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Abstract. In 1985, Pego characterized compact families in L?(R) in terms of the Fourier
transform. It took nearly 30 years to realize that Pego’s result can be proved in a more general
setting of locally compact abelian groups (works of Gorka and Kostrzewa). In the current paper, we
argue that the Fourier transform is not the only integral transform that is efficient in characterizing
compact families and suggest the Laplace transform as a possible alternative.

1. Introduction

The main objective of the article is to use Laplace transform to characterize
compact families in L?(R. ). This task is achieved in Theorem 9, after we introduce
and study the concepts of Laplace equicontinuity and equivanishing. In the author’s
opinion, the culminating result of the paper elegantly rhymes with the ideas of Pego
and later Gorka and Kostrzewa. However, before we dive into technical details, let
us first lay the historical background.

Characterizing compact families has been a vital topic in function spaces’ theory
at least since the end of the 19th century. Around 1883, two Italian mathematicians
Cesare Arzela (1847-1912) and Giulio Ascoli (1843-1896) provided the necessary
and sufficient conditions under which every sequence of a given family of real-valued
continuous functions (defined on a closed and bounded interval), has a uniformly
convergent subsequence (this is called sequential compactness). A couple of decades
later (in 1931), Andrey Kolmogorov (1903-1987) succeeded in characterizing the
compact families in LP(R”Y), when 1 < p < oo and all the functions are supported in a
common bounded set (comp. [17]). A year later, Jacob David Tamarkin (1888-1945)
got rid of the second restriction (comp. [25]) and in 1933, Marcel Riesz (1886-1969), a
younger brother of Frigyes Riesz, proved the general case for LP(R”Y), where 1 < p <
0o. In 1940, a French mathematician and one of the leaders of the Bourbaki group,
André Weil (1906-1998) wrote a book ’L’intégration dans les groupes topologique’
(comp. [26]), in which he proved the Kolmogorov—Riesz theorem for a locally compact
Hausdorff group G instead of R,

The next major contribution came over 40 years later (1985), when Robert L. Pego
characterized compact families in L*(R) via the Fourier transform. This innovative
idea was the cornerstone for the works of two Polish mathematicians Przemystaw
Gorka and Tomasz Kostrzewa. In [7] and [8], they proved that a counterpart of
Pego theorem holds for locally compact abelian groups (this is reminiscent of Weil’s
contribution). Obviously, there are other works related to the topic, which are worth-
mentioning: [1, 2, 3, 9, 10, 11, 12, 13, 14, 15, 20, 21] just to name a few.
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In the current paper, we argue that the Fourier transform is not the only one
that can be used to characterize compact families. In Section 2 we introduce the
basic definitions and discuss the necessary notation. We also prove the fundamental
theorems, which are very well-known in the context of the Fourier transform, and
probably less known in the context of the Laplace transform. In Section 3 we prove
the main results. Theorem 9, which is a counterpart of the Pego’s result, is the climax
of the paper.

2. Preliminary results

For a measurable, complex-valued function f: R, — C and a real number x > 0,
we denote

fuolt) = f(t)e™™.
We say that f: R, — C is a Laplace—Pego function of order x > 0 if
fo € L'(Ry) N LA(Ry).

The norms in L'(R,) and L?*(R,) are denoted by || - ||, and || - ||2, respectively.
Moreover, if A is a subfamily of Laplace—Pego functions with a common order z > 0,
then we denote

A, ={f.: [ € A}
Let f be a Laplace—Pego function of order x > 0. The Laplace transform L{f}
of the function f is defined by

Hﬂ@z%mﬂm“ﬁ

A natural question arises: when does the above integral exist? To answer this ques-
tion, observe that if Re(z) > x, then

Miﬂ@ﬂz(Amf@k*ﬁw(mWﬁﬁngmﬁamewwt

=/ F(B) =R gt < [ £y < oo
0

In other words, the Laplace transform £{f} exists in the half-plane Re(z) > z.
An important special case of the Laplace transform is the Fourier transform,
which we define by

o~

fly) = L{f}(2miy).

