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ON THE RANGE OF HARMONIC MAPS IN THE PLANE
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Abstract. We give geometrical conditions on the range of a harmonic map in the plane
implying that it is constant. This approach is motivated and generalizes Lewis’ proof of the classical
Little Picard Theorem. We also provide results extending the harmonic Liouville Theorem and the
planar version of a result by Murdoch and Kuran.

1. Introduction and main results

The Little Theorem of Picard says that if an analytic function defined in the com-
plex plane C omits two complex values then it is constant. Since Picard’s original
proof, based on the modular function (the universal covering map of C\ {0, 1}), dif-
ferent proofs have been found, using Bloch’s or Schottky’s theorems, normal families
and Montel’s theorem, curvature of metrics, the so called Heuristic Bloch Principle
and also brownian motion (see [12, 14, 15, 4, 7]). Each new proof has contributed in
a significative way to broaden and develop the scope of Geometric Function Theory.

During the 80s and beginning of the 90s, a number of works were devoted to
generalize Picard’s Theorem to real settings. Rickman [13] obtained the first ver-
sion of Picard’s Theorem for quasiregular maps in higher dimensions. Subsequent
work of Eremenko-Sodin [6])and Eremenko-Lewis [5] culminated in Lewis’ abridged,
purely PDE proof of Rickman’s theorem [9]. See 2] for yet another simplification of
Rickman’s theorem based on potential-theoretic methods.

The general idea behind Lewis approach is roughly the following: if a finite
family of functions belonging to a specific class (let us say solutions of a PDE) satisfy
certain joint value distribution restrictions, then all the functions in the family are
constant. Although Lewis proof is valid for the so called Harnack functions (including
in particular harmonic functions), the method gives an interesting new proof of the
classical Little Picard Theorem. Indeed, let us assume that f: C — C\ {0,1} is
analytic. Associated to f there are two natural entire harmonic functions, namely
u=log|f| and v =log|f — 1|. It is a simple exercise that if z € C\ {0, 1}, then

|log™ |2] —log™ |z — 1| | < log?2
and
max (log|z|,log|z — 1]) > —log2.
Little Picard’s Theorem is therefore a consequence of the following result, which is
contained in [9] with more generality (see also [11]):
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Theorem. (Lewis) Let u, v: C — R be harmonic functions satisfying
(1.1) lut —ot| < C,
(1.2) max (u,v) > —C
for some constant C' > 0. Then u and v are constant.

The proof of Lewis Theorem relies on two fundamental steps. Assuming that w is
nonconstant, the first step consists of choosing a sequence of discs at which u exhibits
a substantial but controlled oscillation. This sort of “signed Harnack” lemma is the
most crucial and technical part of the proof. Secondly, a rescaling method produces
two sequences of harmonic functions in the unit disc capturing the behavior of u
and v in the chosen sequence of discs. The hypothesis (1.1) and (1.2) together with
well known properties of harmonic functions result finally in a contradiction. See
Theorem 1.3.11 in [11] for details.

Given two entire harmonic functions u, v: C — R, we will refer to f = u +
w: C — C as the harmonic map associated to u and v. So, for us, an entire
harmonic map will be just a pair of harmonic functions defined in the complex plane;
in particular no univalence assumption is assumed whatsoever. If f = u+iw: C — C
is a harmonic map we denote its range by Ry = f(C).

Our main motivation for the results in this paper was to reinterpret Lewis theorem
in terms of the range R;. As a first basic example in this direction, the harmonic
Liouville Theorem ([11]) can be rephrased as follows: if f = u+iv: C — Cis a
harmonic map such that Ry is contained in a half-plane, then there exist a, b, c € R
such that au + bv = c. In particular Ry is a point or a line.

As for Lewis Theorem, it can be read as follows: if f = u+iw: C — Cis a
harmonic map and

(1.3) RpC{u+w: [u" —ovT| < C, max(u,v) > —C} = Rpe
for some constant C' > 0, then f is constant. Observe that the set Rp. in (1.3)

is a cross-like neighourhood of the half-lines {u = v > 0}, {u = 0,v < 0} and
{v=0,u <0} (see Figure 1.1).

Figure 1.1. The region Rp..

Before stating our main results we need some definitions and notation. Hereafter
D = {z € C: |z| < 1} will denote the unit disc in the complex plane and 0D =
{e?: 6 € R} the unit circle. If zp € C and r > 0, D(zp,7) denotes the (open) disc
centered at z, of radius r.
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Definition 1.1. (Asymptotic directions) Let R C C. We say that ¢ € 9D is
an asymptotic direction of R if there exist a sequence of points {w,} C R and a
sequence of positive numbers {e,} with €, — 0 as n — oo such that
0

lim e,w, = ¢€v.
n—oo

The set of asymptotic directions of R will be denoted by D(R).

