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Abstract. An improved a.e. lower bound is given for Hausdorff dimension under vertical
projections in the first Heisenberg group.

1. Introduction

The aim of this work is to improve the known a.e. lower bounds for Hausdorff di-
mension under vertical projections in the Heisenberg group. The average behaviour
of Hausdorff dimension under orthogonal projections in Euclidean space was first
explored by Marstrand in 1954 [15]; many developments and generalisations have
occurred since (see e.g. [16, 19, 10, 3, 17]). An effort began in [1| and [2] towards
understanding the behaviour of Hausdorff dimension under projections in the Heisen-
berg group, which was further developed in [12] and [11] (see also [5]). One important
open problem that remains is determining the a.e. behaviour of Hausdorff dimension
under “vertical projections”.

All definitions relevant to this work will be restated here; further background
is available in [1, 2]. Let H be the first Heisenberg group, which as a set will be
identified with R®> = C x R. The assumed convention for the group law on H is

(2, )% ((,7)=(z+ t+7+2Im (2¢)) = (2 + (,t+ 7 — 22 A (),
where A : R? x R? — R is the standard wedge product on R?, given by
(21,91) A (2, 92) = T1Y2 — T2y1.

Define ||(z, )|l = (|2]* + t2)1/4. The group H is a metric space when equipped with
the left invariant metric dy, called the Koranyi metric, defined by
(L1 du((21), (1) = [[(C.7) 7 * (2 8)] [y = (J2 = ¢+ [t =7 — 22 A2
see [8] for a proof of the triangle inequality. On any compact set, this metric is
bi-Lipschitz equivalent to the usual Carnot—Carathéodory metric on H (see [1]).
For a given metric space, Hausdorff dimension is defined through the underlying
distance, which for the Heisenberg group will always be the Koranyi metric. Hausdorff
dimension is invariant under a bi-Lipschitz change of the metric, so the main results
given here will hold for the Carnot—Carathéodory metric too. Under either of these
metrics, H has Hausdorff dimension 4.
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For each 6 € [0, ), let
Vo={Xe?cC: N R}, Vi"={lie” €C: )R}
Define the horizontal subgroups V4, C H by
Vo= {(Ae?,0) € C x R: A € R},
and define the vertical subgroups V; C H by
Vi = {(\ie? X3) € C x R: A, Ay € R},

so that Vj is the Euclidean orthogonal complement of Vy in R3. Let 7y, : C — C be
the orthogonal projection onto Vj, and similarly let Ty be projection onto V. The

horizontal and vertical projections Py,: H = Vj and Py, : H — V) are defined for
each 6 € [0, 7) by

Py, (2,t) = (my,(2),0), }%éﬁj):(mﬁ@%t—Qm@@)AWW(@>.

The term “projection” and the formulas for Py,, Pvé_ come from the unique way of

writing an element
(2,1) = Pys(z,1) x Py, (z,1),
as a product of an element of V- on the left, with an element of V, on the right.
In [1, Theorem 1.4] it was shown that for any Borel (or analytic) set A C H,
dim A if0 <dmA<1,
(1.2) dim Py1 A > 41 if 1 <dimA < 3,
2dimA -5 if3<dimA <4,
for a.e. # € [0,7), and it was conjectured that the lower bound dim PyiA > dim A
actually holds in the larger range 0 < dim A < 3. The upper limit of 3 is necessary

since the vertical subgroups V; have Hausdorff dimension 3. In [11], Féssler and
Hovila proved

dim A — 1)(dim A — 2)

32(dim A)? ’
which improved (1.2) in the range 2 < dim A < 3.00348 (approximately). The main
result of this work is the following lower bound.

Theorem 1.1. If A C H is an analytic set with dim A > 1, then

At if dimA € (2,2],

: 2
dlmPVgA > {dimg(dirXA—m) if dim A € (g 4]
4dim A-1 2 )

(1.3) dimPyrA>1+ ( for a.e. 0 € [0,7), dimA > 2,

for a.e. 6 € [0, ).

This improves (1.2) and (1.3) in the range 2 < dimA < @ (the upper
bound is roughly 3.2). The proof employs some of the techniques used by Orponen
and Venieri in [18] for restricted families of projections in R3; the main difficulty in
adapting this to the Heisenberg setting lies in finding a substitute for Marstrand’s
“Three Circles Lemma” (see |20, Lemma 3.2]). The key observation is that if two
points (z,t),({,7) € H have their vertical projections close to each other for some
angle 0, then the second component |t — 7 — 2z A | of the Koréanyi distance between
them is small, and the latter function is independent of the angle . Furthermore, if
(Ciy 1) € H are three points such that the ¢;’s are not collinear, then there is at most
one point (z,t) € H such that (¢ — 7, — 2z A (;) vanishes for all i’s simultaneously
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(this follows from a calculation involving linear algebra). A quantitative version of
this constraint is used in the proof of Lemma 2.4.