Let us formulate a crucial theorem regarding the Laplace transform, which we
will use multiple times throughout the paper:

Theorem 1. (Plancherel theorem for the Laplace transform) If f is a Laplace-
Pego function of order x > 0, then

1 0o . 00 s
) [ el a= [T e pe
Proof. At first, observe that
Yer (o iv) = [ et at
0

(2) OO —xt_—2milt > (Y
:/0 F(t)e ot iz dt:fx<%).
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By the classical Plancherel theorem [4, Theorem 3.5.2; p. 53] or [24, Theorem 1.1,

p. 208] we have
/_oo J (2%)’ 27 /_oo =)l /0 ¢ ol
Upon observing that

[ B[ a2 25 [ et mpay

— 00

we conclude the proof. O

The theorem, which we present below, is a counterpart of a well-know result in
the theory of Fourier transform:

Theorem 2. (Riemann-Lebesgue lemma for the Laplace transform) If f is a
Laplace—Pego function of order x > 0, then

(3) Jim L{f}H(x +iy) = 0.

Proof. At first, let f = 1(44) where (a,b) C Ry. Then, for every y € R we have
\V/yeR,C{f}(l’ + Zy) = / ]l(a,b)(t)6_(x+iy)t dt
0

b —(z+iy)a —(z+iy)db
a T+

Y

so (3) holds. By linearity of the Laplace transform, the result is also true for all
simple functions.

Finally, let f be an arbitrary Laplace-Pego function and let € > 0. Since simple
functions are dense in L'(R. ), there exists a simple function g such that

(4) / TR0 - g0)]dt < <.
Hence

lim [L{f}(z +1dy)| = lim / f(t)e—“e—iytdt‘
y—+too y—Eoo 0

g/o |f(t)e ™ —g(t)| dt + lim

y—Foo

/ g(t)e dt‘
0

W . o A
<e+ lm |L{g}yl ==+ lm [5(o)| ==

where the last equality follows from the classical Riemann-Lebesgue lemma for the
Fourier transform (comp. [16, Theorem 1.7, p. 136]. Since € > 0 was chosen arbitrar-
ily, we conclude the proof. O

We will now recall the prominent fact that the Laplace trasnform ’changes the
convolution of two functions to multiplication’. A convolution of two Laplace—Pego
functions f, g with a common order x > 0 is defined by

Vioof % g(t) = / F(8)g(t - s) ds.

Theorem 3. If f,g are Laplace—Pego functions with a common order x > 0,
then (f xg), € L*(R,). In particular, it exists almost everywhere.
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Proof. At first, let us observe that

Viae " g(t) = [ e (s)g(t =) ds
(5) :
_ —zs —z(t—s) . ds.

/Oe f(s)e g(t—s)ds

Furthermore, by [24, Proposition 3.9, p. 86|, we note that the function F': R, x
R, — C defined by

F(t,s) = e *f(s)e ™ g(t — s)

is measurable, so we are in position to apply Tonelli’s theorem. Consequently, we
obtain

0 (5) oot
[Certreana < [T [ e iee e - sasar
0 0 0
Tonelgs thm / / 6—ms|f| (s)e—m(t—s) |g| (t — 3) dt ds
0 S

= I fzll1llgally < oo,
which ends the proof. O

The convolution theorem for the Laplace transform, which we present below,
should be juxtaposed with [22, Theorem 2.39, p. 92|.

Theorem 4. (Convolution theorem for the Laplace transform) If f and g are
Laplace—Pego functions with a common order x > 0, then

LL{f *g3(2) = LL{f}(2) - L{g}(2)
for Re(z) > x.
Proof. Note that the function F': R, x Ry — C defined by

F(t,s) = f(s)g(t — s)e™

is measurable, so by Tonelli’s theorem we have

L{fxg}(=) = / T faglt)etdi = / N / F(8)g(t — sy ds db
Toncls b / N / T Fs)glt — s)e " dids = L} (=) - L{g} (=),

which ends the proof. O

3. Main results

A subfamily A of Laplace-Pego functions with a common order z > 0 is said to
be exponentially L?-equivanishing at x, if

(6) V€>0 E|T>(] erA / 6_2wt‘f(t)‘2 dt < E.
T
Furthermore, we say that a family A is Laplace equicontinuous at x, if
1 [~ _ .
() VeoZeoVea oo [ LI @ +iy+ ) - L{H o+ i)y <=

We will now relate the concepts of Laplace equicontinuity and exponential L*-
equivanishing.
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Theorem 5. Let A be a subfamily of Laplace-Pego functions with a common
order x > 0. If A is Laplace equicontinuous at w, then it is exponentially L>-
equivanishing at x. Furthermore, if A, is L?-bounded, then the implication can be
reversed.