Definition 1.1 is strongly motivated by the rescaling method which will be ex-
tensively used in section 4. Note also that our concept of asymptotic direction is
broader than the standard one: if, for instance, R = {u +iv € C: u > v}, then the
positive u-semiaxis is the only asymptotic direction, that is, D(R) = {1}. Below we
include some examples clarifying Definition 1.1 in some specific situations. We refer
to section 2 for further properties of asymptotic directions.

Example 1.1. If R, is the “Lewis” range set given by (1.3), then D(Rp.) =
{ei™* —1, —i}.

Example 1.2. If f = u + iv, where u = C for some constant C' and v is not
constant, then, by the harmonic Liouville Theorem, Ry = {C' + iR} and D(Ry) =
{i,—i}. Analogously, if v is constant and u is not constant then D(Rs) = {—1,1}.
If Ry is an arbitrary line in the complex plane, then D(R ) would of course reduce
to the two (opposite) directions on 9D corresponding to that line.

Example 1.3. Let f = u + iv, where u = z, v = e”siny. Then Ry = {u +
v: Jv] <e'}and D(Ry) = {—1}u{e?: —n/2 <0< w/2}.
Example 1.4. Let f = u + iv, where u = e*siny and v = e “siny. Then
Rf={u+iv:0<|uww| <1}U{0} and D(R¢) = {—1,—i,1,i}.
Example 1.5. Let 0 < a<1,a>0,b€ Rand R = {u+iv: v < alu|* + b}.
Then
DR)={e?: —7<60<0}

We describe now the main results of the paper. Recall that two diametrically
opposite points on dD are called antipodal. A closer look at the previous examples
shows that, with the exception of the Lewis range set R, (Example 1.1), the sets
of asymptotic directions D(Ry) in the rest of examples contain pairs of antipodal
points. Our first result says that this must be actually the case.

Theorem 1.1. Let f = u+iv: C — C be a harmonic map such that D(Ry)
contains no pair of antipodal points. Then f is constant.

The next two theorems go in a slightly different direction: we discuss assumptions
on the range of a harmonic map f = u+v under which u and v are lineally dependent.
Our next result and the corollary below extend the harmonic Liouville Theorem.

Theorem 1.2. Let f =u+iv: C — C be a harmonic map such that
D(R;) C{e’:a—-7/2<0<a+7/2}

for some o € R. Then there exists ¢ € R such that (cosa)u + (sina)v = ¢. In
particular Ry is a line or a point.

The next corollary is a consequence of Theorem 1.2 and Example 1.5.
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Corollary 1.1. Let f = u+iv: C — C be a harmonic map. Suppose that there
exist 0 < a<1,a>0andbec R such that

v<alul/*+b
Then v is constant. In particular Ry is a (horizontal) line or a point.

Our third result is motivated by the following classical result of Murdoch [10]
and Kuran [8]: if u is a nonconstant harmonic polynomial in R"™, v is harmonic in
R"™ and wv > 0 outside a ball, then there is a nonnegative constant A such that
v = Au. In particular v is also a polynomial. Observe that the functions u = e* sin y,
v = e *siny show that the assumption that one of the functions is a polynomial is
necessary, even in dimension 2.

We can restate the Murdoch-Kuran theorem in the plane as follows: if f =
u + iv: C — C is a harmonic map with the additional assumption that u is a
nonconstant harmonic polynomial and f(C\ D(0, R)) C {u + iv: uv > 0} for some
R > 0 then there exists A > 0 such that v = Au. In particular v is also a polynomial
and Ry is a line. The next result says that, in the plane, the union of the two
quadrants {uv > 0} can be replaced by any cone symmetric respect to the w-axis
and having the origin as a vertex. Note that, even if the aperture of the cone is exactly
7/2, this is not, a priori, a direct consequence of the Murdoch—Kuran theorem because
a rotation on the (u,v)-plane does not preserve the fact that one of the functions is
a polynomial. However, we will see that the proof is eventually reduced to the case
in which both v and v are polynomials.

Theorem 1.3. Let f = u+iv: C — C be a harmonic map such that u is a
nonconstant harmonic polynomial. Suppose that there exist a > 0 and R > 0 such
that

(1.4) f(C\D(0,R)) C {u+iv: |u| <alv|}
Then there exists b € R, with |b| < a such that u = bv. In particular, v is also a
polynomial and Ry is a line.

The structure of the paper is as follows. In section 2 we show some basic prop-
erties of asymptotic directions. Section 3 reviews Lewis Lemma and a slight general-
ization that will be needed later. Section 4 discusses the rescaling method. Finally,
sections b, 6 and 7 are devoted to the proofs of Theorem 1.1, 1.2 and 1.3, respectively.

