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Abstract. We provide a characterization of locally intrinsic Lipschitz functions in Carnot
groups of step 2 in terms of their intrinsic distributional gradients. We also prove an area formula
with respect to the spherical Hausdorff measure for the graph of an intrinsic Lipschitz function.

1. Introduction

The notion of rectifiable set is a key one in calculus of variations and in geometric
measure theory. To develop a satisfactory theory of rectifiable sets inside Carnot
groups has been the object of much research in the last years. For a general theory
of rectifiable sets in euclidean spaces one can see [13, 14, 32| while a general theory
in metric spaces can be found in [2].

Rectifiable sets are classically defined as contained in the countable union of C!
submanifolds. An equivalent characterization can be derived from a Rademacher type
theorem, which is valid in a special subclass of Carnot groups including groups of
step 2 (see Theorem 4.3.5 in [16]). As in Euclidean spaces, 1-codimensional rectifiable
sets in these groups can be equivalently defined using intrinsic C! submanifolds or
intrinsic Lipschitz graphs (see Proposition 4.4.4 in [16]). Hence, understanding these
objects, which naturally take the role of C' submanifolds or Lipschitz graphs, is a
preliminary task in developing a satisfactory theory of rectifiable sets inside Carnot
groups.

In this paper we focus our attention on the notion of intrinsic Lipschitz graphs
inside the Carnot groups. A Carnot group G is a connected, simply connected and
stratified Lie group and has a sufficiently rich compatible underlying structure, due
to the existence of intrinsic families of left translations and dilations and depending
on the horizontal vector fields which generate the horizontal layer. We call intrinsic
any notion depending directly by the structure and geometry of G. For a complete
description of Carnot groups |7, 29, 37| are recommended.

Euclidean spaces are commutative Carnot groups and are the only commutative
ones. The simplest but, at the same time, non-trivial instances of non-Abelian Carnot
groups are provided by the Heisenberg groups H" (see for instance |7, 37]).

We begin by recalling that an intrinsic regular hypersurface (i.e. a topological
codimension 1 surface) S C G is locally defined as a non critical level set of a C!
intrinsic function. More precisely, there exists a continuous function f: G — R
such that locally S = {p € G: f(p) = 0} and the intrinsic gradient Vgf =
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(X1f, ..., X,nf) exists in the sense of distributions and it is continuous and non van-
ishing on S. In a similar way, a k-codimensional regular surface S C G is locally de-
fined as a non critical level set of a C! intrinsic vector function f = (f,..., fx): G —
RF.

On the other hand, the intrinsic graphs came out naturally in [18], while studying
level sets of Pansu differentiable functions from H” to R. The simple idea of intrinsic
graph is the following one: let M and W be complementary subgroups of G, i.e.
homogeneous subgroups such that W N M = {0} and G = W - M (here - indicates
the group operation in G and 0 is the unit element), then the intrinsic left graph of
¢: W — M is the set

graph (¢) := {a- é(a) | a € W}.

Hence the existence of intrinsic graphs depends on the possibility of splitting G as
a product of complementary subgroups hence it depends on the structure of the Lie
algebra associated to G.

Specifically the notion of intrinsic Lipschitz graphs has been introduced with
different degrees of generality in [4, 16, 21, 18, 28|. In [17] the authors provide a
comprehensive presentation of this theory. A function ¢: O C W — M is said to
be intrinsic Lipschitz if it is possible to put, at each point p € graph (¢), an intrinsic
cone (see Definition 2.10) with vertex p, axis M and fixed opening, intersecting
graph (¢) only at p. We call a set S C G an intrinsic Lipschitz graph if there exists
an intrinsic Lipschitz function ¢: O C W — M such that S = graph (¢) for suitable
complementary subgroups W and M of G.

Through the implicit function theorem (see [19, 30]), it is known that every
k-codimensional regular surface can be locally represented as intrinsic graph of a
function ¢: O € W — M. Conversely, we established in [11] that the intrinsic graph
of an uniformly intrinsically differentiable map is a regular surface. A function is
intrinsic differentiable if it is well approximated by appropriate linear type functions,
denoted intrinsic linear functions (see Section 2). In particular, when W and M are
both normal subgroup, this notion corresponds to that of Pansu differentiability.

When M is one dimensional we can identify ¢: O C W — M with a real valued
continuous function defined on a one codimensional homogeneous subgroup of G
(see Remark 3.3). In this case in Heisenberg groups the parameterization ¢ is weak
solution of a system of non-linear first order PDEs D?¢p = w, where w is a continuous
map and D? are suitable ‘derivatives’ ngﬁ of ¢ (see [3, 6, 40]). The non linear first

order differential operators Dj) were introduced by Serra Cassano et al. in the context
of Heisenberg groups H" (see [37] and the references therein).

Following the notations in [37] the operators Df are called wntrinsic derivatives
of ¢; and D?¢, the vector of the intrinsic derivatives of ¢, is the intrinsic gradient of
¢. In the first Heisenberg group H! the operator D? reduces to the classical Burgers’
operator. In a general Carnot group of step s, Dj’gb is the projection on W of a
horizontal vector field of G on the points of the intrinsic graph of ¢ (see [28]).

More generally, Kozhenikov talks about projected vector fields and he consider the
projection on W of elements belong to Lie algebra of W (see Definition 4.2.12, [28]).
He characterizes intrinsic Lipschitz graphs and regular surfaces in terms of metric
properties of integral curves of these projected vector fields (see Theorem 4.2.16 and
Theorem 4.3.1 in [28]).

In [11, 12| we give an explicit form of intrinsic derivatives of ¢: O C W — M,
where G = W - M is a Carnot group of step 2 (see Section 5.1, [7]) and then we
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extend Theorem 1.3 and Theorem 5.7 in [3| proved in H™. Precisely, we prove that
the intrinsic graph of continuous map ¢ is a regular hypersurface if and only if ¢
and its intrinsic gradient can be uniformly approximated by C! functions and ¢
is distributional solution of PDEs’ system D¢ = w, with w is a continuous map.
Moreover, we also show that these assumptions are equivalent to the fact that ¢ is
broad* solution of D?¢ = w (see Definition 8.1) and it is little 1/2-Hélder continuous
(see Proposition 8.1 (1)). In H' the notion of broad* solution extends the classical
notion of broad solution for Burgers’ equation through characteristic curves provided
¢ and w are locally Lipschitz continuous. In our case ¢ and w are supposed to be
only continuous then the classical theory breaks down. On the other hand broad*
solutions of the system D®® = w can be constructed with a continuous datum w.

The main contribution of this paper is to provide counterparts for results that
were previously known in Heisenberg groups in the setting of arbitrary Carnot groups
of step 2:

e Theorem 4.1,4.2 generalize a result by Monti and Vittone in [34]

e Theorem 5.5,6.1 generalize results by Citti, Manfredini, Pinamonti, Serra
Cassano in |9

e Theorem 7.1,7.2 generalize a result by Bigolin, Caravenna, Serra Cassano
in [5]

e Theorem 8.2 generalizes a result by Ambrosio, Serra Cassano, Vittone in [3]
They are often proven by similar arguments. The main difference between 2 step
Carnot groups and Heisenberg groups is that in H" there is only one vertical (i.e.
non-horizontal) coordinate, whereas for 2 step Carnot groups there can be many.

Precisely we show that a locally intrinsic Lipschitz map ¢ is a continuous dis-
tributional solution of the non-linear first order PDEs’ system D?¢ = w, where w
is only a measurable function (see Theorem 7.1). This is a direct consequence of
the fact that ¢ can be approximated by a sequence of smooth maps, with pointwise
convergent intrinsic gradient (see Theorem 6.1).

Moreover the opposite implication is true when ¢ is also locally 1/2-Hoélder con-
tinuous map along the vertical components (see Theorem 7.2). In order to establish
this statement we need a preliminary result: Lemma 7.3. Here we prove that a locally
1/2-Holder continuous map along the vertical components, which is also a continuous
distributional solution of the system D¢ = w, is a Lipschitz map in classical sense
along any characteristic curve of the vector fields D?.

Finally in the last section, we consider the system D?¢ = w, where w is supposed
to be a continuous map and not just measurable function as opposed to the previous
sections. We give a characterization of G-regular hypersurfaces in terms of distribu-
tional solution of this system. Our strategy will be to prove that each continuous
distributional solution of the system D?¢ = w is a broad* solution and vice versa
(see Proposition 8.1).

The plan of the work is the following:

In Section 2 we provide the definitions and some properties about the differential
calculus within Carnot groups. In particular we give the general definitions and some
basic tools of intrinsic differentiable and intrinsic Lipschitz maps.

Section 3 is specialized to Carnot groups of step 2 (see Chapter 3, [7]).

Section 4 is dedicated to Caccioppoli sets in Carnot groups of step 2. We show
that the boundary of sets with finite G-perimeter and having a bound on the orien-
tation of the measure theoretic normal is the intrinsic graph of an intrinsic Lipschitz
function (see Theorem 4.2).
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Sections 5 and 6 contain an area formula with respect to the spherical Hausdorff
measure for the graph of an intrinsic Lipschitz function (see Theorem 5.7) and we
characterize intrinsic Lipschitz functions as maps which can be approximated by a
sequence of smooth maps, with pointwise convergent and uniformly bounded intrinsic
gradient (see Theorem 6.1).

Section 7 contains the main results of this paper, i.e. Theorem 7.1 and Theo-
rem 7.2.

Section 8 is dedicated to G-regular hypersurafces. We show that if we consider
a locally little 1/2-Holder continuous map along the vertical components, then it
is a distributional solution of the system D?¢ = w, where w is a given continuous
function if and only if its graph is a G-regular hypersurface (see Theorem 8.2).

Acknowledgements. We wish to express our gratitude to R. Serapioni and F. Serra
Cassano, for having signaled us this problem and for many invaluable discussions
during our PhD at University of Trento. We thank B. Franchi, A. Pinamonti and D.
Vittone for useful discussions and important suggestions on the subject.

2. Notations and preliminary results

Carnot groups. We begin by recalling briefly the definition of Carnot groups.
For a general account see e.g. |7, 17, 29, 37|.

A Carnot group G = (G, -, d,) of step & is a connected and simply connected Lie
group whose Lie algebra g admits a stratification, i.e. a direct sum decomposition
g=Vi ® Vo &---® V,, with the following property: the entire Lie algebra g is
generated by its first layer V7, the so called horizontal layer, that is

[VhVZ—l]:Vl if 2 <1<k,

We denote by N the dimension of g and by n, the dimension of V.

The exponential map exp: g — G is a global diffeomorphism from g to G. Hence,
if we choose a basis { X1, ..., Xy} of g, any p € G can be written in a unique way as
p = exp(p1 X1+ -+pyXn) and we can identify p with the N-tuple (pi,...,py) € RY
and G with (R”,-,d,). The identity of G is the origin of R".

For any A > 0, the (non isotropic) dilations §: G — G are automorphisms of G
and are defined as

1, oN) = (N1, ., A py)
where o; € N is called homogeneity of the variable p; in G and is given by o = j
whenever m;_; < | < m; with mg — mg_y = n,. Hence 1 = o = -+ = app,, <
Opyp1 =2 < -~ < ay = k.
For any p € G the intrinsic left translation 7,: G — G are defined as

q— g '=p-q=pq.

The explicit expression of the group operation - is determined by the Campbell-
Hausdorff formula. It has the form

p-q=p+q+Qlp,q) foral p,gc G=R",

where Q@ = (Qi,...,9n): RY x RY — RM. Here Q(p,q) = 0 for each | =
1,...,m; and each 1 < j < sk and mj_; +1 < [ < m; we have Q;(p,q) =
Q((p1,--sPm;_1), (@15 -+, Gm;_,)). Moreover every Q; is a homogeneous polyno-
mial of degree «; with respect to the intrinsic dilations of G. It is useful to think



Intrinsic Lipschitz graphs in Carnot groups of step 2 1017

G=G!'® G2 - & G* where G = exp(V}) = R™ is the [ layer of G and to
write p € G as (p',...,p") with p' € G!. According to this
(1) p-g= @' +¢" . P+ + Q0" q"), . 0"+ QN Y, ()

for every p = (p*,...,p%), ¢ = (¢*,...,q%) € G. By Theorem 3.2.2 in |7], we know
that

(2) p_l = (_plv"'v_pﬁ)
The norm of R is denoted with the symbol | - |gns.

An absolutely continuous curve v: [0, 7] — G is a sub-unit curve with respect to
X1, ..., Xy, if it is an horizontal curve, that is if there are real measurable functions

ha(t), ..., hm,(t), t € [0,T] such that
A(s) = Z hi(t) X, (y(t)), fora.e. te 0,77,

and if > " hi < 1.

Definition 2.1. (Carnot—Carathéodory distance) If p,q € G, their cc-distance
dec(p, q) is

dee(p,q) = inf{T > 0: there is a subunit curve vy with v(0) = p, v(T') = ¢}

The set of subunit curves joining p and ¢ is not empty, by Chow’s theorem, since
the rank of the Lie algebra generated by X;,...,X,,, is IV; hence d.. is a distance
on G inducing the same topology as the standard Euclidean distance.

A homogeneous norm on G is a nonnegative function p — ||p|| such that for all
p,q € G and for all A > 0

|lpll =0 if and only if p =0,
[oxpll = Mlpll, e all < llpll + [lql|-

There is a particular homogeneous norm defined in Theorem 5.1 in [20], as fol-
lowing

(3) I o) = max {efp’lgn} forall (p',....p%) € G

with €; = 1, and ¢, € (0, 1] depending on the structure of the group for s =2,... k.
This homogeneous norm is symmetric, i.e. ||p|| = |[p~!| for all p € G and such that

I(p*,0....0)[l = |p'
for all p! € R™. Given any homogeneous norm || - ||, it is possible to introduce a
distance in G given by
d(p,q) = d(p~q,0) = |[p~*q|| for all p,q € G.

We observe that any distance d obtained in this way is always equivalent with the
Carnot—Carathéodory’s distance d.. of the group. Both d and d.. are well behaved
with respect to left translations and dilations, i.e. for all p,q,¢' € G and X\ > 0,

dip-q.p-q¢)=4d(q,q), d(drq,0,¢") = Ad(q,q).

Moreover, for any bounded subset 2 C G there exist positive constants ¢; =
c1(9), ca = () such that for all p,q € Q

R"1,

1/k
alp — glry < d(p,q) < calp — g%
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and, in particular, the topology induced on G by d is the Euclidean topology. For
p € Gand r > 0, U(p,r) will be the open ball associated with the distance d.
Intrinsic t-dimensional spherical Hausdorff measure S* on G, t > 0, is obtained from
d, following Carathéodory construction (see for instance [32]).

W.lo.g. we consider the homogeneous norm defined in (3). Indeed from the fact
that all the homogeneous norms are equivalent, all the estimates we will use hold with
an arbitrary homogeneous norm. On the other hand, Theorem 2.4, Theorem 2.5 and
Theorem 5.7 are only proven for specific choices of left invariant distance d.,, which
is the distance induced by the maximum norm (3). We will emphasize this last fact
at the beginning of each statement.

The Hausdorff dimension of (G,d) as a metric space is denoted homogeneous
dimension of G and it can be proved to be the integer q := Zj\;l aj = Y1
dimV; > N (see [33]). The subbundle of the tangent bundle T'G, spanned by the
vector fields Xi,...,X,,, plays a particularly important role in the theory, and is
called the horizontal bundle HG; the fibers of HG are

HGp:Span{X1<p)7’”7Xm1<p)}7 I= G.