Proof. We divide the proof into two steps:

Step 1. At first, we assume that A is Laplace equicontinuous at x, so for a fixed
e > 0 we may choose d > 0 according to (7). Let 7" > 0 be such that

® 7 1

Consequently, for every f € A we obtain

e> o / L} (o + iy +6) E{f}(fv+zy)|2dy

—6t ) —(z+iy)t dt dy

The(ieml/ e~ £ (1) ‘ —at 1} dt—l—/oo 6_2mt\f(t)\2‘€_5t—1}2dt
0 T

® 1 [
>5[ e
2 )7

which ends the first part of the proof.

Step 2. At this point, we assume that A, is L2-bounded, so there exists M > 0
such that

vfeA/ e f(1))? dt < M.
0

We will show that if A is exponentially L?-equivanishing at x, then it is Laplace
equicontinuous at z.

Fix e > 0 and choose T' > 0 as in the definition of the exponential L?-equivanishing
(6). Let 6 > 0 be such that

9) e T 1" M <<
We have

%/_:|£{f}(x+z’y+6)—ﬁ{f}($+iy)|2dy

T 00
Theorem 1 _9ox _ 2 _op _ 2
Or¢ / 2t|f } ot 1‘ dt‘l—/ 2t|f } ot 1‘ dt
0 T
9) ©° (6)
< }e“sT—l‘2M+/ e 2 F(O)Pdt < 2e,
T
which ends the proof. O

A subfamily A of Laplace—Pego functions with a common order x > 0 is said to
be exponentially L?-equicontinuous at x, if

(10) Veso J550 Vse(0,6) (/ e () — f(t— s)|2dt> <e.
0

feA

Let us make one technical remark at this point. Although we defined the domain of
the Laplace—Pego functions as R, we may actually treat these functions as functions
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on R with the property f(¢) = 0if t < 0. Consequently, in (10) we have f(t —s) =0
whenever s > t.
Furthermore, we say that a family A is Laplace equivanishing at x, if

(11) Voso Frs0 Ysen / L{fY o+ iy)Pdy < <.
R\[-T.T]

We study the relationship between the novel notion of the exponential L?-equi-
continuity of A and the classical equicontinuity of A, in the lemma below:

Lemma 6. Let A be a subfamily of Laplace—Pego functions with a common
order v > 0. If A, is L*>-bounded then A is exponentially L?-equicontinuous at x if
and only if A, is L*-equicontinuous, i.e.

(12) Ves0 J550 Vee(0,9), / e ) f(t 4 5) — e f(1)] di < e
feA 0

Proof. Since A, is L?>-bounded, there exists M > 0 such that

Vres ( / e—m|f<t>|2dt) <M
0

We divide the proof of the lemma into two steps:

Step 1. In the first part of the proof, we assume that the family A is exponentially
L2-equicontinuous at . We fix ¢ > 0 and choose § > 0 such that

e (12) is satisfied, and
e for every s € (0,d) we have

(13) / e F(1))? dt < e,
0
which is possible due to Theorem 8 in [18], p. 148, and
e for every s € (0,d) we have
(14) e — 1| M <.
Consequently, for every s € (0,d) and f € A we have

([ =50~ f(t—s)Ith)% ([ e o)’

—S

< (/Oo 6—2x(t+s)|f(t +5)— eCCSf‘(t)|2 dt) > + (/Oo 6—2x(t+s)|e:c8f(t) _ f(t)|2 dt) >

—S —S

0 - 3
_ ( / e 22| £+ ) dt + / e 2| f(t 4 5) — e f(t)|2dt)

s 0

1
o0 2
+ </ e—2x(t+s)‘f(t)‘2‘ems - 1‘2 dt)
0

° —2xt 2 - —xz(t+s) . e—mt 2
<( [ ersopas [T e e s - e ropa)

(12),(13),(14) .
+le ™ = 1M < (2¢)2 +e.