Acknowledgments. Part of this research has been done when the author was
visiting the Basque Center for Applied Mathematics (BCAM). He specially thanks
Carlos Pérez for his support and the staff and researchers at BCAM for the hospitality
and stimulating work atmosphere. The author also thanks the anonymous referees
for helpful remarks.

2. Basic facts about asymptotic directions

We remind that for R C C, then D(R) C D denotes the subset of asymptotic
directions associated to R.

Proposition 2.1. Let R C C. Thene? € D(R) if and only if there is a sequence
{w,} C R such that |w,| — co and |w,| *w, — ¢? asn — occ.

Proof. Let ¢ € D(R). Choose {w,} C R and &, — 0 such that e,w, — ¢ as
n — oo. In particular €, |w,| — 1 and

EpWn — |wn|71wn = <€n|wn’ — 1)]wn|71wn —0 as n—
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which shows that [w,|™ w, — ¢ as n — oco. Conversely, if {w,} C R such that
[wa| — 00 and [wa|"'w, — €, then take &, = |w,|™" = 0. Then eyw, — e so
e € D(R). 0

Proposition 2.2. Let R C C.

a) If R is bounded, then D(R) = &.
b) If R is unbounded, then D(R) is a nonempty, closed subset of 0D.

Proof. Part a) automatically follows from the definition of asymptotic direction.
To prove b), choose a sequence {w,} C R such that |w,| - oo as n — oco. After
taking a subsequence we may already assume from compactness that

. Wn i
lim — =e
n=r00 |wy,|
for some 6 € [0,27), which shows that e € D(R).

To see that D(R) is closed, suppose that e* € D(R) and e — e as k —
oo, where 0, 0 € [0,27). By Proposition 2.1 we can choose wy € R such that
| |wg] ~twy, — e < 1/k so |wi|twy — € as k — oo. By Proposition 2.1, ¥ € D(R).
Therefore D(R) is closed. O

Corollary 2.1. If f = u+ iwv: C — C is a nonconstant harmonic map and
R; = f(C) then D(Ry) is a nonempty, closed subset of OD.

Proof. From the harmonic version of Liouville Theorem, R is unbounded. Then
apply part b) of Proposition 2.2. d

The following elementary proposition collects some particular situations.

Proposition 2.3. Let f = u+iv: C — C be a harmonic map and Ry = f(C).

a) If Ry is bounded, then f is constant and D(Ry) = @.

b) If u is constant and v is not constant, then Ry is a vertical line in the (u,v)-
plane and D(Ry) = {—i,1i}.

c) If v is constant and u is not constant, then Ry is a horizontal line in the
(u,v)-plane and D(Ry) = {—1,1}.

Proof. Part a) is a direct consequence of part a) in Proposition 2.2. To prove b)
observe first that, by the harmonic version of Liouville Theorem, v(C) = R so Ry is
a vertical line in the (u,v)-plane. It easily follows from the definition of asymptotic
direction that D(Rs) = {—i,4}. Part c) is analogous. O

Proposition 2.4. Let R C C be unbounded and let D(R) C 0D be its associ-
ated set of asymptotic directions.
a) If I C 0D is an open arc such that I N D(R) = &, then for any closed arc
J C I there exists p > 0 such that RN {re?: r > p, ¢ € J} = @.
b) If I C OD is an open arc and RN {re?: r > p, ¢ € I} = & for some p > 0,
then IND(R) = 2.

Proof. Suppose that a) does not hold. Then there are sequences r,, — oo and
e ¢ J such that w, = r,e’® € R. Since J is closed, there is a subsequence
e — e as k — oo, for some € € J. Then |w,, | w,, — €?, so e € D(R) by
Proposition 2.1. This contradiction proves a).

To prove b), suppose that e € I ND(R). By Proposition 2.1, choose w, =
lw,|e?" € R such that |w,| — oo and ¢ — ¢? as n — co. Since I is open
and |w,| — oo then € € I and |w,| > p for n large enough, so for such n’s,
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w, € RN{re?:r > p, ¢ € J}. This contradicts the hypothesis and therefore
shows b). O

We will need the following elementary lemma.

Lemma 2.1. If E C 0D is closed and contains no pair of antipodal points, then
there is £ € 0D such that {—i&,&,i} C OD \ E.

Proof. Assume that E # () because otherwise the result is trivial. We claim
that it is enough to show that 0D \ E contains two antipodal points. Indeed, if
{¢,—¢} C OD \ F for some ¢ € 9D then, by hypothesis, either i¢ € 9D \ E or
—i¢ € 0D \ E and the lemma follows.