A sub Riemannian structure is defined on G, endowing each fiber of HG with a scalar
product (-,-), and a norm | - |, making the basis X;(p),..., X, (p) an orthonormal
basis. Hence, if v = """ v, X;(p) = v' and w = Y " w, X;(p) = w' are in HG, then
(v, w), = > vwy and |v]2 == (v, v),. We will write, with abuse of notation, (-, -)
meaning (-, -), and | - | meaning | - |,.

The sections of HG are called horizontal sections, a vector of HG,, is a horizontal
vector while any vector in T'G,, that is not horizontal is a vertical vector.

The Haar measure of the group G = RY is the Lebesgue measure dC. It is left
(and right) invariant. Various Lebesgue spaces on G are meant always with respect
to the measure dLV and are denoted as LP(G).

2.2. C{, functions, G-regular surfaces, Caccioppoli sets. (See [37]) In
[35] Pansu introduced an appropriate notion of differentiability for functions acting
between Carnot groups. We recall this definition in the particular instance that is
relevant here.

Let U be an open subset of a Carnot group G. A function f: U — R is Pansu
differentiable or more simply P-differentiable in a € U if there is a homogeneous
homomorphism

dpf(a): G — R¥,
the Pansu differential of f in a, such that, for b € U,
— _ -1 .
lim  sup |f(b) = fla) — dp f(a)(a"'b)|r

r—0t 0<|la=1b||<r ||a—1b||

=0.

Saying that dp f(a) is a homogeneous homomorphism we mean that dp f(a): G — RF
is a group homomorphism and also that dp f(a)(0,b) = Adp f(a)(b) for all b € G and
A>0.

Observe that, later on in Definition 2.8, we give a different notion of differentia-
bility for functions acting between subgroups of a Carnot group and we reserve the
notation df or df (a) for that differential.

We denote C& (U, RF) the set of functions f: U — R¥ that are P-differentiable
in each a € U and such that dp f(a) depends continuously on a. It can be proved that
f=(f,..., fr) € C&U,RF) if and only if the distributional horizontal derivatives
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Xifj,forl=1...,my,j=1,...,k, are continuous in Y. Remember that C'(U/,R) C
C& (U, R) with strict inclusion whenever G is not abelian (see Remark 6 in [18]).

The horizontal Jacobian (or the horizontal gradient if k = 1) of f: U — R* in
a € U is the matrix

Vaf(a) = [lej(a)]z:L..ml,j:L..k

when the partial derivatives X, f; exist. Hence f = (fi,...,fr) € C5U,RF) if
and only if its horizontal Jacobian exists and is continuous in . The horizontal

divergence of ¢ == (P1,...,Om,): U — R™ is defined as
mi
divad =Y  X;0;
j=1

it X;¢; exist for j =1,...,my.
Now we use the notion of P-differentiability do introduce the G-regular surfaces.

Definition 2.2. S C G is a k-codimensional G-regular surface if for every p € S
there are a neighbourhood U of p and a function f = (fy,..., fr) € C&(U, RF) such
that

SnU={qel: f(q) =0}

and dp f(q) is surjective, or equivalently if the (k x mq) matrix Vg f(¢) has rank k,
for all ¢ € U.

The class of G-regular surfaces is different from the class of Euclidean regular
surfaces. In [26], the authors give an example of H!-regular surfaces, in H! identified
with R3, that are (Euclidean) fractal sets. Conversely, there are continuously differ-
entiable 2-submanifolds in R? that are not H'-regular surfaces (see [18, Remark 6.2]
and [3, Corollary 5.11]).

In the setting of Carnot groups, there is a natural definition of bounded variation
functions and of finite perimeter sets (see [24] or [37] and the bibliography therein).
We say that f: U/ — R is of bounded G-variation in an open set Y C G and we
write f € BVg(U), if f € LY(U) and

||V(;f||(U)::sup{/uf divgpdlY: ¢ € CLU,HG), |p(p)| <1 for all p € u}<+oo.

The space BVg 10c(U) is defined in the usual way.
In the setting of Carnot groups, the structure theorem for BVg functions reads
as follows.

Theorem 2.1. [8] If f € BVgio.(U) then |Vgf| is a Radon measure on U.
Moreover, there is a ||V f|| measurable horizontal section oy: U — HG such that
lof(p)| =1 for |[Vafl|-a.e. peU and

/ Jdivet dCN = / € op) Ve,
U U

for every £ € CL(U, HG). Finally the notion of gradient Vg can be extended from
regular functions to functions f € BV defining Vg f as the vector valued measure

Vaof :=—o;L|Vafll = (=(ophLIVaflls - =(0p)m Ve ),
where (0); are the components of o with respect to the base X;.

A set £ C G has locally finite G-perimeter, or is a G-Caccioppoli set, if ye €
BVG 10c(G), where x¢ is the characteristic function of the set £. In this case the
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measure ||Vgyel is called the G-perimeter measure of £ and is denoted by |0€|q.
Moreover we call generalized inward normal of O in €2 the vector
ve(p) = —0oy. (D).

Fundamental estimates in geometric measure theory are the so-called relative and
global isoperimetric inequalities for Caccioppoli sets. The proof is established in [24],
Theorem 1.18.

Theorem 2.2. There exists a constant C' > 0 such that for any G-Caccippoli
set E C G, for every p € G and r > 0

min{ LY (ENU(p,r)) . LY U(p,r) — E)} V1 < CloB|cU(p,r))
and
min{L" (E), LY (G — E)}"V/1 < C|9FE|c(G),
where q is homogeneous dimension of G defined in Section 2.1.

The perimeter measure is concentrated in a subset of topological boundary of FE,
the so-called reduced boundary Og E.

Definition 2.3. (Reduced boundary) Let £ C G be a G-Caccioppoli set. We
say that p € 9L F if

(1) [0E|c(U(p,r)) > 0, for all r > 0,
(2) there exists lim, fu(pm) vg d|OF|g,

(3) ~1.

The reduced boundary of a set £ C G is invariant under group translations, i.e.

hmT_m J‘U(p,r) Vg d‘aE‘G

qe 0gE ifandonlyif 7,q€ 05(r,E)

and also vp(q) = V7, 5(7pq).
Lemma 2.3. [1, Differentiation Lemma| If E C G is a G-Caccioppoli set, then
lim vpd|OF|g = vg(p), for |0F|g-a.e. p,
r—0 Z/{(;n,r)
hence |0F|q is concentrated on the reduced boundary O&E.

The following results are only proven for specific choice of metric: the metric d.
Theorem 2.4 states that the perimeter measure equals a constant times the spherical
(q — 1)-dimensional Hausdorff measure restricted to the reduced boundary.

Theorem 2.4. |23, Theorem 4.18| Let G be a Carnot group of step 2, endowed
with a distance d.. If E C G is a G-Caccioppoli set, then

|0F|g = ¢S ' L 04 F,
where q is homogeneous dimension of G defined in Section 2.1.

At each point of the reduced boundary of a G-Caccioppoli set there is a (gener-
alized) tangent group:

Theorem 2.5. |20, Blow-up Theorem| Let G be a Carnot group of step 2,
endowed with a distance d.,, and let E C G be a set with locally finite G-perimeter.
If p e OLE, then

. . ) .
71“1—r>r(1) XErp = XSEE(”E(P)) m ‘CIOC(G)a
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where E, , = 01/,(1,-1E) = {q: 1,(6,(q)) € E} and

S&we) ={a=(¢".¢*) € G| (ve(p).¢") > 0}.

Moreover, for all § > 0
lim |0F,. | (U(0, 8)) = |05 (v6(p))|a(U(0,6))

and

105& (ve(P)]aU(0,6)) = HYH(TE(ve(0) NU(0,0))
where HN~! denotes the Euclidean Hausdorff measure and Tg(vg(0)) = {q =
(', ¢%) € G| (vg(0),Q") = 0} is the topological boundary of S&(ve(0)).

Finally, as it is usual in the literature, we can also define the measure theoretic
boundary 0, g E:

Definition 2.4. Let £ C G be a measurable set. We say that p belongs to
measure theoretic boundary 0, g & of E if

LY(ENU(p,r)) LY(ENU(p,T))
lim sup ’ >0 and limsup d
r—0t ﬁN(U(p’ T)) r—0t ﬁN(U(p’ T))
If E C G is G-Caccioppoli set, then

> 0.

OgFE C 0,qE COL.

Moreover, S 1(0, g E — 0§ E) = 0.
2.3. Complementary subgroups and graphs.

Definition 2.5. We say that W and M are complementary subgroups in G if
W and M are homogeneous subgroups ! of G such that W N M = {0} and

G=W- M.

By this we mean that for every p € G there are pyw € W and py; € M such that
P = pPwpPm-
The elements pw € W and pyp € M such that p = pw - pm are unique because

of WN M = {0} and are denoted components of p along W and M or projections
of pon W and M. The projection maps Pw: G — W and Py : G — M defined

Pw(p) = pw, Pwm(p)=pm, forallpe G

are polynomial functions (see Proposition 2.2.14 in [17]) if we identify G with RY,
hence are C>. Nevertheless in general they are not Lipschitz maps, when W and M
are endowed with the restriction of the left invariant distance d of G (see Example
2.2.15 in [17]).

Remark 2.6. The stratification of G induces a stratifications on the comple-
mentary subgroups W and M. If G = G!@---®G" then also W = W Q... WF,
M=M @ ---®M" and G' = Wi M. A subgroup is horizontal if it is contained
in the first layer G!. If M is horizontal then the complementary subgroup W is
normal.

LAn homogeneous subgroup W of G is a Lie subgroup such that dya € W for every a € W and
A > 0.
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Proposition 2.7. [4, Proposition 3.2] If W and M are complementary sub-
groups in G there is ¢g = ¢o(W,M) € (0,1) such that for each pw € W and
pm €M

(4) collpwll + llpmll) < llpwpmll < llpwll + llpml]

Definition 2.6. We say that S C G is a left intrinsic graph or more simply an
intrinsic graph if there are complementary subgroups W and M in G and ¢ : O C
W — M such that

S = graph (¢) := {a¢p(a) : a € O}.
Observe that, by uniqueness of the components along W and M, if S = graph (¢)
then ¢ is uniquely determined among all functions from W to M.
We call graph map of ¢, the function ®: O — G defined as
(5) ®(a) :=a-p(a) forallaeO.
Hence S = ®(0O) is equivalent to S = graph (¢).
The concept of intrinsic graph is preserved by translation and dilation, i.e.
Proposition 2.8. [17, Proposition 2.2.18| If S is an intrinsic graph then, for
all A > 0 and for all ¢ € G, q-S and §,S are intrinsic graphs. In particular, if
S = graph (¢) with ¢: O C W — M, then
(1) For all A > 0,
ox (graph (¢)) = graph (¢)
where ¢5: 0,0 C W — M and ¢x(a) := 0r¢(d1xa), for a € 6,0.
(2) For any q € G,
q - graph (¢) = graph (¢;)
where ¢4: Oy C W — M is defined as ¢,4(a) =
for all a € O, := {a: Pw(q 'a) € O}.

2.4. Intrinsic differentiability.

(Pm(q'a) " ¢(Pw(q'a)),

Definition 2.7. Let W and M be complementary subgroups in G. Then
(: W — M is intrinsic linear if ¢ is defined on all of W and if graph (¢) is a
homogeneous subgroup of G.

We use intrinsic linear functions to define intrinsic differentiability as in the usual
definition of differentiability.

Definition 2.8. Let W and M be complementary subgroups in G and let
¢: O C W — M with O open in W. Fora € O, let p:=a- ¢(a) and ¢p-1: Op-1 C
W — M be the shifted function defined in Proposition 2.8.

(1) We say that ¢ is intrinsic differentiable in a if the shifted function ¢,-1 is
intrinsic differentiable in 0, i.e. if there is an intrinsic linear d¢,: W — M

such that )
i s 192071, (0)
r=0% o< lb]| <7 il
The function d¢, is the intrinsic differential of ¢ at a.
(2) We say that ¢ is uniformly intrinsic differentiable in ag € O or ¢ is u.i.d. in
ayp if there exist an intrinsic linear function d¢,,: W — M such that

lim sup  sup lday (b) "y (D) _

0% |14 q] < 0< bl <r 10]]

=0.

0.

Analogously, ¢ is u.i.d. in O if it is u.i.d. in every point of O.
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Remark 2.9. Definition 2.8 is a natural one because of the following observa-
tions.

(i) If ¢ is intrinsic differentiable in a € O, there is a unique intrinsic linear
function d¢, satisfying (1). Moreover ¢ is continuous at a. (See Theorem 3.2.8 and
Proposition 3.2.3 in [16]).

(ii) The notion of intrinsic differentiability is invariant under group translations.
Precisely, let p := a¢(a), q := bo(b), then ¢ is intrinsic differentiable in a if and only
if ¢gp-1 1= (¢p-1)q is intrinsic differentiable in b.

(iii) We recall that in Definition 3.16 in [4] the authors give another notion of uni-
formly intrinsic differentiable map but these notions are equivalent. Indeed, Propo-
sition 3.7 (3) in [11] implies that u.i.d. mappings in the sense of Definition 2.8 satisfy
the second point of Definition 3.16 in [4]. Moreover, it is clear, that if ¢ is u.i.d. then
it is intrinsic differentiable (i.e. the first point of Definition 3.16 in [4]). Finally the
first and third point of Definition 3.16 in [4] tells us that i.d. mappings in the sense
of Definition 3.16 in [4] satisfy Definition 2.8 (2).

The analytic definition of intrinsic differentiability of Definition 2.8 has an equiv-
alent geometric formulation. Indeed intrinsic differentiability in one point is equiva-
lent to the existence of a tangent subgroup to the graph. We recall the definition of
tangent subgroup:

Definition 2.9. [16, Definition 3.2.6] Let W, M be complementary subgroups
in G, ¢: O — M with O relatively open in W and T be a homogeneous subgroup
of G. Let a € O and p = a- ¢(a). We say that p- T is the tangent coset to graph (¢)
in p if for all € > 0 there is A(e) > 0 such that

graph (¢) N {q € G: [Pw(p~ ')l < Me)} Cp-{q € G: dist(q, T) < ellll},

Theorem 2.10. [16, Theorem 3.2.8] Let W, M be complementary subgroups in
G and let ¢: O — M with O relatively open in W. If ¢ is intrinsic differentiable in
a € O, set T := graph (d¢,). Then

(1) T is a homogeneous subgroup of G;
(2) T and M are complementary subgroups in G;
(3) p- T is the tangent coset to graph (¢) in p := a¢(a).

Conversely, if p := a¢(a) € graph (¢) and if there is T such that (1), (2), (3) hold,
then ¢ is intrinsic differentiable in a and the differential d¢,: W — M is the unique
intrinsic linear function such that T := graph (d¢,).

From now on we study the notions of intrinsic differentiability and of uniform
intrinsic differentiability for functions ¢ : W — H when H is a horizontal subgroup.
When H is horizontal, W is always a normal subgroup since, as observed in Re-
mark 2.6, it contains the whole strata G2,...,G". In this case, the more explicit
form of the shifted function ¢,-1 allows a more explicit form of the equations in
Definition 2.8.

