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Abstract. We investigate the ideal W, of weakly p-compact operators and its approximation
property (W,-AP). We prove that

Wy =W,oW, and Vp:ICupoV\ip_l

and that for 1 < p < oo, a Banach space X has the W,-AP if and only if the identity map on X
is approximated by finite rank operators on X in the topology of uniform convergence on weakly
p-compact sets. Also, we study the W,-AP for classical sequence spaces and dual spaces.

1. Introduction

The main subject of this paper originates from the classical approximation prop-
erty (AP) and an operator ideal introduced by Sinha and Karn [SK1]. A Banach
space X is said to have the AP if

idy € F(X, X)",

where idx is the identity map on X, F is the ideal of finite rank operators between
Banach spaces and 7, is the topology of uniformly compact convergence on the ideal £
of all operators between Banach spaces. Grothendieck |G] systematically investigated
the AP and one of the basic tools in [G] was a criterion of classical compactness such
as the following.

A subset K of a Banach space X is relatively compact if and only if for every € >
0, there exists (z,), € ¢o(X), the space of all null sequences in X, with ||(z,)n||co :=
sup,, [|zn]] < sup,ek ||z|| + € such that

(1) K C {i ATy () € Bgl} ,

n=1

where we denote by B the unit ball of a Banach space Z. It follows from this result
that for every T € K(Y, X), where K is the ideal of compact operators between
Banach spaces,

(t1) T = inf {H(:cn)nHoo: (#n)n € co(X), T(By) C {Z T (an)n € Ba}}-

n=1

Sinha and Karn [SK1] was motivated by (f) to introduce a new compactness.
Let 1 < p < co. A subset K of X is said to be p-compact (respectively, weakly
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p-compact) if there exists (), € £,(X) (respectively, £;’(X)) such that

K C p-co(xy), == {Z anZy: () € ng*} ,

n=1

where 1/p + 1/p* = 1 and ¢,(X) is the Banach space with the norm || - ||, of all
X-valued absolutely p-summable sequences (respectively, £;’(X) is the Banach space
with the norm || - [|} of all X-valued weakly p-summable sequences). When p = oo,
£p(X) (respectively, £)(X)) is replaced by co(X) (respectively, the space ¢f'(X) of all
weakly null sequences in X'). Also, when p = 1, the unit ball By . is replaced by B,,.
Note that every p-compact set is relatively compact and every weakly p-compact set
(1 < p < o0) is relatively weakly compact.

A linear map T: Y — X is p-compact (respectively, weakly p-compact) if T'(By)
is a p-compact (respectively, weakly p-compact) subset of X. The collection of all
p-compact (respectively, weakly p-compact) operators from Y to X is denoted by
K,(Y, X) (respectively, W, (Y, X)). We remark that the notion of weakly p-compact
set (the ideal of weakly p-compact operators) was already introduced and studied by
Castillo and Sanchez as an another concept (see |CS, Definition 1.3]).

In view of (f}), it is natural to consider the same way to measure p-compact
operators. Delgado, Pifieiro and Serrano [DPS1] introduced an operator ideal norm
on K, in that way. For T' € K,(Y, X), let

HTHle = inf{”(xn)nnp: (Tn)n € gp(X)a T(By) C p—CO(:L’n)n}.

Then [[Cp, || - [|k,] is a Banach operator ideal [DPS1]. Ain, Lillemets and Oja [ALO]
introduced and studied a more general form of the ideal [KCp, || - |k,]. We define a
norm on W, as in K,. For '€ W,(Y, X), let

1T llw, = inf {{|(@n)nlly  (@n)n € 6(X), T(By) C p-co(xn)n}-

Then [W,, | - [|w,] is a Banach operator ideal (see Theorem 2.1).
Grothendieck |G| proved that a Banach space X has the AP if and only if

