
kPL

t f

∂tk

∣∣∣
2dy dt

td+1

]1/2
, k ≥ α > 0.

Define Lp,α
V (Rd) as the collection of all functions f such that

f = (I + L)−α/2g, g ∈ Lp(Rd),

where 1 < p < ∞. The main result of [5] is the following proposition.

Proposition 1.6. Let α > 0, k ∈ N \ {0}, 1 < p < ∞ and λ > max{d/p, d/2}.
Then the following assertions are equivalent:

(i) f ∈ Lp,α
V (Rd);

(ii) f ∈ Lp(Rd) and gk,α(f) ∈ Lp(Rd) for k > α;

(iii) f ∈ Lp(Rd) and Gk,α(f) ∈ Lp(Rd) for α < k − (d+ 1)/2;
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(iv) f ∈ Lp(Rd) and g∗k,α;λ(f) ∈ Lp(Rd) for α < k − (d+ 1)/2.

Moreover, for every f ∈ Lp,α
V ,

‖f‖Lp,α
V

∼ ‖f‖Lp + ‖gk,α(f)‖Lp ∼ ‖f‖Lp + ‖Gk,α(f)‖Lp ∼ ‖f‖Lp + ‖g∗k,α;λ(f)‖Lp.

In this paper, we will give the characterizations of the Hardy–Sobolev space
H1,α

L (Rd) as follows.

Theorem 1.7. Let α ≥ 1
2
, k ∈ N\{0} and λ > d. Then the following assertions

are equivalent:

(i) f ∈ H1,α
L (Rd);

(ii) f ∈ H1
L(R

d) and gk,α(f) ∈ L1(Rd) for k > α;

(iii) f ∈ H1
L(R

d) and Gk,α(f) ∈ L1(Rd) for α < k − (d+ 1)/2;
(iv) f ∈ H1

L(R
d) and g∗k,α;λ(f) ∈ L1(Rd) for α < k − (d+ 1)/2.

Moreover, for every f ∈ H1,α
L (Rd),

‖f‖H1,α
L

∼ ‖f‖H1
L
+ ‖gk,α(f)‖L1 ∼ ‖f‖H1

L
+ ‖Gk,α(f)‖L1 ∼ ‖f‖H1

L
+ ‖g∗k,α;λ(f)‖L1.

The paper is organized as follows. In Section 2, we give some estimates of the
kernels associated with e−tL and PL

t . In Section 3, we give the proof of Theorem 1.4.
The proof of Theorem 1.7 will be given in Section 4.

Throughout this article, we will use c and C to denote the positive constants,
which are independent of main parameters and may be different at each occurrence.
By B1 ∼ B2, we mean that there exists a constant C > 1 such that 1/C ≤ B1/B2 ≤
C.

2. Preliminaries

In this section, we give some estimates of the heat kernel and the Poisson kernel
associated with L which will be used in the sequel. We first collect some basic facts
about the potential V satisfying the reverse Hölder inequality. Obviously, Bq

1
⊂ Bq

2

if q
1
> q

2
. But it is important that the Bq class has a property of self improvement;

that is, if V ∈ Bq, then V ∈ Bq+ε for some ε > 0. We have assumed that V ∈ Bd/2,
and hence V ∈ Bq

0
for some q

0
> d/2. We also write δ0 = 2 − d/q

0
> 0 and

δ = min(1, δ0) ≤ 1, and throughout the paper we keep this assumption and the
meanings of q

0
, δ0 and δ.

We first give the following estimates of the kernels KL
t (·, ·) (cf. [17]).

Proposition 2.1. (a) For every N ∈ N, there is a constant CN > 0 such

that

0 ≤ KL
t (x, y) ≤ CN t

−d/2e−|x−y|2/5t
(
1 +

√
t/ρ(x) +

√
t/ρ(y)

)−N

.

(b) There exist δ > 0 and C > 0 such that for every N > 0, there is a constant

CN > 0 so that, for all |h| ≤
√
t,

|KL
t (x+ h, y)−KL

t (x, y)|

≤ CN

(
|h|/

√
t
)δ
t−d/2e−A|x−y|2/t

(
1 +

√
t/ρ(x) +

√
t/ρ(y)

)−N

.

Remark 2.2. By part (a) of Proposition 2.1, it is easy to see that the condition
|h| ≤

√
t can be replaced by |h| ≤ |x− y|/2 in part (b) of Proposition 2.1.

For k ∈ N, define
Qk

t (x, y) := t2k∂k
sK

L
s (x, y)|s=t2.
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The following estimates about the kernel Qk
t (·, ·) is obtained in [15].