Proposition 2.11. [11, Theorem 3.5] Let H and W be complementary sub-
groups of G, O open in W and H horizontal. Then ¢: O C W — H is intrinsic
differentiable in ay € O if and only if there is an intrinsic linear d¢,,: W — H such
that

i sap 190~ 6(a0) — do (a5"0)|

=0.
=0 s tbl<r |9(a0) " ag b (ao) |
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Analogously, ¢ is uniformly intrinsic differentiable in ag € O, or ¢ is u.i.d. in ay € O,
if there is an intrinsic linear d¢,,: W — H such that

i sup 1010) = 6(0) = don (=0
=0 0 l¢(a)~a~"bg(a)]|
where r is small enough so that U(ag,2r) C O and the supremum is for ||lag'al| <

r, 0 < |[a='b|| < r. Finally, if k < m; is the dimension of H, and if, without loss of
generality, we assume that

=0

H={p:ppr1=-=pv=0} W={p:p=-=p, =0}
then there is a k x (my — k) matrix, here denoted as V9¢(ay), such that
(6) dday(b) = (VOP(ao) (brs1, - - -, bmy)",0,...,0),

for all b = (by,...,by) € W. The matrix V®@(ag) is called the intrinsic horizontal
Jacobian of ¢ in agy or the intrinsic horizontal gradient or even the intrinsic gradient
ifk=1.

Observe that u.i.d. functions do exist. In particular, when H is a horizontal

subgroup, H valued euclidean C! functions are u.i.d.

Theorem 2.12. [11, Theorem 4.7] If W and H are complementary subgroups
of a step k Carnot group G with H horizontal and k dimensional. If O is open in
W and ¢: O C W — H is such that ¢ € C'(O,H) then ¢ is u.i.d. in O.

There is a comparison between G-regular surfaces (see Definition 2.2) and the
uniformly intrinsic differentiable maps, proved in |3, Theorem 1.2] for the Heisenberg
groups and in [11, Theorem 4.1] for Carnot groups of step k.

Theorem 2.13. Let W and H be complementary subgroups of a step x Carnot
group G with H horizontal and k dimensional. Let O beopenin W, ¢: O C W — H
and S := graph (¢). Then for every ag € O the following are equivalent:

(1) there are a neighbourhood U of aq - ¢(ag) and f € C&(U; RF) such that
SnU={pelU: f(p) =0},
dpf(Q)m: H— R¥ is bijective for all Q € U,

and QQ — (dpf(q)‘H)_l is continuous.
(2) ¢ is u.i.d. in a neighbourhood O" C O of ay.

Moreover, if (1) or equivalently (2), hold then, for all a € O the intrinsic differential
do, is
-1
d¢o = — (dp f(ag(a))m) o dpf(ad(a))w.
Remark 2.14. If, without loss of generality, we choose a base X;,..., Xy of g

such that X,..., X} are horizontal vector fields, H = exp(span{Xj, ..., Xx}) and
W = exp(span{ Xy 1,..., Xn}), then

H={p: prp1=--=pv=0}, W={p:ip=-=p =0},
and, if f = (f1,...,fx), then Vg f = (M | Ms), where
Xifi.. . Xifu Xirrfr-- X fi
M, = e , My = T
Xife-o Xife Xerrfe - Xy fr
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Moreover, for all a € O, for all ¢ in a neighborhood U of a¢(a) and for all p € G
(de f(@) (p) = (Vaf(a)p'

and the intrinsic differential is
doa(b) = ((V?0(a)) (brsis- -, bmy)",0,...,0)
(7) o -1 T
- ((_Ml(a¢(a)) MQ(&¢(G))) (bk+1> R bml) >0a SRR O) )
for all b = (by,...,by) € W.

2.5. Intrinsic Lipschitz function. The following notion of intrinsic Lipschitz
function appeared for the first time in [21] and was studied in |5, 6, 16, 17, 22, 36].
Intrinsic Lipschitz functions play the same role as Lipschitz functions in Euclidean
context.

Definition 2.10. Let W, H be complementary subgroups in G, ¢ € G and
B > 0. We can define the cones Cw u(q, 5) with base W and axis H, vertex g,
opening [ as
CW,H(qa ﬁ) =q- CW,H(Oa 5))
where Cw u(0, ) = {p: lpwll < Blpull}-
For all A > 0 we have that 6,(Cwu(0,51)) = Cwr(0,51) and if 0 < By < [a,
then
Cwu(q, 1) C Cw ul(q, B2).
Now we introduce the basic definitions of this paragraph.

Definition 2.11. Let W, H are complementary subgroups in G. We say that
¢: O C W — H is intrinsic C'p-Lipschitz in O for some Cp, > 0 if for all C; > (7,

(8) Cwau(p,1/C1) Ngraph (¢) = {p} for all p € graph (¢).

The Lipschitz constant of ¢ in O is the infimum of the C; > 0 such that (8) holds. An
intrinsic Lipschitz (continuous) function, with Lipschitz constant C, > 0, is called a
C'-Lipschitz function. We will call a set S C G an intrinsic Lipschitz graph if there
exists an intrinsic Lipschitz function ¢: O C W — H such that S = graph (¢) for
suitable complementary subgroups W and H.

We observe that the geometric definition of intrinsic Lipschitz graphs has equiv-
alent analytic forms (see Proposition 3.1.3. in [17]):

Proposition 2.15. Let W, H be complementary subgroups in G, ¢: O C W —
H and Cp > 0. Then the following statements are equivalent:

(1) ¢ is intrinsic C-Lipschitz in O.

(2) Pu(¢'d)l < CL|Pw(q~'¢)|| for all ¢,q € graph ().

(3) [|¢pg-1(a)|| < CLllal| for all ¢ € graph (¢) and a € Oy-1.

If p: O C W — H is intrinsic Cp-Lipschitz in O then it is continuous. Indeed if

®(0) = 0 then by the condition 3. of Proposition 2.15 ¢ is continuous in 0. To prove
the continuity in a € O, observe that ¢,-1 is continuous in 0, where ¢ = a¢(a).

Remark 2.16. In this paper we are interested mainly in the special case when
H is a horizontal subgroup and consequently W is a normal subgroup. Under these
assumptions, for all p = a¢(a),q = bo(b) € graph (¢) we have

Pu(p~'q) = ¢(a) 'o(b), Pw(p 'q) = ¢(a) 'a 'bg(a).
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Hence, if H is a horizontal subgroup, ¢: O C W — H is intrinsic Lipschitz if there
is C, > 0 such that

(9) lo(a)~"6(0)]| < CLlid(a)a™"b(a)l| for all a,b € O.

Moreover, if ¢ is intrinsic Lipschitz then ||¢(a) " a~'bp(a)]| is comparable with |[p~q]|.
Indeed from (4)

coll¢(a) " a™ 0g(a)|| < [lp~ gl
< ll¢(a)a™ b (a)|| + [[é(a) " S (D)
< (1+Cp)llé(a)~ a™"bo(a).

The quantity ||¢(a)"'a=bp(a)||, or better a symmetrized version of it, can play the
role of a ¢ dependent, quasi distance on O. See e.g. [3].

Remark 2.17. A map ¢ is intrinsic C-Lipschitz if and only if the distance of
two points ¢, ¢ € graph(¢) is bounded by the norm of the projection of ¢~'¢’ on the
domain O. Precisely ¢: O C W — H is intrinsic Cp-Lipschitz in O if and only if
there exists a constant C; > 0 satisfying

la 'd'|| < ClIPw(g'd)I,

for all ¢, ¢ € graph (¢). Moreover the relations between C; and the Lipschitz constant
C}, of ¢ follow from (4). In fact if ¢ is intrinsic Cp-Lipschitz in O then

lg™d'll < 1Pw(qg ' d)ll + IPula™ )l < (1 + Co)lIPw(a"d)l|
for all ¢,q € graph (¢). Conversely if ||¢7'¢'|| < co(1+ CL)|Pw(q™'¢)|| then
IPr(e"d)]l < CLlPw(a'd)l|
for all q,q" € graph (¢), i.e. the condition 2. of Proposition 2.15 holds.

We observe that in Euclidean spaces intrinsic Lipschitz maps are the same as
Lipschitz maps. The converse is not true (see Example 2.3.9in [16]) and if o: W — H
is intrinsic Lipschitz then this does not yield the existence of a constant C' such that

lp(a)ro(b)|| < Clla™'b| for a,b € W

not even locally. In Proposition 3.1.8 in [17] the authors proved that the intrinsic
Lipschitz functions, even if non metric Lipschitz, nevertheless are Holder continuous.

Proposition 2.18. Let W, H be complementary subgroups in G and ¢: O C
W — H be an intrinsic C'-Lipschitz function. Then, for all r > 0,

(1) there is Cy = Cy(¢,r) > 0 such that
|lp(a)|| < Cy  for all a € O with ||a|]| <7
(2) there is Cy = Co(CL,r) > 0 such that ¢ is locally 1/k-Hélder continuous i.e.
l¢(a)" o(B)|| < Colla™"b||V*  for all a,b with |al], [|B]] < r
where k is the step of G.
Now we present a result which we will use later:

Proposition 2.19. |11, Proposition 3.6] Let H, W be complementary subgroups
of G with H horizontal. Let O be open in W and ¢: O — H be u.i.d. in O. Then

(1) ¢ is intrinsic Lipschitz continuous in every relatively compact subset of O.
(2) the function a — d¢, is continuous in O.
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Finally, we recall the following Rademacher type theorem, proved in [16, Theo-
rem 4.3.5].

Theorem 2.20. Let G = W -H be a topologically N-dimensional Carnot group
of step 2 with H horizontal and one dimensional and let ¢: O — H be an intrinsic

Lipschitz function, where O is a relatively open subset of W. Then ¢ is intrinsic
differentiable (LYN~'LW)-a.e. in O. Notice that LN 'L'W is the Haar measure
of W.

3. Carnot groups of step 2

In this section we present Carnot groups of step 2 as in Chapter 3 of [7]. According
to (1), the group operation of a Carnot group G := (R™*",-) of step 2 is

pra=@ +¢,p°"+¢+ Q' q"))
for every p = (p',p?), ¢ = (¢*, ¢?) € G, where Q*> = (Q;,...,9,) : R" x R™ — R"
and by Proposition 2.2.22 (4) in [7] we have

= s 1 s
Qs<p17q1) = Z bjl(qul _pl%) = 5(8( )p17q1>7 for s = 17 NP

]7l:1

where B®) is skew-symmetric m x m real matrix and B¢ = (b(f));’}:l. For any n

J
linearly independent, skew-symmetric m x m real matrices BY, ... B™ such that
for all p = (p*, p?) and ¢ = (¢',¢*) € R™ x R™ and for all A > 0

1
(10) p-q=(p1+q1,p2+q2+§<3p1,q1)),

where (Bp', ¢') := ((BWp', ¢"), ..., (B™p', ¢")) and (-, -) is the inner product in R™
and
5)\p = ()\p17 )‘2p2>7
the group G := (R™"" - 0,) is a Carnot group of step 2 with R™ the horizontal
layer and R™ the vertical layer (see Proposition 3.2.1 and Theorem 3.2.2 in [7]).
We make the following choice of the homogeneous norm in G:

I, ) = mase { ' e, el 17}

for a suitable € € (0, 1] (for the existence of such an € > 0 see Theorem 5.1 in [20]).
We recall also that p~' = (—p', —p?) (see (2)) and there is ¢; > 1 such that for all

p=("p’) €G
(11) it (1! {) < ol < er (I + 1217

From now on we will depart slightly from the notations of the previous sections.
Precisely, instead of writing p = (p1, .. ., Pmin) We will write

Rm™ + |p2

P=(T1, s Ty Y1y, Yn)-

With this notation, when B®) := (bﬁ));”’lzl, a basis of the Lie algebra g of G, is given
by the m + n left invariant vector fields

1 n m 5
(12) X;(p) = syt 5 > > b5 0B, Yilp) =y,

s=1 I=1
where j=1,...,m,and s=1,...,n.
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Remark 3.1. The space of skew-symmetric m x m matrices has dimension

m(”;_l). Hence in any Carnot group G of step 2 the dimensions m of the horizontal

layer and n of the vertical layer are related by the inequality

m(m — 1)
—
Remark 3.2. Heisenberg groups H¥ = R?* x R are Carnot groups of step 2 and
the group law is of the form (10) with

(1) _ 0 Ik
5= (4% %),
where Z;, is the k£ x k identity matrix.
More generally, H-type groups are examples of Carnot groups of step 2 (see

Definition 3.6.1 and Remark 3.6.7 in [7]). The composition law is of the form (10)
where the matrices B, ..., B™ have the following additional properties:

(1) B®) is an m x m orthogonal matrix for all s = 1,...n,

(2) B®BO = —BOBG) for every s,1=1,...,n with s # [.

Any H-type group is a H-group in the sense of Métivier, or a HM-group in short
(see Section 3.7 in [7]), which is also example of Carnot groups of step 2. Here the
composition law is of the form (10) with the following additional condition: every
non-vanishing linear combination of the matrices B*)’s is non-singular.

Another example of Carnot groups of step 2 is provided by the class F,, s of
free groups of step-2 (see Section 3.3 in [7]). Here F,,» = R™ X R™% " and the
composition law (10) is defined by the matrices B®) = B¢9) where 1 < j <1 < m
and B9 has entries —1 in position (, j), 1 in position (j,1) and 0 everywhere else.

Notice that Heisenberg groups are H-type groups while H! is also a free step-2
group.

3.1. The intrinsic gradient. Let G = (R™™" - §,) be a Carnot group of step
2 as above and W, V be complementary subgroups in G with V horizontal and one
dimensional.

Remark 3.3. To keep notations simpler, through all this section we assume,
without loss of generality, that the complementary subgroups W, V are

(13) Vo= {(21,0...,0)}, W :={(0,2,...,2mn)}.

This amounts simply to a linear change of variables in the first layer of the algebra
g. If we denote M a non singular m x m matrix, the linear change of coordinates
associated to M is

p=(p',p?) = (Mp',p?).
The new composition law x in R™*" obtained by writing - in the new coordinates,
is

1 =~
(Mp', p*) x (Mq", ¢*) == (Mp' + Mq" . p* + ¢ + §<3Mp1,/\/lq1>),

where B := (BW, ..., B™) and B = (M TBEOM for s = 1,...,n. It is easy
to check that the matrices BV, ..., B™ are skew-symmetric and that (R™*", x, 6,)
is a Carnot groups of step 2 isomorphic to G = (R . 4,).

Remark 3.4. Notice that the constants which appear in Lemma 5.4, Propo-
sition 5.5 and Theorem 5.7 depend on the choice (V, W). Moreover, the constant



Intrinsic Lipschitz graphs in Carnot groups of step 2 1029

of Lemma 5.4 is the same if we consider (V',W’) with V' one dimensional and
orthogonal to W.

When V and W are defined as in (13) there is a natural inclusion 7: R™"~ ! —
W such that, for all (zo,...2Tm, Y1, .., ys) € R™TL

i((z2y T, Y1y -5 Yn)) = (0,29, . Ty, Y1y -+ - Yn) € WL

If O and ¢ are respectively an open set in R™"! and a function ¢: O — R we
denote O :=i(0) € W and ¢: O — V the function defined as

(14) é(i(a)) == (¢(a),0,...,0)
for all a € O.

From Theorem 2.13, if gb ® Cc W — V is such that graph (qb) is locally a non
critical level set of f € C§(G,R) with X;f # 0, then ¢ is wid. in O and the

following representation of the intrinsic gradient Vd’qﬁ holds

(15) Vi) = - (ko ) (- o)

for all p € 0. .
In Proposition 3.5 we prove a different explicit expression of V¢, not involving
f, but only derivatives of the real valued function ¢.