Ky, X) = F(¥, X)

for every Banach space Y, where the closure is in the operator norm topology. A
more general notion extending this criterion was introduced by Lassalle and Turco
|[LT1], and Oja [O2]. For a Banach operator ideal [ A, ||- || 4], a Banach space X is said

=l

to have the A-approzimation property (A-AP) if A(Y,X) = F(Y,X) = for every
Banach space Y. Therefore a Banach space X is said to have the KC,-AP (respectively,
W,-AP) if

1,(Y, X) = F(V, X) ™ (respectively, W, (Y, X) = F(Y, X) ™)

for every Banach space Y. The ideal K, the K)-AP and their related subjects were
investigated in [AO, ALO, CK, DP, DPS1, DPS2, DOPS, GLT, K1, K2, K3, K4, K6,
K7, LT1, LT2, LT3, 02, P, PD, SK1, SK2| and so on. In this paper, we investigate
the ideal W, and the W,-AP as the following organization.

In Section 2, we prove that

W, =W,oW, and V,=K,oW,"

p
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In Section 3, we establish some characterizations of the W,-AP. Among them, for
1 < p < o0, a Banach space X has the W,-AP if and only if

idy € F(X, X)),

where 7, is the topology of uniform convergence on weakly p-compact sets. In
Section 4, we check whether the classical sequence spaces have the W,-AP. As a
consequence, it is shown that the AP does not imply the W,-AP and the W,-AP
(1 < p < 2) does not imply the AP in general. Also, we study the W,-AP for dual
spaces. As a consequence, it is shown that for 1 < p < oo, the dual space of a Banach
space X has the W,-AP if and only if for every Banach space Y, F(X,Y) is dense
in the space of quasi weakly p-nuclear operators from X to Y.

2. The ideal of weakly p-compact operators

First, we need to show the following for the sake of the completeness of presen-
tation.

Theorem 2.1. For every 1 < p < oo, [W,,| - |lw,] is a Banach operator ideal.

Lemma 2.2. [K5, Corollary 3.6] Let 1 < p < 0o and let T: X — Y be a linear
map.

(a) If (yn)n € £5(Y), then T(Bx) C p-co(yn)n if and only if | Ty || < [|(y" (yn))nll
for every y* € Y*.

(b) If (yn)n € g (Y'), then T (Bx ) C 00-co(yn ) if and only if [ T*y*[| < [[(y* (yn))nll
for every y* € Y*.

Proof of Theorem 2.1. Let X and Y be Banach spaces. We only show the
linearity of W), (X,Y"), the triangle inequality and completeness of || - [|y,. The other
conditions for an operator ideal are clear. Let (1), be a sequence in W,(X,Y') with
Yok I Tkllw, < oo. Then >, ||Tk|| < co and so there exists a T' € L(X,Y) such

that || Sk, T — T|| — 0 as | — co.
Let ¢ > 0 be given. For each k € N, let (y¥), € ¥(Y) be such that

w 3
Te(Bx) C p-co(yp)n and  (ya)ully < [ Tellw, + 55

In the case p = o0, let (5), € c(Y) and | (55)n e < [ Txllw.. + /2"
For each k,n € N, let

k ye
zy = L -cY.
" (I Tlbw, +e/28) e

In the case p = 00, let

k
" BTk llwe +€/2F)

where 5, > 1,limy_.o, Br = 0o and

zZ

Y Bl Tillwa +2/25) < (1+€) Y (1Tl +e/2%).