To prove the claim, note that 0D \ E is a (countable) union of open arcs in dD.
Let I be one of such arcs and let zy € E be one of the end-points of /. By hypothesis,
—2p € 0D\ F, which is open, so there is an open arc J centered at —zy such that
J C 0D\ E. The claim follows from the observation that (—1) N J # (), where
—={—-z2:z€1}. O

For ¢ = ¢ € D and 0 < ¢ < 7/2 we denote by C¢ 4 (resp. ng)) the whole cone
(resp. half cone) with vertex at the origin, axis parallel to £ and aperture 2¢, that is:

Cep = {te?: t R, |0 — | <},
Cl,={te”: t>0, |0 —a| < ¢}.
Lemma 2.2. Let f = u+iv: C — C be a harmonic map and Ry = f(C).

Suppose that D(R¢) contains no pair of antipodal points. Then there are { € 0D,
0 < ¢ <7/2and p > 0 such that

Ry C D(0,p) U (C\ (Cigo UCL,L)),

that is, outside some disc centered at the origin, Ry does not intersect the union of
a whole cone and a half cone having the origin as a vertex and orthogonal axes.

Proof. By Corollary 2.1 and Lemma 2.1, there exists £ = ¢! € 9D such that
{—i£,&,i€} € OD \ D(Ry). Since 0D \ D(Ry) is open, the conclusion follows from
part a) of Proposition 2.4. O

Corollary 2.2. Let g: C — C be a harmonic map such that D(R,) contains no
antipodal points. Then there are 6 € [0,27), p > 0 and a > 1 such that if f = g,
then

Ry C D(0,p) U ({u+iv: |v] <alul}\ {u+iv: o] < —Lu}).

Proof. Let £ € OD be associated to ¢ as in Lemma 2.2 and choose 6 € [0, 27) so
that €6 = —1. The conclusion readily follows from Lemma 2.2. O

3. Lewis Lemma

Lewis’ proof of Picard’s theorem is based on a technical lemma which controls
the oscillation of a harmonic function near its zeros (see [9], where it was proved for
the more general class of Harnack functions). We state here a version for harmonic
functions in the plane (see [11], Lemma 1.3.12).

Lemma 3.1. Let u be harmonic in the disc D(0, R) and continuous in the closed
disc D(0, R) such that u(0) = 0. Then there exists a disc D(z,p) C D(0, R) such
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that

(3.1) u(z) =0,

(3.2) M(u,0,R/2) < Cy M(u, z, p),
(3.3) M(u,z,p) < Co M(u, 2,p/2)

for some absolute constant Cy > 0.

Corollary 3.1. Let u be a non constant harmonic function in C. Then there
exists a sequence of discs {D(zy,, pn)} such that, for all n,

(3.4) u(z,) =0,
(3.5) lim M (u, 2, pn) = +00,
(3.6) M (u, zn, pn) < C M (u, 25, pn/2)

for some absolute constant C' > 0.

Proof. We may assume that «(0) = 0. Since u is not constant then M (u,0, R) 1
+00 as R 1T 4o00. Take a sequence R, — 400 and apply Lemma 3.1 to the discs
D(0, R,). We then get discs D(zy, p,) such that (3.4) and (3.6) hold. Finally, (3.5)
also holds, since M (u,0, R,/2) < C M (u, z,, p) by (3.2) and M(u,0, R,,/2) — 400
as n — oo. U

For further applications to harmonic maps we will need yet a refinement of Corol-
lary 3.1. We include an elementary lemma first.

Lemma 3.2. Let u be harmonic in D(zy,r) and continuous in D(z,r) such that
u(z9) = 0. Then

M (’u|7"7’07 %T) < 4M(u7 20’7">

Proof. Put M = M (u, zy,r) and let v = M —u. Then v is harmonic and positive
in D(zp, 7). Now by Harnack’s inequality,

M (v, 20, 2r) < 5v(z) = 5M
implying that —4M < u < M in D(z, 37), so M (|ul, 2o, 37) < 4M. O

Corollary 3.2. Let u be a nonconstant harmonic function in C. Then there
exists a sequence of discs D(z,,r,) such that

(3.7) u(z,) =0,
(3.8) lim M (u, 2, 75) = +00,
n—oo
(3.9) M(Jul, zp, 1) < Co M (u, Zn, %Tn)

for some absolute constant Cy > 0.