Proposition 2.3. There exist constants C, 0 < δ′ < δ such that for every N ,

there exist constants CN > 0 and Ck,N > 0, so that

(a)
∣∣Qk

t (x, y)
∣∣ ≤ CN t

−de−C|x−y|2/t2
(
1 + t/ρ(x) + t/ρ(y)

)−N

;

(b) |Qk
t (x+h, y)−Qk

t (x, y)| ≤ Ck,N

( |h|
t

)δ′

t−de−C|x−y|2/t2
(
1+t/ρ(x)+t/ρ(y)

)−N

,

|h| ≤ t;

(c)
∣∣∣
´

Rd Q
k
t (x, y) dy

∣∣∣ ≤ CN
(t/ρ(x))δ

′

(1+t/ρ(x))N
.

By the Bochner’s subordination formula, for any x ∈ Rd and t > 0,

PL
t f(x) = e−t

√
Lf(x) =

1√
π

ˆ ∞

0

e−u

√
u
TL
t2/(4u)f(x) du =

t

2
√
π

ˆ ∞

0

e−t2/(4u)

u3/2
TL
u f(x) du.

The above identity indicates that the Poisson kernel is given by

PL
t (x, y) =

1√
π

ˆ ∞

0

e−u

√
u
KL

t2/(4u)(x, y) du =
t

2
√
π

ˆ ∞

0

e−t2/(4u)

u3/2
KL

u (x, y) du.

The kernel ∂α
t P

L
t (·, ·) satisfies the following estimates.

Proposition 2.4. [Proposition 3.6] Let α > 0. For any N > 0 and 0 < δ′ ≤ δ
with 0 < δ′ < α, there exists a constant CN such that for any x, y ∈ Rd and

t ∈ (0,∞),

(a) 0 ≤ PL
t (x, y) ≤

CN t

(t2 + |x− y|2)(d+1)/2

(
1 + t/ρ(x) + t/ρ(y)

)−N

;

(b) |tα∂α
t P

L
t (x, y)| ≤

CN t
α

(t2 + |x− y|2)(d+α)/2

(
1 + t/ρ(x) + t/ρ(y)

)−N

;

(c) |tα∂α
t P

L
t (x+h, y)−tα∂α

t P
L
t (x, y)| ≤

CN t
α(|h|/t)δ′

(t2+|x−y|2)(d+α)/2

(
1+t/ρ(x)+t/ρ(y)

)−N

,

|h| ≤ t;

(d)
∣∣∣
ˆ ∞

0

tα∂α
t P

L
t (x, y) dy

∣∣∣ ≤ CN
(t/ρ(x))δ

′

(1 + t/ρ(x))N
.

We can express ∂α
t P

L
t f as follows (cf. [37]).

Lemma 2.5. Let α > 0. For every f ∈ L2(Rd),

∂α
t P

L
t f = eiπα

ˆ ∞

0

λα/2e−t
√
λ dEL(λ)f, t > 0.

At the end of this section, we give some basic facts on the tent spaces which will
be used in the sequel(cf. [10]). Let 0 < p < ∞, and 1 ≤ q ≤ ∞. The tent space T p

q

is defined as the space of all functions u(·, ·) on Rd+1
+ such that





(
´

Γ(x)

∣∣u(y, t)
∣∣q dy dt

td+1

)1/q
∈ Lp(Rd), 1 ≤ q < ∞,

sup
(y,t)∈Γ(x)

|u(y, t)| ∈ Lp(Rd), q = ∞,

where Γ(x) is the standard cone whose vertex is x ∈ Rd, i.e.,

Γ(x) = {(y, t) : |y − x| < t}.
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Assume B(x0, r) is a ball in Rd, its tent B̂ is defined by B̂ = {(x, t) : |x−x0| ≤ r−t}.
A function a(·, ·) that supported in a tent B̂, where B is a ball in Rd, is said to be
an atom in the tent space T p

2 if it satisfies
(ˆ

B̂

∣∣a(x, t)
∣∣2dxdt

t

)1/2
≤ |B|1/2−1/p.

The atomic decomposition of T p
2 is stated as follows (cf. [10]).

Proposition 2.6. Let 0 < p ≤ 1. Any u ∈ T p
2 can be written as u =

∑
λkak,

where {ak} are atoms and
∑

|λk|p ≤ C‖u‖p
T p
2

.

3. The characterization of the Hardy space H
1

L
(Rd)

In this section, we will give the characterizations of Hardy space H1
L(R

d) by the
fractional square functions. Firstly, we give the following lemmas, which will be used
in the sequel (cf. [15] or [31]).

Lemma 3.1. Let α > 0. The operator tα∂α
t P

L
t defines an isometry from L2(Rd)

into L2(Rd+1
+ , dx dt/t). Moreover,

f(x) =
4α

Γ(2α)
lim
ǫ→0

lim
N→∞

ˆ N

ǫ

(tα∂α
t P

L
t )

2f(x)
dt

t
in L2(Rd).