1
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The sequence (z,,)., in Y is defined as the following array:

2 - 2 2 -zt

1 1 4

! 4

22— 2 o -z

I

24— zy 4 — oz

Then
. iw*wpgi (1)l - i(nnnm =)
y*€Byx S (%, +€/2 PP T L
Thus

1/p
)l < (ZHTkHWPH) |

In the case p = oo, we see that (z,,)m € ¢ (Y) and [|(zm)m|co < 1.
Now let y* € Y*. Then, for each k € N, since Ty(Bx) C p-co(y¥),,, by Lemma 2.2
IT5y* || < 11(y*(yn))ullp- Then we have

o0

1Ty < Z ITey*ll < Z 1" )l = DI Tellw, +</2°)

k=1

00 1/p*
< (ZHTkHWp +6) 15" (2m ) )m -

In the case p = 0o, we see that

Tyl < (1 +¢) (ZIITkllww+€> 1Y (2m) ) oo

For each m € N, let

N E)alls

oo 1/p*
k=1

In the case p = 00, let

W = (1 +¢) (Z Tkl —i—a) Zm.-

Then since (w,)m € 5 (Y) or (Wp)m € i (Y') for the case p = oo, by Lemma 2.2,
T(Bx) C p-co(Wp,)m.
Therefore T' € W,(X,Y) and

1T, < [[(wm)mlly < (1+€) (ZIITk|lwp+6)
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Since € > 0 was arbitrary, || T|lw, < > req [|Tk]lw,-
The above proof can be applied to show that for every I € N, >, T} €
Wo(X,Y) and [| 304 Tillw, < 22y 1 Tkllw,- Hence

!
T, =T <
HZ k ’Wp <D A Telw, — 0
k=1 k>l

as | — oo. O

Remark 2.3. Sinha and Karn [SK1, SK2| studied factorizations of p-compact
and weakly p-compact operators, and defined the Banach operator ideal norms r,(+)
and w,(-), respectively, on I, and W, using those factorizations. Delgado, Pifeiro
and Serrano [DPS1, Proposition 3.15] showed that x,(-) = || - ||x,. We can also show
that wy(-) = | - |lw, using their proof.

Let 1 < p < oo and let X and Y be Banach spaces. For § := (y,)n € £;/(Y)
((Yn)n € c§(Y') when p = 00), define the map Ej;: (,» — Y by

Eﬁ(an)n = Z anyn-
n=1

Here ¢,- is replaced by ¢y when p = 1. For an operator T': X — Y, the injective
operator T;,;: X/ker(T') — Y is defined by

Tinjlz] =T
The following result is essentially due to [SK1, Theorem 3.1].

Proposition 2.4. Let 1 < p < oo and let X and Y be Banach spaces. Let
T: X — Y bealinear map. Then T' € W,(X,Y) if and only if there exist a quotient
space Z of y (Z is a quotient subspace of ¢g when p = 1), R € W,(X,Z) and
injective S € W,(Z,Y') such that T = SR. In this case, | T'||y, = inf [|S||w, || R|lw,,
where the infimum is taken over all such factorizations.

Proof. The “if” part is clear and, in this case, |||y, < inf || - |lw,[ - [|w,-

Let T € W,(X,Y) and let ¢ > 0 be given. Choose (y,)n, € £ (Y) such that
T(Bx) C p-co(yn)n and [[(yn)nll; < (14 €)[|T||w,. Then we see that the maps
Ey: by — Y and (Ey)ip;: £/ ker(Ey) — Y are weakly p-compact and || (Ey)inj||w, <
(ol

Novs, for each = € X, there exists (a,), € £+ such that Te = > 7 | a,y,. Define
the map

T: X — Ly /ker(E;) by T =[(on)n).
Then 7' is well defined and linear, and we have the following commutative diagram.

T

(- [ker(Ey)

X Y

Consider the sequence ([e,])n in £,+ /ker(E;), where each e, is the n-th standard
unit vector in £,-. Then a simple verification shows that ([e,]), € £} () /ker(Ey))
and

~

T(Bx) C p-co([en])n-
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Thus 7' is weakly p-compact and ||T||W , < 1. Consequently,
inf [ - [lw, [l - llw, < [[@n)ally < (14 2)T b,

Since € > 0 was arbitrary, we complete the proof. O

Recall the composition operator ideal [Ao B, || - || 405] of operator ideals [A, || - || 4]
and [B, || - ||5] (cf. [DF, Section 9.10]). Then by Proposition 2.4, we have:

Corollary 2.5. Let 1 < p < co. Then W,, | - [lw,] = Wy o Wy, [l - [lw,om,)-

Remark 2.6. For the case p = oo, the proof of Propsition 2.4 is invalid. Indeed,
if the map

T: X — { /ker(E;)
in the proof of Proposition 2.4 is a weakly oco-compact operator, then it is a weakly
compact operator. Hence the map 7" is a compact operator because /1 /ker(Ej;) has

the Schur property (see, e.g., the proof of [JLO, Theorem 1.1]). Consequently, every
weakly oo-compact operator would be a compact operator. This is a contradiction.

We need a space of other vector valued sequences to introduce a stronger notion
of the weakly p-compact operator. For 1 < p < oo, the closed subspace £} (X) of
£ (X) consists of all sequences (z,), in a Banach space X satisfying that

; * P _
A, 2 el =0
(cf. [DF, Section 8.2]). The sequence was called the unconditionally p-summable
sequence in |[K1]. Note that ¢% (X) = co(X). It is well known that for a sequence
(Zn)n in X, (2,), is unconditionally 1-summable if and only if (z,,), is unconditionally
summable (cf. [DJT, Theorem 1.9]). The ideal [K.p, | - ||x,,] of unconditionally p-
compact operators was defined in [K1] by replacing £,(X) with £;(X) in the definition
of the ideal of p-compact operators.

Let V be the ideal of completely continuous operators which take weakly null
sequences to null sequences. For 1 < p < oo, let V, be the ideal of operators which
take weakly p-summable sequences to unconditionally p-summable sequences.

Recall that the right-hand quotient A o B~! of operator ideals A and B is the
operator ideal that consists of all 7" € L£(X,Y) such that T'S € A(Z,Y) for every
Banach space Z and every S € B(Z, X). It was shown in [JLO, Theorem 1.1] that

V=W,oW!
where W is the ideal of weakly compact operators.

Lemma 2.7. Let 1 < p < oo and let (z,), € £(X) ((zn)n € c§(X) when
p = o). The operator E;: {, — X is compact if and only if (z,,), € {3(X).

Proof. We see that the adjoint operator E: X* — ¢, (£, is replaced by ¢y when
p = 00) is defined by
It is well known that the subset {(z*(z,)),: 2* € Bx-} of £, is relatively compact if

and only if (z,,), € £;(X) (cf. [D, Exercises 1.6 and 11.6(i)]). Hence the conclusion
follows. O

Theorem 2.8. For 1 <p < o0,
V, =Kypo Wp_l.
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Proof. Let X and Y be Banach spaces. By definitions, it is clear that
—1
V,(X,Y) C Kypo W, H(X,Y).

In order to show the other part, let T' € Ky, o Wp_l(X, Y). Suppose that T &
V,p(X,Y). Then there exists (x,), € £;)(X) such that (Tz,), & (5(Y).
Consider the following commutative diagram, where gz : £« — €, /ker(E;) is the

quotient operator.

0, /ker(E;)

X

Note that (Ez)i; is a weakly p-compact operator. Since T' € Ky, 0o W HX,Y),
T(Ez)inj € Kup(ly/ker(E;),Y). Thus there exists (yn)n € £5(Y") such that
T(Ei)inj(BZp*/ker(Ej)) C p'co(yn)n~
Then we have
Ez(Be,.) = TE:(By,.) = T(Ez)injq:(Be,..) C p-co(Yn)n-
Hence by Lemma 2.7, (T'z,,),, € £;(Y). This is a contradiction. O

Remark 2.9. The proof of Theorem 2.8 can be also applied to show that
V=Kowg.

