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Abstract. We say a measure is C1'® d-rectifiable if there is a countable union of C* d-surfaces
whose complement has measure zero. We provide sufficient conditions for a Radon measure in R"
to be C1:® d-rectifiable, with a € (0, 1]. The conditions involve a Bishop—Jones type square function
and all statements are quantitative in that the C''*® constants depend on such a function. Along
the way we also give sufficient conditions for C1*® parametrizations for Reifenberg flat sets in terms
of the same square function. Key tools for the proof come from David and Toro’s Reifenberg
parametrizations of sets with holes in the Hélder and Lipschitz categories.

1. Introduction

1.1. Background. Recall that a set E in R"™ is Lipschitz image d-rectifiable—
countably d-rectifiable in Federer’s terminology—if there exist countably many Lips-
chitz maps f;: R — R"™ such that HY(E\J, fi(RY)) = H* L g(R"\ U, f:(R?Y)) =0,
where H? denotes the d-dimensional Hausdorff measure. In this paper, we investi-
gate sets that can be covered by images of more regular maps (see Section 1.2 for the
statements of the main results and Section 1.4 for motivations).

We say that a set E in R™ is Y d-rectifiable if there exist countably many
continuously differentiable Lipschitz maps f;: R — R™ with a-Hélder derivatives
such that

(1.1) HL (R” \ Ufi(Rd)> = 0.

For Lipschitz image rectifiability, we could replace the class of Lipschitz images
with bi-Lipschitz images, C'' images, Lipschitz graphs, or C! graphs without changing
the class of rectifiable sets; see Theorem 3.2.29 in [Fed69| and [Dav91| for proofs of
these equivalences. From now on we will refer to Lipschitz image rectifiability simply
as rectifiability.

On the other hand, rectifiability of order C''® does not imply rectifiability of
order C for any 0 < a < o < 1. More generally, C*~1! rectifiability is equivalent
to C* rectifiability (Proposition 3.2 in [AS94]), while there are C** rectifiable sets
that are not C™' rectifiable, whenever k,m > 1 and k + s < m + t (Proposition
3.3 in [AS94]). For completeness, we include the statements of these results in the
Appendix, as Propositions 4.1 and 4.2.

Classical rectifiability of sets has been widely studied and characterized, see
[Mat95| for an exposition. However, a quantitative theory of rectifiability was only
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developed in the late 1980s to study connections between rectifiable sets and bound-
edness of singular integral operators. Jones in [Jon90| gives a quantitative control
on the length of a rectifiable curve in terms of a sum of S numbers. These numbers
capture, at a given scale and location, how far a set is from being a line. Jones’ proof
was generalized to 1-dimensional objects in R™ by Okikiolu in [Oki92| and in Hilbert
spaces by Schul in [Sch07].

In [DT12] David and Toro prove that one-sided Reifenberg flat sets admit a bi-
Holder parametrization, which is a refinement of Reifenberg’s original proof in [Rei60].
Moreover, if one also assumes square summability of the 3’s the parametrization
is actually bi-Lipschitz (see also [Tor95]). To better understand this, consider a
variation of the usual snowflake. Start with the unit segment [0, 1], and let this be
step 0. At each step ¢ we create an angle of a; by adding to each segment of length
271 an isosceles triangle in the center, with base % and height % (since the
a;’s are small we can use a first order approximation). Then the resulting curve is
rectifiable (i.e. has finite length) if and only if Y, a7 < oo (see Exercise 10.16 in
[BP17]).

Consider now a smoothened version of the snowflake where we stop after a finite
number of iterations. This set is clearly C1® rectifiable. Our goal is to prove a quan-
titative bound on the Holder constants in term of the quantity ), nyw < 0o. For a
general one-sided Reifenberg flat set F, this means that we can find a parametriza-
tion of F via a C® map. The proofs of the parametrization results (Sections 3 and
3.4) follow the steps of the proof in the paper [DT12|. However detailed knowledge
of their paper will not be assumed. Instead specific references will be given for those
interested in the proofs of the cited results.

1.2. Outline of the paper and main results. Throughout the paper, we
will prove three different versions of the main theorem on parametrizations. For
convenience we will now state only two of them, Theorems A and B. We state the
more technical Theorem 3.4 and Theorem 3.6 in Section 3 after a few more definitions.
Then we state Theorems I and IT which are our rectifiability results. Let us recall
the definition of $ numbers.

Definition 1.1. Let £ C R", z € R", and » > 0. Let d be a fixed integer,
0 < d < n. Define

(1.2) Bz, r) = 1inf{ sup  dist(y, P)}

r r yeENB(x,r)

if ENB(x,r) # &, where the infimum is taken over all d-planes P, and 8% (x,r) = 0
if EN B(z,r) =@. If E is H%measurable and p € [1,00), define

w9 e (ull ], (S0 aew))

for € R™ and r > 0, where the infimum is taken over all d-planes P.