Since € > 0 was chosen arbitrarily, the above estimates end the first part of the proof.
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Step 2. In this part of the proof, we assume that A, is L*-equicontinuous. Again,
we fix € > 0 and let 0 > 0 be such that

e (10) is satisfied, and
e for every s € (0,0) we have

(15) 1 —e™|M <e and €™ <2.

For every s € (0,6) and f € A we have

UOOO e eer dt) - (/ e - eI (o) dt) |

< (/oo‘e—mtf(t) — e—w(t—S)f(t)‘Z dt) 2 N (/Oo‘e_x(t_s)f(t) _ e—m(t—s)f(t B S)}z dt) 2

% 3 (15)
< |1 — ™ (/ e‘zm\f(t)\2dt) +e™e < |1 — €| M + 2¢ < 3¢,
0

which ends the proof. O

We will now study the relationship between the exponential L?-equicontinuity
and the Laplace equivanishing.

Theorem 7. Let A be a subfamily of Laplace—Pego functions with a common
order x > 0. Exponential L*-equicontinuity at x implies Laplace equivanishing at x.
Furthermore, if A, is L?>-bounded, then the implication can be reversed.

Proof. We divide the proof into two steps:

Step 1. We assume that the family A is exponentially L2-equicontinuous at
x, so for a fixed ¢ > 0 we can choose § > 0 according to the exponential L2-
equicontinuity (10). Let g be a nonnegative and continuous function on R, such
that supp(g) C (0,6) and [;° g(s)ds = 1. Naturally, g is a Laplace—Pego function
of order x.

By Theorem 2, let 7" > 0 be such that

N | —

(16) Vyer\ (-1 £{g}(x +iy)| <

Consequently, we have

Viea ( [ et z'y>|2dy)§
R\[-T.T]

2
( )
R\[-T,T]

w ([, e mlodar i)

(16) 2
:() )
R\[-T.T]
1 ) :
s5( [ e k)
R\[-T.T]

[NIES

N

L{fHz +iy) (1 — L{g}(z +1y))

D=

L{fHx +iy) (1 — L{g}(z +1y))
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which implies
3
Yea ([ 1w dy)
R\[-T'T]

<2
R\[-T.T]

Theorem 4

D=

L{f Yz +iy) (1 — L{g}(z +iy))

2dy)
2 ([ 1ty - C{f*g}(x+zy)|2dy)l

e by ([T e - f*g(tﬂzdt)é
PN= ( [ emtlio = [T a9t as 2 dt)
- 2v2r ( [T|[7 o e s as] dt)
Y [T([ 1m0 - st >|2dt)% ds
=2y [ gt ([T e - <t—s>|2dt)é s

- 2@/@59@ ([ e rie- s>|2dt)é s

5
< 2\/2%5/ g(s) ds = 2v/2me.
0

(NI

N

Let us remark that the use of Minkowski inequality in the above estimates is justified,
because the function F(t,s) = e 2| f(t) — f(t — s)|*|g(s)|? is measurable due to [24,
Proposition 3.9, p. 86]. Since £ > 0 was chosen arbitrarily, the above estimates end
the first part of the proof.

Step 2. For this part of the proof, we assume that A, is L?>-bounded, so there
exists M; > 0 such that

(17) Yea | ISP &< M
0

We will show that if A is Laplace equivanishing at z then it is exponentially L*-
equicontinuous at z. For convenience, we denote T_f(t) = f(t —s). We observe the
following equalities

Vi / e () — f(t - 8) db = / e (1) — T_of (1) dt

eorem ]- o .
(s)  EN L - T e i) Py

— 5 [ I iy) - LY o i) dy



Characterizing compact families via the Laplace transform 999

o)

1 — e @1 | L{ Y@ + i) dy.