3. Characterizations of the W,-approximation property

Let 1 < p < oo. For Banach spaces X and Y, let 7,, be the locally convex
topology on L(X,Y') of uniform convergence on weakly p-compact sets, which is given
by the seminorms

pr(T) = sup [ Tz|,
zeK

where K ranges over all weakly p-compact subsets of X. By definition of the weakly
p-compact set, we see that the topology 7,, is given by the seminorms

pa(T) = [[(Tzn)ully,
where (), € £;/(X). Then for anet (T,)q in L(X,Y), lim, Ty, = 0in (L(X,Y), Twp)
if and only if
li(gn ||(Taxn)n||;zv =0
for every (z,)n € £;(X).
First, we apply Proposition 2.4 to a characterization of the W,-AP.

Proposition 3.1. Let 1 < p < co. A Banach space X has the W,-AP if and
only if for every quotient space Z of {,~ (Z is a quotient space of ¢y when p = 1) and
every injective R € W,(Z, X),

Re F(Z,X)".
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Proof. We only need to show the “if” part. Let Y be a Banach space and let
T € W,(Y,X). Let € > 0 be given. By Proposition 2.4, there exist a Banach
space W, a quotient space Z of {p, Ry € W, (Y, W), Ry € W,(W, Z) and injective
R € W,(Z, X) such that the following diagram is commutative.

y L. x

Wl

W2

Then by our assumption, there exists an S € F(Z, X) such that
e > |[|Rillw, sup ||Rz—Sz| = [|Ri|lw,[[RRy — SRef| = [T — SRR,

z€ER> (Bw)
Since SRyRy € F(Y, X), we complete the proof. O
We now obtain a similar characterization with the AP for the W,-AP.

Theorem 3.2. Let 1 < p < co. The following statements are equivalent for a
Banach space X.

(a) X has the W,-AP.
(b) For every quotient space Z of {, and every injective R € W,(Z,X), R €
WM'
(c) idy € F(X, X) ™.
(d) For every (x,), € £;)(X), Bz € {SEz: S € F(X, X)}”'”Wp.
(e) For every Banach space Y and every R € W,(Y, X),
ReTSR: S e F(X,x)1 M.
Proof. We show that (a) = (b) = (c) = (d) = (e) = (a).
(a) = (b) and (e)=-(a) are trivial.
(b) = (c): Let (zn)n € £;(X) and let € > 0 be given. Consider the maps
E;: Kp* — X and (Ej)mj @,*/ker(E@) — X.
Then by (b), there exists an S € F (€, /ker(E;), X) such that
c
5
We may write S = >/", yi @ xy, where y; € (€ /ker(E;))*, x, € X for each
k=1,....mand > ;" |lzgll| = 1. Since (Ez)in; is injective and €y« /ker(E;) is
reflexive, (Ej)m;  is injective. Thus (£p-/ker(E;))* = (E3)},;(X*). Thus for each
k=1,...,m, there exists an zj € X* such that

195 = (B )i (zp) || <

Consider the operator ) " | 7; @1 € F(X, X). Then for every (a,,) € By,., we have

m o0 o
H g xZ( E ozna:n):ck— g T,
k=1 n=1 n=1

1S — (E%)ing|l <

DN ™

= H kzr: Ty (Ez(an)n)xr — Ez(an)n

|
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< H i((Ef)?nﬂZ)([(%)n])xk - iy,’;([(an) ])ka
+ H ﬂj Y ([(an)n])zr — (B )ingl(cn)n]) ‘ <e

Hence idy € F(X, X) .
(c) = (d): Let (z,,) € £)(X) and let € > 0 be given. Then by (c), there exists
an S € F(X, X) such that

I((S = idx )an)nll, <e.
Since (SE; — E3)(By,.) = p-co((S — idx)zn ), and ((S —idx)z,)n € £ (X), we have
ISEz = Ezllw, <II((S —idx)an)nll, <e.