By the spectral theorem, we can prove

Lemma 3.2. Let α > 0. The operators gα, Gα and g∗α,λ are bounded on L2(Rd).
Moreover, there exist constants C, C1 and C2 such that

‖gαf‖L2 = C‖f‖L2, ‖Gαf‖L2 ≤ C1‖f‖L2, ‖g∗α,λf‖L2 ≤ C2‖f‖L2.

The following proposition has been proved in [31].

Proposition 3.3. [31, Lemma 5.3] Let α > 0. There exists a constant C
such that for any function f which is a linear combination of H1

L-atoms, we have

‖Gαf‖L1 ≤ C‖f‖H1
L
.

Similar to the proof of Proposition 3.3, we can prove

Corollary 3.4. Let α > 0. There exists a constant C such that for any function

f which is a linear combination of H1
L-atoms, we have ‖gαf‖L1 ≤ C‖f‖H1

L
and

‖g∗α,λf‖L1 ≤ C‖f‖H1
L
.

In order to prove the main result, we need the following Lemma (cf. [21]).

Lemma 3.5. f ∈ H1
L(R

d) if and only if f ∈ L1(Rd) and MP (f) = sups>0 P
L
s (f) ∈

L1(Rd). Moreover, we have

‖f‖H1
L
∼ ‖MP (f)‖L1 .

Now, we can give the proof of Theorem 1.4.

Proof of Theorem 1.4. By Proposition 3.3 and Corollary 3.4, for f ∈ H1
L(R

d),
we know that gαf ∈ L1(Rd), Gαf ∈ L1(Rd) and g∗α,λf ∈ L1(Rd), respectively.

For the reverse, we first show that for Gαf ∈ L1(Rd), we have f ∈ H1
L(R

d).
In the following, for the sake of convenience, we use Dα

t (·, ·) to denote the kernel
tα∂α

t Pt(·, ·). Assume that f ∈ L1(Rd) ∩ L2(Rd). When Gk,αf ∈ L1(Rd), we can see
that

ˆ

Rd

|Gαf(x)| dx =

ˆ

Rd

(
ˆ ∞

0

ˆ

B(x,t)

|Dα
t f(y)|2

dy dt

td+1

)1/2

dx,
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which implies that Dα
t f(x) belongs to the tent space T 1

2 , where

Dα
t f(x) :=

ˆ

Rd

Dα
t (x, y)f(y) dy.

By the atomic decomposition of T 1
2 , we have Dα

t f(x) =
∑

i λiai(x, t), where ai(x, t)

are T 1
2 -atoms and

∑
i |λi| < ∞. Assume that the atom a(x, t) is supported on B̂(x0, r).

By Lemma 3.1,

f(x) = C

ˆ ∞

0

Dα
t

( ∞∑

i=1

λiai(x, t)

)
dt

t
:=

∞∑

i=1

λiτi(x),

where τi(x) =
´∞
0

Dα
t ai(x, t)

dt
t
. For simplicity, we use τ(x) to denote τi(x) for i =

1, 2, · · · . We write

‖ sup
t>0

|e−t
√
Lτ(x)|‖L1 ≤ ‖(sup

t>0
|e−t

√
Lτ(x)|)χB∗‖L1 + ‖(sup

t>0
|e−t

√
Lτ(x)|)χ(B∗)c‖L1

:= I1 + I2,

where B∗ = B(x0, 2r). For I1, we use Hölder’s inequality to deduce that

‖τ‖2 = sup
‖φ‖2≤1

ˆ

Rd

(
ˆ ∞

0

Dα
t a(x, t)

dt

t

)
φ(x) dx

≤ sup
‖φ‖2≤1

(
ˆ ∞

0

ˆ

Rd

|a(x, t)|2dt dx
t

)1/2(ˆ ∞

0

ˆ

Rd

|Dα
t φ(x)|2

dt dx

t

)1/2

≤ sup
‖φ‖2≤1

|B|−1/2‖φ‖2 ≤ |B|−1/2,

which gives I1 ≤ |B∗|1/2|B|−1/2 ≤ C.
Now we deal with I2. For s > 0, by functional calculus and Proposition 2.4, we

have ∣∣∣∣e
−s

√
L

(
ˆ ∞

0

Dα
t a(x, t)

dt

t

)∣∣∣∣ = C

∣∣∣∣e
−s

√
L

ˆ ∞

0

ˆ ∞

0

tα∂tP
L
t+λa(x, t)r

1−αdλ

λ

dt

t

∣∣∣∣

=

∣∣∣∣
ˆ ∞

0

ˆ ∞

0

tα∂tP
L
s+t+λa(x, t)λ

1−αdλ

λ

dt

t

∣∣∣∣

=

∣∣∣∣
ˆ ∞

0

tα∂α
t P

L
s+ta(x, t)

dt

t

∣∣∣∣

≤ C

ˆ ∞

0

tα

((s+ t)2 + |x− y|2)
d+α
2

|a(y, t)|dy dt
t

.