Proposition 3.5. [11, Proposition 5.4| Let G := (R™*™, -, §,) be a Carnot group
of step 2 and V, W the complementary subgroups defined in (13). Let U be open
in G, f € Cgx(U,R) with X;f > 0 and assume that S := {p € U: f(p) = 0} is non
empty. Then

(i) for every p € U there exist U' open neighbourhood of pin G,O open in W

and 1: O = V such that SNU' = graph (¢) NU'. Moreover 1 is u.id.
in O and the distributional intrinsic gradient in the sense of Definition 3.2
(D;%b, ..., D¥1)) of the associated function v: O — R is defined as

(16) DYy = X¢+¢Z Yap, for j=2,....m

Moreover, the distributional intrinsic gradient of 1 has a continuous repre-
sentative, which is V¥ (continuous because of (15)), i.e

V() = (DY), Dhl)

holds in the sense of distribution.
(ii) The subgraph € := {p € U: f(p) < 0} has locally finite G-perimeter in U
and its G-perimeter measure |0€|g has the integral representation

06| (F) = le 1+ 1999

for every Borel set F C U where &: O — G is defined as ®(a) := i(a)-¥(i(a))
for all a € O.

From Proposition 3.5, if graph (¢) is a G-regular hypersurface, the intrinsic gra-
dient of ¢ takes the explicit form given in (16). This motivates the definitions of the
operators intrinsic horizontal gradient and intrinsic derivatives.

2R‘m7 1 d£m+”— !
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Definition 3.1. Let O be open in R™™ ! ¢: ©® — R be continuous in O.

The intrinsic derivatives Dj), for y = 2,...,m, are the differential operators with
continuous coefficients

—0 +Z<¢b]1+ Z b]z> Ys — J|W+¢ijl 5|W>

where, in the second line with abuse of notation, we denote with the same symbols X;
and Y; the vector fields acting on functions defined in O. If ¢ := (4,0,...,0): O —
V, we denote intrinsic horizontal gradient V¢ the differential operator

V%= (DS,.... D).

Remark 3.6. We emphasize that the intrinsic horizontal gradient V%ﬁ defined
after Definition 3.1 and the continuous representative of the distributional intrinsic
gradient as in (7) are different; but according to the approximation argument of
Proposition 3.5, they are equal in distributional sense.

Definition 3.2. (Distributional solution) Let O C R™™~! be open and w =

(way ... W) € L (O, R™ 1) . We say that ¢ € C(O,R) is a distributional solution
in O of the non-linear first order PDE’s system
(17) (D$6,.... Do) = w

if for every ¢ € CL(O,R)

/ <XC+¢Zb(S ) £m+"-1:—/owjgdﬁm+"-1

forj=2,...,m

Remark 3.7. Let m > 2 and O be a connected set. If the vector fields
DS’ ,...,D? are smooth we know that it is possible to connect each couple of points
a and b in O with a piecewise continuous integral curve of horizontal vector fields.
This means that there is an absolutely continuous curve v : [t1,ts] — O from a to b
such that —oco < t; <ty < 400 and

(18) () =Y hi(t) DY (qu(t))  ae. t € (t1,1s)
j=2
with h = (ha, ..., hy): [t1, 2] — R™™1 a piecewise continuous function. In our case

the vector fields Df are only continuous, and consequently the global existence of ~;,
is not sure.

Proposition 3.8. Let G := (R™" . §,) be a Carnot group of step 2 and V,
W the complementary subgroups defined in (13). Let ¢: O — V be an intrinsic C-
Lipschitz function, where O is open in W and ¢: O — R is the map associated to ¢
as in (14). If v: [t1,ts] — O satisfies the condition (18), then [ty,ts] D t — ¢(y(t)) is
Lipschitz continuous.

Proof. The proof of this statement is similar to the one of Proposition 3.8 in [9]

in the context of Heisenberg groups. For simplicity we define 4(t) := i(y(t)) € O.
We would like to show that there exists C; > 0 such that

(19) I6GH(E) A AE)SE W) < Ci(t — 1)
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for all t € [t1,t5]. In fact since ¢3 is an intrinsic C';-Lipschitz function and recall
Remark 2.16 we have

~

[6(3(£) = d(r(E))] < Colld(3(8) AT A(E)S(A D) < CLCalt —t).

By hypothesis v = 73 [t1,t2] — O is an absolutely continuous curve satisfying
(18) with a piecewise continuous function h = (ha,..., hy,) € LZ((t,t2), R™1)
and v,(t1) = a = (z,y), Ww(ts) = b = (2/,y'). More precisely, we have v,(t) =
(2(t), .., xm(t), ya(t), -, yn(t)) = (24(t), v1(t), ..., yn(t)) such that

(20) () — 2 = /tt h(r)dr forall € [tta], [€2,. .. m,
(21) ut) — 4, = f;(b‘” / () dr
%i (:)sl—l—/l (’)dr’)/tlthj(r)dr)

for all t € (t1,t5), s=1,...,n.
Now we consider

os(b,a) :=

—y.+ &b (lzj; T — 1)) bgl ) — —<B(s x :):>‘1/2.

s=1
If we put ||Bl|e = max{bgj) |i,j=1,...,m, s=1,...,n}, then it easy to see that
(22) 04(b,a) < 04(a,b) + v/ [[Bllc|$a) — 6(b)]| — /|57

and, recalling (11), if b = 7,(¢), then

~

64O EIGE W] < e (I = 2, (Dl + 00, (1))
v/ TBllcle = 2, (Dl 160(0) — 6(@)]2).

Since qg is intrinsic C'-Lipschitz, it follows

v/ [Blleol — 5 (D)1 |6 (0n() — ()2
< n\/anBnoom—m L1805 5002
< OBl s o (s + L1000 5000

for all t € [t;,15]. From (20)
() 2= (1) s < (= 1)t — )bl ey oty

and, consequently, if we put M; := ¢;(m — 1)(2 + CL||B||oon?), then

(24) 117 (1) () A (0)SE ) < 2e106(a (1)) + Myt = t)[[ll (11 420, mm1)-
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Hence it remains to estimate osla

/‘\

(t)). By (20) and (21) we observe that

» Vh
n m t
7o(a () =313 <b§-i’ [ mitr)senr) dr
s=11j=2 t
1 m ) r t
+ 52[%? (fﬁl +/ h’l('f’/) d'f’)/ h](r) dr
1=2 t t
m + 1/2
()3 b / W) dr — ~(B9 2, 2. (1))
1=2 1
with
m t m
> by / hi(r) dr — (B®w,x, (1)) = 3wy (a;(8) — 25) — (B, (1) — 2) =
1,j=2 t1 1,j=2
and
I~ (o [" ¢ 1
520 [ e [y GBI = 12 = 0P e
l7j:2 1 1

Hence, remembering that ¢ is intrinsic C'p-Lipschitz function, it follows

san) < 0[S0 / () (Bla) — oo () dr

s=1"'75=2

v 2||Bll (

+ . m = ) (t = t1)||hl 2ot t2) R 1)
</ |[BllooCr(m — 1)(t — t1) || ]| Y2

L°((t1,t2),Rm~ 1)

 max 1E(3(£) () At (3 (1)) ||
+ 2||28H°°n(m

Since (24) holds, we conclude that
max {|6(3(6)) 74 (6) T (E)SFE) ] < Mt — ta) | All (e ) m-1)

te[t1,to]
+ 20/ Bl Cr(m — 1)t — )12 0y 1y ey
- max[|¢(3(4) 7 A1) T A () o (A ()]

tefty,ta)

1/2

- 1)(t - tl)||h||[,°°((t1,t2)7R"”*1)

2||Bllcccrn(m = 1)(t = 1) Al oo ((er 2).00m-1)

< (M1 + 8cin?(m — 1)||B|looCL + /2| Bl ecin(m — 1))

1 a LA\ e
(= a)llll o rnny + 5 max {67 ST ()G )]

(25)

= 22— )Ml ey + e D344

2 telt1,t2)

Consequently for all ¢ € [t, t5]
(26)  [16(3(£) A A (t) SN < Ma(t = t) IRl 2oy ey rm-1) =2 Cult — 1),
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i.e. (19) holds. O

Remark 3.9. Notice that in Theorem 4.2.16 in [28], it is proved, in general
setting of Carnot groups, the statement of Proposition 3.8 but just for horizontal
curves 7: [ty, 3] — O with constant controls h;(t) = h; in (18).

4. Caccioppoli sets

Let G be a Carnot group of step 2. Let S™ ! be the unit sphere of R™ and
v e S ie v € R™ and |[v|[gm = 1. By abuse of notation we identify v =
(v1,. ., V) ER™ and v = (1,0,...,0) € G.

Fix p = (p',p?) € G with p' € R™, p* € R". Let v(p) = (p,v)v € G and we
define v+ (p) € G as the unique point such that

p=v"(p)-v(p).

More precisely,

1
) = (= 0 = S0 B ).
We denote by v+ = {p = (p',p?) € G: (p*,v) = 0} the orthogonal complement of v
in G. It is clear that v1(p) € v+ for every p € G. We observe that if v = (1,0, ...,0),
then

VJ_(p> = Pw, V(p) = Pv,
where W, 'V are the complementary subgroups defined as (13). Precisely, for v €

S™=! we have V,, = {(tv,0...,0): t € R} and W, = vt x R™. Moreover according
to Definition 2.10, the set

{ge G: [lv-(p gl < Blvp I}

is an intrinsic cone with vertex p, opening § > 0 and axis specified by v.

The main results of this section are Theorem 4.1 and Theorem 4.2. We show that
the boundary of set with finite G-perimeter and having a bound on the orientation of
the measure theoretic normal is an intrinsic graph of an intrinsic Lipschitz function.

The proof of Theorem 4.1 is based on the following observation: if we start from
a point of ENOU (0, r) with positive lower density and we move for a short time along
a horizontal direction near v, then we remain in the set of positive lower density of
E. We can then show that for each point of N oU(0,r) there is a truncated lateral
cone with fixed opening that is contained in £. We use a similar technique exploited
in Theorem 1.1 in [34] in the context of Heisenberg groups.

Theorem 4.1 will later be applied in Section 6 to prove the smooth approximation
theorem for intrinsic Lipschitz maps (see Theorem 6.1).

Theorem 4.1. Let G be a Carnot group of step 2 and let E C G be a set
with finite G-perimeter in U(0, ), vy be the measure theoretic inward normal of E
and v € S™ 1. Assume that there exists k € (0,1) such that (vg(p),v) < —k for
|OE|g-a.e. p € U(0,7). Then there exists 5 > 0 such that possibly modifying E in a
negligible set, we get for every p € OE NU(0, )

(27) {a cU(0,r): [l-(p ')l < =Bp~'q.v)} C E,
(28) {acu(0,r): v~ 9)ll < B{p~'q,v)} C G - E.
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Theorem 4.2. Under the same assumptions of Theorem 4.1, possibly modifying
E on a negligible set, the set OENU(0, 1) is the intrinsic graph of an intrinsic Lipschitz
function.

Firstly we prove some preliminary results.

Lemma 4.3. Let G be a Carnot group of step 2 and let £ C G be a locally
finite G-perimeter set. Then for all U(p,r) with p € G and r > 0, if we consider a
horizontal left invariant vector field Z satisfying

(20) /E Z€dL™ <0 Ve € CU(p. ) R), € >0,

for each L™*"-measurable set F' C U(p,r), we obtain
LTTENE) < L™"(ENexptZ(F))
for all t > 0 such that exptZ(F) C U(p,r).

Proof. We use the similar technique exploited in Lemma 2.1 in [34] in the context
of Heisenberg groups. Let (0, r) with r > 0. Notice that because the homogeneous
norm is invariant we can assume p = 0. Moreover thanks to Remark 3.3, without
loss of generality, we also assume Z = Xj.

We consider the map ©: G — G given by

@(p) = eXPp1X1(07p2u s 7pm+n)-
It is a global diffeomorphism and it satisfies
(30) detdO(p) =1 and ©O.(0,,) = X;.

where d© denotes the differential of ©. If we put F; := ©7'(E) and F; := 07'(F),
then

(31) @(tel + Fl) = exp(tXl(F)), te R

with e; = (1,0,...,0) € R™™. Moreover for all § € CL(©~*(U(0,7)),R) with § > 0
we define £(q) := ( (q)) and consequently by (29) and (30)

/E Oy, B(p) AL (p) = /E X,€(g) dL™ 7 (g) < 0.

Hence by Fubini-Tonelli Theorem and by a standard approximation argument we
know that the function ¢ — g, (p+te;) is increasing for L™ "-a.e. p € O~ 1({U(0, 1))
as long as p+te; € ©71(U(0,7)). Then for a certain ¢ > 0, using again Fubini-Tonelli
Theorem we obtain

LrE N ) = / / v () (p) dLAL™
Rmitn-1 JR

< / / X (ter + p)xr (p) dLAL™
Rernfl R

B / / XEI (p)Xtel +Fy (p> d£d£m+n_1
Rmtn—1 JR
= L™ (BN (tey + F)).

Finally by the last inequality, (30) and (31) we obtain
LT ENF) < L™ENexp(tX,(F))).
Consequently the proof is complete. O
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Lemma 4.4. Let G be a Carnot group of step 2. If k € (0, 1], then there exists
B = B(k) > 0 such that for all v € S™ ! and p = (p',p?) € G satisfying

(32) |l = max{\pl v P{} < —Bh ),

1
e, €[p® — S {p', v)(Bp',v)

2
there exist ny,...,n, € R"™ such that for all s =1,...,n,
V1—k nlgm V1—k|p' —nlrm
<1’]S,I/>§— <p _nsal/)S_ )
(33) 1+ [[Bll 1+ [|Bl
p* = (B, p"), ... (B, p")),
where || B|| = max{bﬁ): s=1,...nand j,l =1,...,m}.

Proof. We split the proof of this lemma in several steps.

Step 1. If m = 2 and n = 1, then the thesis follows from Step 1 of the proof of
Proposition 2.2 in [34] with the constant bj2 # 0 instead of 1. Indeed, running the
computation, in our case, we have

0 b
(1) — 12
5 (—b12 0 )

with b2 # 0 and 8 > 0 is a number satisfying

B b 3bioh . k2
4 LA e th h=y/——
(34) B(é 2 )="8 ™ 2 k2

/{?2
2
< .
(35) e

Step 2. We generalize the statement from m = 2 to arbitrary m. Here n = 1.
Let (p',p?) € R™ x R be a point satisfying (32) relatively to v. We denote A =
span{p', BWp'} and we consider the orthogonal projection of v onto A by
((p',v) + (BUp", ) (p* + BYp!)