(d) = (e): Let Y be a Banach space and let R € W, (Y, X). Let ¢ > 0 be given.
Then there exists (), € £;/(X) such that R(By) C p-co(y,),. By (d), there exists
an S € F(X, X) such that

||SE5; — E;CHWP S 8/2

Now, let (z,)n € €, (X) be such that (SE;—FE;z)(Be,.) C p-co(2,)n and || (2,)n |
||SE50 — Ef||Wp —|—6/2 Since (SR— R)(By) C p—CO((S— ldX)SL’n)n = (SE@ — E@)( ¢

we have

=
*
~—

ISR = Rllw, < [[(zn)nll, < I1SEz — Esllw, +€/2 <e.

Hence R € {SR: S € F(X, X)}”'”Wp. O

Remark 3.3. In Theorem 3.2, (c), (d) and (e) are also equivalent for the case
p=1and p= occ.

Lima, Nygaard, and Oja [LNO] proved that if K is a balanced convex and weakly
compact set in the unit ball By of a Banach space X, then there exists a linear
subspace Z of X, equipped with a different norm which makes it a reflexive Banach
space, such that the formal identity map Jz: Z — X is a weakly compact operator
and K C By C By. Moreover, Oja showed

Lemma 3.4. |01, Corollary 4.3]

F(Z,X)c {87, S e FIL )1

We denote by 7. the topology of uniform convergence on weakly compact sets on

L.
Theorem 3.5. The following statements are equivalent for a Banach space X .

(a) X has the W..-AP.

(b) X has the AP and Schur’s property.

(¢) X has the W-AP.
) wce
)

(d) idx € F(X,X) .
(e) idy € F(X, X) "™,
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Proof. We show that (a) = (b) = (¢) = (d) = (e) = (a).
(d) = (e) is trivial and (e) = (a) follows from Remark 3.3.
(a) = (b): If X has the W.-AP, then clearly it has the AP.
A Banach space Z has the Schur property if (and only if)

W (Y, Z) € K(Y, Z)
for every Banach space Y. Indeed, if (z,), € c¢f(Z), then the operator
E: e W (1, 2).

If We(l1, Z) C K(¢1,Z), then we see that {z,}5°, is a relatively compact subset of
Z. Therefore (z,), € co(2).

By (a), X has the Schur property.

(b) = (c): By (b), for every Banach space Y,

W(Y, X) = K(Y, X) = F(T, X) .
(¢) = (d): Let K be a weakly compact subset of X and let € > 0 be given. We

may assume that K is a balanced convex and weakly compact subset of Bx. Then
by (c) and Lemma 3.4,

Iy e FZ X)) =157, 5 e Fix, x1 .

Hence there exists an S € F(X, X) such that
> ||Jz — SJz|| > sup ||Jzz — SJzz|| = sup ||z — Sz||. O
reK reK

In the present paper, we do not know whether the W;-AP for a Banach space X
T~ o Twl

is equivalent to that idx € F(X,X) .

4. The Wy-approximation property for
the spaces ¢,, ¢y, £-, and dual spaces

In [K2|, the IC,,-AP was investigated and it was shown that if a Banach space X
has the AP, then X has the KC,,-AP for every 1 < p < oc.

Example 4.1. (The W;-AP) It follows from a result of Bessaga and Pelczynski
that a Banach space X does not contain an isomorphic copy of ¢ if and only if
(X)) = 0¢(X) (cf. [M, Theorem 4.3.12]). Then for those Banach spaces X, W, (Y, X)
is isometrically equal to /C,1(Y, X) for every Banach space Y. Consequently, for
1 <p < o0, since £, has the AP, it has the W,;-AP.

On the other hand, W (cy, X) = L(co, X) for every Banach space X. Indeed, if
T € L(cp, X), then

T = i e, @ Te,,
n=1

where each e, and e, respectively, are the standard unit vectors in ¢ and ¢;, respec-
tively. Since (Te,), € ¢y (X), we see that T € W(cp, X). Then ¢y and ¢, do not
have the W;-AP because the inclusion map from cq to ¢q (respectively, ¢,) is not
compact.