Remark 1.2. In the future we will write 8% (z,r) for %% x,r), and B (z,r)
for 557‘1(1:, r), omitting the dependence on d, to avoid a too cumbersome notation,
as there will not be any chance for confusion.

Next, we need to define what is meant by one-sided Reifenberg flat.

Definition 1.3. Let £ C R" closed and let ¢ > 0. Let d be a fixed integer,
0 < d < n. Define E to be (g, d)-Reifenberg flat if the following condition holds. For
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r € E,0<r <10, there is a d-plane P(z,r) passing through z such that
(1.4) dist(y, P(z,7)) <er, Vye ENB(x,r),
dist(y, E) <er, VYye& P(xz,r)N B(x,r).

Definition 1.4. Let x € R" and r > 0. If F, FF C R" are non-empty, define
normalized Hausdorff distances to be the quantities

1
(1.5) dW(E,F):—maX{ sup dist(y, F'), sup dist(y,E)}.

r yeEENB(z,r) yeEFNB(z,r)
Definition 1.5. Let £ C R" and let € > 0. Define E to be one-sided (g,d)-
Reifenberg flat if the following conditions (1)-(2) hold.
(1) For z € E, 0 < r <10 there is a d-plane P(z,r) passing through x such that

dist(y, P(x,r)) <er, ye€ ENDB(x,r).
(2) Moreover we require some compatibility between the P(z,r)’s:
(1.6) dy1o-+(P(z,107%), P(z,107*1)) <, Vz € E, Vk >0,
dypro-r+2(P(2,107%), P(y,107%)) <&, Va,y € B, |z —y| <1072 vk > 0.

Remark 1.6. We will simply write (one-sided) Reifenberg flat for (one-sided)
(¢, d)-Reifenberg flat, as € and d will stay fixed, throughout the paper.

Remark 1.7. It is important to observe that the sets in Definition 1.3, for
¢ sufficiently small, are not allowed to have any holes, meaning that £ must be
simply connected, while the sets in Definition 1.5 are allowed holes of any size. The
compatibility conditions is (2) are automatically satisfied by Reifenberg flat sets
without holes.

Before we state our main results, let us recall some theorems of David and Toro
[DT12]|.

Theorem 1.8. (David-Toro [DT12, Proposition 8.1]) Let € > 0 small enough
depending on n and d, and let E C B(0,1), where B(0,1) denotes the unit ball in
R". Assume E is one-sided Reifenberg flat. Then there exists a map f: %9 — R",
where Y is a d-plane in R™, such that E C f(X), and f is bi-Hélder, that is

1
Z"T - y’1+Cs < ‘f(x) - f(y>’ < 3‘]} - y‘licsa for all x,y € EO)

where C' depends only on n and d.

Remark 1.9. We can get the map f in Theorem 1.8 to be bi-Hélder with any
exponent strictly smaller than 1, by choosing ¢ accordingly small, although sharp
exponents are not known.

Set 1, = 107,

Theorem 1.10. (David-Toro [DT12, Corollary 12.6]) Let € > 0 small enough,
and let E C B(0,1) be a Reifenberg flat set and, moreover, assume that

(1.7)

(1.8) Zﬁf;(x,rkf <M, forallzeckE.
k=0

Then f: ¥y — R" is bi-Lipschitz, and E C f(Xy). Moreover, the Lipschitz constants
depend only on n, d, and M.

Moreover,
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Theorem 1.11. (David-Toro [DT12, Corollary 13.1]) Let ¢ > 0 small enough,
and let E C B(0,1) be a Reifenberg flat H%-measurable set and, moreover, assume
that

(1.9) ZﬁlE(er)Q <M, forallxekF.

k=0

Then f: g — X is bi-Lipschitz. Moreover, the Lipschitz constants depend only on
n, d, and M.

Remark 1.12. In Theorems 1.10 and 1.11 the set E is require to be Reifenberg
flat, while for Theorem 1.8 E can be merely one-sided flat. This is because we need
to use two-sided flatness to control the angles between planes using S-numbers.

Theorems A and B have more technical counterparts, Theorems 3.4 and 3.6.
These results only require one-sided flatness of the set £ as they do not utilize its
S-numbers directly, but instead provide a control on the angles which depends on
the parametrization itself. Due to the more technical nature of the statements, we
will state and prove them in Section 3.

We are now ready to state our theorems.

Theorem A. Let E C B(0,1) be a Reifenberg flat set and o € (0,1). Also
assume that there exists M > 0 such that

0 E 2
(1.10) 3 Bol®.t0)” o allz e B
k=0

2a
Ly

Then the map f: ¥y — X constructed in Theorem 1.8 is invertible and differentiable,
and both f and its inverse are C** maps. In particular, f is continuously differen-
tiable. Moreover, the Holder constants depend only on n, d, and M. When o = 1,
if we replace ry, in the left hand side of (1.10) by rn(ry), where n(ry)? satisfies the
Dini condition, then we obtain that f and its inverse are C*! maps.