Fix € > 0 and choose T' > 0 according to Laplace equivanishing (11). Let 6 > 0
be such that

(19) ¥ ses |1— e @) <,
ye[_T7T]
and put
(20) M, = max |1 — e‘s(w”y)}z,
s€[0,4]
yeR

which is finite due to

M5 < max (1 + e‘sx)z )
s€[0,8]

Finally, for every s € (0,0) and f € A, we have

[e%) T
/ e () — f(t—s)Pdt D L[ e P Ly o+ i) Py
0 2 )
L 1= @ |£{ f} (o + iy) P dy
2T JR\[-11)
(19), 200 ¢ [T . M. .
<o [P o2 [ e )P dy
2m J_p 27 R\[-T,T)

Theorem 1, (11)

o0 M- M-
< 5/ e F(H)Pdt + —¢ < <M1 +—2) €.
0 2T 2T

Since ¢ > 0 was chosen arbitrarily, we conclude the proof. O

Before we present the final theorem of the paper, let us recall the celebrated
Riesz—Kolmogorov theorem:

Theorem 8. (Riesz—Kolmogorov theorem, comp. [14]) A family A C L*(R) is
relatively compact if and only if

o A is L*-bounded;
o A is L*-equicontinuous;
o A is L*-equivanishing.

The final theorem, which is the climax of the paper, should be juxtaposed with
Pego theorem in [7], [8] and [19].

Theorem 9. Let A be a subfamily of Laplace—Pego functions with a common
order x and such that A, is L?*-bounded. The family A, is relatively compact in
L*(R.,) if and only if

e A is Laplace equicontinuous at x;
e A is Laplace equivanishing at x.

Proof. The proof is divided into two steps:

Step 1. We assume that A is Laplace equicontinuous and equivanishing at x. At
first, we note that Laplace equicontinuity of A at x implies that this family is expo-
nentially L2-equivanishing at z (Theorem 5). In other words, A, is L?-equivanishing.



1000 Mateusz Krukowski

Furthermore, Laplace equivanishing of A at x implies that this family is expo-
nentially L2-equicontinuous (Theorem 7). In other words, A, is L*-equicontinuous
(Lemma 6). By Theorem 8, we conclude that A, is relatively compact in L*(R.).

Step 2. For the second part of the proof, we assume that A, is relatively compact
in L?(R). By Theorem 8, the family A, is L*-equicontinuous and L?-equivanishing.
L?-equicontinuity of A, implies that A is Laplace equivanishing at x (Lemma 6 and
Theorem 7). Moreover, L*-equivanishing of A, implies that A is Laplace equicon-
tinuous at « (Theorem 5), which ends the proof. O

Let us conclude the paper with a simple example exhibiting how Theorem 9
works: let f € R and let A be the family of functions of the form e* - 1}y )(t),
where o < 3. Every x > 3 is a common order for the family A. However, it is easy
to see that the family is not of order .

Let us fix > 5. We remark that

¥ pen LLFYE) = /O N

Re(z)>x a—z

Furthermore, we observe that

(21) A, = {em—”t Tjoay(t): 0 < /3}

is L2-bounded. In order to apply Theorem 9 we first check that A is Laplace equicon-
tinuous at z. For a fixed ¢ > 0 we choose § > 0 such that
52
<e.
28—z —0)*-[6— x|

(22)
Consequently, for every f € A (or every a < /3 equivalently) we have

%/_Z|£{f}(m+iy+5)—E{f}($+iy)\2dy

1 [~ ~1 1 ?
T ) a—(x+iy+5)+a—(x+iy) ay
_62 ° dy
Coan ) la—(@Hiy+ )2 fa— (v +iy)?
_52 e dy

) (-2 =02+ y)) - ((a—a)? +¢?)

. 52 /°° dy
= 2n(a—x —0)% J_ (a— )2+ 9?2

52 52 (22)
“2a-—z-0P a1 S2F-z-0F f-a] "

where we used the formula

dy 1 y
V>0 / —~— = —arctan (—) + const.
Ty rb Vb Vb
Since £ > 0 was chosen arbitrarily, we conclude that A is Laplace equicontinuous at
x.
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To prove that A is Laplace equivanishing it suffices to pick T > % and observe
that

. dy
L{f Mz +iy)|*dy = / ,
/R\[—T,T] ath ) R\-7.7] |0 — (2 +iy)[?

d *d 2
</ —222/ —‘g:—<5.
R\[-7,7] Y T Y T

To sum up, we have verified that A is Laplace equicontinuous and Laplace equivan-
ishing. By Theorem 9 we conclude that (21) is relatively compact in L2
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