Pt + BUp! i '

AV =

If we put

and £ = |mav/,
then by (32) we conclude that

(36)

<¢<1,
(1+ [1Bloo) /1 + 82
where [|B||oc = max{bj;: j,l = 1,...,m}. Now we observe that if (p',p?) satisfies
(32) relatively to v, then (p',p?) with p* = p?/&? satisfies (32) relatively to 7 with
the same 3, indeed

1
elp® — 5(191, v)(BYp! )2 < —B(p',v)
(37)

1
— €‘]§2—5(]9171))(8(1)]91’&”1/2 < _B<p17ﬁ>
Moreover, if [prm < —/1 + 52(p!, V), then

(38) p'|rm < —EV1+ 2" 0) < —/14 B2(p', D)




1036 Daniela Di Donato

and consequently |p' — (p!, D)D|grm < —B(p', D). By Step 1 we know that there exists
7 € A such that p?> = (BW#, p'), where n = £24 solves p?> = (BMn, p'). Moreover,

- k2 1. k2
(39) (7)< —\[1=Flilrn and (p" —17,0) < —\[1 = |p" g
Taking into account (35), (36) and (39) we get the first inequality in (33), indeed
L2
(n,v) =&, 0) < &, 0) < =Elnlrm\[1 =5

/ k2
< —[nlrm Lo < _lnlrnvI = k2
- A+ 1Ble)v/I+52 — 1+ 1Bl
Finally, using (39)

' —nv) =@ =) =P =)+ (1 -)p'v)
= §3<p1 - ﬁa ID) + 6(1 - 62)<p17 l)>
2
<@ (1= 5 W il )60 - 00,9)
and by (36) and (38)

k2 —[p'|rm
1 _ < 41 == 2,1 . 1— 2
(p 77,1/>_€< 5 1€ —nlr )+( 5)(1+HBHOO) —
B k2_2 |€2p1 . 77|Rm . |(1 B 62)p1|Rm

(14 |Blo)V/1+ B2 (1+[|Blao)/1+ 52
VIR €D~ plre — (1= €)p' [rn VT — K2
1+ B,

IA

<_\/1_k2‘pl_ﬁR7n
B L+ [Blle

i.e. the second inequality in (33) follows.

Step 3. We generalize the statement from n = 1 to arbitrary n. Here m is a
natural number larger than 2. This is the main difference in the case of Heisenberg
groups; indeed in Heisenberg groups there is only one vertical coordinate (i.e. n = 1).

Let (p', p?) be a point satisfying (32) relatively to v with p*> = (D1 .-+, Prmin)-
By (32), we have that

el ——<p D) (Bp', D) < —B{p', ¥)

and this implies

1
5 P ) (BP0 < =B, )
for all s = 1,...n. Consequently, the point (p!, ppis) € R™ X R with s = Dimss/E2
satisfies (32) relatively to  with the same 5. By Step 2 there exists 1, € R™ such

that

Mg, V) < ———o V1 — K2 IR, (p'—05,0) < ———o V1 — K2 |p' — 14 |mom.
1+ IIBlloo 1+ IIBlloo

Repeating this argument for each s, we obtain that there are 7,...,n, € R™ such
that (33) holds.

€‘ﬁm+s -
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Hence the proof of lemma is complete. O
Now we are able to show the proof of Theorem 4.1.

Proof of Theorem 4.1. Possibly modifying E in a £™""-negligible set, we can
assume that F coincides with the set of points where E has positive lower density.
Precisely

m+n
E:{pGG: lir(sniglfﬁ (ENU(p.9)) >0},

Lm(Ue(p, 0))
where U, (p, ) is the Euclidean ball centered at p having radius § > 0.
Let 8 = (k) > 0 as in Lemma 4.4. We would like to show that for every p € £

(40) {geu(0,r): v ('l < —B{p~'¢,¥)} C E.
First we define
Ai(p) := {exptZ,(p) €U0, 7r): t > 0,u €SP}
where S;*7! == {u € S™ L (u,v) < —71“'2”00@}, 1Bl = max{bgfz): s =
1,...nand j,l =1,...,m} and Z, is the left invariant vector field
Zy=mX1+ -+ Xy, for p=(p,..., 1m) € Skm_l.
For any ¢ € CL(U(0,7),R) such that £ > 0 and for all € S~ it follows

/ Zu§ d£m+n = —/ 5(,u, VE> d‘aE‘G < 0.
E u(o,r)

Indeed we know that (u,vg(p)) > 0 for |0F|g-a.e. p € U(0,r) because (u,v) <
—m\/l —k? and (vg,v) < —k. Then using Lemma 4.3 we conclude that if

p € ENU,r), t > 0 is such that exptZ,(p) € U(0,7) and § > 0 is small enough,
then
LT ENexptZ,(Ue(p,0))) > L"(ENUp,9)).
Moreover, by L™ (exp tZ,(Ue.(p,d))) = L™ (U.(p, d)) we deduce
. LT ENexptZ, (Ue(p,d))) _ .. . LT™T(ENUp,9))
1 f - ‘ > 1 f .
B0 L (eptZUe(p.0) T om0 L Up9))
and consequently the point ¢ = exptZ,(p) satisfies
. L"T(ENU(g,0))
1 f
B0t L (U (g,9))
This implies that exptZ,(p) € E and A;(p) C E. Now if p =0 € E, then

A (0) = {exptZ,(0) € U(0,r): t >0, p €SP '}

1
={(n,00eG:neR™, (nv)< ——r -
1+ [1Bllo

Moreover, if we consider the conditions (33) of Lemma 4.4 and we define

Ay = {exptZ,(n,0) € U0,7): t >0, €SP, (n,0) € A (0)},

>0

> 0.

nvV1—k2 |n| <r}.

then
Ay = {(p",p*) € G: there are 1y, ..., 0, € R™, |n,|rm < 7 such that (33) holds}
and Ay C E. Hence by Proposition 4.4 we obtain
{acu(0,r): V" (gl < —Bla,v)} C A C E,
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i.e. (27) is true in the case p = 0. The inclusion (27) follows for each p € E from the
case p = 0 by a left translation.

Now we consider G — E where vg_gp = —vg in U(0,7). We can repeat the
previous argument and we obtain for each P where G — E has positive lower density,
(41) {acU(0.r): v~ 9l < B~ 'q, 1)} C G- E.

Precisely (41) holds for all p € U(0,r) — E because G — E has density 1 at such p.
Approximating a point p € OENU(0,r) with a sequence of points in ENU (0, r),

from (40) we obtain (27). Moreover, approximating a point p with a sequence of

points in U(0,r) — E, using (41), (28) holds. Possibly we have to take a smaller

B. OJ
Finally we are able to show the proof of Theorem 4.2.

Proof of Theorem 4.2. Let P,.: G — vt be the projection map. By (40) we
have that P, (ENU(0,r)) is open set in P, (U(0, 7)) and relatively open in v+. Let

O:={peP,.(ENU0,r)): there is t € R such that exptZ,(p) € U(0,r) — E}.

By (40) and (41) we deduce that O is relatively open in P,.(24(0,r)) and so in vt
Then from Theorem 4.1, the function ¢ = ¢rv: O — G (see (14)) defined as

o(p) :=sup{t € R: exptZ,(p) € U(0,7) and xg(exptZ,(p)) = 1},

is intrinsic Lipschitz map because graph (¢)N{Q € U(0,7): vt (p~2¢)|| < Blp~q,v)} =
() (see Definition 2.11) and

OENU0,7) = {p-d(p): p € O},

i.e. the thesis is true. ]

5. Area formula in Carnot groups of step 2

Area formula with respect to the spherical Hausdorff measure for the graph of an
intrinsic Lipschitz function has been obtained in the context of Heisenberg groups in
[9]. Here we give the area formula with respect to the spherical Hausdorff measure
for the intrinsic Lipschitz graph in Carnot groups of step 2 (see Theorem 5.7); the
proof is based on Theorem 1.6 in [9]. Moreover, Proposition 5.6 proves that the
pointwise gradient coincides with the weak one; this statement is the counterpart
of Proposition 4.7 in [9] inside Heisenberg groups. We observe that this fact is not
elementary at all in our situation, since the V‘% is not well defined when ¢ is an
intrinsic Lipschitz function; however, we emphasize the fact that it exists almost
everywhere: indeed if QS is an intrinsic Lipschitz function, then by Theorem 2.20
we know that qb is intrinsic differentiable a.e. in O and, for all point of intrinsic
differentiability of qb, there exists a unique intrinsic differential of ¢ at this point
defined as (6).

In this section we examine a Carnot group G of step 2 and V, W are the
complementary subgroups defined in (13).

Let gb ® — V be intrinsic Lipschitz function, where O is an open in W and
¢: O — R is the map associated to ¢ as in (14). We recall that ®: @ — G is the
graph map of ngS defined as

(a) = i(a) - $(i(a)).
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In [16], the authors show the following proposition about the intrinsic subgraph
of an intrinsic Lipschitz map:

(42) E=¢&;:={i(a)-(t,0,...,00 € O-V:t < ¢(a)}.
Proposition 5.1. [16, Theorem 4.2.9] If : O — V is intrinsic Lipschitz, then
the subgraph & of ¢ is a set with locally finite G-perimeter.

We begin with a result about the intrinsic generalized inward normal ve (see
Section 2.2) to the intrinsic subgraph:

Lemma 5.2. Let G := (R™™ - §)) be a Carnot group of step 2 and V, W the
complementary subgroups defined in (13). Let ¢: O — V be an intrinsic Lipschitz

function, where O is an open subset of W and ¢: O — R is the map associated to (ZS
as in (14). Then the intrinsic generalized inward normal vg to the intrinsic subgraph
€ in G has the following representation

1 Vo(i(a)
U V@) Bt 1+ 1990000

(43) ve (B(a)) =

for a.e. a € O.

Proof. By Theorem 2.20, Theorem 2.5 and Theorem 2.10 we have that ngS is
intrinsic differentiable a.e. in O and for all i(a) € O point of intrinsic differentiability
of ¢, there exists a unique d¢;,): W — V intrinsic differential of ¢ at i(a) such that

graph (dél(a)) = {(pb s >pm+n) € G: Z Vé])(q)(a))p] = 0} ,
j=1

where l/él), ceey l/ém) are the components of vg. Then we obtain

{b-d@-(a)(b) €G:be w} = {(pl, e Pmin) € G Zyg)(@(a))pj = 0} .

By (6) there is (D§é(a), . .., Dgé(a)) € R™ " associated to dgy,) such that

diay (b (ZD% a)z;,0,.. ., )

for all b = (0,29,...,Zm,Y1,---,Yn) € W, and consequently recalling that (b -
doi(a)(b))* = (>, ngb(a)xj, To, ..., Ty) we deduce

)Y Dydla)a; + 3 v (@(a))z; =0

for all b = (0,29,...,Zm, Y1, ..., yn) € W. The thesis follows choosing b = (0,...,0,
1,0,...,0) where j-th element is 1 for j = 2,...,m and recalling that |vg(®(a))|gm =
lae. in O. U

Using the fact that every intrinsic Lipschitz function is differentiable almost ev-
erywhere, we have the following proposition.
Proposition 5.3. Let G := (R™" . §,) be a Carnot group of step 2 and V,

W the complementary subgroups defined in (13). Let ¢: O — V be an intrinsic
C'-Lipschitz function, where O is open and bounded in W and ¢: O — R is the
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map associated to ¢ as in (14). Then the intrinsic gradient V‘ZB(Z;, which is defined
LM g.e. in O, satisfies

(44) ||V$<ZA5H£°°(O,R7%1) <C L™ lae a€O,

where C' = C(n,m,Cr,B®) > 0. As a consequence Ve € L>(0,R™1).

Proof. Firstly we define, for all j = 2...,m and a € O, the exponential map of
the vector field Df [—0,8] 2t — ~i(t) := exp(tDj’)(a) € O as

74 = Dj o,
7(0) = a.

This map is well-defined for 6 > 0 small enough. Let us now fix ¢ € [—d,d] and

Jj =2,...,m and consider h(s) := te; and y(s) := exp(tsD;?)(a) if s € [0,1]. Then

by (25) and (26)

(45) (i (a ) i) adli(vi (DI < Cltl, Wt € [=6,4],

for every j =2,...,m.

Finally using the same argument contained in the proof of Proposition 5.6 in [11]
(see Proposition 3.7 in [3] in the context of Heisenberg groups), it can be proved that,
at each point a € O where ¢ is intrinsic differentiable

¢(exp(tD?)(a)) — ¢(a)

() — 1i :
ngb(a)—lg% : Vi=2,....m
In the end by this equality and (45), (44) holds. O

Lemma 5.4. [16, Lemma 4.2.10] Let ¢: O — V be an intrinsic Lipschitz func-
tion. Then there exists C(W, V) > 0 such that

(@), (L™ W) = —C(W, V)iV |0€|q,

where (@), (L™ 'L W) denotes the image of L™ 'L W under the map ® and

I/él) is the first component of the intrinsic generalized inward normal to the intrinsic

subgraph £.
Proposition 5.5. Let G := (R™"" - §,) be a Carnot group of step 2 and V,
W the complementary subgroups defined in (13). Let ¢: O — V be an intrinsic

Lipschitz func}tjon, where O is an open subset of W and ¢: (’)A—> R is the map
associated to ¢ as in (14). Then for every £ = (&1,...,&,) € CLHO -V, R™) we have

. m4+n 1 . o) m+n—1
/glengﬁ + :m/oglo(b—];l)jgb(fo(b)jdﬁ + s

where C(W,V) > 0 is given by Lemma 5.4 and ®: O — G is the graph map of .

Proof. Thanks to Proposition 5.1 we know that £ is a set of locally finite perime-
ter in G and consequently by Structure Theorem of BV functions (see Theorem 2.1)

there exists a unique |9€|g-measurable function ve : O-V — R™ such that |vg|gm = 1
|0€|g-a.e. in O -V and

(46) /gdivGS d£m+n = — /@,V<§’ I/g) d|8€|G
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for all € € CH(O - V,R™) with |¢|g= < 1. Now using the Lemma 5.2 we have that

the first component V((gl) of vg is such that I/él) # 0 |0€]|g-a.e. in O - V. Moreover,
from Lemma 5.4 there exists C(W, V) > 0 such that

- [ tevdoela=- [ S0 e
oV oV v

£

_ 1 <£7V5> m+n—
_C(W,V)/o m A8 (LTTTILW).

Finally by a change of variables we conclude that

1 (&, vg) 1 B 1 / (ve o @, & 0 D) 1
W) Lo o WIS o e F

and consequently, by (43) for all £ = (&y,...,&,) € CLO -V, R™) with |¢|gm < 1

/diVGg d£m+n = —/ <§, I/g> d|85|G
£ oV

1 / (Ve 02,60 ®) | ppnsy
- C(W,V) v o @

4 = s L(aoe s S U com, ) agre

2’/6

I BN Pl g pmne
_C(W>V)/o<€l ® ;Dﬂb(f @»)dﬁ el

Hence putting together the last equality and (46) we obtain the thesis. U

Now we are going to prove that the intrinsic gradient of an intrinsic Lipschitz
function also agrees with the distributional gradient.

Proposition 5.6. Let G := (R™*™, - §,) be a Carnot group of step 2 and V, W
the complementary subgroups defined in (13). Let ngS: ® — V be an intrinsic Lips-
chitz function, where O is an open subset of W and ¢: O — R is the map associated
to ¢ as in (14). Then the intrinsic gradient (D3¢, ..., D% ) is also distributional,

ie.
o (seeeFomferr= e
© s=1 @)

for every ¢ € CLO,R) and j =2,...,m

Proof. Let M := ||¢||z~@©mr) < +00. By standard considerations there is a
sequence (¢p)nen C C2(O, R) converging uniformly to ¢ on each 0" € O. We would
like to prove that the sequence (DS" ¢y, . . ., D¢y )en converges to (D3, . .., D? ¢)
in the sense of distributions on each @' € O. Indeed, we start to show that

(48) /prqsnj demnt = lim / ZD%WJ el v e CHO,R™Y).