Proof. Let {D(z,, p,)} be the sequence of discs provided by Corollary 3.1 and
set r, = 2 p,. Then (3.7) is automatic. By (3.6) and Lemma 3.2,

M(|U|, Zn,Tn) =M (|U|7Zn7 %p”) S 4M(U, vaﬂn) S 4C' M (U, Zns %rn)

which proves (3.9). (3.8) is consequence of (3.5), (3.6) and the fact that M (u, z,,r,) =
M (u, 2y, 2pn) = M(u, 2y, pn/2). O
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4. The rescaling method and consequences

Let f = uw+iv: C — C be a harmonic map such that D(Rs) contains no pair
of antipodal points. After a rotation we may assume, according to Corollary (2.2),
that there exist a > 1 and p > 0 such that

(4.1) Ry C D(0,p) U ({u+iv: |v] < alul}\ {u+iv: o] < —Lu})

D(0, p)

Figure 4.1. The set in the right hand side of (4.1).

Let o = arctan(1/a) € (0,7/4). Then it follows from (4.1) and the definition of
asymptotic directions that

(4.2) D(Rf) C I,
where

D N il _ 3 _
(4.3) Ia—{e .96[ 2+a,2 a]u[2+a,7r a}U{w%—a,Q a]}

Assume that f is not constant. Then both v and v must be nonconstant because
otherwise D(Rf) would contain antipodal points, according to Proposition (2.3).
Now, starting from u, let {D(z,,7,)} be a sequence of discs as in Corollary (3.2) and
define the following two sequences of harmonic functions in D:

iy et r) ol
where M,, = M(|u], z,, 7). From Corollary (3.2) it follows that
(4.4) u,(0) =0,
(4.5) un| <1,
(4.6) M(u,,0,3/4) > Cy' > 0.
Also, we get from (4.1) that |v,| < max(a, L), where

L= sp M0

Observe that L < oo, since M,, — +oo as n — oo. Then both {u,} and {v,} are
uniformly bounded sequences of harmonic functions in D. By Harnack’s theorem,
there exists a subsequence {n;} and harmonic functions U and V' in D such that

Uy, = U, v, =V
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uniformly in compact sets of D. Note that, from (4.4), (4.5) and (4.6) it follows that

(4.7) U(0) =0,
(4.8) U] <1,
(4.9) M(U,0,3/4) > Cyt > 0.

In particular U is nonconstant.

Definition 4.1. If U and V are as above, we will call ' =U +iV: D — C the
rescaled harmonic map associated to the original harmonic map f = u 4 iv. We will
denote Rr = F(D) the range of F.

The following elementary proposition shows how R is related to D(Ry), the set
of asymptotic directions of the original harmonic map f = u + iv.

Proposition 4.1. If FF' = U + ¢V is as above, then
Re C {re:r >0, ¢ € D(R))}.

Proof. Let z € D. By definition of U and V there exists a sequence of complex
numbers {z;} C C and two sequences of positive numbers {ry}, {My} with M, —
+00 as k — oo such that if wy = u(zy, + rrz) + iv(zx + 72), then

oW .
Jim M U(z) +1iV(2),
so, in particular |wg| — 0o as k — oo. If U(z) + iV (z) = 0, then there is nothing to
prove. If U(z) + iV (z) = Re?” # 0, then we get

lim —- = ¢,
Since wy, € Ry, the conclusion follows from Proposition (2.1). O

According to (4.2), (4.3) we obtain the following consequence.
Corollary 4.1. If F = U + 1V is as above, then

(4.10) Re C {re:r >0, ¢ c 1.},
where I, is as in (4.3). In particular,
(4.11) {U=0} c{V =0} {U >0}

5. Proof of Theorem 1.1

We assume from the beginning that f = u+iv: C — Cis a nonconstant harmonic
map (or, equivalently, D(Ry) # @ by Proposition 2.2). The aim of this section is to
derive a contradiction from the further assumption that D(Ry) does not contain any
pair of antipodal points. Such a contradiction would prove Theorem 1.1. According
to section 4, we may assume that the rescaled harmonic map FF=U +::V: D — C
associated to f as in Definition 4.1 satisfies (4.10) and (4.11).

Before starting the proof of Theorem 1.1, some remarks about the local structure
of the zero set of a harmonic function in the plane are in order. Suppose that U
is a (nonconstant) harmonic function defined in a neighborhood of the origin in the
complex plane such that U(0) = 0. It follows by elementary complex analysis that
there exist r > 0, an integer n > 1 (the multiplicity of the zero) and a conformal map
¢ in D(0,7) such that U(z) = Re(¢(2))" for z € D(0,r). This shows in particular
that the set

{U=0}nD(,r)
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consists of a union of n analytic curves intersecting at the origin at angle 2m/n.
The complement (in D(0,r) ) of such curves is a “petal-like” region consisting of
2n curvilinear sectors meeting at angle 2w /n at the origin such that the sign of
U successively alternates in those sectors. The canonical model is, of course, the
function U = Re(z").