Remark 1.14. The case a = 0 was studied in [DT12], see Theorem 1.10. Notice
that they obtain a Lipschitz parametrization, that is C%! and not a C'' parametriza-
tion.

For the case @ = 1 we need a small perturbation of our hypothesis for the proof
to extend to this case and obtain a C'»! parametrization. (see Theorem 3.6). We say
that a function w satisfies the Dini condition if Y ;- w(ry) < co. A possible choice

for  in Theorem A is n(ry) = log(li)v = log(ll(])’Yk:i’Y’ for v > 1.
Tk

Remark 1.15. In the case & = 1 we could also replace (1.10) and all similar
equations below with something of the type

e E
(1.11) 3 Bol®am) — pp fora s e B,

,
k=0 k

as this would only simplify the proof of Theorem 3.6. Notice the lack of the square.
On the other hand, the proof of Theorem 3.4 can also be easily modified to hold
if one assumes the possibly simpler condition on S-numbers:

(1.12) Boo(x, 1) < Cryy forall z € E.

This type of approach has recently been investigated in [DNOI19].
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Even without assuming a higher regularity on our set F, such as Ahlfors reg-
ularity, we can prove a better sufficient condition involving the possibly smaller (;
numbers.

Theorem B. Let E C B(0,1) be a H%-measurable Reifenberg flat set and o €

(0,1). Also assume that there exists M > 0 such that

= BlE(a:ark)Q
(1.13) Y LM <M, forallz€E.

k=0 "k
Then the map f: ¥y — ¥ constructed in Theorem 1.8 is invertible and differentiable,
and both f and its inverse are C* maps. In particular, f is continuously differen-
tiable. Moreover, the Holder constants depend only on n, d, and M. When o = 1,

if we replace ry, in the left hand side of (1.13) by ryn(ry), where n(ry)? satisfies the
Dini condition, then we obtain that f and its inverse are C*' maps.

Before stating the other results, let us recall the definition of density of a measure.

Definition 1.17. Let 0 < s < oo and let p be a Borel measure on R". The
upper and lower s-densities of p at x are defined by

(1.14) 0™ (u, ) = limsup W,
(B(z.r)

s Y
05 (u, x) = hITTl_}glf -

If they agree, their common value is called the s-density of u at x and denoted by

(1.15) 0°(p, x) = 0" (p, x) = 0 (u, ).
If E C R™ we define the upper and lower s-densities of F at x as 0**(E,z) =
0**(H* L E,z) and 05(F,z) = 03(H® L E, x), respectively.

We are now ready to state the theorems regarding rectifiability.

Theorem I. Let E C R" be such that 0 < §%(E,z) < oo, for H a.e. x € E
and let o € (0,1). Assume that for almost every x € E,

(1.16) JE (x) =) e <o

Then E is (countably) C** d-rectifiable. When o« = 1, if we replace ry in the left
hand side of (1.16) by ryn(ry), where n(ry)? satisfies the Dini condition, then we
obtain that E is C*? rectifiable.

Remark 1.18. For the second part of the statement recall that C! rectifiability
coincides with C? rectifiability (see Proposition 4.1).

Remark 1.19. In Theorem I, we will use the assumptions on the upper density
in order to prove that E is rectifiable, using a theorem of Azzam and Tolsa from
[AT15]. We will need rectifiability in order to obtain (local) flatness. Note that,
in this case, we cannot weaken the assumptions on the density to be 84 (E,z) > 0
and 04(E,x) < oo to obtain rectifiability, as in [ENV16|, because we will use that
0% (E, x) < oo to compare B with 8% in order to apply the aforementioned theorem
of Azzam and Tolsa. See the proof of Theorem I for details.

We can also state a version of Theorem I for rectifiability of measures. A Radon
measure 1 on R™ is a Borel regular outer measure that is finite on compact subsets
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of R". If n is a Radon measure, define

(1.17) Gp(@,r) = inf {r_ld /yEB(ac,r) (MY du(y)} ’

for x € R™ and r > 0, where the infimum is taken over all d-planes P. Moreover,
define

=

oo 2
(1.18) T @) =% ﬁg(f%’“).
k=0 k

Theorem II. Let p be a Radon measure on R™ such that 0 < 0% (u,r) and
0%(p, x) < oo for p-a.e. v and let a € (0,1). Assume that for p-a.e. v € R",

(1.19) Jh o (1) < o0

Then p is (countably) CY* d-rectifiable. When « = 1, if we replace ry, in the left
hand side of (1.19) by ryn(ry), where n(ry)? satisfies the Dini condition, then we
obtain that u is C? rectifiable.

Remark 1.20. The density assumptions in Theorem II are weaker than the ones
in Theorem I, as we will use Theorem 2.7 by Edelen, Naber and Valtorta instead of
Theorem 2.1 by Azzam and Tolsa.