When y ∈ B(x0, r) and x ∈ (B∗)c, we have |x− y| ∼ |x− x0|. Then
∣∣∣∣e

−s
√
L

(
ˆ ∞

0

Dα
t a(x, t)

dt

t

)∣∣∣∣

≤ C|x− x0|−(d+α)

(
ˆ r

0

ˆ

B

t2α−1dy dt

)1/2(ˆ r

0

ˆ

B

|a(y, t)|2dy dt
t

)1/2

≤ C|B|− 1

2 |x− x0|−(d+α)

(
ˆ r

0

ˆ

B

t2α−1dy dt

)1/2

≤ Crα|x− x0|−(d+α).

Finally, we get

I2 ≤
ˆ

Bc(x0,r)

rα

|x− x0|d+α
dx ≤ C.
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When f ∈ H1
L(R

d), let G̃α be the bounded extension of Gα(f) from L2∩H1
L(R

d)
to H1

L(R
d). Since L2 ∩H1

L(R
d) is dense in H1

L(R
d), there exists a sequence {fn} ⊂

L2 ∩ H1
L(R

d) such that fn → f as n → ∞ in H1
L(R

d). By Proposition 2.4, we

conclude that Gα(fn) → Gα(f) as n → ∞. By the definition of G̃α, we know that

Gα(fn) → G̃α(f) as n → ∞. Therefore, for f ∈ H1
L(R

d), Gα(f) = G̃α(f). This gives

‖f‖H1
L
= ‖ lim

n→∞
fn‖H1

L
≤ lim

n→∞
‖Gα(fn)‖L1 = ‖G̃α(f)‖L1 = ‖Gα(f)‖L1.

For the Littlewood–Paley g-function, it is sufficient to prove ‖Gα(f)‖L1 ≤ C‖gα(f)‖L1.

For β > 0, we define G̃β(f) by

G̃β(f)(x) =

(
ˆ +∞

0

ˆ

|x−y|<βt

∣∣Dα
t f(y)

∣∣2dydt
td+1

)1/2

.

Then same as the above proof, we can prove that f ∈ H1
L(R

d) if and only if G̃β(f) ∈
L1(Rd) and f ∈ L1(Rd). Moreover, ‖f‖H1

L
∼ ‖G̃β(f)‖L1.

Let F (x)(t) :=
(
∂α
t e

−t
√
Lf
)
(x) and V (x, s) := e−s

√
LF (x). Then

V (x, s)(t) = e−s
√
L
(
∂α
t e

−t
√
Lf
)
(x) =

(
∂α
t e

−(s+t)
√
Lf
)
(x).

Therefore,

ˆ +∞

0

∣∣V (x, s)(t)
∣∣2t2α−1 dt =

ˆ +∞

0

∣∣(∂α
t e

−(s+t)
√
Lf
)
(x)
∣∣2t2α−1 dt

=

ˆ +∞

s

∣∣(∂α
t e

−t
√
Lf
)
(x)
∣∣2(t− s)2α−1 dt.

When α ≥ 1
2
, we have (t− s)2α−1 ≤ t2α−1. Hence,

sup
s>0

ˆ +∞

0

∣∣V (x, s)(t)
∣∣2t2α−1 dt ≤

ˆ +∞

0

∣∣(∂α
t e

−t
√
Lf
)
(x)
∣∣2t2α−1 dt =

(
gαf(x)

)2
.

Let X = L2
(
(0,∞), t2α−1dt

)
. Then

sup
s>0

∥∥e−sLF (x)
∥∥
X
≤ gαf(x) ∈ L1(Rd).

Therefore, F ∈ H1
X
(Rd), where H1

X
(Rd) can be seen as a vector-valued Hardy space

(cf. [19]). This shows that G̃X

2 F (x) ∈ L1(Rd), where

G̃X

2 F (x) =

(
ˆ +∞

0

ˆ

|x−y|<2t

∥∥Dα
t F (y)

∥∥2
X

dy dt

td+1

)1/2

.

We can assume that 1
2
≤ α < 1. Then the identity

∂α
t P

L
t = C

ˆ ∞

0

∂sP
L
s+ts

−α ds
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gives

∂α
t P

L
t ∂

α
s P

L
s = C

ˆ ∞

0

ˆ ∞

0

∂aP
L
a+t∂bP

L
s+ba

−αdab−α db

= C

ˆ ∞

0

ˆ ∞

0

∂2
aP

L
a+b+s+ta

−αb−αda db

= C

ˆ ∞

0

ˆ ∞

a

∂2
λP

L
λ+s+ta

−α(λ− a)−αdλ da

= C

ˆ ∞

0

∂2
λP

L
λ+s+t

(ˆ λ

0

a−α(λ− a)−αda
)
dλ

= C

ˆ ∞

0

∂2
λP

L
λ+s+t

[(
ˆ λ/2

0

+

ˆ λ

λ/2

)
a−α(λ− a)−αda

]
dλ

= C

ˆ ∞

0

∂2
λP

L
λ+s+tλ

1−2αdλ.