The following lemma is a sort of “cleaning” result saying that the inclusion (4.10)
can be locally improved.

Lemma 5.1. Let F' = U+1V: D — C be the rescaled harmonic map associated
to f = u+ iv, satisfying (4.10) and (4.11). Then there exists r > 0 such that

(5.1) {U =0}ynD(0,r) = {V =0} N D(0,r).

Furthermore, either UV > 0 or UV < 0 in D(0,7). In particular, either

(52)  F(D0,r) C {rew; r>0,0¢ [o,g—a} U {Ha,?’g—a]}

(53)  F(D(0,r)) C {rew: r>0, 0 ¢ [—g +a, 0} U [g Ya,m— a]}

for some 0 < o < /4.

Proof. Recall that U is not constant and that U(0) = V(0) = 0. Then V' cannot
be constant, since otherwise V' = 0, which would imply U > 0 by (4.11) and therefore
U = 0 by the Minimum Principle.

Choose r > 0 so that

{U=0}nD(,r)

I
=

)

T

T
I

{V =0}nD(0,r)

7

Il
—

<
Il
—

where the 7;’s and the I';’s are analytic curves meeting at the origin at angles 27 /n
and 27 /m, respectively. Observe that, by (4.11), necessarily n < m and each ~;
is one of the I';’s. We claim that n = m and that both families of curves actually
coincide, so (5.1) follows. The fact that UV has constant sign in D(0,r) would then
be a direct consequence of the local structure of the (common) zero set of U and V
in D(0,7).

To check the claim, suppose that n < m. By the above remarks on the local
structure of the zero set, there would be a j such that I'; \ {0} is contained in one of
the curvilinear sectors where U < 0, which contradicts (4.11). Therefore n = m and
we can assume that v, =Ty for k=1,---  n. O

Remark 5.1. It should be noted that only conditions (4.11) are really used to
obtain (5.1) and the fact that UV has constant sign.

Proof of Theorem 1.1. The proof consists of an iterative argument which will
result in a contradiction with the fact that D(R ;) does not contain pairs of antipodal
points. Let F' = U + iV and r; = r be as in Lemma 5.1. Assume that UV > 0 in



On the range of harmonic maps in the plane 925

D(0,ry), so (5.2) holds. Define

By = inf {9 € (7r, 37#) : 3R > 0 such that Re ¢ F(D(O,rl))} :
B = sup {6 € (71', 37%) : 3R > 0 such that Re® ¢ F(D(O,rl))} :

Note that €1, ¢ € D(Ry) by propositions 4.1 and 2.2. We claim that
(5.4) T < B <Bf <3m/2.

Observe that the first and third inequalities are consequence of (5.2) and that
By < Bf by definition. If 37 = ;7 = 3, then the intersection of F(D(0,7,)) with
the third quadrant would be contained in a line V = aU, where a = tan 8 > 0. Then
{U <0} c{V —aU =0} in D(0,r;) and, by unique continuation and the fact that
U takes negative values near the origin, we would deduce that V' = aU in D implying
that Rr = F(D) is a nontrivial line segment with the origin at its interior. Again by
Proposition 4.1, that would imply that D(R) contains the antipodal points +e'P
which is a contradiction. This proves (5.4).

Let a; = tan ] and a] = tan /). By the definition of 8; and f;", we also have
(again in D(0,7)) that:

(5.5) {U=0}Cc{V—afU=0} c{U >0},

where the first inclusion in (5.5) is consequence of (5.1) and the second inclusion
follows from the fact that if, say, (V — a;U)(z) = 0 and U(z) < 0 for some
29 € D(0,7r1) then V — a; U > 0 locally around zj, by the minimality of ;. Again
by the Minimum Principle and unique continuation, we would then have V = a; U,
implying, as above, that D(R;) would contain the antipodal points +e?1 , which
contradicts the hypothesis. Of course, the same argument works for V — af U.

It follows from (5.5) and Remark (5.1) that we may perform another “cleaning”
argument, now applied to the pairs U,V —a; U and U,V — af U. By imitating the
proof of Lemma 5.1, it follows that we may choose 0 < r, < 71 so that

(5.6) (U=0={V=0}={V-a;U=0}={V—a}U=0}

in D(0,7y). Furthermore, U(V —ay U) and U(V —a] U) must have constant signs in
D(0,r3), which by inspection turn out to be U(V —a; U) > 0 and U(V —af U) <0.
In particular,

(5.7) F(D(0,15)) € {U+iV: (V —a; U)V —aF U) <0},

Since €1, ¢ € D(Ry) and D(Ry) does not contain pairs of antipodal points, it
follows that /(P =™ ¢#(8—m) ¢ D(Ry).
Now we are ready to run the next step in the iterative argument. Define

