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Abstract. We extend the notion of a pseudoholomorphic vector of Iwaniec, Verchota, and
Vogel to mappings between Riemannian manifolds. Since this class of mappings contains both
quasiregular mappings and (pseudo)holomorphic curves, we call them quasiregular curves. Let
n < m and let M be an oriented Riemannian n-manifold, N a Riemannian m-manifold, and
w € Q"(N) a smooth closed non-vanishing n-form on N. A continuous Sobolev map f: M —
N in Wli:(M ,N) is a K-quasiregular w-curve for K > 1 if f satisfies the distortion inequality
(lwll o HIDFI™ < K(xf*w) almost everywhere in M. We prove that quasiregular curves satisfy
Gromov’s quasiminimality condition and a version of Liouville’s theorem stating that bounded
quasiregular curves R™ — R"™ are constant. We also prove a limit theorem that a locally uniform
limit f: M — N of K-quasiregular w-curves (f;: M — N) is also a K-quasiregular w-curve. We
also show that a non-constant quasiregular w-curve f: M — N is discrete and satisfies xf*w > 0
almost everywhere, if one of the following additional conditions hold: the form w is simple or the
map f is C'-smooth.

1. Introduction

Quasiconformal homeomorphisms admit three classical definitions: analytic def-
inition, based on weak differential, geometric definition, based on modulus of curve
families, and metric definition based on infinitesimal metric distortion. Out of these
three ways to define quasiconformality, the metric definition is the only one which
does not require the spaces to have the same dimension and, in particular, allows
us to consider quasiconformal embeddings into higher dimensional spaces. The geo-
metric definition, which is based on comparison of moduli of curve families and their
images, is ineffective in this case, since curve families contained in a lower dimen-
sional subspace typically have zero modulus. The analytic definition, which extends
to the definition of quasiregular mappings, is based on the Jacobian determinant of
the mapping and hence is a priori not at our disposal.

The higher dimensional quasiconformal theory has an extensive literature. We
refer to e.g. monographs of Vaisild [14] or Gehring, Martin and Palka [4] or articles
of Heinonen and Koskela |7, 8] and Viisélé [15] for discussion on quasiconformal and
related quasisymmetric theory.

In this article, we discuss an extension of the analytic definition for quasireg-
ular mappings, called quasiregular curves, similar to pseudoholomorphic vectors of
Iwaniec, Verchota, and Vogel [10]. The name stems from the observation that holo-
morphic and pseudoholomorphic curves are quasiregular curves.

Recall that a continuous mapping f: M — N between oriented Riemannian n-
manifolds is K -quasiregular for K > 1if f belongs to the Sobolev space W, (M, N)
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and satisfies the distortion inequality
IDfII" < KTy

almost everywhere in M, where || D f|| is the operator norm of the differential D f of f
and J; the Jacobian determinant of f defined by f*voly = Jyvoly,. For homeomor-
phisms this is the analytic definition of quasiconformality and therefore a quasiregu-
lar homeomorphism is called quasiconformal. We refer to monographs of Reshetnyak
[11], Rickman [12], and Iwaniec-Martin [9] for the theory of quasiregular mappings.

For the definition of a quasiregular curve, we define first the auxiliary notion
of an n-volume form on an m-manifold for m > n. Let M and N be an oriented
Riemannian n-manifold and an Riemannian m-manifold, respectively, for n < m.
We say that a smooth differential n-form w € Q"(N) is an n-volume form if w is
non-vanishing and closed. Note that, since w A xw is a non-vanishing m-form, the
manifold N is orientable. Here, and in what follows, 2"(NN) is the space of smooth
differential n-forms on a smooth manifold V.

In the following definition, the spaces M and N are an oriented Riemannian n-
manifold and a Riemannian m-manifold, respectively, for n < m, and w € Q"(N) is
an n-volume form.

Definition. A continuous map f: M — N is a K-quasireqular w-curve for K >
1 if f belongs to the Sobolev space W2 (M, N) and

loc
(QRC) (lwlle AIDA" < K (xfw)
almost everywhere on M.

Here * f*w is the Hodge star dual of the n-form f*w, that is, the function satisfying
(xf*w)voly = f*w. The function ||w||: N — [0,00) is the pointwise comass norm of
w given by

|wl|(p) = max{|w, (v, ..., vK)|: v1,..., 00 € T,N, |v;| <1}

for each p € N; see Federer |3, Section 1.8.1].

Remark 1.1. In [10]|, Iwaniec, Verchota and Vogel define that a map f =
(fi,- s fu): @ — C™ | is a pseudoholomorphic vector on a domain Q C C if
f belongs to the Sobolev space VVlif(Q, C") and satisfies the distortion inequality
|IDf|* < 2K (Jy, + -+ Jy,) almost everywhere for K > 1, where |Df] is the Hilbert—
Schmidt norm of Df. Since Jy, + --- 4 Jy, = f*w for the standard symplectic form
w=dxy Ndy, + - - - + dz, A dy, and norms ||Df|| and |Df| are equivalent, we have
that pseudoholomorphic vectors are quasiregular curves. We refer to [10, Section 7]

for more details.

Extending the introduced terminology, we also say that f: M — N is a quasireg-
ular w-curve if f is a K-quasiregular w-curve for some K > 1, and that f: M — N is
a quasiregular curve if f is a quasiregular w-curve for some n-volume form w € Q" (V)
on N. In these cases, we tacitly assume without further notice that the manifold M
is an oriented Riemannian n-manifold and NV is a Riemannian m-manifold for n < m.