Note that the assumption J5,(7) < oo implies J{,(7) < oo (see Lemma 2.9),

which is the condition we will need to apply Theorem B, and also that fol Bua(z, 7")2‘?“—7" <

oo which is going to be used to apply a result by Edelen, Naber and Valtorta, [ENV16|
(see Remark 2.8 for a more detailed discussion). Also in this case we will use the
finiteness of the upper density in Lemma 2.9, however, we do not need to assume
that as it also follows from Theorem 2.7.

1.3. Plan of the paper. Because of the technical nature of the proofs of
Theorems A and B, in Section 2 we first prove Theorems I and II using Theorems A
and B. After that, in Section 3 we introduce the main tools for the proof and after we
state the more technical Theorems 3.4 and 3.6. Then we construct a parametrization
for our set E using a so-called coherent collection of balls and planes (CCBP) to then
conclude by proving Theorems 3.4 and 3.6. At the end of the Section, we provide
proofs of Theorems A and B stated above. Finally, in Section 4 we include the a few
examples, including the one from [AS94|, together with some remarks on the main
Theorems.

1.4. Motivation and related work. Peter Jones [Jon90| proved that, given
a collection of points in the plane, we can join them with a curve whose length is
proportional to a sum of squares of S-numbers (plus the diameter). In particular,
the length is independent of the number of points. This was the starting point
of a series of results seeking to characterize, in a quantitative way, which sets are
rectifiable. The motivation came from harmonic analysis, more specifically, the study
of singular integral operators. It became clear that the classical notion of rectifiability
does not capture quantitative aspects of the operators (such as boundedness) and a
quantitative notion of rectifiability was needed. A theory of uniform rectifiability was
developed and it turned out that uniformly rectifiable sets are the natural framework
for the study of L? boundedness of singular integral operators with an odd kernel
(see [DS93, DS91, Toll4]). The theory is developed for sets of any dimension, but a
necessary condition for a set to be uniformly rectifiable is that it is d-Ahlfors regular,
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where d € N. That is, the d-dimensional Hausdorff measure of a ball is comparable
to its radius to the d-th power.

Jones’ Traveling Salesman Theorem works only for 1-dimensional sets, but does
not assume any regularity. Several attempts have been made to prove similar ana-
logues for sets (or measures) of dimension more than 1, see for instance [Paj96b,
Paj96al. Menger curvature was also introduced to attempt to characterize rectifia-
bility (see, among others, [Lég99, LW11, LW09, KS13, BK12, Koll5, Meul8, Goels,
GG19]). Other approaches can be found in [Merl6, Del08, Sanl19]). Azzam and
Schul [AS18| prove a higher dimensional version of the Traveling Salesman Theorem,
that is, they estimate the d-dimensional Hausdorff measure of a set using a sum
of S-numbers with no assumptions of Ahlfors regularity. Using this, together with
[DT12], Villa [Vil19] proves a characterization of tangent points of a Jordan curve in
term of S-numbers.

We say that a Radon measure g on R" is d-rectifiable if there exist countably
many Lipschitz maps f;: R¢ — R" such that

i <R” \ Uﬁ(Rd)) =0.

Note that a set E is d-rectifiable if and only if H¢ L  is a d-rectifiable measure.

For measures which are absolutely continuous with respect to the Hausdorff mea-
sure, the above definition coincides which Lipschitz graphs rectifiability. That is, if
we require the sets to be almost covered by Lipschitz graphs instead of images, we
get an equivalent definition. Garnett, Kilip, and Schul [GKS10| proved that this is
not true for general measures, even if we require the doubling condition (that is, the
measure of balls is quantitatively comparable if we double the radius). They exhibit
a doubling measure supported in R?, singular with respect to Hausdorff measure,
which is Lipschitz image rectifiable but is not Lipschitz graph rectifiable.

Preiss, Tolsa, and Toro [PTT09| fully describe the Holder regularity of doubling
measures in R" for measures supported on any (integer) dimension. Badger and
Vellis [BV19] extended part of the work to lower order rectifiable measures. They
prove that the support of a Radon measure can be parametrized by a %-Hélder map,
under assumptions on the s-dimensional lower density. Badger, Naples and Vellis
[BNV19] establish sufficient conditions that ensure a set of points is contained in the
image of a £-Holder continuous map. Badger and Schul [BS15, BS17| characterize 1-
dimensional (Lipschitz) rectifiable measures in terms of positivity of the lower density
and finiteness of a Bishop—Jones type square function. Martikainen and Orponen
[MO18| later proved that the density hypothesis above is necessary.