When α ≥ 1/2, we get
∂α
t P

L
t ∂

α
s P

L
s = ∂2α

t PL
s+t.

Then
(
G̃X

2 F (x)
)2

=

ˆ +∞

0

ˆ

|x−y|<2t

∥∥Dα
t F (y)

∥∥2
X

dy dt

td+1

=

ˆ +∞

0

ˆ

|x−y|<2t

ˆ +∞

0

∣∣tα∂2α
t e−t

√
LF (y)(s)

∣∣2s2α−1ds
dy dt

td+1

=

ˆ +∞

0

ˆ +∞

0

ˆ

|x−y|<2t

∣∣∂2α
t e−(s+t)

√
Lf(y)

∣∣2t2α−1−ds2α−1dy dt ds

=

ˆ +∞

0

ˆ +∞

s

ˆ

|x−y|<2(t−s)

∣∣∂2α
t e−t

√
Lf(y)

∣∣2(t− s)2α−1−ds2α−1dy dt ds

=

ˆ +∞

0

ˆ t

0

ˆ

|x−y|<2(t−s)

∣∣∂2α
t e−t

√
Lf(y)

∣∣2(t− s)2α−1−ds2α−1dy ds dt

≥
ˆ +∞

0

ˆ t/2

0

ˆ

|x−y|<2(t−s)

∣∣∂2α
t e−t

√
Lf(y)

∣∣2(t− s)2α−1−ds2α−1dy ds dt

≥
ˆ +∞

0

ˆ t/2

0

ˆ

|x−y|<t

∣∣∂2α
t e−t

√
Lf(y)

∣∣2t2α−1−ds2α−1dy ds dt

=
2α

8

ˆ +∞

0

ˆ

|x−y|<t

∣∣∂2α
t e−t

√
Lf(y)

∣∣2t4α−1−ddy dt

=
2α

8

ˆ +∞

0

ˆ

|x−y|<t

∣∣t2α∂2α
t e−t

√
Lf(y)

∣∣2dy dt
td+1

=
2α

8

(
S̃1
Lf(x)

)2
,

which implies Gα(f) ∈ L1(Rd). Hence, f ∈ H1
L(R

d).
Since in the cone Γ(x) = {(y, t) : |x− y| < t}, we have [t/(|x− y|+ t)]2λ > 2−2λ.

Therefore,

Gα(f)(x) ≤
[
ˆ

Γ(x)

22λ
(

t

|x− y|+ t

)2λ

|tα∂α
t P

L
t f(y)|2

dy dt

td+1

]1/2
≤ 2λG∗

α,λ(f)(x).

This completes the proof of Theorem 1.4. �
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4. The characterization of the Hardy–Sobolev space H
1,α

L (Rd)

We denote by EL the spectral decomposition of the operator L. If M is a bounded
function on (0,∞), the spectral multiplier M(L) is defined by

M(L)f =

ˆ ∞

0

M(λ) dEL(λ)f, f ∈ D(M(L)),

where the domain

D(M(L)) =
{
f ∈ L2(Rd) :

ˆ ∞

0

|M(λ)|2〈dEL(λ)f, f〉 < ∞
}
.

We say that a function M on R belongs to the space C(s), s ≥ 0, if




‖M‖C(s) :=
s∑

k=0

sup |M (k)(λ)| < ∞, s ∈ Z;

‖M‖C(s) := ‖M ([s])‖Lip(s−[s]) +
[s]∑
k=0

sup |M (k)(λ)| < ∞, s ∈ Zc.

We have the following version of spectral multiplier theorems.

Proposition 4.1. [14, Theorem 1.11] Let M be a bounded continuous function

on (0,∞). If for some ǫ > 0 and a nonzero function φ ∈ C∞
c (0,∞), there exists a

constant C > 0 such that for every t > 0,

‖φ(·)M(t·)‖C(d/2+ǫ) ≤ C,

then the operator M(L) is bounded on H1
L(R

d).

For α, β > 0, let

M1(λ) =
λα

(1 + λ)α
, M2(λ) =

(1 + λ)α

1 + λα
, M3(λ) = (β + λ)−α,

where λ > 0. Then, it is clear that Mj , j = 1, 2, 3, are smooth and bounded on
(0,∞). It follows from Proposition 4.1 that

Proposition 4.2. Let α, β > 0. Then, for j = 1, 2, 3, the operators Mj(L) can

be extended to bounded operators on H1
L(R

d).

By Lemma 2.5, we can get

∂k−α
t PL

t (L
α/2f) = L(k−α)/2PL

t (L
α/2f) = Lk/2PL

t (f) = ∂k
t P

L
t (f).