We denote by ®),: @ — G the graph map of ¢, = (61,0, ...,0) defined as ®p(a) :=
i(a)pn(i(a)) and &, the intrinsic subgraph of ¢p,. Therefore, by Proposition 5.5 we
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know that for each & = (¢,...,&,) € CHO -V, R™)

/diVG§ AL = : / & o0d— Z DI¢(¢ o @);dCm™m
£ “

C(W,V) Jo

where C(W,V) > 0 is given by Lemma 5.4. Moreover, by the uniform convergence
of ¢, to ¢ we conclude that

/ divgé dL™™ = lim divgédLm .

h—o00 gh

Now we recall that C! functions are uniformly intrinsic differentiable maps (see The-
orem 2.12) and consequently they are also locally intrinsic Lipschitz maps (see Propo-
sition 2.19). Hence we can apply Proposition 5.5 for every ¢, and we obtain that

En

1 m
divgg dL™" = o / §1o®y — Y DI gy(Eoy);dLm !

for every & € Ci(@ - V,R™). Finally, putting together the last three equalities we
have that

¢ m+n—1
WV/§10<I> ;ng o ®);dL

= lim W/ floq)h—ZD¢h¢h(§ cI)h) dLm+n—1

h—o00
7j=2

for all € € CL(O-V,R™).
Clearly, if we choose & = 0, then

(49) / > DI¢(§ o ®);dLm Tt = Jim / thqsh o ®yp); AL

If we consider
§(ia) - (£,0,...,0)) == n;(a)p(t)
with 7 = (2,...,9m) € Ci((’),Rm_l) and p € CL(R) such that p(t) = 1 for all

€ [-M—1,M+1], then £ = (0,&,...,&,) € CLO-V,R™) and by (49) we deduce
that

[ 3 Dotam@pota) ac 1)

h—o00

— tim [ 3" Dt onta)ny(@p(n(@) L™ a)

Hence since ¢, converges uniformly to ¢, there is h € N such that for all A > h and
for all a € spt(n) we have

(1) ¢n(a) € [-M =1, M +1];

(2) p(on(a)) =1

and consequently (48) follows.
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Now using again the uniformly convergence of ¢, to ¢ and (48) we conclude that
for all n = (2, ...,nm) € CL{O,R™ ) and for all j =2,...,m

/ D¢¢ n] Lm—i—n 1 _ hm D;?h ¢h nj d£m+n—1

— — lim cbh( inj +¢thJ1Ym) acmnt

h—o0
s=1
= - /O ¢ <Xj77j +o) bﬁ)Ysm) acm !
s=1
Then the thesis follows with ¢ =7; € CL(O,R) for each j =2,...,m. O

The following result is only shown for specific choice of metric: the metric d.,

Theorem 5.7. Let G := (R"™*", - 4,) be a Carnot group of step 2 and V, W the
complementary subgroups defined in (13). Let ¢: © = V be an intrinsic L1psch1tz

functlon where O € W is an open set and ¢: O — R is the map associated to gb as
in (14). Then there exists C(W, V) > (0 such that the following area formula holds

m+n—1
9|6 (O - V) W 7 /\/1+|V¢¢|Rm1 acmnt,

Moreover, if G is endowed with a distance dn,, there exists ¢ = ¢(G) > 0 such that
0€]c(0 - V) = eSTH(2(0)),
where S9! is the spherical Hausdorff measure on G and q = m + 2n.

Proof. Thanks to Proposition 5.1 and Theorem 2.1 we know that |0€|g is a Radon
measure. Then a classical approximation result ensures the existence of sequence
(£h>h€N = (£h71, cey £h,m)heN C Ci(@ : V, Rm) with |£h‘Rm S 1 such that

(50) & — ve |0€|g-ae. in O-V

and by Lemma 5.2 and Lemma 5.4 we have that £, 0 ® — ve o ® a.e. in O.
Moreover, using (47) in Proposition 5.5 we get that for all h € N

— 1 o _ S ¢ o . m+n—1
_/@.v(fh,l/5>d|05|c;— C’(W,V)/ogh’l d ;ngs(gh o), dLmL,

Hence taking the limit as h — oo in the last equality and by (50) and Lemma 5.2 we
conclude

m+n—1

10€]6(O - V) W 7 /\/1+|V¢¢|Rm1 dLmnt
Finally, |0€|c(O-V) = ¢S (®(0)) is a direct consequence of results of Theorem 2.4
and Theorem 2.5 (see also Theorem 1.3 in [31]). O

6. Smooth approximation for intrinsic lipschitz maps

In this section we characterize intrinsic Lipschitz functions as maps which can
be approximated by a sequence of smooth maps, with pointwise convergent intrinsic
gradient. The classical approximation by convolution does not apply because of
the nonlinearity of V%AS. Here we use a similar technique in [9] in the context of
Heisenberg groups. The strategy is somehow indirect, indeed we approximate in
Carnot groups of step 2 the intrinsic subgraph of intrinsic Lipschitz function qg, rather
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than the function itself. The key point is that the intrinsic subgraph of qg is a set
of locally finite G-perimeter (see Proposition 5.1). Indeed, in a similar way as in
Theorem 6.1 in [9], firstly we use Friedrichs’ mollifier to regularize the characteristic
function of the intrinsic subgraph of ngS with a family of functions (f,)a>0 which
satisfies Theorem 2.13. Then we consider the level set of (f,)a>0 Which defines a
family of functions (¢ )a>0. Finally we prove that (¢, )aso is the family of functions,
up to subsequence, that we were looking for.

Precisely, we prove the following theorem

Theorem 6.1. Let G := (R™*™ . §,) be a Carnot group of step 2 and V,
W the complementary subgroups defined in (13). Let ¢: O — V be an intrinsic
Lipschitz function,AWhere O is a bounded open subset ofWAand ¢: O — R is the
map associated to ¢ as in (14). Then there exists a sequence (¢y), C C>*(O, V) such
that

(1) on uniformly converges to ¢ in O,

(2) ‘Vjﬁhth(a” S ’|V¢¢||Ew(@7R7rL71) VCL € O, h € N,

(3) Vay(a) — V?¢(a) a.e. a € O.

Before stating the approximation theorem we need to recall the following results.

Theorem 6.2. |17, Theorem 4.0.5] Let W,V be complementary subgroups of
G with V horizontal and one dimensional. Let O be a Borel subset of W and
¢: O — V be an intrinsic C'p-Lipschitz function. Then there are ¢v: W — V and
C=0C(Cp,G,W,V)>C(Cy such that

(1) 4 is intrinsic C-Lipschitz in W,

(2) ¥(a) = ¢(a) foralla € O.

Proposition 6.3. [17, Proposition 4.0.8| Let ¢5: W — V be a family of intrinsic
C'1-Lipschitz functions. There is C' = C(Cp, G, W, V) > C, > 0 such that if we put

¢ = /1;5 bps

then either ¢ = —oo or ¢ is defined on all of W and it is intrinsic C-Lipschitz.
Analogously we can obtain the similar results for supge; ¢g.

Theorem 6.4. [39] Let f: R™™™ — R be a strictly convex function and let (gp)p,
and g be in L'(Q, R™™), where Q C R™™. If

(1) gn — g weakly in L}(Q, R™"),

(2) Jo fogndL™™ = [o fogdlm™™,
then g, — g strongly in £'(2, R™™).

Proof of Theorem 6.1. Without loss of generality, we can assume that QAS: W —
V. Indeed, by Proposition 2.18 (2), ¢ is locally uniformly continuous on @ and so
we can extended it to a continuous function ¢: clos(Q) — V. By Theorem 6.2 there
exists a Lipschitz extension 1/: W — V of ¢. Moreover, if we put M := @] z0.r) <

~+00, then thanks to Proposition 6.3 the map ¢*: W — V defined as
¥*(a) := max{min{¢(a), (M,0,...,0)},(=M,0,...,0)} forallae W

is a bounded Lipschitz function, which still extends ngS Applying the following steps
of the proof to ©* we get the thesis.
We split the proof in several steps.
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Step 1. Let & := & be the intrinsic subgraph of ¢: W — V defined as (42). For
every o > 0 we consider f,: G — R given by

h@:mwM@ILmWﬂm@MmW)

= / pal@)xe(q™"'p) L™ (q),
G

where po(p) == o™ p(d1,4(p)) and p € C(U(0,1),R) is a smooth mollifier with

p(p~") = p(—p) = p(p) for every p € G.
By properties of convolution in G introduced in [15], we know that f, € C*(G, R)

and spt(f,) C U(0, ) spt(xe) for every o > 0. Precisely, for all a« > 0
fa(p) €10,1] foralpe G

(51)

and for all sufficiently small o > 0
(52) falp) =1 forall p=(p1,...,Pmsn) € G such that p; < —2M

Moreover, by definition of £ we know that £ is an open set in G and

A

spt(xe) = clos(€E) C {a- (¢,0,...,0) € clos(O) - V:t < M}.
As a consequence
spt(fa) C U0, ) - spt(xe) € {a-(£,0,...,0) € O-V:t <2M} fora <M
and
(53) falp) =0 forall p=(p1,...,Pmin) € G such that p; > 2M,

i.e. f, is constant far from the graph of QAS, so (51) must be considered only in a
neighborhood of the graphs itself.
Step 2. For every o > 0 and ¢ € (0, 1), let

S, = {p = (P1y- - Pman) € O-Vip € (=2M,2M), fuo(p) = c} )
We note that if
rankVgf.(p) =1, forallpe S,,
then S, is the level set of a map f, € C*(G,R) and so f, € C§(G,R) such that

rankVgq f, is maximum, i.e. S, is G-regular hypersurface. More precisely, we show
that

(54) Xifa(p) <0 forall p e S,,

where X f,(p) is the first component of horizontal gradient Vg f, of f, in p. Indeed
let A :={p=(p1,....Pmsn) €O-V:p € (=3M,3M)} and ¢ € C*(A",R), then

(Xifarp) = — . fal@) X10(q) dL™ " (q)

—— [ na)atmw) [ xe 0 Xipla) e )
U(0,a)

/

- / Pa(p) AL (p) / Xe (@) X19(pqg) L™ (q).
U(0,a)

Tpfl(.A/)
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With the notation ¢,(q) = ¢(pg) we have Xi(p(pq)) = Xipp(q) because X, is
left-invariant; moreover ¢, € C°(7,-1.A’, R) and by integration by parts, we obtain

| eoXeacr == [ e dois)

Since spt(p,) € 7,-1(A’) and p € U(0, o) if « is small enough, we can replace 7,-1(A’)
by A’. Thus by Fubini—-Tonelli Theorem and a change of variable, we get

(aturt) = [ A aogleo) ([ papletoac™m) .

Then for all p € A’ and for all @ > 0 small enough
Xufalp) = [ puloa 14 (@) i€ (o)
A/

(55)
:/m \ pa(pa e (g) d|O€a(q).

In particular, we immediately deduce from (55) the following assertion: For each
couple (O, Qq) of open and bounded subsets of W with O € Oy there is @ =
a(Op) > 0 such that for every 0 < o < &

/ Vel AL < 0] (Ao).
A

where A = {p = (p1,...,Pm+n) € O-V:p € (=2M,2M)} and Ay = {p =
(P1y- s Pman) € Og - V:ipy € (=2M,2M)}. Moreover, since Lemma 5.2 holds, we
get

1)0(1)_ !

= — in O,
\/1+|V%2

RrRm—1
and if we put

L(p) = / palpa™) d|O€|(q).
U(0,a)-p

then using (55) we have

(56) X1 fa(p) !

w FIV2612 - o s
Moreover, for every fixed ¢ € (0, 1) and for all p € A such that f,(p) = ¢, then

(57)  L™(UO0,0)-p)NE) >0 and LU0, a) - p) NES) > 0

Indeed, by contradiction, if we assume L™ ((U(0,«) - p) N E) = 0. Then because &£
is open, we can assume (U(0,«)-p)NE = ). Hence by the definition of convolution,
we have that f,(p) = 0 # ¢ and then a contradiction. In a similar way it follows that
fa(p) = 1 if we suppose by contradiction L™ ((U(0,c)-p)NES) =0

Now by (57) and by Theorem 2.2, we have that |0&|c((U(0,a) - p) > 0 and
I.(p) > 0 for p € A with f,(p) = c¢. As a consequence using (56), (54) holds and S,
is a G-regular hypersurface.

Step 3. Now we show that (S,), implicitly defines a sequence (QASOC)Q with ¢, =
(¢a,0,...,0) and, up to subsequence, it is the family of functions which we were
looking for.

I(p) forallpe A
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Fix a and ¢ € (0, 1). Because f, is a continuous map such that
fali(a) - (—2M,0,...,0)) =1 > ¢,
fali(a) - (2M,0,...,0)) =0<c
for all a € O, there is t, € (—2M,2M) such that f,(i(a) - ({4,0,...,0)) = c. In
particular, since
Xifali(a) - (¢,0,...,0) <0 Vt<t, and X;fa(i(a)-(t,,0,...,0)) <0
we have that t, is unique and {t € (—=2M,2M): f,(i(a) - (¢,0,...,0)) > ¢} =
(_2M> ta)'
In a similar way as in Lemma 4.8 in [38], we define ¢, (i(a)) := (¢a(a),0,...,0)
with ¢, (a) :=t, and
(58) Eo = Ene:={(i(a) - (£,0,...,0)) € O-V: fu(i(a) - (£,0,...,0)) > c}.
Then ¢n: O — [—2M,2M] and
(59) ENA"=E NA”,
where A” :={p € O-V:p, € [-2M,2M]}. Moreover recalling that ¢ € (0, 1), from
(52) and (53) we get
Sa = graph (¢o) = 8, N (O - V)

and by Theorem 2.13 gzga is uniformly intrinsic differentiable in 0.
Let f,: R™™ — R be defined by

fa(t,a) := fo(i(a) - (¢,0,...,0)).
By f. € C*(G,R) and (54), f, is C>® map such that %(p) = Xifa(p) # 0 for
all p € S,. Hence we apply the classical Implicit Function Theorem to fa and we
conclude that also (;ASQ is C*°.
Step 4. Firstly we prove that (QASOC)Q, up to subsequence, converges uniformly
on @, i.e. the condition (1) of the thesis follows. In particular, we would like to

show that there is a constant L > 0 dependent on ||V‘5QAS||£OO(@ re-1) (which is finite

by Proposition 5.3), B, ..., B™ such that for all @ > 0 sufficiently small and all
a € O, it holds

(60) |9a(a) — ¢(a)] < Lav.

Therefore (¢4)a, up to subsequence, converges uniformly on @. This is a direct
consequence of Theorem 4.1. Here v (p) = Pw(p), v(p) = Pv(p) and E := &; is

the intrinsic subgraph of (;3&. Because (;ASQ is locally intrinsic Lipschitz, &£ 3o 18 also a

finite G-perimeter set (see Theorem 5.1).
For (3 fixed as in Theorem 4.1 applied to £ = &; there is L = L(B, ||B||~) > 0,

where ||Bl/o = max{bgj) li,j=1,...,m, s=1,...,n} such that

and

)
Let po = i(a) - ¢(i(a)), pj = i(a) - ($(a) — aL,0,...,0) and p := i(a) - (¢(a) +
al,0,...,0) with a € O and a € (0,1]. Notice that if we put ro := M + L +
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1/2

1/2 1/2
maX(wy €O |x|Rm 1+ maX(wy €O |y| %HBHOé max(ﬂcy €O |l’|R/m71(M+ L)1/2 < 400

then
P51l < 7o, IR, < 7o,

for all @ € O. Moreover, by standard considerations (see [25]) we know that for every
q € U(0, 1) there exists ¢(rg) = ¢(ro, ||B||) > 0 such that

UWO,r)-q CU(q,clro)v/r), Vre(0,1).
So if a € O and « € (0, 1) is small enough, depending on ry, then
U, @) - p, C UG, clro)va) C {g: [Pw(p; ')l < —5!|Pv(p;1 I <&,
U, a) - ply CUP;, c(ro)va) € {g: [IPwpg o)l < BIPv(p: o)} € G - 5
More precisely, by definition of f, we have

foulh) =1, o (il@) - dali(a))) = ¢, falpl) =0,
and so by (58), (59) and (54) we deduce

¢(a) — aL < ¢u(a) < éd(a) + oL
for all € (0, 1] small enough and for every a € O. Hence (60) holds and consequently
the condition (1) of the thesis is true. )
Step 5. We prove that (¢ )a has a subsequence (¢y)y, such that |V gy
||V¢QA5||EOO(@7Rm,1) for each k € N on O, i.e. the condition (2) of the thesis holds.
Let Vg fa = (Xofa, . ., Xpufa) and Dg = (Véz), e Vém)). Arguing as in Step 2
and by (15), it follows

Ve falp)lrm
s — <ﬂXml‘/Oa|wmmmpq>wwam

X170l
||V ‘bHcoo(@,Rm*l)
X0 fa) 1+ IVOOI2 o

Rm—1 S

V%2 Ga(p)

< I,(p

and consequently by (56)
(61) VG0 (P)lrnr < [Vl oo mm1):

for all p € O, as desired.