1.1. Notation and preliminaries. Given two measurable spaces X and Y, a
measure v on X and a measurable function f: X — Y, the pushforward fuv of v
under f is a measure on Y, defined by fuv(E) = v(f'(FE)) for each measurable set
E CY. For areal number ¢, let [t] denote the least integer greater than or equal to
t. The relation x < y will mean that x < Cy for some constant C' > 0, where C will
sometimes depend on objects that are fixed throughout a given proof.

Let |z| denote the Euclidean norm of an element € R". The Euclidean distance
|z — y| between x and y may also be denoted by dg(z,y). For x € R® and r > 0,
let Bp(z,r) and Bg(z,r) be the Euclidean and Koranyi balls around z of radius r.
The following local Holder condition from [4] shows that (R? dg) and (H,dg) are
homeomorphic; this fact is used implicitly throughout.

Lemma 1.2. [4, Lemma 2.1| For any R > 0, there exists a positive constant
¢ = c¢(R) > 0 such that

Mo —w| < du(v,w) < clv—w|"?,

for all v, w € R® with |v|, |w| < R.

In some situations, the following proposition gives a covering of a Euclidean ball
by Koranyi balls which is more efficient than the single ball covering implied by the
previous lemma.

Proposition 1.3. [4, Proposition 3.4] For any R > 0, there exists a positive
integer N = N(R) > 0 such that any Euclidean ball Bg(v,r) with |v| < R and
r € (0,1) can be covered by at most [ N/r| Kordnyi balls of radius r.

The following version of Frostman’s Lemma provides a characterisation of Haus-
dorff dimension for analytic sets (see [13, 16] for a proof). To state it, a subset A of
a complete separable metric space X is called analytic if A is the continuous image
of a Borel set B C Y, for some complete separable metric space Y. In particular,
every Borel subset of X is analytic.

Lemma 1.4. Let X be a complete separable metric space, let A be an analytic
subset of X and let s > 0. If there exists a nonzero finite Borel measure v on A and
a constant C such that

(1.4) v(B(z,r)) < Cr® forallr >0 and z € A,

then dim A > s. Conversely, if dim A > s then there exists a compactly supported,
nonzero, finite Borel measure v on A satisfying (1.4).

Measures satisfying (1.4) are sometimes called fractal measures, or “s-Frostman
measures”, and (1.4) is sometimes referred to as a “Frostman condition”.

2. Proof of lemmas and the main theorem

Most of this section is devoted to proving the lemmas from which Theorem 1.1
will follow. The first lemma of this section is an abstract version of Lemma 2.5 from
[18] (see also [14, Theorem 7.2|); the proof is not too different from the Euclidean case,
but is included for completeness. In the statement of the lemma, (6, x) — my(x) is an
arbitrary continuous function, but all statements following the proof of the lemma
will specialise to the case where my = Pvé_ is a vertical projection on H. The lemma
essentially says that: given a fractal measure on a set A, if there is a quantitative
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restriction on how often the pushforward measure under the projection fails an s-
Frostman condition, then a.e. the dimension of 7y(A) is at least s (where s may be
smaller than dim A, but ideally as close to dim A as possible).

Lemma 2.1. Let X, Y be metric spaces, with X compact and Y separable.
Suppose that i is a finite Borel measure on X, v is a nonzero, finite, compactly
supported Borel measure on Y, and (0,y) — ma(y) is a continuous function from
X xY into Y. Given s > 0, if there exist 1,y > 0 such that

(2.1) v{yeY: u{l e X: mpuv(B(my(y),0)) > 6°} > "} < 6",
for all § € (0,6), then
dimmy(suppv) > s  for p-a.e. 0 € X.

Remark 2.2. The proof of the lemma necessarily has a few measure-theoretic
technicalities; the core part of the proof is the calculation following (2.7).

Proof of Lemma 2.1. Let u, v, n, 6y, s be given. It is first shown that the sets
occurring in (2.1) are measurable. For fixed z € Y, and any constant ¢ > 0, the set

S:={(0,y) € X xY:d(mp(x),m(y)) < c},

is open in X x Y by continuity. Since Y is separable, the Borel sigma algebra on
X x Y is equal to the one generated by the products of Borel sets [6, Lemma 6.4.2],
and is therefore contained in the class of (1 x v)-measurable sets, since 1 and v are
Borel by assumption. Hence S is (X v)-measurable. Therefore the function

f0,y) = Xwgl(g(m(x),c))(y%

is (u X v)-measurable, and so the function

22) 0+ [ £(6,5) dvly) = mop(Blro(a). )

is p-measurable in 6 by part (iv) of Fubini’s Theorem from [9]. This proves p-
measurability of the inner part of (2.1).
For the outer part of (2.1), denoted by

(2.3) Zs={yeY :p{0 e X: mppv(B(my(y),d)) > 6°} > "},

a similar argument to that for (2.2) shows that for any 6 > 0 the function (0,y) —
mouv(B(mg(y),d)) is (1 X v)-measurable, and hence the function

y— p{l e X: mppv(B(me(y),0)) > 0%}

is a v-measurable function of y, by part (iii) of Fubini’s Theorem from [9]. This
shows that Zs is v-measurable.