Therefore, we can prove (cf. [5] Proposition 4.1)

Lemma 4.3. Let 0 < α < k, k ∈ N and λ > d/2. For every f ∈ D(Lα/2), we

have

gk−α(L
α/2f) = gk,α(f), Gk−α(L

α/2f) = Gk,α(f), g∗k−α,λ(L
α/2f) = g∗k,α,λ(f).

By Lemma 4.3 and Theorem 1.4, we get

Proposition 4.4. Let 0 < α < k, k ∈ N and λ > d. Suppose that

f ∈ D(Lα/2) ∩H1
L(R

d) and Lα/2f ∈ L2(Rd) ∩H1
L(R

d).

Then

‖Lα/2f‖H1
L
∼ ‖gk,α(f)‖L1 ∼ ‖Gk,α(f)‖L1 ∼ ‖g∗k,α,λ(f)‖L1.

Now, we can prove
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Theorem 4.5. Let 0 < α < k, k ∈ N and λ > d. Suppose that

f ∈ D((I + L)α/2) ∩H1
L(R

d) and (I + L)α/2f ∈ L2(Rd) ∩H1
L(R

d).

Then

‖(I + L)α/2f‖H1
L
∼ ‖f‖H1

L
+ ‖gk,α(f)‖L1 ∼ ‖f‖H1

L
+ ‖Gk,α(f)‖L1

∼ ‖f‖H1
L
+ ‖g∗k,α,λ(f)‖L1.

Proof. We give the proof of ‖(I +L)α/2f‖H1
L
∼ ‖f‖H1

L
+ ‖gk,α(f)‖L1. The proofs

for the cases of Gk,α(f) and g∗k,α,λ(f) are similar.

By Proposition 4.2, we know that the operators Lα/2(I+L)−α/2 and (I+L)α/2(I+
Lα/2)−1 are bounded on H1

L(R
d). Then following from Proposition 4.4, we have

‖(I + L)α/2f‖H1
L
= ‖(I + L)α/2(I + Lα/2)−1(I + Lα/2)f‖H1

L

≤ ‖(I + Lα/2)f‖H1
L
≤ C(‖f‖H1

L
+ ‖Lα/2f‖H1

L
)

≤ C
[
‖f‖H1

L
+ ‖gk,α(f)‖H1

L

]
.

For the reverse, we take the function M1(λ) = λα/2(1 + λ)−α/2, λ > 0. For any
r ∈ R+, we get

ˆ r

0

λα/2 dEL(λ)f =

ˆ r

0

λα/2

(1 + λ)α/2
(1 + λ)α/2 dEL(λ)f

= M1(L)

ˆ r

0

(1 + λ)α/2 dEL(λ)f.

Letting r → ∞, we get Lα/2(f) = M1(λ)(I + L)α/2(f). Using Proposition 4.2
again, we obtain

‖Lα/2f‖H1
L
≤ C‖(I + L)α/2f‖H1

L

and
‖f‖H1

L
= ‖(I + L)−α/2(I + L)α/2f‖H1

L
≤ C‖(I + L)α/2f‖H1

L
.

Theorem 4.5 follows from Proposition 4.4. �

Denote by

Sα,L = {f ∈ H1
L(R

d) : (I + L)α/2f ∈ C∞
c (Rd)}.

Since C∞
c (Rd) is dense in H1

L(R
d), Sα,L is dense in H1,α

L (Rd). Note that

Sα,L ⊂ D((I + L)α/2) ∩H1
L(R

d)

and
(I + L)α/2Sα,L = C∞

c (Rd) ⊂ L2(Rd) ∩H1
L(R

d).

By Theorem 4.5, gk,α, Gk,α and g∗k,α,λ can be extended to H1,α
L (Rd) as bounded op-

erators from H1,α
L (Rd) to L1(Rd). Let g̃k,α be the extension of gk,α to H1,α

L (Rd) as a

bounded operator from H1,α
L (Rd) to L1(Rd). Then, there exists C > 0 such that for

f ∈ H1,α
L (Rd),

(4.1) ‖f‖H1
L
+ ‖g̃k,α(f)‖1 ≤ C‖f‖H1,α

L
.

Now, we give the proof of Theorem 1.7.

Proof of Theorem 1.7. We first prove

‖f‖H1
L
+ ‖gk,α(f)‖1 ≤ C‖f‖H1,α

L
.
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By (4.1), it is sufficient to prove gk,α(f) = g̃k,α(f). For N ∈ N and h ∈ H1
L(R

d), by
the subordination formula, we have

(4.2)

∣∣∣∣
∂k

∂tk
PL
t (h)(x)

∣∣∣∣ ≤ C

ˆ ∞

0

e−t2/8u

u(k+2)/2
|TL

u (h)(x)| du ≤ Ct−k sup
u>0

|TL
u (h)(x)|.