Recently, Edelen, Naber, and Valtorta [ENV16] proved that, for an n-dimensional
Radon measure with positive upper density and finite lower density, finiteness of a
Bishop—Jones type function involving , numbers implies rectifiability. The same
authors [ENV19] study effective Reifenberg theorems for measures in a Hilbert or
Banach space. Azzam and Tolsa [Toll5, AT15| characterized rectifiability of n-
dimensional Radon measures using the same Bishop—Jones type function under the
assumption that the upper density is positive and finite. Note that the density con-
dition in [ENV16] is less restrictive (see [Tol19]). Tolsa [Tol19] obtains an alternative
proof of the result in [ENV16] using the techniques from |[Toll5, AT15|. For a sur-
vey on generalized rectifiability of measures, including classical results and recent
advances, see [Bad19].
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Kolasinski [Kol17] provides a sufficient condition in terms of averaged discrete
curvatures, similar to integral Menger curvatures, for a Radon measure with positive
lower density and finite upper density to be C1® rectifiable. Moreover, sharpness of
the order of rectifiability of the result is obtained using the aforementioned example
from [AS94|. This result is very similar in flavor to the result we prove in this paper.
In fact, if the measure is Ahlfors regular, Lerman and Whitehouse [LW11, LW(9|
proved that Menger curvature and a Bishop—Jones type square function involving L?
B-numbers are comparable on balls. However, for measures which are not Ahlfors
regular, the two quantities are not known to be comparable.

Given such distinctions it is natural to investigate different types of rectifiability
(e.g., Lipschitz image and Lipschitz graph rectifiability, C? and C1* rectifiability).
There has been some progress in this direction concerning rectifiability of sets (by
e.g. [AS94]) but the tools involved rely heavily on the Euclidean structure of #? and
give qualitative conditions. Dorronsoro [Dor85a, Dor85b| obtains a characterization
for potential spaces and Besov spaces in terms of coefficients which are analogous
to higher order versions of Jones’s S-numbers. Several recent works concerning con-
nections between rectifiability and S-numbers seem to have been inspired by these
results. There has been a great deal of interest in developing tools which allow fur-
ther generalizations to rectifiability of measures which provide quantitative results.
Using the techniques from [DT12] we develop such tools with the use of S-numbers
and obtain results for C1® rectifiability.

Reifenberg [Rei60] proves that a “flat” set (what is today known as “Reifenberg
flat” set) can be parametrized by a Holder map. In [DKTO1|, David, Kenig, and
Toro prove that a Ch* parametrization for Reifenberg flat sets (without holes) with
vanishing constants can be achieved under a pointwise condition on the §’s (their
conditions are stronger than our conditions).

Among the results involving Menger curvature, in [KS13], Kolasiriski and Szu-
manska prove that C1® regularity, with appropriate «o’s, implies finiteness of func-
tionals closely related to Menger curvature. In [BK12|, Blatt and Kolasinski prove
that a compact C' manifold has finite integral Menger curvatures (a higher dimen-
sional version of Menger curvature) if and only if it can be locally represented by the
graph of some Sobolev type map.

In [Kol15], a bound on Menger curvature together with other regularity assump-
tions leads to a pointwise bound on S-numbers: this is the same bound which appears
in [DKTO01]|. If in addition the set is fine, which among other things implies Reifenberg
flatness allowing for small holes (that is, at scale  holes are of the size of 82 (z,r)),
then the same conclusion as in [DKTO01] holds, that is, the set can be parametrized
by a C1* map.

It is interesting to note that in [DKTO01] Reifenberg flatness, which does not allow
for any holes, is used. On the other hand, in [Kol15] they allow small holes, that is,
of size bounded by . In contrast, we only require the set to be one-sided Reifenberg
flat, which does not impose any restrictions on the size of the holes.

In the last few years, Fefferman, Israel, and Luli [FIL16| have been investigating
Whitney type extension problems for C* maps, finding conditions to fit smooth
functions to data.

1.5. Further developments. It is interesting to ask whether there exist anal-
ogous necessary conditions for higher order rectifiability. See Section 4 for some
observations. The author believes similar results for C*® regularity hold with an ap-
propriate generalization of the Jones S-numbers and of Reifenberg flatness of higher
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order. By appropriate generalization we mean to use polynomials instead of d-planes
to approximate the set. This idea is not new, see for instance [Dor85a, Dor85b| and,
more recently, [Pral7|, Section 2.2.

Acknowledgements. 1 am grateful to my advisor Raanan Schul for suggesting
the problem and directing me along the way with helpful advice and feedback. I
am also thankful for many helpful conversations with Matthew Badger and Marti
Prats. Finally, I would like to thank Guy C. David and Jonas Azzam for comments
on earlier drafts of this work. Some of the work was partially supported by NSF
DMS 1361473 and 1763973.

2. Proof of Theorems I and II on CY* rectifiability

As mentioned in the introduction, we will start by using Theorems A and B to
prove Theorems I and II. The former will be then proved in the later sections.