Since v is compactly supported and Y is separable, and since (6,y) — my(y) is
continuous, to prove the lemma it may be assumed that Y is compact. Let € > 0
and let £ C X be a compact set with

(2.4) dimmp(suppr) < s —e for every 6 € E.

Any finite Borel measure on a compact metric space is inner regular, so to estab-
lish the lemma it suffices to show that u(E) = 0. Let € > 0, and choose a pos-
itive 0; < 0p/4 small enough to ensure 47 < €. For each § € FE, using (2.4) let
{B(m(zi(0)), 0:(0)) };2, be a cover of mp(supp v) by balls in Y of dyadic radii 6;(6) < d;
such that Y7, 8;(0)° < €. It may be assumed that each z;(6) € supp v.
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For each integer j, let

D) = U B (mp(z:(0)),277),
6i(9)=27j
and let Dg’ , be the subset of Dj defined as the union over those balls B (m4(z(6)), 277)
in D} With_mg#l/ (B (Wg(zi(H)), 2‘j))_ < Qf(j_l)s. Let Dzb be the union of the remaining
balls in Dy, equivalently Dy, = Dy \ Dj,. As will be shown, it is possible to choose
the covers of my(supp ) in such a way that the functions

(2.5) mouv(B(me(z:(0)),¢)), mouv (Dg) 7 (7?6)_1 (Dg) NZs),
and
(2.6) v(my (D) )\ Zs), v(mg' (D)) \ Zs),

are p-measurable in § on E, for any ¢, > 0, for every ¢ and for every integer j.

To verify the p-measurability of (2.5) and (2.6), the compactness of my(supp v)
for each fixed 6 € E ensures that there is a finite subcollection (not relabelled) of balls
B(7(2i(0)),6;(8)) which cover my(suppv). The union Uy of these balls is an open
set, and therefore contains an open §’-neighbourhood N (mg(supp v)) of me(supp v)
for some ¢’ > 0. The compactness of Y (assumed without loss of generality) ensures
that the map (6, y) — my(y) is uniformly continuous on X X Y, which implies

Ty (supp v) € Ny (mo(supp v)) C Uy,

for all ' in a sufficiently small ball By around 6. Therefore the balls B (7a(2;(0)) , 0;(9))
form a finite cover of my (supp v) for 8" € By. The sets By cover E as 6 ranges over
E, so by compactness of E there is a finite subcollection {By,, ..., By, } such that

E = By, UBy, \ By, U---U By, \UX." By,.

The functions z;(6) and §;(6) may then be taken to be constant on each part of this
Borel partition of E. By the piecewise constant property and the p-measurability of
(2.2), the function mpuv(B(mg(2:(0)), c)) is p-measurable for every ¢ and any ¢ > 0.
This proves the p-measurability of the first function in (2.5). Measurability of the
other functions follows from a similar argument to the measurability of (2.2), using
the piecewise constant property of the §;(0)’s and the v-measurability of Zs. This
shows that the covers {B(my(2;(6)),d:(0))},~, may be chosen to make the functions
in (2.5) and (2.6) u-measurable over FE.
For each 6 € E,

(2.7) v(Y) < Y meyv (D)),

J>|logy 01|

by the definition of the cover and the sets Dg. Dividing both sides by »(Y') 2 1 and
integrating over E gives

WEVS [ ST o (D)) dulo)

j>log, d1]
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(2.8) < Z v (7r9_1 (Dg) N Z2—(j—1)) du(0)

j>llogy 81| 7

(2.9) + > v(mg (D)) \ Zo-uv) dp(d)

E

J>logy 1]
(2.10) + > [ v(mg (D)) \ Zo-6-v) du(B).
j>[logy 1] 7

It remains to bound the integrals in (2.8), (2.9) and (2.10). Up to a constant the
first sum, in (2.8), is bounded by ¢ < € by the assumption (2.1) on each Zs in the
statement of the lemma, and the choice of §;. The integral in (2.9) is < € by the
condition )_°, §;(0)* < € defining the cover and by the definition of Dé ;- 1t remains
to bound (2.10). For each j the set

{(0,y) e ExY:my(y) € Dz,b}

is (1 X v)-measurable by the piecewise constant property of the defining cover. Ap-
plying Fubini’s Theorem and then the definition of Dé,b to each integral in (2.10)
results in

S [ v (Ph)\Za) o)

J>|log, 61]

— Z ,u{ﬁ € E:my(y) € Dab} dv(y)

§>[logs 81 7 ¥ \Za- G-

IA

,u{@ € E: moyv (B (m;(y),Q_(j_l))) > 2_(j_1)5} dv(y)
j>logy 61] 7 Y \=Gi-1)

S Z 277 by the definition of Z, ;-1 in (2.3),
J>logy 41|

<€”

~

by the condition 67 < € imposed in the choice of d;. Therefore u(E) < ¢ with €
arbitrary, and thus p(E) = 0. This proves the lemma. O

The following lemma is a slightly refined version of Lemma 3.5 from [11], see also
|2, Section 4]. The lemma is a kind of transversality condition, which says that in a
quantitative sense the paths of two fixed, distinct points under the family of vertical
projections pass each other transversally. The proof has only minor adjustments to
those in [2, 11] but is included for completeness.