Example 1.2. For oriented Riemannian manifolds M and N of same dimension
and for w = voly, we recover the definition of a K-quasiregular map M — N.
Thus quasiregular maps are quasiregular curves. In the same vein, if 7: P — N
is a Riemannian bundle over N and F': M — N is a K-quasiregular w-curve for
w = m*voly, then the composition f = 7o F: M — N is a K-quasiregular mapping.
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Indeed, since 7 is a Riemannian isometry, the map f is in VV&:(M ,N) and we have
the estimate

IDFI" = (ll7*volx|| o o F)||D(m o F)[|* < ([Jw]| o F)|| DF"
< K(xF*w) = K(xF*r*voly) = K (xf*voly) = K J;.

Example 1.3. For j = 1,2, let N; be a Riemannian n-manifold, let w; € Q"(N;)
be an n-volume form, f;: M — N; a K-quasiregular map, and 7;: N; x Ny — N; a
projection. Let w = miwy + miwy € Q*(Ny X Ny). Then f = (f1, fa): M — Ny x Ny
is a K-quasiregular w-curve. Indeed, since |Df|| < |[Dfi|| + ||Dfz|| and xf*w =
* fiwy + *fws almost everywhere in M, and [|w|| = 1, we have that

(lwll e AIDA™ < 2" (IDAN" +[DL]") < 27K (xf*w).

By the same argument, holomorphic curves f = (f1,..., fn): Q@ — C", where Q C C
is a domain, are 1-quasiregular curves. Indeed, since | Df||*> < [|[Df1]|*+---+||D f.l?,
we have that f is a 1-quasiregular w-curve for the symplectic form w = dz; A dy; +
w4 day, N dyy.

Example 1.4. Let (N,w, J) be a Ké&hler manifold and suppose that the almost
complex structure J is calibrated by the symplectic form w. Suppose further that
w is bounded and ¢(w) = inf,cn l(w), > 0, where {(w), = minj, = w(v,iv) for each
p € N. Then a J-holomorphic curve f: C — N is a K-quasiregular w-curve for
K = ||w||oo/l(w). Indeed, since J is an isometry and J o Df = Df o, we have, for
each z € C and each unit vector v € T,C, that ||Df||> = |Df(v)[>. Thus, for an
orthonormal basis {e, ex} of T,C at z € C, we have that

*f*w = ffw(er,e2) = ffw(er,ier) = w(Df(er), Df(ier))
=w(Df(er), JDf(er)) = €(w)|Df(er)]*.

For more discussion, we refer to Gromov’s article [5] on pseudoholomorphic curves
in symplectic geometry or e.g. Audin and Lafontaine [1] for details.

Remark 1.5. Examples of n-volume forms on m-manifolds for n < m are e.g. ex-
terior powers of symplectic forms and coclosed contact forms. More precisely, if N has
even dimension 2n and w € Q?(N) is a symplectic 2-form, then w* is a 2k-volume
form on N. In this case, w"" is a standard volume form on N and quasiregular
w"-curves into N are quasiregular mappings.

If N has odd dimension 2n + 1 and § € Q'(N) is a contact form satisfying
d(x0) = 0, then w = 0 is an 2n-volume form. For example, the Heisenberg form
Oy = dt — %(:L’dy — ydx) in R? is a coclosed contact form. Clearly, there exists an
abundance of quasiregular (xf)-curves B> — R3. However, we do not know if there
exist non-constant entire quasiregular (xfg)-curves R* — R3. Note that here the
2-form 8y is simple.

We note in passing that, similarly as quasiconformal or quasiregular maps, the
distortion of quasiregular curves is conformally invariant in the following sense: Let
f: M — N be a K-quasiregular curve between Riemannian manifolds (M, gy;) and
(N,gn). Then f is K-quasiregular with respect to Riemannian manifolds (M, gay)
and (N, gy) for Riemannian metrics §,, and gy conformally equivalent to g); and
gn, respectively. Therefore, for example, the space

QRx (M, N;w)={f: M — N: fis a K-quasiregular w-curve}
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of all K-quasiregular w-curves between Riemannian manifolds M and N for a fixed
n-volume form w € Q"(N), is a conformal invariant of manifolds M and N.

In this article, we prove three results on quasiregular curves for general n-volume
forms and one in the special case of simple n-volume forms.

1.1. Quasiminimality of quasiregular curves. The first of the three theo-
rems we prove on general quasiregular curves is that a quasiregular w-curve is quasi-
minimal in the sense of Gromov’s definition |6, Definition 6.37| if the form w has
bounded ratio

_ sup|lw]]

R(w) =

inf |wl|

For the definition of quasiminimality, we give first an auxiliary definition of a
competitor. Let f: M — N be a continuous map in VV;C"(M, N) and let W € M be
a compact n-submanifold with boundary. We say that a continuous map h: M — N
is an competitor for f on W (or (f, W)-competitor for short) if h is a Sobolev map

in W.2"(M,N), flow = hlow, and fW is homologous to hW in N modulo f(dW).

loc

Definition. A continuous VVIiC"(M , N)-mapping f: M — N from an n-manifold
M to an m-manifold N for m > n is C-quasiminimal if, for each compact n-
submanifold W € M with boundary, each (f, W)-competitor h: M — N satisfies

/ IA"D f|[volys < c/ |A™Dh|[volyy.
w w

Quasiregular w-curves are quasiminimal, quantitatively, if w has bounded ratio.
More precisely, we have the following result.