2.1. A sufficient condition involving (3., numbers. To prove Theorem I
we need to recall a result from [AT15].

Theorem 2.1. (Azzam-Tolsa [AT15, Theorem 1.1]) Let p be a finite Borel mea-
sure in R™ such that 0 < %*(u,x) < oo for u-a.e. v € R™. If

1
d
(2.1) / ﬁu,g(x,r)Q% < oo for p-a.e. x € R",
0

then p is d-rectifiable.

In this section we prove Theorem I. Before proceeding with the proof we want
to note when different Jones’ square functions are bounded by each other.

Remark 2.2. Let us formally state a fact well known by experts in the area and
often used in the literature. In the literature, some results prefer using continuous
versions of Jones’ functions, while others prefer discretized ones. In our statementes
we use a discrete version, as in [DT12|, but we sometimes relate that to continuous
versions, as in [AT15].

Let a(r) be positive for any r > 0 and suppose there exist constants ¢,C' > 0
such that ca(rg41) < a(r) < Ca(ry) if rgr1 < r < g Then there exists a constant
Cy > 0 such that

(2.2) Cio O a(r)% <> afry) < (JO/O a(r)%

Let us record some of the comparisons between different Jones’ functions.

Lemma 2.3. Let E C R" such that 0 < 0%(E,z) < oo, for a.e. x € E. Set
p=HI_E. Ifforae z€E

(2.3) JE(z) = Zﬁfo(x,rk)Q < 00,
k=0
then
! dr
(2.4) / 5u72(37>7")27 < oo forp-a.e. x € R",
0

and hence FE is d-rectifiable, that is, there exist countably many Lipschitz images T';
such that HY(E\ U, T;) = 0.
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Proof. We want to prove that, for a.e. + € E, there exists r, > 0 such that if
r < r., then

(25) Bu,2(xa ’l“) S C(JT)/BOZ(ZL‘, T)'
It is enough to prove that, for a.e. z € E, there exists r, > 0 such that if r < r,,
{BNE
(2.6) Ld) < C(z).
r

This follows immediately by the assumption #%(E, z) < oco. The conclusion follows
from Theorem 2.1. O

Remark 2.4. Note that a set F that satisfies the hypotheses of Theorem I
satisfies the hypotheses of Lemma 2.3, as JZ (z) < JZ (z) < oc.

Let us restate, for convenience of the reader, a Sard-type theorem (Theorem 7.6
in [Mat95]).

Theorem 2.5. If g: R? — R" is a Lipschitz map, then
(2.7) H'({g(x) | dimy(Dg(2)R) < d}) = 0.

Lemma 2.6. If f: RY — R" is a Lipschitz map and T' = Im(f), then I' C
Iy U, Ag, where each A, is Reifenberg flat and HYTy) = 0.

Proof. By Theorem 3.2.29 in [Fed69| (Lipschitz and C! rectifiability are equiva-
lent notions for measures absolutely continuous to Hausdorff measure), we know that
there exists countably many C' maps g;: R — R" such that I' C |, g;:(R%). To
simplify notations, let g = g;, for some i, for the time being. For H%almost every
z € Im(g), we know by Theorem 2.5 that rank(Dg(z)) = d where z is such that
g(x) = z.

Because g is a continuously differentiable map, for any ¢ > 0, we know that there
exists a small enough neighborhood U, 3 z such that rank(Dg(y)) = d and, by the
Implicit Function Theorem, g(U,) is a C' graph over U..

(2.8) |Dg(x) — Dg(y)| < &'

for every y € U,. We want to prove that g(U,) is Reifenberg flat. For any = € ¢(U,)
and 7 > 0 let P,, be the unique tangent d-plane to ¢g(U,) at . We need to check
that

(2.9) dist(y, Pr,) <er, y € g(U.)NB(x,7),
dist(y,g(U,)) <er, ye€ P,,NB(z,r).

By choosing ¢ > 0 above small enough with respect to e, all conditions are
satisfied, as the derivative varies smoothly and so do the planes P, ,’s, and we recover
a two-sided control as locally, we have a C! graph.

Because the choices of g; and z are arbitrary we can repeat the same procedure
for all the maps. Note we can choose countably many z; and still obtain a cover
for g;(R?). We then have a collection of neighborhoods U? so that each g;(U}) is
Reifenberg flat and I' C Um gi(Uzil) up to H¢ measure zero I',. Re-indexing the
collection by A,, we obtain the desired result. 0

We are now ready to prove Theorem I.

Proof of Theorem I. By Lemma 2.3 there exists countably many Lipschitz
images I'; such that HY(E \ U,T;) = 0. Let E;, = En (I;),, where we applied
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Lemma 2.6 to each I'; and obtained A, = (I';),. Now, define

(2.10) Eigp = {2 € Eig | Jooa(z) < p}.