Lemma 2.3. There exists a positive constant C' such that for any v, w € H and
any 0 > 0, the set

{9 € [0,7): du (PVBL (v), Pvel(w)) < 5} ,

is contained in a disjoint union of at most 40 intervals, each of length less than —¢2

diz (v,w) *

Proof. Fix v,w € H and write v = (2,t),w = (¢, 7). If
(2.11) |z = C| > |t — 71— 22 A (V2
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then
(2.12) {9 € [0,7): du (PVQL (v), Pvel(w)) < 5} C {9 € [0,m): |mys(z— Q) < 5} .

By writing z — ¢ = |z — (|e’® and rotating so that ¢ = 0, the right hand side of (2.12)
is contained in two intervals of length < ﬁ < %. This proves the lemma in
the case that (2.11) holds.

If (2.11) fails, then

(2.13) |z —C| < |t =7 =2z A (M2
Suppose (2.13) holds and z = £¢. Then

(o) = (j2 = CI* -t = 7 — 22 A )

= (2= ¢t I = ) < 2V — 2
1/2
— 2l/4 ’t — 7 = 2my, (2) Ay (2) + 21y, (€) Ay (€)
(2.14) < 24y (PVQL (v), Pvg- (U))) )
and so

{9 € [0,7): du (PVGL (v), Py (w)) < 5} C {0 [0,7): du (v, w) < 245} .

The right hand side is [0, 7) if dg (v, w) < 21746, which in this case is an interval of
length 7 < %. Otherwise the right hand side is empty and there is nothing to

~ dg(v,w
show. This proves the lemma in the case of (2.13) with z = £(.
It remains to consider the case in which (2.13) holds but z # +(. Let

=T —=22/N( 2= C 2+ (
TR PR TR
The identities
2 NG =y, (2) Ay (Q) — v, () Ay (2),
and
Ty (@) Ay (y) = & Ay (y), 2,y € R,
yield

dy <PV0L (v), Py (w)) > ‘t — 7 =27y, (2) A WVQL(Z) + 2y, (C) A WVQL(C)’I/z

= ‘t—T — 2z/\C—|—27TV01_(Z — C) /\7TV0(2—|—<)}1/2

= \t—T—2z/\C—|—2(2—O/\WVQ(Z+O|1/2
(2.15) = |24 ¢z = ¢|M? |a + 2p A Ty, ()2
If |a| > 4 then |a + 2p A 7y, (q)| > |a|/2, and so by (2.13),

(2.15) Z |z + C\1/2|z — §|1/2\a|1/2 =lt—7—-22A C\1/2 2 du (v, w).

The argument is then similar to the case of (2.14). Hence it may be assumed that
la| < 4. With this assumption, (2.13) gives

du(v,w) S [t —7 =22 ALY Sz + (P2 = ¢V,
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and putting this into (2.15) yields

it (Py; (v), Pyy () 2 du(v,w)a+2p Ay ()]
Therefore
(2.16) {9 € [0,7): du (Pvgl(v), Pys (w)) < 5}
2
c {ee[o,m: la+2p A vy ()] < (%) }
for a sufficiently large constant K. Define F' = F, , by
F(0) = a+2p Ay, (q),

so that
F'(0) = 2p A Ogmry, (q), F"(0) =2p A 837%(@1).

Using 7, (¢) = (g, €i6>6i9 gives
domv, (q) = (g,i€7)e” + (g, e )ie”,  Rmy,(q) = 2 ((g,1€”)ie” = (g, "))

Therefore dpmy, (¢) and 3027y, (g) are orthonormal vectors in R?, for each 6 € [0, ),
and so
2

for all § € [0, ).

(2.17) 1=|pf* = )F/(e) + )Fﬂ(e)

2 4

It follows that for any b € R, the equation F'(f) = b has at most 2 solutions in any
interval of length strictly less than 1/2. To see this, let I be an interval with |I| < 1/2
and assume for a contradiction that F'(6) = b has three distinct solutions in 7. Then
by Rolle’s Theorem F’ has two distinct zeroes in I, and by Rolle’s Theorem again
F" has a zero 0" in I. Let 6" be one of the zeroes of F'. Then by (2.17),

0//
/ F(0) do
(%

!

2= |F'(¢")| = <4l <2,

which is a contradiction.