Theorem 1.6. Let w € Q*(N) be an n-volume form of bounded ratio. Then a
K-quasiregular w-curve M — N is KR(w)-quasiminimal.

1.2. Liouville’s theorem for quasiregular curves. Liouville’s classical the-
orem in complex analysis states that bounded entire functions C — C are constant.
It was known from very early on that the same result holds also for quasiregular
mappings R" — R™; see e.g. [12, Corollary II1.1.14] and the related discussion. A
version of Liouville’s theorem holds also for quasiregular curves.

Theorem 1.7. Let N be a complete Riemannian m-manifold and w € Q"(N) an
exact n-volume form for n < m. Then each bounded quasiregular w-curve R* — N
is constant.

As for quasiregular mappings, the proof reduces to a simple application of the n-
parabolicity of the Euclidean n-space and a Caccioppoli inequality (Proposition 3.1)
for quasiregular curves.

Remark 1.8. Another version of Liouville’s theorem states that a quasiregular
w-curve f: M — N is constant if M is a closed manifold and w is an exact form.
Indeed, since f*w is a weakly exact n-form on M, we have

/(||w||0f)||Df||"§K/ Fo—0.
M M

Since ||w|| o f is a non-negative function, we obtain that Df = 0 almost everywhere
and that f is constant. In particular, quasiregular curves from closed manifolds into
Euclidean spaces are constant.
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1.3. Limit theorem. Our second theorem is a limit theorem for quasireg-
ular curves. For quasiregular mappings the statement reads as follows [12, Theo-
rem VI.8.6]: a locally uniform limit of K-quasiregular mappings is K-quasiregular.
For quasiregular curves, an analogous statement holds.

Theorem 1.9. Forn < m, let M and N be an oriented Riemannian n-manifold
and a Riemannian m-manifold, respectively, let w € Q*(N) be an n-volume form on
N, and let (f;) be a sequence of K-quasiregular w-curves f;: M — N converging
locally uniformly to a mapping f: M — N. Then f is a K-quasiregular w-curve.

A short comment on the proof is in order. We may mostly follow the (classical)
proof for quasiregular mappings in [12]. However, since we do not have local index
theory at our disposal, we obtain the sharp distortion constant for the limit map by
modifying the argument in |9, Theorem 8.7,1].

1.4. Quasiregular curves for simple volume forms and Reshetnyak’s
theorem. An n-form w € Q*(N) is simple (or decomposable) if there exist 1-forms
Wi, .. wy € QYN) for which w =w; A+ Aw,.

Quasiregular curves for simple volume forms have particularly simple structure:
locally they are graphs over quasireqular mappings. For simplicity, we state this result
for quasiregular curves between in Euclidean spaces.

Theorem 1.10. Let f: 2 — R™ be a K-quasiregular w-curve, where () is a
domain in R", n < m, ¢ > 0, and K’ > K. Then, for each x € (), there exists
a neighborhood D @ M of z, an isometry L: R™ — R™, a K'-quasiregular map
f: D — R", and a continuous Sobolev map h: D — R™ " in W'*(D,R™ ") for
which F = Lo f|p = (f,h): D — R x R™™" and

(kf W)/ (1 + ) K') < lwswl; < (1 + ) K(xfw)

almost everywhere in D.

Having this local description at our disposal, we obtain a version of Reshetnyak’s
theorem in the case of a simple n-volume form. Recall that Reshetnyak’s theorem for
quasiregular mappings states that a non-constant quasiregular mappings is discrete
and open. A mapping f: M — N is discrete if, for each y € N, the fiber f~1(y) is a
discrete set in M, and open if the image fU of an open set U C M is open in N.

Remark 1.11. Before discussing the positive result, we emphasize that Reshet-
nyak’s theorem fails for quasiregular curves in general. Indeed, in [10] Iwaniec,
Verchota, and Vogel construct a Lipschitz regular pseudoholomorpic vector F' =
(f1, f2): C — C?, which is constant on the lower half-plane but satisfies Jy, +J;, = 1
almost everywhere on the upper half-plane; see [10, Lemma 5]. As a quasiregular
curve, the map F' constructed in [10] has distortion K > 2. Iwaniec, Verchota, and
Vogel show that such pseudoholomorphic vectors {2 — C™, where (2 C C is a domain,
do not exist if the distortion A—in the sense of quasiregular curves—is close to 1.
We refer to [10, p. 150| for a detailed discussion.

Regarding the openness in Reshetnyak’s theorem, we note that it is immediate
from the definition that, due to increase of dimension, quasiregular curves are not
open mappings. Simple examples also show that quasiregular curves are not even
interior mappings. Recall that a mapping f: M — N is interior if the image f2 of
an open set 2 C M is open in the induced topology of the image fM C N.
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Example. Let p € Z, and let h: C — R be a smooth function satisfying
|h(2)| < |z|P and |B/(2)] < p|z|P7! for all z € C. Then the map f: C — R3,
z — (2P, h(2)), where R® = C x R, is a quasiregular w-curve for w = dx A dy.
However, for a generic choice of h, the curve f is not interior.