Then

(
ˆ ∞

1/N

∣∣∣tk−α ∂k

∂tk
PL
t (h)(x)

∣∣∣
2dt

t

)1/2

≤ C

(
ˆ ∞

1/N

t−1−2α dt

)1/2

sup
u>0

|TL
u (h)(x)|

≤ CNα sup
u>0

|TL
u (h)(x)|.

By the definition of H1
L(R

d), we conclude that the operator

h →
(
ˆ ∞

1/N

∣∣∣tk−α ∂k

∂tk
PL
t (h)(x)

∣∣∣
2dt

t

)1/2

is bounded from H1
L(R

d) to L1(Rd).
Therefore, if f = (I + L)−α/2h, where h ∈ H1

L(R
d) ∩ L2(Rd), we have

∥∥∥∥∥

(
ˆ ∞

1/N

∣∣∣tk−α ∂k

∂tk
PL
t ((I + L)−

α
2 h)(x)

∣∣∣
2dt

t

)1/2
∥∥∥∥∥
L1

=

∥∥∥∥∥

(
ˆ ∞

1/N

∣∣∣tk−α ∂k

∂tk
PL
t (L

−α
2M(L)h)(x)

∣∣∣
2dt

t

)1/2
∥∥∥∥∥
L1

=

∥∥∥∥∥

(
ˆ ∞

1/N

∣∣∣tk−α ∂k−α

∂tk−α
PL
t (M(L)h)(x)

∣∣∣
2dt

t

)1/2
∥∥∥∥∥
L1

≤ C‖M(L)h‖H1
L
≤ C‖h‖H1

L
,

where C > 0 does not depend on N ∈ N and M(λ) = λα/2(1 + λ)−α/2, λ > 0. Let
N → ∞, we get

‖g̃k,α(f)‖L1 =

∥∥∥∥∥

(
ˆ ∞

0

∣∣∣tk−α ∂k

∂tk
PL
t (f)(x)

∣∣∣
2dt

t

)1/2
∥∥∥∥∥
L1

≤ C‖f‖H1,α
L

.

By Sα,L is dense in H1,α
L (Rd), for f ∈ H1,α

L (Rd), we have

‖gk,α(f)‖L1 =

∥∥∥∥∥

(
ˆ ∞

0

∣∣∣tk−α ∂k

∂tk
PL
t (f)(x)

∣∣∣
2dt

t

)1/2
∥∥∥∥∥
L1

= ‖g̃k,α(f)‖L1 ≤ C‖f‖H1,α
L

.

The proofs for the cases of Gk,α and g∗k,α,λ are similar.
For the reverse, we prove

(4.3) ‖∂α
t P

L
t (f)‖H1

L
≤ Ct−α‖f‖H1

L
.
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For m ∈ N and m > α, by (4.2), we have
∣∣∣∣sup
β>0

TL
β

(
∂α
t P

L
t (f)(x)

)∣∣∣∣ ≤
∣∣∣∣sup
β>0

TL
β

(
ˆ ∞

0

sm−α−1 ∂
m

∂tm
PL
t+s(f)(x) ds

)∣∣∣∣

≤ C

∣∣∣∣∣supβ>0

ˆ ∞

0

sm−α−1

ˆ ∞

0

e−(t+s)2/8u

u(m+2)/2
|TL

u+β(f)(x)

∣∣∣∣∣ du ds

≤ C sup
u>0

|TL
u (f)(x)|

ˆ ∞

0

sm−α−1

(t + s)m
ds

ˆ ∞

0

e−1/v

v(m+2)/2
dv

≤ Ct−α sup
u>0

|TL
u (f)(x)|.

Therefore, (4.3) follows from the definition of H1
L(R

d).
Assume that f ∈ H1

L(R
d) and gk,α(f) ∈ L1(Rd). Let {fn} be a sequence in

C∞
c (Rd) such that fn → f as n → ∞ in H1

L(R
d). Fix t > 0, denote f t = PL

t (f) and
f t
n = PL

t (fn), n ∈ N. Then f t and f t
n in H1

L(R
d).

By Lemma 2.5 and (4.3), we have

(4.4) ∂α
t f

t
n = Lα/2f t

n ∈ H1
L(R

d).

Then, by Proposition 4.1, we get

gtn = M(L)(I + Lα/2)f t
n ∈ H1

L(R
d),

where M(λ) = (1 + λ)α/2(1 + λα/2)−1, λ > 0.
Note that (I + L)−α/2gtn = f t

n, we have f t
n ∈ H1,α

L (Rd) and ‖f t
n‖H1,α

L
= ‖gtn‖H1

L
.

By (4.3) again,

∂α
t f

t
n → ∂α

t f
t, as n → ∞ in H1

L(R
d).