By covering the interval [0,7) with 7 intervals of length strictly less than 1/2,
the equation F(§) = b has at most 14 solutions in [0, 7), for any b, and therefore the
second set in (2.16) is the disjoint union of at most 15 subintervals of [0, 7). Equation
(2.17) implies that F" is 4-Lipschitz, so by using |87 | = 25, these at most 15 intervals
can be written as a union of at most 15 4 25 = 40 disjoint intervals I C [0,7), each
of length at most 1/8, such that either |F’(0)| > 1/2 for every 6 € I, or |F"(0)| > 3
for every 6 € I. Lemma 3.3 from [7] asserts that each of these intervals has length
S Zlom) ssuming dg(v,w) > 0. If dg(v,w) < § the lemma holds trivially provided
C > 7, so this finishes the proof. O

Lemma 2.4. Fix s € (2,4], let v be a nonzero finite compactly supported Borel
vBulvr) o and fix K > max{s 3(3_1)} with k < s.

rs 27 4—s—1

measure on H with sup,en
r>0
Then there exist dyg,n > 0 such that

v {v € H: ! {9 € [0,7): Py:yv (BH (Pvel(v),é» > 55—“} > 5"} <o

whenever § € (0,d).
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Proof. Choose

1 . s 3(s—1)
(218) 7]:1—0411"1111{:%—571%—@},

which is strictly positive by the assumption on k. The choice of §; will be made

implicitly to eliminate implicit constants and ensure that various trivial inequalities,
such as |logd| < 67", hold for 6 < dg. Fix § € (0,dp) and let

7 =1Us= {v € suppv: H' {9 €[0,m): Pyryv (BH <PV3_(U),(S)> > 53_“} > 5’7} :

For each v € Z, let
H(v) = {6’ €[0,7m): Pyyuv (BH (Pvé(v),(;)) > 58—,{} .

The number of integer powers of 2 between 617197 and the Koranyi diameter of
suppv is < |logd|. Hence by the Frostman condition on v, for each 6 € H(v) there
exists a dyadic number ¢ = ¢(6,v) in this range such that

(2.19) v (P;ei (BH (Pvel (v), 5)) N Au(v,t, 2t)) > 55" [log o] "

where Ag(v, 7, R) denotes the Koranyi annulus in H centred at v with inner radius
r and outer radius R:

Ag(v,r, R) ={w e H: r < du(v,w) < R}.

The set H(v) can be partitioned into sets H(v,t) according to the dyadic values
t = t(f,v). Since again there are < |logd| values, at least one set H(v,t(v)) must
have H'-measure > ¢"|log §|~*. The set Z can be similarly partitioned according to
the dyadic values t(v), so that there is a subset Z’ C Z corresponding to a single
dyadic value t, with v(Z") 2 v(Z)|log |~

Since §" is much smaller than |logd|™!, this shows that there exists ¢ > §'~10%7
with ¢ < 1 and a subset Z’ C Z satisfying

v(Z") > §"v(2),
and
(2.20) HY(H'(v)) > 6% forallve 7,
where H'(v) is defined for any v € H by

(2.21) H'(v) = {9 e [0,7): v (P;ei (BH (PVQL (v), 25)) N AH(v,t,2t)> > 55—*”~+’7} .

This construction can be done in a way that ensures that Z’ is v-measurable. By
inner regularity of v, Z’' can also be taken to be compact.

Fixv € Z'. Using (2.20), choose three subsets H}(v) € H'(v) separated (mod )
by a distance of at least 67 from each other, each contained in an interval of length
0% and each with 1-dimensional measure at least %7. This can be done by partition-
ing [0, ) into < 6~ intervals of length §*7, choosing the 6 intervals with the largest
intersection with H'(v) (in terms of H!'-measure), and then choosing 3 with gaps
between them (mod 7). By compactness of Z’, this construction can be modified to
ensure that for each j, the sets H(v) are piecewise constant in v over some disjoint
Borel cover of Z’ (this last observation is only needed to avoid a measurability issue
later, and is the reason for the factor of 26 in (2.21)).
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For each j =1,2,3 and each v € Z’" and v; € H, define v ~; v; if
vj € P‘ﬁ (BH (PV(QL(U),2(S)) N Au(v,t,2t), for some 6 € Hj(v).
2
Set

(2.22) o= 5 — £+ 1000 c

s
A major part of the rest of the proof will consist in verifying the following inequality:

(2.23)  w(Z)t3§1000m+30s—r1) < V4{(U,U1,U2,U3) SRS (Hl)3 v ~j v; for all j,

A (Co, (Gr, Go)) > 0% 3 1= Gl ¢ — Gof > 12}

< max {t2555/2’ t1+55(1—a)(s—1)—1000n} ’

0,1).

where dg refers to the Euclidean distance, ¢(a,b) means the infinite line through a
and b, ' =v x v xvxvand v=((,7) € C x R. The lemma will then be derived
by comparing the two outer parts of (2.23). The piecewise constant property of the

sets H}(v) ensures that the set in (2.23) is Borel measurable.