After these disclaimers, we are now ready to state a positive result. For the
statement, we say that a map f: M — N is locally quasi-interior at x € M if x has
a neighborhood D € M for which f(z) is in the interior of fU, with respect to fD,
for each neighborhood U C D of z.

Corollary 1.12. Let f: M — N be a non-constant quasiregular w-curve, where
w is a simple n-volume form. Then f is discrete and locally quasi-interior at each
point.

As a consequence of Theorem 1.10, we also obtain that quasiregular curves for
simple n-volume forms have analytic properties similar to quasiregular mappings.

Corollary 1.13. Let f: M — N be a non-constant quasiregular w for a simple
n-volume form w in N. Then

(1) (positivity of the Jacobian) xf*w > 0 almost everywhere in M,

(2) (higher integrability) there exists p = p(n, K) > 0 for which f € W-"(M, N),
and

(3) (differentiability) f is differentiable almost everywhere.

Remark 1.14. Since n-volume forms of codimension 1 are simple, we have that
these results hold in particular for all codimension 1 quasiregular curves M — N,
that is, when dim N = 1 4+ dim M. In particular, quasiregular curves R? — R3 have
the properties in Corollaries 1.12 and 1.13. This is contrast to mappings associated
to more general null Lagrangians; see Iwaniec, Verchota and Vogel [10, Lemma 6].

C'-smooth quasiregular curves. We end this introduction with a discussion
on Reshetnyak’s theorem for C'-smooth quasiregular curves. It is an elementary
observation that a C''-smooth quasiregular curve f: M — N is locally a quasiregular
curve with respect to a simple n-volume form. Indeed, since the question is local it
suffices to consider a K-quasiregular curve f: 2 — R™ defined on a domain 2 C R"™.
Let x € Q2. Then, by continuity of D f and w, we may fix a neighborhood U of x and
a multi-index J = (j1, ..., j,) for which we have the estimate

o = S ure f)(es o) <2(" ) w0 £ ()

I

in U, where we denote dx; = dz;, A --- Adx;, for each multi-index I = (i1,...,1ip).
Since [lusdz,|| < ||w|, we conclude that fly: U — N is a 2("')K-quasiregular
(uydzx y)-curve.

Theorem 1.10 now yields that, locally, C'-smooth quasiregular curves are graphs
over quasiregular maps and, in particular, discrete maps by Corollary 1.12. We
summarize this observation as follows.

Corollary 1.15. A non-constant C*-smooth quasiregular w-curve f: M — N is
a discrete map satisfying xf*w > 0 almost everywhere in M.

This article is organized as follows. In Sections 2, 3, and 4, we prove Theorems 1.6,
1.7 and 1.9, respectively. Finally, in Section 5, we prove Theorem 1.10 and its
corollaries.
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2. Quasiregular curves are quasiminimal

In this section we show that quasiregular curves satisfy Gromov’s (homological)
quasiminimality criterion |6, Definition 6.36] if the n-volume form has bounded ratio.

Theorem 1.6. Let w € Q"*(N) be an n-volume form of bounded ratio. Then a
K-quasiregular w-curve f: M — N is KR(w)-quasiminimal.

Proof. Let W € M be an n-manifold with boundary and let h: M — N be an

(f, W)-competitor. Since fIW and hW are homologous modulo f(OW), there exists

n (n + 1)-chain ¥ for which 0¥ = fW — hW, as chains. By de Rham’s theorem,

we may identify the duality pairing of the n-form w with the n-chains hW and fW
as integration. Thus we have that

R e o

Since ||[A"Df|| < ||[Df||" and xh*w < (||w]| o h)||[A"Dh|| almost everywhere, we
have that

[ 1amDsivots < [ ol < [ Uello 1)y b vy,
w w WmlnNHWH

K K
<—— [ ffwu=—"-— [ hw
miny [[w]| Jy miny [[w]| Jw
K
< 7/ (lw]l © R)||A" Dhl|voly < KR(w)/ | A" Dh||volyy.
miny [[w]| Jw w

We conclude that

/ |A"D f1|"volas SKR(w)/ |IA"Dh||volyy. O
w w

Remark 2.1. The proof of Theorem 1.6 is essentially the same as Gromov’s
argument in |6, Example 6.3.7] for quasiminimality of the graph Gf: M — M x N,
x +— (z, f(z)), of a quasiregular mapping f: M — N. The form w in Gromov’s
argument is w = my,volys + Ty voly, where mp: M X N — M and ny: M X N = N
are the natural projections.

3. Liouville’s theorem for entire quasiregular curves

In this section, we prove a version of the Liouville’s theorem.

Theorem 1.7. Let N be a complete Riemannian m-manifold and w € Q*(N) an
exact n-volume form for n < m. Then each bounded quasiregular w-curve R" — N
is constant.

As for quasiregular mappings, the proof of Liouville’s theorem is an application
of Caccioppoli’s inequality, which we formulate here as follows.

Proposition 3.1. Let f: M — N be a K-quasiregular w-curve for an exact
n-volume form w € Q"(N) and let T € Q""'(N) be a potential of w, that is, w = dr.
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Then there exists a constant C' = C(n) > 0 having the property that, for every
non-negative function ¢ € C§°(M),

n £* CKn—l v n ||,7_||n )O )
[oreser [ wor ((E) o

Proof. Let ( = ¢". Then, by Stokes’ theorem,

Hence, by pointwise norm estimates,

/ (Fwsc / VCI(I7ll oAD" < Cn / eI o HIDF
M M M

where C' = C'(n) > 0. By Hélder’s inequality,

n—1

[ rozon( [ 1wor BN ([ yngoo piogr) ™

= Ok (/ VU s 77 >)n)%(/M<f*“)nTl'

IIWH ° )"‘1
Liouville’s theorem is now an almost 1mmed1ate consequence.