Step 6. Now we show that ((;Aﬁa)a, up to a subsequence, satisfying the condition (3)
of the thesis, i.e. there exists a sequence (o), C (0,400) such that letting bn = QAS%
we have

(62) V"S’ngh — V‘E’QAS a.e. in O.

It is sufficient to show that there is a positive sequence (ay,), converging to 0 such
that there exists

I R R e

In fact, up a subsequence, using (61) and Proposition 5.6 we can assume that the
sequence in (63) also satisfies

Vo, — V%  weakly in £1(O, R™1).

%‘mf 1 d£m+”— ! .
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Consequently, by Theorem 6.4
Vq;”gzgh — V‘E’QAS strongly in El(@, R™h)
and so, up a subsequence, (62) holds.

In order to show (63) we need to prove that there exist ¢ € (0,1) and a positive
sequence (ay,)p, converging to 0 satisfying

(64) 3 hh—>nolo |85ah,é‘G(A) = ‘88‘G<A)7
where A is defined as in Step 2. By the semicontinuity of G-perimeter measure and
Step 3 we obtain
(65) |0€|c(A) < liminf |0&, .|g(A)
a—0t

for every ¢ € (0,1). More precisely, by the last inequality and the coarea formula we
get

1 1
ela(A) < [ limint 08, la(A)de < limint [ 108, ]a(4)de
0o a7 0

a—0t

= liminf/ IV fal dL™ = 1(O, ¢).
A

a—0t

Now using Step 2 we know that for every Oy such that @ S o) open and bounded
there exists (ap)n, C (0,+00) which converges to 0 and h(Op) > 0 such that for all
h < h(Op) we have

[ Vet < joela( A,
A

where A, Ay are defined as in Step 2. Consequently,

(66) 1(0,¢) < |0€]a(A)

for all ¢ € (0,1) and Oy such that O € Oy open and bounded. Moreover since |0€|g
is a Radon measure then by a standard approximation argument we can rewrite (66)

with O instead of Oy. In particular using (65) we have that a.e. ¢ € (0,1)
liminf |0&, :|g(A) = |0E|c(A).
a—07+
Hence there exists ¢ € (0, 1) and a positive sequence (a4 )y, converging to 0 such that

(64) follows.
Finally, because ||¢||z~o.r) = M we get

OENA =0EN Ay =0,

where A, = {pe® - V:p < —-2M}and Ay :={pec O-V:p, >2M}.
Hence by Proposition 5.7 and well-know G-perimeter properties it follows that

C’(V\lf,V) /O Y1195
= |0€]c(0 - V) = [0€|c (A1) + [0€|c(A) + |0€|(As)
= |0€]c(9€ N A1) +[0€]a(A) + [0€]a (9 N As) = [0€]a(A).
In the same way, using also (52), (53) and (58)
|00, cla(A) =[085, |a(A)

2R‘m7 1 d£m+n_1

and

A 1 PR
I . — J— bn 2 m+n—1
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with ¢, = ¢q,. Now by the last three equalities and (64), (63) holds. Consequently,
(62) is true and the proof of theorem is complete. O

7. Intrinsic Lipschitz function and distributional solution

The main results in this section are Theorem 7.1 and Theorem 7.2. We show that
amap ¢ = (¢,0...,0): O — V is a locally intrinsic Lipschitz function if and only if
¢ is locally 1/2-Holder continuous and it is also distributional solution of system

(D§¢,...,Dg¢) —w inO,

for w € £°(O,R™ ). This result is well known in Heisenberg groups (see The-

loc

orem 1.1 in [5]). More precisely in [5], the authors omit the little Holder conti-
nuity of ¢ because the other assumption (i.e. ¢ is distributional solution of sys-

tem <D§) Q... D?;L(b) = w in O) implies it. We use this hypothesis in the proof of
Lemma 7.3, but it is not clear if we can omit it.

Theorem 7.1. Let G := (R™"" - 4,) be a Carnot group of step 2 and V, W
the complementary subgroups defined in (13). Let QAS: O =V be a locally intrinsic
Lipschitz function, where O is an open subset of W and ¢: O — R is the map
associated to ¢ as in (14). Then ¢ is a distributional solution of (DS¢, ..., D% ¢) = w
for a suitable w € £2.(O,R™ ') such that w(a) = (DSp(a), ..., D% ¢(a)) L7
a.e. in O.

Proof. By Theorem 6.1 it is immediate the fact that there exists (¢p)nen C
C*>(O,R) such that for all @' € O we have

(1) on uniformly converges to ¢ in O,
(2) \vfhfbh(aﬂ < y|VA¢¢||Em(@,7Rm,i) Vac O, heN,
(3) Vo ¢p(a) — V?®p(a) a.e. a € O'.

Let wy, = (wap, ... Wyp) = Véhéh. Observe that for each h € N and ¢ €
C>(O,R)

/ on (ch+¢hzb§i’¥sc> Lt = — / w;nC AL
o —1 o

for all j = 2,...,m. Getting to the limit for h — oo we have
/ ¢ <ng - ¢Zb§-i’Ysc) demnt = - / wC AL,
o o o
Hence ¢ is a distributional solution of (D¢, ..., D¢ ¢) = w in O. O

Theorem 7.2. Let G := (R™*" - 0,) be a Carnot group of step 2 and V, W
the complementary subgroups defined in (13). Let QAS: ® — V be a continuous map
where O is open in W and ¢: O — R is the map associated to QAS as in (14). We also
assume that

(1) ¢ is a continuous distributional solution of (DS, ..., D®¢) = w in O with

w e LE(O,R™Y),
(2) ¢ islocally 1/2-Hélder continuous along the vertical components with Hélder’s
constant C, > 0.

Then qg is locally intrinsic Lipschitz function.
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The proof of Theorem 7.2 relies on a preliminary result about the distributional
solutions of the problem (D%, ..., D% ¢) = w in O.

It is convenient to introduce the following notation: for j = 2,...,m and z =
(T2,...,xy) € R™ ! fixed, we denote by (¢,%;) := (Ta, ..., Tj—1,t, Tjy1, -+, Tin)-
Lemma 7.3. Under the same assumptions of Theorem 7.2, for all j =2,...,m

there is C' = C(||wj||£oo(@7R),Ch,b§11),...,byf)) > 0 such that t — ¢(t,z;,7;(t)) is
a C-Lipschitz map along any characteristic line v; = (vj1,...,%n): [=1,T] - R"”

satisfying
” bgsl)gb(t, T, (1)) + % 2%2 b§§)zl ifm>2, foralls=1,...,n,
ao(t) = 1]
’ b6 (t, (1)) ifm=2, foralls=1,...,n,

with t € [-T,T] and &; € R™? fixed.

We compute the characteristic lines inside the free step 2 group F,, 2 (see Re-
mark 3.1).

Example 7.1. We consider the free step 2 group F,,, . As we said in Remark 3.1,
the composition law (10) is given by B®) = BER) where 1 < h < 1 < m and BGH)
has entries —1 in position (I, k), 1 in position (h,[) and 0 everywhere else.

For each j = 2,...,m and #; € R™ 2 fixed, the characteristic line v; = (y;1, .. .,
vin): [=T,T] — R™ has the following form:

or () = BV (8, 35,79 (1)) = —o(t, 27, 7;(1)),

. 1 (s
7]'52 (t) = §b§'h22)xh27
;Yjss (t) = 0.

where BGi) = Bi-hi) ig such that

e s is the unique index (I3, hy) = (4, 1),
® s, is such that hy = j and j <l < m or such that [ = j and 1 < hy < 7,
e s3 represents the other cases.

Now we show the proof of Lemma 7.3.

Proof. Fix j = 3,...,m and &; € R™ 2 For simplicity we just consider the
case 7 > 2, but the proof in the case j = 2 is exactly the same because the term
%Z%g bﬁ)xl does not affect the accounts.

Let t1,ty € (=T,T) with t; < ty, € > 0 and ry is a non negative constant such

that 7, > max{| min, v;,(z)|, | max, v;s(z)|} for s = 1,...,n. We would like to prove
that there is C' > 0 such that
(67) |0(b2, 5,7 (t2)) — O(t1, 25, 7;(t))] < Clta — ),

for ti1,to € (—T, T) with t; < ts.
If ¢ is distributional solution of (DJ¢,...,D¢¢) = w in O, then for all test
functions ¢ with supp(y) € (=1,7T) X (—ry,r1) X -+ X (=1, r,) We have

/ / - /“b( #5020 (,9) + Fi(0(, 35,90 (2, 9) + .

+ fal@(,9)) oy, (2, y) + wi(z, 25, y)p(2,y)) dydr = 0,
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where

i L( s . .
(68) fs(¢(zj>zjay)) = §(b§1)¢2($jax]a +¢ $]>$]a Z )
7
for all (z,z;,y) € Oand s=1,...,n
In a similar way as in [10] and in Lemma 5.1 [5], we choose a test function ¢

which depends on ¢ and €; that is @(x,y1,...,yn) = & (2, 11) - .. &a(2, yn) h(x) Where
the functions & (z, 1), ..., (2, ys) and h(z) are defined for small 6 > 0 by

(0, —T<x<T, —rs<ys <yjs(x)—e—29,
%(ys_’ij(I)_l_e_‘_(s)a _T<I<T ’7]5( )_6_5<y8§7j8(x)_6a
Es(x,ys) =< 1, T <z <T, vs(x) —e <ys <;s(x),
Yoy +75(2) +0), =T <z <T, () <ys <7s(x) + 6,
L0, T <x<T, vjs(z)+0 <ys <rs,
for s=1,...,n, and

(0, T <z<t -9,
Hz—t+9), t—d<z<t,
h(z) =<1, th <z <ty
W=z +1t+0), ta<z<ty+9,
L0, tot+o<ax<T.

We compute the limit § — 07:

Ozlim/ /_ / 0,5, 9)(€0) (2, 91)En (1) - En(, ya) () + .

6—0t

+ ¢($uxyu Yz, y1) - &n1 (2, Yn—1) (§n) (2, yn) W)
+ QS(I :i'j’ ) l(ZE yl) - 'gn—l(xayn—l)gn(xayn)hx(z)
+f1( (x xjv )

V(&) g (2, y1)62(2,2) - - nl@, yn) () + ..
+ fn( (ZIZ' I]7 ))61(1’, yl) s (gn)yn (Ia yn)h(l')
(

5@ 35,6, 31) -l ya)h(a) | dy da
= do+- T+ Ipn+ 1o+ + Lpn + Lo

Then

T r1 Tn

6—0t 6—0t

VJQ(ZB 'an ) ) A
/ L [ ) (et
j2(x)—e Yin(®)—€

- ¢(5L’7%7%1($) —6Y2,. .. 7yn)) dyn . dyQ dl’,
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T T1 Tn
Jim T, —g&/ / .../_Tn¢5152...<§n>xhdydx

vi1(z) Vitn—1)(®) . .
/ / / an(z)(¢(x>l’jayl>"'ayn—la’yjn(x))
j1(@)— Yi(n—1)(x)—€

J

- (b(.flf ;%]7 Yty -y Yn—-1, an(x) - 6))dyn—1 cee dyl dl’,

lim I, = lim / / " e Eahy dyda
- —Tn

d—0t
Y51 (t1) Vin (t1) Y51(t2) Vin (t2) R
:/ o / ¢(t1,$], )dy / / ¢(t27xj7y)dy7
Y1(t1)—e %n(tl) € Y51 (t2)—€ Yin(t2)—€
62%1 [ vl ™ 51—1>1’(I)1+ o) —Tn fl 51 yl B gnhdy e

*ng(x Vin (2 R
/ / o / I xj,’7j1($)_€7y27---7yn))
vi2(x)—¢€ j’!L

- fl(ﬁb(!’fﬂ?j, %‘1(95)7?/2, e >yn))> Ay, . .. dyz dz,

Jim T, = lim, / / o[ @ s@bdyds

vi1 (@) Vi(n—1)(®)
/ / / (fn(¢(x7y17’“7yn—17fyj”(x) _€)>
j1(x)—e v; (z)—€

j(n—1)

_fn $ yla"'ayn—la’yjn(x)))) dyn—l---dyldl’a

51_1)r(1)1+lw:51_1>%1+/ /_Tl.../_rnwj&...gnhdydx

V51(x) Vin (@)
/ / . / wi(z, z;,y) dy de.
j1(z)— Yjn (x)—€

Hence we obtain

¥j1(t2) Yin (t2) Yj1(t1) Yin(t1)
vi1(t2)— Yin (t2)— i1 (tr)—e Yin(t1)—e

J J n

'Y]l(x ’an(l‘)
/ / / wi(z, Z;,y) dydx
g1 () — Vjn(T)—€

J

vi2(@) Yin (@) R
-[ L (Rt )~ )
j2(x)— Yyn(z)—€

J

— Fu(O(w, 5951 (@), - ) ) i () (0 5730 (), 9 )

— o(w, &5,y () — e,yz,---,yn)) dyp . .. dya dz + - - -
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i1 (z “/j(n71)(95) R
/ / / <fn(¢(xaxjay17"'7yn—17/7jn(x) _6))
j1(x)—e Yj(n—1)(x)—€

J

— Fal @, 25,91, Y (@) ) ) (0, 251, 1, 3 ()
- ¢(x> ij> Y1,y Yn—1, an(x) - E)) dyn—l C d?/ldﬂf

and, consequently, by (68) we deduce that

vi1(t2) Yin (t2) R Yj1(t1) Yin(t1) A
¥

V41 (t2)—e Yin(t2)—e j1(t1)—e Yin(t1)—e

t2 (@) Yin (@)
—/ / / wj(z, j,y) dyde
Vi1 (z)—€ Vin (x)—€

j1 Jn

vj2(x) Yin (@) 1 1) R
/ / / 5()] (¢($,xj,7]1(x) _€7y27"'7yn)
vj2(z Yjn (T)—€

J

- ¢($7i’j77j1($)7y27 .. 7yn)) (qﬁ(x?i‘ﬁfyjl(x) —6Y2,... ,yn)

ta  p1(z) Vi1 (@) 1 ) .
‘l‘/ / .. / ib] <¢(x>$jay1>'"ayn—la’yjn(x) _6)
t1 Jyj(x)—e Vitn—1) (@)~
_¢(x7i‘jvy17"'7yn—17fyjn )( € i‘j7y17"'7yn—177jn(x)_€)
)

+¢(x7i‘37y177yn—17fyjn( )) —2¢($ x]77j( ))) dyn—ldyldx

Because ¢ is locally 1/2-Holder continuous along the vertical components with
Holder’s constant C), > 0, we have

|¢(zaija7jl(x) — €Yz, .. ayn) - ¢(x7ij>7jl(z)ay2> cee >yn)|

/e < Ch,
|¢(x7ij>7jl(z) —6Y2,... >yn) - QS(I’ ‘%j’ 7](1'))|
(70) (n — ].)E < Ch7
|¢(x>ija %‘1(1')792, cee >yn) - QS(I’ ‘%j’ 7](1'))| < Ch
(n—1)e

for x € [t1,t2] and y1 € (y;1(x) — €,7vj1(x)). Hence

vi2(z Yin () )
/ / / 2b]1 (Qﬁ(l’,l’j,’}/jl(l’) _€>y2a--'>yn)
j2(x)— Yin(2)—€

jn

(71) - ¢($a :i'ja 7j1($)> Y2, 00y yn)) <¢(Ia :i'ja %‘1(1') — €Y. .. ayn)

+ ¢(zaija7jl(x)>y2a ce >yn) - 2¢($,i’],7](1'))) dyn .. dy2 dI

< bV = 1C (ts — t)e"
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In a similar way, we can be found an estimate for each term on the right in (69).
Then putting together (69) and (71), dividing by €" and getting to the limit to

e — 0, it follows that there is C' = (Cj, b§11)’ e bg»rf)) > 0 such that

(72) D(ta, Tj,74(t2)) — @(t1, T5,75(t1)) < (ij||£°°(0,R) + C) (ta —t1)

for ty,ty € (=T,T) with t; < ts.
In a similar way, starting from (69) and using again (70) we can conclude

(73) P(ta, Z5,7,(t2)) — d(t1, 25,7,(t1)) > — <||wj||£°°(<9,R> + C) (ta —t1)

for ti1,to € (—T, T) with t; < ts.
Hence combining (72) and (73), we get (67), i.e. ¢ is a Lipschitz map along any
characteristic line ; as desired. O

Now we are able to show the proof of Theorem 7.2. In the case of Heisenberg
groups the analogous proposition and proof of it are shown in [5], Lemma 5.4.