To prove the lower bound of (2.23), cover the interval [0, ) with disjoint intervals
of length d§/t, and fix v € Z’, j € {1,2,3}. Since H'(H}(v)) > 0, there are at
least t6%" 1 intervals I, = I, ; intersecting H]’-(v), so pick some 0 = 0 ; in each
intersection. Then

(2.24) v (P;eik (BH (Pvei (v), 25)) N An(v,t, 2t)) S gomrtn

for each k, which follows from H}(v) C H'(v) and the definition of H'(v) in (2.21).
For fixed v € Z', vy, v3 € H with v ~y vy, v ~3 03, and £ < |C— G, [¢— G| < 2,
it will be shown that

(225) VS U2 € P_Jl_ (BH (PVJ_ (’U), 25)) N AH(’U,t,Qt)Z dE (CQ,E(Cl,Cg)) Z 5o¢
Vo, Ok
2 58—!{-‘1—27].
This will follow from (2.24) combined with the claim that for
t
veZ, verv, Uy, B <[C—=aGl -Gl <2t

the set
E = {Uz € P\;ei (BH (Pvelk (v),26)) N Au(v,t,2t): de (¢, 0(C1, () < 50} )

is contained in a Koranyi ball of radius §¢~ 1%, thereby contributing < §(@=100ms tq
the measure in (2.24), which is much smaller than 6*~**27 by the definition of « in
(2.22). To prove that E is contained in the required Koranyi ball, it will first be
shown that the projected set

F = {@ € R*: (G, ™) € Au(v,t,2t) for some 7, € R:

Ty (G = Q)] < 20, (G (G G) < 07,

is contained in a Euclidean disc in R? of radius 6*759. To see this, fix ¢, € F with
vg = ({2, T2). Define
0(0;) = {C+ X' X € R},
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so that by a < 1 and the definition of F,
(2.26) FC Nisa (€15 G3)) N Noa (£(6r))-

It suffices to contain the right hand side of (2.26) in a disc of radius §%7°7. This
will be done by establishing a lower bound on the angle # between the two lines. Let

1 € Hl(v) and 3 € H)(v) be such that ‘W%Lj (¢ — ()| < 26 with j € {1,3}, so that
¢1 and ¢3 are 0*7-separated (mod 7), by construction of the sets H}(v). Write
Co = M1+ (1 — )\1)<3 + )\2’&(<1 - Cg), A, A2 € R with |)\2||C1 — C3| < 0.

If x and y are unit vectors in R?, the angle 6 between them satisfies [sin 0| = |z A y|.
Moreover, (2.19) implies that ¢ > §*7207 by (2.22) and the Frostman condition on v.
Therefore

(G = ) Ay (G = O] 2 (G = G) A (G = Ol - 888
(2.27) > (G — O A (G — )| — t(46% 4 80)

> v, (G €) A (G — O] — H46% + 169)
t2
> 1 [sin(ds — é1)| — #(40% + 160)
204
(2.28) > S — 1(40° +160)
> 2677,

Hence the angle 6 between the two lines in (2.26) satisfies

(¢t —¢3) A ™, (G2 =€)

> 5o,
|1 — G }Wvgk(@—C)}

|sin 6| =

It follows that the intersection

Nisa (£(C1,€3)) N Nisa (€(6r)),

and therefore F, is contained in a Euclidean disc of radius 6%~ inside R2.
For the set £, let vy, v € E. By the triangle inequality for the Koranyi metric,

i (Pvei (v2), Pyy (v;)) < 46,

Considering each component of the Koranyi distance separately gives

‘ert (G — &)

< 45
and
72— 75 = 2y, (o) Ay (G) + 2y, (G5) Ay (G)| < 1607,

By the identity (A Gy = 7y, (C2) Ay (¢3) — v, (¢3) ATy (C2) and the two preceding
k k
inequalities,

(2.29) 72 =T =2 NGl S0

The Euclidean projection of E down to R? is contained in F', and therefore in a ball
of radius §*°%7. Combining this with (2.29) results in

1/4 a— o—
dia(va, vh) = (G — G + |72 — 7§ — 26 A GJ7)* < 69759 4 512 < go50m,
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for any vy, vy € E, by the definition of « in (2.22) and the choice of 7 in (2.18).
This shows that the Koranyi diameter of E is < §*°% and thus F is contained in a
Koréanyi ball of radius §*~%97. This implies (2.25) by (2.24), the Frostman condition
on v and the definition of a.

For each j and each v € Z’, Lemma 2.3 ensures that each set in (2.24) intersects
< 1 of the others, and therefore summing (2.24) over k gives

(2.30) v{v; € H: v ~jovj} 200 s
Similarly, if v ~; v; and v ~3 v3, summing (2.25) over k gives
(2.31) v{ve € H: v~y va: dig (G, 0(C1, G3)) > 6% i ¢ — Gl 1¢ — G| > t/2}
> 51000 +s—r—1.
Using (2.30), (2.31) and Fubini’s Theorem yields
V4{(’U,1)1,UQ,U3) €7 x (Hl)3 v~y v for all g,

A (G, (C1, Go)) = 0 3 1C = Gil, | = Gl > 12}

/ / / / dv*(vy, v3, 01, V)

Z" {v1:w~iv1} {vz:v~zus} {va:v~ov2 and
dp(C2,0(¢1,¢3)) >0 if
I¢—=Cal,I¢—C3|>t/2}
> I/(Z’) (t510077+s—/<—1)3 > V(z)t3530117+3(s—n—1)’
which implies the lower bound of (2.23).
For vy, v9,v3 € H, let
A= A(Ul, Vo, ’Ug)
={veZ':v~ju;forall j, dg(Ce, (1, () > 6% if [C = Gif, ¢ — G| > t/2}.