Proof of Theorem 1.7. Suppose that f is bounded. It suffices to show that, for

every r > (, we have
/ ffw=0.
B”(T)

Then ||Df|| = 0 almost everywhere and f is constant in B™(r) by the Poincaré
inequality. B
Let > 0 and € > 0. Since cap,,(B"(r), R") = 0, there exists ¢ € C5°(R") for

which 9|gn(y = 1 and
/ Vel < e
Rn

Since w is exact, we may fix a potential 7 € Q"7 1(R™) of w. Since N is complete
and f is bounded, we have that fR"™ € N. Since 7 is smooth and w is smooth and
non-vanishing, we further have that the function ||7||"/||w||"~* is bounded on fR™.
Thus, by Caccioppoli’s inequality, there exists a constant C' > 0 for which

/n fw</n¢ fW<C/\V1M”<Ce

The claim follows. O

Thus

Remark 3.2. The previous Liouville’s theorem admits a following variation: Let
N be a Riemannian m-manifold and w € Q*(N) an n-volume form with a potential
7 € Q""Y(N) for which the function ||7||"/||w||*~! is bounded. Then each quasiregular
w-curve R" — N is constant.
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Remark 3.3. The version of Liouville’s theorem in Remark 3.2 shows that for
each non-zero (n—1)-covector ¢ € A" 'R™! and n-volume form wy = z,,"¢ Adz,, €
Q"(H™), a quasiregular w-curve R™ — H™ is constant. For simplicity, suppose that
¢ =dxy A+ Adx,_1. Then, in the upper half-space model H™ = R™™! x (0, c0) of
the hyperbolic m-space, we have that the (n —1)-form 7o = (—1)"(n— 1)~ 'zl "dx, A
-+« A dz,_, is one of the potentials of wy. Since ||dxy A -+ Adx, ]| = 2771 and
|dzy A<+ Adxp_y Adxy,|| = 2, we have that ||| = (m + 1)~ and ||wp|] = 1. In
particular, ||7o]|"/|lwo]|™ " is bounded. The case for general n-covector ¢ is similar.

Note that there are easy examples of n-volume forms on H”, which admit non-
constant quasiregular curves from R". For example, let f: R* — R" be a K-
quasiregular map and fix ¢ > 0. Then the map F = (f,0,¢): R® — R" x R™""1 x
(0,00) is a K-quasiregular w-curve for w = dzy A -+ A dx,. Clearly, the map F' is
not a quasiregular wp-curve. In fact, F*wy = 0 almost everywhere.

4. Limit theorem

In this section, we prove Theorem 1.9 which states that a locally uniform limit of
K-quasiregular w-curves is also a K-quasiregular w-curve. Since the result is local,
it suffices to prove the following local result.

Theorem 4.1. Let Q C R™ be a domain and let (f;) be a sequence of K-
quasiregular w-curves f;: 0 — R™ converging locally uniformly to a mapping f: ) —
R™. Then f is a K-quasiregular w-curve.

Proof of Theorem 1.9 assuming Theorem 4.1. To show that the limiting map has
the same distortion as the maps in the sequence, let a € N be an auxiliary parameter.
Let now {(Qa, ¥a) o and {(Vs, 1¥3) }s be atlases of M and N, respectively, consisting
of (1 4 1/a)-bilipschitz charts and having the property that, for each index «, there
exists an index 3 for which fQ, & Vj. Existence of such atlases follow from the
exponential maps TM — M and TN — N of M and N, respectively, and continuity
of f.

By Theorem 4.1 and the chain rule in each €., we obtain that f is in VV;C"(QOC, N)
for each o and that

(lwll o AIDFI" < K(1 +1/a)™ frw

almost everywhere in 2, for each o, and hence almost everywhere in M.
Thus, almost everywhere in M, we have that

(lwll o HIDFI" < K frw
as claimed. O

The proof of Theorem 4.1 follows the idea of the same result for quasiregular
maps; see Rickman’s book [12, Section VL.§].

We separate the first part of the proof as a separate lemma and show that locally
uniform limits of quasiregular curves are in the right Sobolev class. As in the case
of quasiregular maps, this is essentially an application of the Caccioppoli inequality
(Proposition 3.1).

Lemma 4.2. Let f: Q@ — R™ be a locally uniform limit of a sequence (f;)
of K-quasiregular w-curves f;: Q@ — R™. Then f € T/Vll’"(Q,Rm) and, for each

domain U € (, there exists a subsequence (f;,;) of (f;) converging weakly to f in

Win(U,R™).
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Proof. Let U € Q) be a domain and ¢ € C§°(2) a non-negative function satisfying
Yly = 1. Let W € Q be a domain containing the support of . Since (f;) converges
locally uniformly, there exists a domain V' € R™ containing all images f;I and fIV.