By Lemma 2.6 each of the E; ,, satisfies the hypotheses of Theorem A and hence it

can be parametrized by a C** surface. Because E = E, U U, o E; 4 p, where Ej, has

He-measure zero, Theorem I follows. O

2.2. A sufficient condition involving (3 numbers. We can also state a
version of Theorem I for rectifiability of measures, that is Theorem II. If u is a
Radon measure, and 1 < p < oo, define

(1 dist(y, P)\” ,

for x € R™ and r > 0, where the infimum is taken over all d-planes P. Moreover,
define,

. Bu<x77ﬂk)2
(2.12) Tho(r) =
k=0 'k
To prove the theorem we will use the following theorem by Edelen, Naber and
Valtorta.

Theorem 2.7. (Edelen-Naber—Valtorta [ENV16|) Let 1 be a finite Borel mea-
sure in R™ such that 0 < % (u,x) and 0%(u, ) < oo for p-a.e. x € R™. If

1
d

(2.13) / Buyg(x,rf—r < oo forp-a.e. x € R",
0 r

then p is d-rectifiable and 6% (u, z) < oo, for u-a.e. x € R™.

Remark 2.8. Condition 1.19 in Theorem II is slightly stronger than what we
actually need. In fact, it implies that Ji', () < oo (see Lemma 2.9 below). We use

the latter condition to apply Theorem B. It also implies that fol Bua(z,r)*L < o0,
which is a necessary hypothesis for applying Theorem 2.7. Notice that assuming only
boundedness of the L' Bishop—Jones square function would not guarantee the set to
be rectifiable (see [Tol19]).

As observed in the introduction, the density assumptions of Theorem 2.7 are
weaker than the ones in Theorem 2.1. Note again that, if u is rectifiable then it has
0 < 0%(u,x) p-almost everywhere (for a proof, see [BS15]), so the following lemmas
apply to u in Theorem II. We will use the fact that 0 < §4(u, ) in order to be able
to compare B-numbers computed with respect to 1 and those computed using #H?
and the fact that 6% (u,z) < oo to compare L' and L? Jones functions.

Lemma 2.9. Let u be a Radon measure on R" and let x such that 0% (u, ) < oo
and Jj (x) < oo. Then, J{ () < co.

Proof. 1t is enough to prove there exists r, > 0 such that if r < r,,

(2.14) Bui(x,r) < C(x)Byu2(x, ).

By Hoélder’s inequality we get
2 (1 d(y, P)\” :
Y,
— d )
(Td /B(ac,r) ( r ) M<y))

1 d(y, P
e15) & [ W) <
B(z,r)
Because 0% (u, z) < oo, we get “(B(‘T ") < C(z) and we are done. O

o

rd r

N
E
- L=
U R
=
~_
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We would like to proceed as in the proof of Theorem I. Because of our assump-
tions (see Remark 2.8), it follows from Theorem 2.7 that p is d-rectifiable, that is,
there exist countably many Lipschitz images I'; such that x4 (E '\ [J,I';) = 0.

Let E =supppun{z e R" | Jj, (x) < oo}, where

supppu = {z € R" | u(B(x,r) > 0 for all r > 0)}

denotes the support of the measure p. From Lemma 2.6 we get that each E;, =
E N (Ty), is Reifenberg flat. To apply Theorem B we need to ensure that the “Eu-
clidean” ) numbers (i.e. the 51 numbers computed with respect to the d-dimensional
Hausdorff measure) satisfy the hypothesis of Theorem B.

Lemma 2.10. Let E;, be as above. There exists a countable collections of
subsets E; 4 nm such that for every x € E; N, there exist numbers C, > 0 and
r, > 0 such that for every r, < r, we have

i7q,NJn<

E 2
(2.16) 3 St @)

T

TE<Tz

Proof. By our assumptions on p we know that for every z € E;, there exist
numbers C, > 0 and r, > 0 such that for every rp < r, we have

L E;

5{1 i,q (.T, 7“)2
2.17 E < (.
( ) T]%a —

k
TE<Tg
Define FE; ; nm by

1 B E;

(2.18) EigNm = {95 S N < & (96,7"3 N Eiy) < N forr < 2m} .
r

In order to prove the statement it is enough to prove that each ﬂlE PN () s
bounded above by a constant multiple of 3’ - Ei’q(x, ). To obtain this, it is enough

to prove that, for some constant C', we have

(2.19) HYE; g nm N B) < CNu(E;, N B).

This follows from Theorem 6.9(2) in [Mat95]. O
Finally, define

(220) Ei,q,N,m,p = {37 S Ei,q,N,m ’ JLa(SC) < p}

From the results above the following lemma follows immediately.

Lemma 2.11. FEach E; , y ., satisfies the hypotheses of Theorem B and hence
it can be parametrized by a C1“ surface.

Now, we have that F' = E, U, , x.np Fig.Nmp, Where Ep has H?-measure zero,
by Lemma 2.6, the definition of rectifiability, and continuity from below. The lemma
below proves that FEj, has also y measure zero, so Theorem II follows.