Proposition 4.1 and (4.4) imply that

gtn = M(L)(I + Lα/2)f t
n = M(L)(I + ∂α

t )f
t
n → M(L)(I + ∂α

t )f
t

as n → ∞ in H1
L(R

d). Therefore, there exists F t ∈ H1,α
L (Rd) such that f t

n → F t as

n → ∞ in H1,α
L (Rd). So f t

n → F t as n → ∞ in H1
L(R

d). Since f t
n → f t as n → ∞ in

H1
L(R

d), we get f t = F t ∈ H1,α
L (Rd) and f t

n → f t as n → ∞ in H1,α
L (Rd).

Noting that f t
n ∈ L2(Rd) ∩ H1

L(R
d) and (I + L)α/2f t

n ∈ L2(Rd) ∩ H1
L(R

d), by
Theorem 4.5, we get

‖f t
n‖H1

L
+ ‖gk,α(f t

n)‖1 ∼ ‖f t
n‖H1,α

L
.

Letting n → ∞, we have

‖f t‖H1,α
L

≤ C(‖f t‖H1
L
+ ‖gk,αf t‖1).

Since

gk,α(f
t)(x) =

(
ˆ ∞

0

∣∣∣sk−α ∂k

∂sk
PL
s (f

t)(x)
∣∣∣
2ds

s

)1/2

=

ˆ ∞

0

∣∣∣PL
t

(
sk−α ∂k

∂sk
PL
s (f)(x)

∣∣∣
2ds

s

)1/2

≤ PL
t

[(
ˆ ∞

0

∣∣∣sk−α∂skPL
s (f)(·)

∣∣∣
2ds

s

)1/2
]
(x),

we get ‖gk,α(f t)‖1 ≤ ‖gk,α(f)‖1. Furthermore, this gives

(4.5) ‖f t‖H1,α
L

≤ C(‖f t‖H1
L
+ ‖gk,α(f t)‖1) ≤ C(‖f‖H1

L
+ ‖gk,α(f)‖1),
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where C > 0 does not depend on t.
By (4.5), we know {f t} are uniformly bounded in H1,α

L (Rd), i.e., {(I+L)α/2(f t)}
are uniformly bounded in H1

L(R
d). Since H1

L(R
d) is a Banach space, we can find

g ∈ H1
L(R

d) such that

(I + L)α/2(f t
j ) → g as j → ∞,

where {f t
j} is a subsequence of {f t}.

Since H1
L(R

d) is the dual space of VMOL(R
d) and C∞

c (Rd) is dense in VMOL(R
d)

with norm of VMOL(R
d) (cf. [27]), we get

lim
j→∞

〈(I + L)α/2(f t
j ), φ〉 = 〈g, φ〉, φ ∈ C∞

c (Rd).

By the fact that (I + L)−α/2 is self-adjoint and bounded on C∞
c (Rd) , we have

lim
j→∞

〈(f t
j ), φ〉 = 〈(I + L)−α/2g, φ〉, φ ∈ C∞

c (Rd).

Let h = (I + L)−α/2g. Then h ∈ H1,α
L (Rd) and

lim
j→∞

〈(f t
j ), φ〉 = 〈h, φ〉, φ ∈ C∞

c (Rd).

By the arguments analogous to p. 776 in [2], which relay on the decay of the
kernel of PL

t , we can get

(4.6) lim
t→0

〈f t, φ〉 = 〈f, φ〉, φ ∈ C∞
c (Rd).

It follows that f = h and

‖f‖H1,α
L

≤ C(‖f‖H1
L
+ ‖gk,α(f)‖L1).

This completes the proof of Theorem 1.7. �

Remark 4.6. If we define the following Hardy–Sobolev space H1,α
L (Rd) as the

set of all functions f ∈ H1
L(R

d) such that Lα/2f ∈ H1
L(R

d), with the norm

‖f‖H1,α
L

= ‖Lα/2f‖H1
L
+ ‖f‖H1

L
.

Theorem 4.7. Let α > 0, k ∈ N \ {0} and λ > d. The following assertions are

equivalent:

(i) f ∈ H1,α
L (Rd);

(ii) f ∈ H1
L(R

d) and gk,α(f) ∈ L1(Rd) for k > α;

(iii) f ∈ H1
L(R

d) and Gk,α(f) ∈ L1(Rd) for α < k − (d+ 1)/2;
(iv) f ∈ H1

L(R
d) and g∗k,α;λ(f) ∈ L1(Rd) for α < k − (d+ 1)/2.

Moreover, for every f ∈ H1,α
L (Rd),

‖f‖H1,α
L

∼ ‖f‖H1
L
+ ‖gk,α(f)‖L1 ∼ ‖f‖H1

L
+ ‖Gk,α(f)‖L1 ∼ ‖f‖H1

L
+ ‖g∗k,α;λ(f)‖L1.

Since the above proof is similar to that of Theorem 1.7, we omit the details.
Theorems 1.7 and 4.7 imply that the Hardy–Sobolev spaces H1,α

L (Rd) and H1,α
L (Rd)

are equivalent.
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