Since w is closed, it is exact. Let 7 € Q"1(R™) be a potential of w, that is,
dr = w. Since V has compact closure, we have that y — [|7(y)||"/||lw(y)||""! is a
bounded function on V. Thus, we have by the Caccioppoli estimate (Proposition 3.1)
that there exists a constant C' = C(n,w|y, K,1) > 0 for which

minlo | [ " 1DAI < [ ol o DA< [ K< c

for all j € N. Since mingey|lw,|| > 0, we have that (f;) is a bounded sequence
in Wh"(U,R™). By weak compactness, there exists a subsequence (fj,) converging
weakly in W1 (U, R™) to a map f: U — R™. Since f; — f in L"(U, R™), we have
in addition that f = f. Thus f € W'™(U,R™). We refer to [12, Proposition VI.7.9]
for details. O

Lemma 4.3. Let f: Q@ — R™ be a locally uniform limit of a sequence (f;) of
K-quasiregular w-curves f;: & — R™. Then ffw — ffw weakly, that is, for each
non-negative ¢ € C5°(12),

1) /Q Cfiw — /Q (fw

as j — oQ.

Proof. Let ¢ € C3°(€2) be non-negative function and let U € 2 be a domain
containing the support of ¢. Since f; — f locally uniformly, we may also fix a
domain V' € R™ which contains the union fU U ;iU

Since w is closed, it is exact, that is, w = ) ; d(7,dx ), where J = (j1, ..., Jn-1)
is a (n — 1)-multi-index and, for each J, 7, € C*°(R™). For each J, let also w; =
dry ANdzy. Then w =) ;w; and it suffices to prove (1) for each w,.

Let J be an (n — 1)-multi-index and set u; = 7; and w; = z;,_, for each i €
{1,...,n—1}. Then w; = du; A---Adu,. Foreachi=1,...,n, we denote h; = u;o f
and further, for each j € N, we set h;; = u; o f;. Then f*w = dhy A--- A dh,, and
f;w = dhi’j VANRERIVAY dhn’j.

For the standard telescoping argument based on integration by parts, we observe
first that

f;wJ—f*wJ:dth/\---/\dhn,j—dhl/\---/\dhn

= dhyj Adhg_yj A (dhg g — dhi) A dhge g A+ A dhy,
k=1

= "dhyy Adh_yg Ad(hig — hi) A dhge g A A dhy,.
k=1
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Since the form dhy j A -+ Adhy_1; Nd({(hyj — hi)) Adhgir; A -+ A dhy, is exact
and compactly supported in €2, we have the telescoping equality

/ C(ffws — frws) = Z / dhyj A dhy_1j A Cd(hgj — hi) Adhgyrj A -+ A dhy,
Q

_Z/ — hyj)dhyj A dhy i ANdC A dhgiaj A A dhy,

As usual, we have now a pointwise inequality
|dhy; A\ dhg—1; N dC A dhyiqj A - A dhy)
< [ffdual - [ ff duga | - [dC] - | dupga] - - [ f*dun|
< (max [Vug| )" VCIID S HIDF "

almost everywhere in 2. Thus, by Holder’s inequality, we have the estimate

[0 ) sc(/MDﬁWFwDﬂw*)uh—mmﬁw>
Q U

(k=1)/n . (n—k+1)/n
2 R G ATV R TR P
U U
(k—1)/n (n—k)/n
sc([ﬂDﬁw) (1ﬂDﬂP> h— oo,

where constant C' = C'(uy, . . ., Uy, (, U) depends only on norms of uy, ..., u,, and V(,
and on the volume of U. By Caccioppoli’s inequality the sequence (f;|¢) is bounded
in Wh™(U,R™). Since ||h — hj||r=@w) — 0 as j — oo, the claim follows. O

We are now ready to finish the proof of the limit theorem (Theorem 4.1). So far
we have followed the strategy in [12, Section VI.8|. To obtain the sharp constant,
we move now to follow the proof with the argument of Iwaniec and Martin |9, Theo-
rem 8.7.1] for the same theorem. We do not know if the method in the proof of [12,
Theorem VI.8.6] admits an adaptation in our current setting.

We separate the proof for the lower semicontinuity of the operator norm from
the argument of Iwaniec and Martin as a separate lemma.

Lemma 4.4. Let Q C R" be a domain and let (f;) be a sequence in W27 (Q, R™),
which converges weakly to a map f € W.""(Q, R™). Then, for each domain U € Q,

loc

ﬂmWsmm/wm¢
U J=oo Ju

Proof. Let ¢ € C§°(Q2) a non-negative function satisfying ¢|y = 1.
Following Iwaniec and Martin, we fix measurable unit vector fields £: Q2 — R”
and (: 2 — R™ satisfying

IDf@)ll = max|Df(z)v] = [Df(@)E(z)] = (Df(@)E (@), C(x))

almost everywhere. Then, by the convexity of the function ¢ +— t", we have that
IDSI™ = IDA™ = nl DA (DS = 1D
> n|| DfI""HDf;€ — DfE.Q)
=n(Df; = Df,|DfI"""¢® ()
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where £ ® (: Q — R™ ™ is the matrix field x — ((x)&(z)".
Since ||Df||""! € L ("_1)(Q) and ¢ and ¢ have pointwise unit length, we have

loc

that | Df||""'¢ ® ¢ € L™V (Q, R™"). Since Df; — Df weakly in L™(U, R™*")

loc

and ||Df||" ¢ ® ¢ € LYV (U, R™ "), we have that

/ (Df; - D, |DfI" ¢ ¢) — 0
U
as j — oo. Thus
/ IDFI" < lim inf / \D I 0
U J=oo Ju

Proof of Theorem 4.1. By Lemma 4.2, we have that f € W,."(Q, R™). Thus it
suffices to show that the distortion inequality

(lwlle HIDFI" < Kf*w

holds almost everywhere in €.