The upper bound of (2.23) will be obtained by bounding v(A) and then integrating
over vy, U2, V3.

Fix v € A. For each j € {1,2,3}, the inequality

du (PVQL(U), Py (vj)) <20 for some 0 € Hj(v),

implies
(2.32) [T =7 = 20N Gl S,
by a calculation similar to the derivation of (2.29). Hence if |7 —7; — 2¢ A Cj|1/2 >
|¢ — ¢j| for some j € {1,2,3}, then dg(v,v;) < 62 since (2.32) corresponds to the
second component of the Koranyi distance; see (1.1). Therefore
(233)  {veA: |r—1,—20 NG > |C = ¢ for some j € {1,2,3}} < 62

It remains to bound v(A’), where

A={ved: |r—1—20N¢G"* < |¢—¢ for all j € {1,2,3}}.

Define G: H — R? by

7'—’7'1—2</\C1 _2y1 2z, 1
G, 1)=|7T—m—2(AN( ]|, so DG, 17)=DG=|-2y; 225 1],
T —T3 — 2< A Cg —2y3 2113'3 1
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where (; = z; + iy;. Then A’ C G~1(Bg(0,C4)) for some constant C, by (2.32). If
ve A, then £ < |¢— (| < 2t for each j € {1,2,3} by definition of the Koranyi
metric. Hence if A’ is nonempty and there exists vg € A’, then by the condition
dg(Ce, 0((1,(3)) > 6% in the definition of A,

G =G+ MG =)+ i =), A€ Rowith  [A]|G — (3 > 6%

The inequality |(¢; —¢) A (G —C)| = t26" follows similarly to the working from
(2.27) to (2.28), and this gives

(G = O A (G =02 6" G G — ¢l
Using the identity |z|*|w]* = [{(z,w)|* + |z A w|? for z,w € R? and expanding out
[(¢1 =€) — (¢ — Q)|? gives |¢1 — (3]? > 26197, Hence

|det DG| = 4|t A G+ G AGHGEAG] =4[ —G) A (G — )
= 4| Xo||C = G[* > 4t5eton,

By combining this with the formula (DG)~' = (det DG) ™" adj DG for the inverse,
where adj refers to the adjugate, the operator norm satisfies ||(DG)™!| < t= 1§57,
Hence

(2.34) A" C G(Bg(0,C6)) C B (v, C't 16 71)

The condition on ¢ in (2.19) implies ¢ > 62, and so the radius of the ball in
(2.34) is less than 1 by the definitions of n and « in (2.18) and (2.22). Proposition 1.3
therefore implies that A’ can be covered by < t6~(1=*=5) Koranyi balls of radius
t=1§'=2=5_ Hence by the Frostman condition on v,

(2.35) p(A) < prosglma=smis—1),
Combining (2.35) with (2.33) therefore yields
v(A) < max {53/2, tl_sé(l_a_5”)(5_1)} :
By the triangle inequality and Fubini,
1/4{(1),211,212,113) AR (Hl)3 : v ~j v; for all j,

i (G, (C1, G3)) 2 6 3 1C = Gil, I = G| = #/2}

/ / / A(vq, vg,v3)) dv(vy) dv(ve) dv(vs)
By (vs,4t) J By (vs,A4t)

< max {t2565/27t1+s5(1 a=50)(s— 1)}'

This implies the upper bound in (2.23), which finishes the proof of (2.23).
The inequality §%/2 < §0=a=5=1 follows from the definition of o in (2.22) and
the definition of x; if kK = § + € this is trivial, and if kK = 3(s=1)

T teit follows from the
inequality

25 —11s+6 <0 for s € [1,4],

where ¢ is sufficiently small, in either case. Hence the second term in the upper
bound of (2.23) is actually always the maximum. Therefore, comparing the lower
and upper bounds from (2.23) gives

V(z)t35100017+3(s—n—1) < tl—l—sa(l—a)(s—l)—lOOOn'
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Using ¢ < 1, this simplifies to
U(Z) < §0-)s=1)=3(s—r=1)=20011

< grgi=e) (v 352 ) —to0om using o = 5=+ 10000
s
S 617)
by the definition of 7 in (2.18). This finishes the proof of the lemma. O

Finally, the proof of the main theorem can be given by combining Lemma 2.1
and Lemma 2.4 with Lemma 1.4 (Frostman).