Example 4.2. (The W,-AP (1 < p < o0)) Let 1 < p < oo be fixed. It is
known that 1 < g < p* if and only if £;(¢,) = €;(¢,) (cf. [DF, Ex. 8.4(b)]). Thus for
1 <gq < p*, W,(Y,£,) is isometrically equal to IC, (Y, £,) for every Banach space Y.
It follows that ¢, has the W,-AP for 1 < ¢ < p*.
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On the other hand, as in Example 4.1, we see that W, (€, X) = L({,-, X) for
every Banach space X. Then ¢, (¢ > p*), ¢p and ¢ do not have the W,-AP because
the inclusion map from ¢, to ¢, (respectively, ¢y and ¢+,) is not compact.

Example 4.3. (The W4-AP) From Theorem 3.5(a) < (b), ¢; has the W-AP
but ¢, (1 < p < 00), ¢p and { do not have the W,.-AP.

Example 4.4. In view of the above examples, the AP does not imply the W,-
AP in general. Now, let 1 < p < 2 be fixed and let S, be Szankowski’s subspace
[S] of ¢£,, which fails to have the AP. Since 1 < p < 2 < p*, £;((,) = €;({;). In
particular, £}/(S,) = £;(S,). Thus W, (Y, S,) is isometrically equal to K, (Y, S)) for
every Banach space Y. In [K4, Section 5|, it was observed that S, has the K,,-AP,
hence it has the W,-AP. Also, the W,-AP implies the AP. In the present paper, for
p=1or2<p < oo, we do not know whether the W,-AP implies the AP.

We now consider the W,-AP for dual spaces. In [K5|, a weaker notion of the p-
nuclear operator was introduced (see, e.g., [DJT, p. 111] for the p-nuclear operator).
For 1 < p < oo, we say that an operator T: X — Y is weakly p-nuclear if it is
represented as

n=1

where (7}), € £)(X*) ((2)n € ¥ (X*) when p = o) and (y,), € (YY) ((yn)n €
c@(Y') when p = 1). Here ¢¥ (X*) is the space of all weak* null sequences in X*. We
denote the space of all weakly p-nuclear operators from X to Y by N,,(X,Y") and

define a norm on N,,(X,Y) by

1T | ny == [ (7)1 1Y)l

where the infimum is taken over all such weakly p-nuclear representations of 7. Then
Nups || - [Iar,) is a Banach operator ideal [K5, Theorem 2.1]. It was shown in [K5,
Theorem 3.2] that W, [| - [lw,] is equal to the surjective hull of [Ny, || - [Iar,,. -

In [K5], a weaker notion of the quasi p-nuclear operator of Persson and Pietsch
[PP] was introduced. For 1 < p < oo, a linear map T: X — Y is called quasi weakly
p-nuclear if there exists (27), € £2(X*) ((2},)n € ¢ (X*) when p = 00) such that

1T]] < | (25 (2))nllp

for every x € X. We denote the space of all quasi weakly p-nuclear operators from
X toY by NE(X,Y). For T € NE(X,Y), let HT”N,?,, = inf ||(z},)nl[;, where the
infimum is taken over all such inequalities. It was shown in [K5, Theorem 3.3| that
NG| - HNB,,] is equal to the injective hull of [Ny, || - [|az,]-

Let [A, || - [|4]% be the dual ideal of a Banach operator ideal [A, || - ||4] (cf. [DF,
Section 9.9]).