Py = sup {9 € (0, g) - 3R > 0 such that Re” € F(D(O,rg))} ,
By = inf {0 € (O, g) : 3R > 0 such that Re™ ¢ F(D(O,rg))} :

Note that, analogously, e’z e ¢ D(Ry) and, since e/ and ¢® =™ do not
belong to the closed set D(Ry), then we get

(5.8) 0< By —m<fy <Bf <Bf —m<3,
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where the third inequality in (5.8) follows in the same way than the second inequality
in (5.4). By performing another “cleaning” argument similar to the above we may
choose 0 < 73 < 75 so that (5.7) could be improved to

F(D(0,r3)) C{U +iV: (V —ay U)(V —ag U) <0},
where a;, = tan 8, and aj = tan 8. In the next step we would obtain 8; and 35
so that
T+ By <Py <PB3 <m+B;

and % | €3 € D(R ). Continuing this procedure we get sequences {f3; } and {8, }
such that {85, ,} and {f,} are increasing, {35, ,} and {55 } are decreasing, ¢’
e € D(Ry) and

0<Bopy —7< Boy < Boy <Py —7< 3,

T< T4 By < Bopyr < Boir < T+ B3, <%.

Then it is easy to check that there are 0 < 8~ < 87 < m/2 such that

lim §,, =67, lim g3, = g%,
n—oo n—oo
and
lim 3, ,=7+p", limpB;, ,=7+08".
n—00 n—oo

Since D(Ry) is closed, this implies in particular that the two antipodal points et

') belong to D(R), which is the contradiction we were secking for and finishes
the proof of the theorem. O

Figure 5.1. Proof of Theorem 1.1.

6. Proof of Theorem 1.2

Let f =u+1w: C — C be a harmonic map and assume, up to a rotation, that
(6.1) D(R;) C{e": —7<0<0}

If u were constant then Ry would be a vertical line or a point in the u —v plane and,
according to Proposition 2.3, either D(R) = @ or D(Rs) = {—i,i} so Theorem 1.2
would certainly hold in this case. Assume then that u is not constant. In particular u
is unbounded above and below by the harmonic Liouville Theorem and, consequently,
R s cannot be contained in a half-space of the form {u > ¢} or {u < ¢} for any ¢ € R.

Now, for each u € R, let E, = {v € R: u+iv € Ry}. By the preceding
comments, continuity of f and connectedness of the set Ry = f(C), it follows that
E, # @ for each u € R. We claim that F, is bounded above for any u € R.
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Otherwise, we could find v € R and a real sequence {v,} such that v, — +oo as
n — +o0o and u + 1, € Ry for all n. Then
. U+ vy, )
lim ——— =1
n—00 |u —+ zvn|
which, by Proposition 2.1, would imply that ¢ € D(Ry), contradicting (6.1). This
proves the claim and allows to define ®: R — [0, 4+00) by

(6.2) ®(u) = max{sup E,,0}.

Lemma 6.1. Let f = u+iv: C — C be a harmonic map satisfying (6.1) and

let ® be as in (6.2). Then ® is locally bounded and satisfies
o
(6.3) lim ®(u) = 0.

Proof. Both conclusions are basically consequence of (6.1). If ® were not locally
bounded, we could find M > 0 and two real sequences {u,, }, {v, } such that |u,| < M,
up, + v, € Ry for all n and v,, = +00 as n — oo. Then

. Uy v,
lim

n—oo |un —|—z’vn| U

so, again by Proposition 2.1, i € D(Ry), contradicting (6.1). The proof of (6.3)
follows similar lines: suppose that (6.3) does not hold. Then we can find o > 0
and a sequence {u,} such that |u,| — oo and ®(u,) > alu,| for all n. Assume
that u, — 400. Then there exist sequences {v,} and {6,} such that v, > au,,
arctana < 0, < 7/2, w, +iv, € Ry and

Uy + 1V, _ it
[ty + 10,

for all n. Choose a subsequence {n;} such that e+ — ¢ as k — oo. Then

arctana < 6 < /2 and, by Proposition 2.1, ¢ € D(R;), which contradicts (6.1).
The proof of the lemma is now complete. 0J

Let f =u+iv: C — C be a harmonic map satisfying (6.1) and let ® be as in
(6.2). Observe that the definition of ® implies that

(6.4) v(2) < D(u(2))

for each z € C. Then Theorem 1.2 is consequence of the following, even more general
result.