Let now z € Q and 0 < ¢ < |jw(z)||. Since w is continuous, we may fix a
Euclidean ball G = B"(f(x), R) € R™ for which max¢||w|| — ming||w|| < e. Since
f; = [ locally uniformly, we may, by passing to a subsequence, fix a Euclidean ball
B = B"(z,r) € Q for which the set fBUJ; f;B is compactly contained in G. Let
now ¢ € C§°(B) be a non-negative function satisfying ¢|p = 1.

By passing to a subsequence if necessary, we may assume, again by Lemma 4.2,
that Df; — Df weakly in W,2"(Q, R™*"). Hence, by Lemmas 4.4 and 4.3, we have
that

/(HwHOf)HDfII” < Hw||Lo<><G>/HDf||”
B B
< [wllz=(a) liminf/Hijll"
Jj—o0

w
< D i [ (o g1

(
[wllzee(e)
HWHLOO(G hmmf/Kf w
= lwllzoe) —e i
|l o= ()

<K liminf/cpf;w

Hw||Loo G)—éf j—o0
e (o,
WLy — €

Since € > 0 and ¢ are arbitrary, we obtain the inequality

/B(Ilwllof)HDfll SK/Bf o,

The claim now follows from Lebesgue’s differentiation theorem. U

5. Quasiregular curves and simple volume forms

In this section we consider quasiregular w-curves M — N for simple n-volume
forms w. Recall that an n-form w simple if there exists 1-forms wy, . . .,w, for which
w = wy A+ Aw,. The main theorem is that such quasiregular curves are locally
graphs over quasiregular maps in the following sense.
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Theorem 1.10. Let f: 2 — R™ be a K-quasiregular w-curve, where 2 is a
domain in R™", n < m, ¢ > 0, and K’ > K. Then, for each x € , there exists
a neighborhood D € M of x, an isometry L: R™ — R™, a K’-quasiregular map
f: D — R" and a continuous Sobolev map h € W*(D, R™") for which F' =
Loflp=(f,h): D—R"x R™™ and

(W) (1 + ) K') < [lws)llJp < (1 + ) K(xf"w)
almost everywhere in D.

We begin by recalling a geometric observation. Since the proof is elementary
multilinear algebra, we omit the details.

Lemma 5.1. Let w € Q"(R™) be an simple n-volume form and p € N. Then
there exists an affine isometry L: R™ — R™ for which L(p) = 0 and (L™')*w =
|lwl||pdzy A -+ Adx, at 0.

As another preparatory step, we also record a simple lemma that each quasireg-
ular curve is locally a quasiregular curve with respect to an n-volume form with
constant coefficients.

Lemma 5.2. Let f: 2 — R™ be a K-quasiregular w-curve, xo € ), and K’ > K.
Then there exists a neighborhood €)' C Q of xy for which the restriction f|q: Q' —
R™ is a K'-quasiregular wy-curve, where wy is a constant coefficient n-volume form
satisfying wo(f (o)) = w(f (2o))-

Proof. Since K’ > K, we may fix ¢ > 2K for which

c K’
- <
c—1-K = K
Also, since w is smooth and non-vanishing, we may fix a radius p > 0 for which
() — woll < llwoll/c for all y € B(p).
Let now Q' be the zy component of f~1B™(p). Then, almost everywhere in

we have
c

ol DA™ < —=(lll o HIDSI < — K (xf"w)

C —

= K (") + —— K (xf*(w = w0))

Cc —

—K(xf"wo) + —= K (| —will o f) | Df|"

C —
c K
< * n
< C K fw) + ol DF |
Thus
c * *
[wol I DfII" < mK(f wo) < K'(f*wo)
almost everywhere in . The claim follows. O
Proof of Theorem 1.10. Let x € Q. We may assume that f(x) = 0 and that
|wllfzy = 1. By Lemma 5.1, there exists an isometry L: R™ — R™ for which

(LY*w =dzy A--- ANdx, at 0. Then F = (Lo f): Q@ — R™ is a K-quasiregular
o-curve for 7 = (L7')*w. Indeed, since L is an isometry, we have that
(el o BIDEN" = (lwlf e HIDFI" < K(xf'w) = K(xF"0).

By Lemma 5.2, we may now fix a neighborhood D & € of « for which F|p: D —
R™ is a K'-quasiregular og-curve, where oq is the constant coefficient n-volume form
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satisfying o¢(F(x)) = o(F(x)). Since ||og|| = 1, we may further assume that 1/(1 +
e)<|lo|| <1+eonD.

Let m: R™ — R" be the projection (y1,...,Ym) — (y1,...,Yyn). Since f =molF,
we have that

IDf||* = |D(w o F)||* < |DF||* < K' (xF*0o) = K’ (*f*voan)

almost everywhere in D. Thus f is K'-quasiregular.

Since h =7'o F': D — R™ " where 7’: R™ — R™ " is the projection (x1,...,
Tp) = (Tngts ..., ), we readily observe that h € W1m(D R™™") as required.