Proof of Theorem 1.1. Let A C H be an analytic set with s := dim A > 2
and let € € (0,s/2). By Lemma 1.4 (Frostman), there is a nonzero, finite, compactly
supported Borel measure v on A with v(Bg(v,r)) < r*~¢ for every v € H and r > 0.
By Lemma 2.4 with

] 8 3(s—1) e ] 5T € 3(s—e—1)

K =max{ -, —— X

24—t 2 "4—(s—e)1]’
there exist dg, > 0 such that

v {v cH: H! {9 €[0,m): Pyryv (BH (Pvé_ (v),5>) > 53_6_“} > 5’7} <",

whenever § € (0,dp). The set [0,7) is a compact metric space when naturally iden-
tified with a circle, and the vertical projections are continuous with respect to this
metric. Therefore Lemma 2.1 gives

dim Py1 A > dim Py (suppv) = s —e—r  fora.e 6 € [0, ).

Letting € — 0 results in

= f 2 2
dimPVQLAZS—KJ: g(sﬂ) 1 56(5,2]7
As—1 if s € (5,4} ,
for a.e. 0 € [0, 7). 3
References

[1] BALoGH, Z. M., E. DURAND-CARTAGENA, K. FASSLER, P. MATTILA, and J. T. TYsON: The

effect of projections on dimension in the Heisenberg group. - Rev. Mat. Iberoam. 29, 2013,
381-432.

[2] BALOGH, Z. M., K. FASSLER, P. MATTILA, and J. T. TYSON: Projection and slicing theorems
in Heisenberg groups. - Adv. Math. 231, 2012, 569-604.

[3] BALoGH, Z. M., and A. ISELI: Dimensions of projections of sets on Riemannian surfaces of
constant curvature. - Proc. Amer. Math. Soc. 144, 2016, 2939-2951.

[4] BaLocH, Z. M., M. RickLy, F. SERRA CAssaNO: Comparison of Hausdorff measures with
respect to the Euclidean and the Heisenberg metric. - Publ. Mat. 47, 2003, 237-259.

[5] BaLoGH, Z.M., J. T. TysoN, and K. WILDRICK: Frequency of Sobolev dimension distortion
of horizontal subgroups in Heisenberg groups. - Ann. Sc. Norm. Super. Pisa Cl. Sci. 5, 2017,
655-683.

[6] BoGACHEV, V.I.: Measure theory, Volume II. - Springer-Verlag, Berlin, Germany, 2007.

[7] CHRIsT, M.: Hilbert transforms along curves: 1. Nilpotent groups. - Ann. of Math. (2) 122,
1985, 575-596.

[8] CycaN, J.: Subadditivity of homogeneous norms on certain nilpotent Lie groups. - Proc.
Amer. Math. Soc. 83, 1981, 69-70.



An a.e. lower bound for Hausdorff dimension under vertical projections in the Heisenberg group 737

[9] Evans, L. C., R.F. GARIEPY: Measure theory and fine properties of functions. - CRC Press,
Boca Raton, FL, 2014.

[10] FALCONER, K., J. FRASER, and X. JIN: Sixty years of fractal projections. - In: Fractal
geometry and stochastics V, Progr. Probab. 70, Birkh&user/Springer, Cham, 2015, 3-25.

[11] FAsSLER, K., and R. HoviLA: Improved Hausdorff dimension estimate for vertical projections
in the Heisenberg group. - Ann. Sc. Norm. Super. Pisa Cl. Sci. 15, 2016, 459-483.

[12] HoviLa, R.: Transversality of isotropic projections, unrectifiability, and Heisenberg groups. -
Rev. Mat. Iberoam. 30, 2014, 463—476.

[13] HowroYD, J.D.: On dimension and on the existence of sets of finite positive Hausdorff
measure. - Proc. Lond. Math. Soc. (3) 70, 1995, 581-604.

[14] KAENMAKI, A., T. ORPONEN, and L. VENIERL: A Marstrand-type restricted projection the-
orem in R3. - arXiv:1708.04859v1, 2017.

[15] MARSTRAND, J.: Some fundamental geometrical properties of plane sets of fractional dimen-
sions. - Proc. Lond. Math. Soc. (3) 4, 1954, 257-302.

[16] MATTILA, P.: Geometry of sets and measures in Euclidean spaces. - Cambridge Univ. Press,
Cambridge, United Kingdom, 1995.

[17] MaTTILA, P.: Hausdorfl dimension, projections, intersections, and Besicovitch sets. -
arXiv:1712.09199v2, 2017.

[18] OrPONEN, T., and L. VENIERL Improved bounds for restricted families of projections to
planes in R3. - Int. Math. Res. Not. IMRN, doi:10.1093/imrn/rny193, 2018.

[19] PERES, S., and W. SCHLAG: Smoothness of projections, Bernoulli convolutions, and the
dimension of exceptions. - Duke Math. J. 102, 2000, 193-251.

[20] WOLFF, T.: Recent work connected with the Kakeya problem. - In: Prospects in Mathematics,
Amer. Math. Soc., Providence, RI, 1999, 129-162.

Received 10 March 2019 e Revised received 2 April 2019 e Accepted 9 August 2019