Theorem 6.1. Let w: C — R be subharmonic and u: C — R be harmonic.
Suppose that there exists ®: R — [0, +00) such that ® is locally bounded,

()
(6.5) ltl‘l_{noo |t_| =0
and
(6.6) w(z) < (u(2))

for all z € C. Then w is constant.

Observe that Theorem 1.2 follows from Theorem 6.1 by choosing w = v. For

the proof of Theorem 6.1 we will need the following “relative” Maximum Principle
(Theorem 3.1.6 in [1]). We recall that 0°°€2 denotes the boundary of Q2 in C U {oo}.
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Lemma 6.2. Let 2 C C be a domain, s: {2 — R subharmonic and h: 2 — R
harmonic such that h > 0 in 2 and
lim sup 5(2) <0

e h(z) T
for each £ € 0°€). Then s <0 in §2.

Proof of Theorem 6.1. By the subharmonic Liouville Theorem in the plane (see
[11], Chapter 2) it is enough to prove that w is bounded above. If u is constant, then
the conclusion follows from (6.4) so we assume hereafter that u is not constant and
is therefore unbounded from above and below. We will actually show that if €2 is any
component of {u > 0} or {u < 0} then w < ®(0) in .

Let © be a component of {u > 0}. We pick zp € C and r > 0 such that
D(zp,7) N = @ (choose z and r such that u < 0 in D(z,7)). Define

s(z) = w(z) — ®(0), h(z) = u(z) +log ('Z ;Z()') ,

and note that s is subharmonic in 2, A is harmonic in 2 and A > 0 in €.
We claim that

, s(z)
6.7 lim su <0 forall € 0.
To prove the claim we distinguish the cases i) £ € 9Q N C and ii) £ = oc.

Suppose first that £ € 90N C, in particular w(§) = 0. From subharmonicity and
(6.6)

(6.8) limsup s(z) < s(§) = w(§) — ®(0) < ®(u(£)) — (0) = 0.

z—E€

On the other hand,
(6.9) liminf h(z) = lim inf (u(z) + log <|Z _ Z0|)> = log (|Z - ZO|> >0,
r

2= z2—E€ r

so case 1) follows from (6.8) and (6.9).
For case ii) we need to show that

: w(z) — ®(0)
6.10 lim su
(610 Zzgzop u(z) + log (‘Z ZO') -

Fix € > 0. From (6.5) we can choose ty > 0 such that ®(t) < |t| if |¢| > to. Let

My = sup @
[O,to]

(note that ® is locally bounded) and take |z| large enough so that

(6.11) |z — 29| > rexp (%)
If u(z) > to, then
®(u(z)) — (0)
u(z) + log (‘Z ZO')
If 0 < u(z) <ty, then from (6.11)
(=)~ 0(0) _ My
u(z) +log (552) ™ log (5521)

<e.

<e&.
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so case ii) also follows. The hypothesis of Lemma 6.2 are then fulfilled and we get
s < 01in Q or, equivalently, w < ®(0) in €. Since  is arbitrary this proves that
w < ® in {u > 0}. An analogous argument, replacing v by —u would show that
w < ®(0) in any component of {u < 0}. Then w < ®(0) in C and therefore, w is
constant. ([l

7. Proof of Theorem 1.3

Note first that v cannot be constant because in that case (1.4) would imply that
u is bounded, therefore constant. Suppose that v is a harmonic polynomial of degree
n. By well known properties of the tracts of harmonic polynomials in the plane (see
[3]) we can choose R’ > R such that {u # 0}\ D(0, R') = ", G; where each G is a
“sector-like” connected component, in particular G; \ D(0, R') is connected. On the
other hand, assumption (1.4) implies

(7.1) {u#0}\ D(0,R) C {v#0}.

We claim that the set {v # 0} has a finite number of components and therefore
v is a harmonic polynomial, by Theorem 1 in [3].

It is well known, from the Maximum Principle, that the components of {v # 0}
are nonempty and unbounded. Let 2 be one such component and pick zy € €2 such
that |zo| > R’ and u(z9) # 0. Then there is a unique i € {1,---,2n} such that
2 € G; and the connectedness of G; \ D(0, R') implies that G; \ D(0, R') C Q. The
correspondence 2 — G; is 1 — 1, since if two different components €2; and €y were
assigned to the same G;, this would imply that § # G; \ D(0O,R) C 9, NQy =0
which is a contradiction. This shows that {v # 0} has, at most, 2n components and
therefore v is also a harmonic polynomial.

Consider now the harmonic polynomials v — av and u + av and observe that
(av — u)(av + u) > 0 outside a disc. By the Murdoch-Kuran theorem (or perhaps
a more elementary argument) we deduce that av + u = A(av — u) for some A > 0,
which implies that u = bv for some b € R with |b| < a, as desired.
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