It remains to prove that the Jacobian estimates. On one hand, we have

Ji= *f*voan = xF*1*volgr» = xF0y
< lool[IDF[" < (1 +e)(|lwll e HID" < (1 + &) K(xf"w).

on D. On the other hand, we have

*f'w=xF"o < (|lof| o F)|DF|" < (1+¢)l|ooll[[DF"
< (L+¢e)K'(xF*o9) = (1 +¢)K'J;.

This completes the proof. O
The corollaries stated in the introduction are now almost immediate.

Corollary 1.12. Let f: M — N be a non-constant quasiregular w-curve, where
w is a simple n-volume form. Then f is discrete and locally quasi-interior at each
point.

Proof. Since the properties are local, it suffices to consider the case f: 2 — R™,
where 2 C R" is a domain. Let z € Q.

By Theorem 1.10, there exists an isometry L: R™ — R™ and a neighborhood
D € Q of z for which the map F = Lo f|p = (f,h): D — R" x R™™ has
the property that f is a non-constant quasiregular mapping and h is a continuous
Sobolev map in Wi(D, R™™™).

Let now y € R™. Then f~!(y)ND C f~*(L(y)). Since f is discrete, we conclude
that f~'(y) N D is a discrete set in D. Thus x has a neighborhood which contains
only finitely many pre-images f~'(y) of y. Thus f~!(y) is a discrete set in 2.

To show that f is locally quasi-interior, let x € ). Since f is discrete and open,
we may fix a normal neighborhood G € D for f at z, that is, a domain satisfying
f(0G) = 0fG and f~1f(x) = {x}; see e.g. [12, Lemma L.4.8]. Let now U C G be a
neighborhood of x contained in G. Then there exists another normal neighborhood
&' C U for f at x. Since components of (f~1fG') N G map surjectively onto fG'
under f, we conclude that f1fG'NG = G

Let now m: R™ — R™ be the projection (z1,...,x,) — (21,...,2,). Since @
is open in R", we conclude that FGN7~1fG is open in FG. Since FGN (7 L fG') =
FG', we obtain that FG' is open in F'G. Thus f(x) is in the interior of FU in FG.
The claim follows. O

Remark 5.3. In a similar vein, it is a direct consequence of Theorem 1.10 that
the singular set

Yy ={x € M: fis not locally injective at x}
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of the quasiregular w-curve f: M — N has codimension at least 2 if w is simple.
Indeed, since

Y, = {x € D: f[p is not locally injective at x}
C{zreD: f is not a local homeomorphism at T} = By,

we have by the Chernavskii—Véiséld theorem for discrete and open maps (see [13])
that dim Xy, < dime < dim M — 2.

Corollary 1.13. Let f: M — N be a non-constant quasiregular w-curve for a
simple volume form w in N. Then

(1) (positivity of the Jacobian) xf*w > 0 almost everywhere in M,
(2) (higher integrability) there exists p = p(n, K) > 0 for which f € W P(M, N),
and

(3) (differentiability) f is differentiable almost everywhere.

Proof. Again, by passing to smooth (1 + ¢)-bilipschitz charts, we may assume
that f: Q — N is a K’'-quasiregular w-curve, where 2 C R" is a domain and K’ =
K(1 + &)™ Let again L: R™ — R™ be an isometry and D € € be a domain for
which ' = Lo f = (f, h): D — R", where f: D = R™is a K'-quasiregular map and
h: D — R™ a continuous Sobolev map in W'"(D, R™™"). We may further assume
that x[*o < 2K'J; in D, where o = (L™")*w.

Since J; > 0 almost everywhere in D by [12, Theorem IL.7.4], we have that
*f*w > 0 almost everywhere in D. The first claim follows.

For the second claim, it suffices to observe that higher integrability holds for
quasiregular mappings, that is, by Bojarski-Iwaniec |2, Theorem 5.1|, there exists
Y = p(n,K’) > 0 for which f € W(D,R"). It remains to show that h €
W' (D, R™™).

Since D € €, we have that infp(||o|| o F') > 0. Thus the estimate

(el o EYIDAI™ < (o]l o F)[DF" < K (xF"0)
S2KK |wpia [/ < 2K K |lwpa I D"

yields a bound ||Dh| < C||Df|| in D, where C' depends only on n and K. Hence
|Dh|| € LP (D) and f € W' (D,R™ ™). The second claim follows.

Since Sobolev functions in W' (D) for p’ > n are differentiable almost every-
where by the Cesari-Calderén lemma (see e.g. [12, Lemma VI.4.1]), the third claim
follows. This completes the proof. O

We finish with Reshetnyak’s theorem for C'-smooth quasiregular curves.

Corollary 1.15. A non-constant C*-smooth quasiregular w-curve f: M — N is
a discrete map satisfying xf*w > 0 almost everywhere in M.

Proof. Tt suffices to consider the case of a C'-smooth quasiregular w-curve
f: € — R™. Then, by the discussion in the introduction, f is locally a quasiregular
curve with respect to a simple n-volume form. Thus, by Corollary 1.12, f is discrete.

For the second claim, consider a domain D & €2 having the property that
flp: D — R™ is a quasiregular curve with respect to a simple n-volume form wp
satisfying ||wp|| < ||w|| in D; the discussion in the introduction shows that such
domains D exist. Then, by (1) in Corollary 1.13,

K f'w) = ([[wll o HIIDA™ = (lwpll o HIDFI™ = *ffwp >0
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in D. The second claim follows. O
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