Lemma 4.5 (K6, Proposition 4.9). Let A and B be Banach operator ideals. If
A C B®a and B C A% then the dual space of a Banach space X has the A-AP if

and only if for every Banach space Y, B(X,Y™) = W”'”B.
In [K5, Theorem 3.7], it was shown that for 1 < p < co, W, C (NE )™ and
./\/;?p C Wl‘f““l. From Lemma 4.5, we have:
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Corollary 4.6. Let 1 < p < co. The dual space of a Banach space X has the
W,-AP (respectively, N -AP) if and only if for every Banach space Y, N3 (X, Y*) =
FOLY) W8 (respectively, W, (X, V") = F(X, V) ™),

Proposition 4.7. Let 1 < p < oo and let X and Y be Banach spaces. Let
T: X =Y be a linear map. Then T € N (X,Y) if and only if there exist a closed

subspace Z of ¢, (Z is a closed subspace of ¢y when p = 00), R € Npr(X, Z) and
S e N&(Z,Y) such that T = SR. In this case, HT”NS,, = inf HS”NS,,HR”NS,,’ where
the infimum is taken over all such factorizations.

Proof. The “if” part is clear and, in this case, ||T1| .0 < inf |- |ya |l - [lye -

Let T € NZ(X,Y). Let € > 0 be given. Then there exists (z},),, € £2(X*) such
that

[T < [ (25 (2))nll

for every x € X and |[|(z},)n ;) < HTHNU% + €. Consider the linear subspace
Zo = {(xp(2))n: v € X}
of ¢, (¢, is replaced by ¢y when p = oo) and the map
J()Z ZO — YV, JQ(ZL':L(I’))n — Tx.
Then it follows that Jj is well defined and linear, and || Jo|| < 1. Let J: Z := Zy = Y
be the linear continuous extension of Jy. Define the operator U: X — Z by
Uz = (z)(x))n.
Then U is quasi weakly p-nuclear and ||U||yo < [|T|g +¢.
Now, we obtain the following commutative diagram:

N

Consider the sequence (ej,), of standard unit vectors in £,-. Then (e}|z)n € £} (Z%)

and ||(ey,|z)nll; < 1. Since for every z € X,

1T (@ (@)illy = [1Tlly < [[(zk(2)elly = [[({enlz, (25 (2)k))nllp,
we can check that || Jz|ly <|({e}|z, 2))nllp for every z € Z. Hence J is quasi weakly
p-nuclear and HJHM?,, <1, and inf || - HNSPH . HNSP < HT”NEP +e. O

X

Corollary 4.8. Let 1 < p < oo. Then [N, |- HNSP] = NG oNG,.|I- HNSPON%].

Proposition 4.9. Let 1 < p < oo. A Banach space X has the ./\/'u?p—AP if
(and only if) for every closed subspace Y of ¢, (£, is replaced by ¢y when p = c0),

NE(Y,X)C F(Y,X) .

Proof. Let Y be a Banach space and let T' € ng(Y, X). Let € > 0 be given.
By Proposition 4.7, there exists a closed subspace Z of ¢,, R € N&(Y,Z) and S €
NE(Z,X) such that T = SR. Then by assumption, there exists an Sy € F(Z, X)
such that
e > 1S = SolllBllyg, = I — Sola.

Since SoR € F(Y, X), we complete the proof. O
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Proposition 4.10. Let 1 < p < co. The following statements are equivalent for

a Banach space X.

(a) X* has the W,-AP.
(b) For every closed subspace Y of £, /\/gp(X’ Y)C mll-ll‘
(c) For every Banach space Y, pr(X, Y) = m”'nNﬁp‘

Proof. (a) = (b) and (c) = (a) follow from Corollary 4.6.
(b) = (¢): Adapt the proof of Proposition 4.9 using Proposition 4.7. O

Proposition 4.11. Let 1 < p < co. The following statements are equivalent for

a Banach space X.

(a) X* has the N -AP.
(b) For every quotient space Y of £, W,(X,Y) C mlyll'
(c) For every Banach space Y, W,(X,Y) = mll-llwp'

Proof. (a) = (b) and (c¢) = (a) follow from Corollary 4.6.
(b) = (c): Adapt the proof of Proposition 4.9 using Proposition 2.4. O
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