Proof. Fix b € O. According to Remark 2.16 (9), we would like to prove that

there exists C' > 0 such that
(74)  |6(d) = ¢(a)| < Cllg(i(a))"i(a)"i(a)o(i(a))]| for all a,a’ € U(b,5)
with § > 0. Let a = (z,y),a’ = (', y’) points of O be sufficiently close to b, and let
D; be the vector fields given by D; = (2 — :Ej)Dj’ for j € {2,...,m}. We define

a) ‘= a,

ag = exp(Dsy)(ay),

az := exp(Ds)(as),

More precisely for j € {2,...,m}

aj = (Thy ... 25, Tj0, e Ty YY)
with
J x] -1
v =yt ) (bﬁ” / o((exp(rD(ar-1))) dr
1=2
l m
o= (S ai + > xhbi;?))
h=2 h=1+1

( a;_ s) pxh—x;
ys A+ bg-l) o gb(exp(rDj’(aj_l))) dr
+1(a — xj)( A S xhbﬁ}), if2<j<m,

e+ [ ¢(GXP(TDf(@j—1))> dr+ 3 (@) —w;) Shoy iy, 1 j=m,

for s = 1,...,n. By Lemma 7.3, (=6,0) > r — d)(exp(rDj)(aj_l))) is Lipschitz for
all j =2,...,m and so as,...,a, are well defined if a,a’ € U(b,d) for a sufficiently
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small § > 0 (we recall that the global existence of integral curve of Dj’ is not sure

because the vector fields Df are only continuous).
We observe that

(75) [¢(a) = d(a)] < |o(a') = Slam)| + D |o(a) — $la-)]

and by Lemma 7.3 there is C' > 0 such that

Zlcb a) = ¢pla1)| < ZC\% — ailrm-1 < Cloi(a))~Vi(a) " i(a)pi(a))]]-

1=2
Hence in order to establish (74) we show that there exists C} > 0 such that
(77) [6(a') = $am)| < Culld(i(a)"ia) " i(a)d(i(a)]

Recalling that a,, = (2/,y*) and using ¢ is locally 1/2-Holder continuous along the
vertical components with Holder’s constant C}, > 0, it follows
am, 1/2
[6(a') = élam)| < Culy’ —y" |g:
Moreover, arguing as in the proof of the implication 4. = 2. in Theorem 5.7 in [11],
we have

| I yam

i (0 " o explrnfta)) vt
L a (beh 3 ))'

i=l+1
m . 1 )
<D |t ola) Y _(a — m)byy) — (B, a’ — )
= =2
3 S (S 4 35 wi) 4B
s=1 1=2 i=l+1

n

DI RO RS Sl M e T
< e1(i(a)) i) @)@ |2 + Sl Blcls’ — e i

30| -ola) S — ) + S0 [ o(explrDf (o)) dr
s=1 1=2 1=2 0

where ¢; is given by (11) and ||B||e = max{bg) li,j=1,...,m,s=1,...,n}. Note
that we have used

m l m
%(B(s)xw' — ) — %Z(IE - 9:0(29:;1),(? + > xibz(f))
1=2 i i=1+1
%i — @ (Zx b + Z z:b\) — i:ﬂlbl(f)>
=2 i=l+1 =2

< SIBllocla” — 2l

N —
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Finally, the last term

- 55 [ o)
1—2 0

where
SoS T [T o exprD i) dr = 6 oo af - )|
s=1 [=2
e = D[S ) () — )|
=2

s=1

We would like to show that there exist C7, Cy > 0 such that

(78) Rl(a, a,) S 01|ZL'/ — X %‘mfl,
(79) RQ(CL, a,) S 02|x/ — X %‘mfl

for all a,a’ € U(b, ) and consequently

/ a
|y _y m rRm-1

ol TN 1 ,
re < ell9(i(a))i(a)~ i) (i(a)) |2+ (§n||8||oo o 02) 2’ — af2
Hence there is C3 > 0 such that

~

(80) Y~y [gn < Cslld(i(a)) ™ i(a) " i(a)o(i(a))]),

i.e. (77) is true. We start to consider Ry(a,a’). Fix [ =2,...,m. For t € [§, ] we
define

_ Z 0 ([ otesplr Do) dr = t6tar) )

Observe that

b7 [ (stesp(rD ) ar)) = dlar-) dr = O(E),
and so there is C; > 0 such that
lgi(t)] < Cit?, Vit €[4, 4).
Hence setting t = x] — x; we get
g1 — @1)| < Cilay — )%,

and consequently (78) follows from

m
Z‘gl( — )| < ZCI 7} —11)* < O1]a" — 2| jm-1.
1=2
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Now we consider Ry(a,a’). Observe that

>

s=1

m
< nllBlle Y It —
=2

(3

< nlBl Y e - i
=2

(3

m
< Bl 3 |2} — ]
1=2

< n|lBloCla’ — el

> 47— ) (6a1-0) ~ @) |< i D 1ot~ [a1-1) — 0]

=2 =2

N
>_.

\6(an) — dlan 1)|) (where ag := a)

ND‘
’-‘»—A

(]!

‘/01 (D16) (exp(r Di(an-1)) dr|)

ND‘
ey

(@5, 1) (Dfolar) + (1)) |)

,_.

Then (79) follows with Cy := n||B||C and (80) is true. Finally, putting together
(75), (76) and (77), (74) holds and the proof is complete. O

8. A characterization of G-regular hypersurfaces

In this section we will prove a new characterization of G-regular hypersurfaces
(see Definition 2.2). Here we consider the non linear first order system

(81) (D§’¢, N .,Dm) — w,

where w: O — R™! is a given continuous function and not just measurable as
opposed to the previous sections.

In [11], we give some equivalent conditions for G-regular hypersurface inside the
Carnot groups of step 2 (see Theorem 5.7 in [11]). In this section we give another one.
More precisely, we show that if a continuous map ¢: O C R™™ ! — R is locally
little 1/2-Hélder continuous along the vertical components, then ¢ is a distributional
solution in an open set O of the non linear first order system (81) if and only if
ngS: O = Vis uniformly intrinsic differentiable in O and consequently its graph is a
G-regular hypersurface. The main equivalence result is contained in Theorem 8.2.

Its proof is similar to the one of [6]: firstly we have to be precise about the mean-
ing of being a solution of (81). To this aim we recall a notion of generalized solutions
of systems of this kind. These generalized solutions, denoted broad* solutions were
introduced and studied for the system (81) inside Heisenberg groups in |3, 6]. For a
more complete bibliography we refer to the bibliography in [3|. Then our strategy
will be to prove that each continuous distributional solution of the system (81) is a
broad* solution and vice versa (see Proposition 8.1).

The regularity results contained in [6] yield Holder regularity properties for con-
tinuous distributional solutions of (81) and for broad* solutions of (81) in the context
of Heisenberg groups. Hence in Heisenberg groups we can omit the little Holder con-
tinuity of ¢ because each assumption implies it. We use this hypothesis in the proof
of Proposition 8.1, but it is not clear if we can omit it.

Definition 8.1. Let O € R™" ! be open and w := (wa, ..., wy): O — R™!
a continuous function. With the notations of Definition 3.1 we say that ¢ € C(O,R)
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is a broad™ solution in O of the system
(ngs, . ..,Dj;¢) —w
if for every ag € O there are 0 < 62 < 6; and m — 1 maps expao(-D;?)()
expao(-Df)(-): [—0d2, 02] X Z(ag, d2) — Z(ag, d1)(t, a) — expao(tDj’)(a)

for j =2,...,m, where Z(ag,0) := U(ag,d) "W and Z(ag, ;) C O. Moreover, these
maps, called exponential maps of the vector fields Df ,...,D? . are required to have
the following properties

E 33() 1= exp,, (LD} (a) € C'([=82, 8], R™")
for all a € Z(ayg, d2) and

72 = D o,
72(0) = a,

S(2(1)) — H(12(0)) = / wy(2(r)) dr, for t € [~6y, 5

once more for all a € Z(ag, d2).

Proposition 8.1. Let G := (R™" . §,) be a Carnot group of step 2 and V,
W the complementary subgroups defined in (13). Let ¢: O — V be a continuous

map, where O is an open subset of W and ¢: O — R is the map associated to qg as
in (14). Then the following conditions are equivalent:

(1) ¢ is locally little 1/2-Hélder continuous along the vertical components, i.e.
that is ¢ € C(O,R) and for all 0" € O

{ 6(z,y) — d(z,y)]

1/2 : (xay)a (l’,y/) < Ola 0< ‘y, - y‘R" <r =0,
Y~ ylx

R”
and there exists w € C(O,R™™1) such that ¢ is a broad* solution of

(ngs, . .,D;‘;Lgs) —w, O,

lim sup
r—0+t

(2) ¢ is locally little 1/2-Hélder continuous along the vertical components and
there exists w € C(O,R™') such that ¢ is distributional solution of

(D§’¢, N .,Dg;qb) —w, inO.

Proof. (1) = (2). By Theorem 5.7 in [11], we know that there is a family of
functions ¢, € C'(O, R) such that for all O’ € O,

Pe ¢
(82) ¢ — ¢ and Di¢.— Dj¢
for 7 = 2,...,m uniformly on @ as € — 0%. Then for each j =2,...,m, ¢ > 0 and
¢€C:OR)

/ Pe (X]C + @Zbﬁ)YsC) acmnl = —/ D;?egbggdﬁm—i—n—l.
© s=1 (@)
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Using (82) and getting to the limit for € — 07 we have that

/ <X<+¢Zb(s >d£m+n_1:—/D?¢<d£m+n_l.
@

Hence ¢ is distributional solution of (Dg’ Dy Dflgb) =w in O.

(2) = (1). Let ap € O, 61 > 0 and Z := U(ap,d1) "W and Z(ap, d;) C O.
Denote

01
K = sup ‘SL’[| M = ’|¢’|£OO(Z7R)’ (52 < s

where || Bl = max{bjl |l,j=1,...,m,s=1,...,n}. Peano’s Theorem yields that

for all @ = (z;,2;,y) € Z(ag, d2) there exists a C' function (y;1,...,Vjn): [—02,d2] —
R" such that

30 = (154 1575100, 3u(0) €T For 1 € [0, ),
and 7;5(t) is a solution of the Cauchy problem

{%Aﬂzézgwwﬁ+ﬁﬁwﬂ@n,ﬁwteP%ﬁ%
j
Vjs(o) =Ys,

for s = 1,...,n. It is clear that if bgsl) = 0, then 7v,5(t) = y, + ltzl gxl ) for

€ [—02,02]. On the other hand, if bgsl) # 0, then the map ¢(74(+)) satlsﬁes the
following ODE
d

= (B002®)) = b wy (1)
with ¢ € [—d,0] for some § > 0. Indeed, we can repeat verbatim the proof of

Lemma 7.3 and so we obtain (69) with bg-sl) # 0. Moreover because ¢ is locally little
1/2-Hélder continuous along the vertical components, upon dividing (69) by " and
getting to the limit to € — 0, we have that

a%w»—a%m»—/ﬂmﬁ@whw

t1
for ti1,to € [—5, (5] with 6 > 0 and t1 < to.

In particular, ¢(v4(-)) and 4;5(-) are C*([—d3, d3], R) for s = 1,...,n where &5 :=
min{d, do}. Therefore the curve 77: [—d3,d3] — Z satisfies the conditions of the
Definition 8.1 for each a € Z(ag, d3) := U(ap, d3) N W and Z(ag, d3) C O.

Then, for each j = 2,...,m, expao(-Dj’)(-): [—d3, 03] X Z(ag,d3) — T defined as
exPq, (th)(a) := ~I(t) is a family of exponential maps at ag which we were looking
for. This completes the proof of the implication (2) = (1). O

Thanks to Proposition 8.1 and Theorem 5.7 in [11], we obtain an important
result, i.e. Theorem 8.2, which is the counterpart of Theorem 1.2 and Theorem 1.3
in 3] in the context of Heisenberg groups.

Theorem 8.2. Let G := (R™*" - 4,) be a Carnot group of step 2 and V, W

the comp]ementary subgroups defined in (13). Let gb O — V be a continuous map,

where O is an open subset of W and ¢: @ — R is the map associated to qb as in
(14). Then the following conditions are equivalent:
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~ ~

(1) graph (¢) is a G-regular hypersurface and for all a € graph (¢) there is r =
r(a) >0 and f € C5(U(a,r)),R) with X;f > 0 such that

~

graph (¢) NU(a,r) = {p: f(p) = 0},
(2) ¢ is uwid. in O,
(3) D;bgb interpreted in distributional sense is a continuous function in O and for
0 < € < 1 there is a family of functions ¢. € C'(O,R) such that for all
O €0,
¢ — ¢ and D¢ — DI
for j =2,...,m, uniformly on O" as ¢ — 0T,
(4) ¢ is locally little 1/2-Hélder continuous along the vertical components and
there exists w € C(O, R™™') such that ¢ is a broad* solution of

(ngs, . .,D;@gs) —w, O,

(5) ¢ is locally little 1/2-Hélder continuous along the vertical components and
there exists w € C(O, R™™1) such that ¢ is distributional solution of

<D§¢, N .,D;gbgz)) —w, inO.

Remark 8.3. We recall that in Theorem 5.7 in [11], we consider a locally little
1/2-Hélder continuous map but in the proof we just use that ¢ is locally little 1/2-
Holder continuous along the vertical components.
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