Lemma 2.12. Let A C R" and v a Radon measure such that 0% (v, z) < oo for
v-a.e. v. If H¥(A) =0, then v(A) = 0.

The lemma follows immediately from Theorem 6.9(1) in [Mat95].
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3. The more technical result on parametrization

We now proceed to introduce the main tools for the proofs of Theorems A and
B. In this section, we will construct the map f and obtain distortion estimates for
it. We then relate those estimates to our conditions on S-numbers, and prove the
main theorems, Theorems A and B.

3.1. More definitions and statement of the more technical result. Given
a one-sided Reifenberg flat set, we now want to construct a so-called coherent col-
lection of balls and planes (CCBP) for E (for more details see the discussion after
Theorem 12.1 in [DT12]).

Let E be as above and set r, = 107%. Choose a maximal collection of points
{z;x} C E, j € Ji such that |x;, — x;x| > 7%, for i,j € Ji, ¢ # j. Let Bj be the
ball centered at x;; with radius r;. For A > 1, set

(3.1) V2= ABju.
J€Jk

Because of our assumptions on the set £/ we can assume that the initial points
{z;0} are close to a d-plane ¥, that is dist(x;, Xy) < €, for j € Jo. Moreover, for
each k£ > 0 and j € J, we assume that there exists a d plane P;; through x;; such
that
(3.2)  dq, . 100m, (Pis Pix) < € for k>0 and i, j € Ji such that |2, —x;x] < 10074,
(33) dwmo,loo(.Pi’o, ZQ) S e fori e J(),
(3.4) dq,, 20m, (P, Pjgy1) <€ for k>0,i€Jp and j€ Jpp1 st. [0 — 25 41| < 27

Definition 3.1. A coherent collection of balls and planes for E is a pair (B, Pjx)

with the properties above. We assume that ¢ > 0 is small enough, depending on d
and n.

We will use this collection to construct the parametrization, as explained in the
following section. We now define the coefficients ¢, which differ from classic (-
numbers in that they take into account neighbouring points at nearby scales. In
section 3.4 the relationship between the two will be made explicit.

Definition 3.2. For k > 1 and y € V}!° define
(35) Ek(y) = Sup{dxiyl,l()Orl(Pj,ka Pi,l) | ] € ‘]kv l € {k - ]-7 k}: 1€ Jla
Yy < 1OBj,k N 11317;{}
and ;(y) = 0, for y € R" \ V}1°.

As in [DT12] f will be constructed as a limit. To construct the sequence we
need a smooth partition of unity subordinate to {B;;}. Following the construction
in Chapter 3 of [DT12]|, we can obtain functions 6, ;(y) and ¢, (y) such that each 6,
is nonnegative and compactly supported in 10B;, and 9 (y) = 0 on V2. Moreover,
we have for every y € R",

(3.6) Ye(y) + Y Oikly) = 1.

J€Jk
Note that, because 11 (y) = 0 on V¥, this means that
(3.7) Z 0;x(y) =1, foreveryy € V5.

JE€Jk
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Finally we have that

(38) V60 < Comr IV (9)] < Comr
Tk Tk
Following [DT12|, our plan is to define a map f on a d-plane ¥,. We define
f:R™ — R" and later on we will only care about its values on ;. With a slight
abuse of notation we will still denote the restricted map to ¥y as f. We define the
sequence {fr: R" — R"} inductively by

(3.9) foly) =y and fri1 =oro fi,

where

(3.10) ory) = ey + > 0y mix(y).
J€Jk

where 7;, denotes the orthogonal projection from R" to P; ;. In the future we denote
by ijk the projection onto the (n — d)-plane perpendicular to P, (passing through
the origin). Next, we observe that the fi’s converge to a continuous map f. We
include below the proof of this fact from [DT12]. Note that

(3.11) lok(y) —y| < 101, for y € R",

because . ; 0;x(y) <1 and [m;x(y) —y| < 10r), when 0;,(y) # 0 (6;x is compactly
supported in 108, , so that means y € 105} ;. This implies that

(3.12) | frt1 — frlloo < 107,
so that the maps f;’s converge uniformly on R" to a continuous map f.

Theorem 3.3. (David—Toro [DT12, Proposition 8.3|) Let € > 0 and E as above.
If we also assume that there exists M > 0 such that

(3.13) > en(ful(2))’ < M, forall z € Xy,
k=0

then the map f: ¥q — X constructed in Theorem 1.8 is bi-Lipschitz. Moreover, the
Lipschitz constants depend only on n, d, and M.

As mentioned before, we are interested in finding a condition on the e;’s to
improve the results on the map f. The theorems we want to prove are the following.

Theorem 3.4. Let E C B(0,1) as above, with ¢ > 0 small enough, and « €
(0,1). Also assume that there exists M > 0 such that

e 2
(3.14) 3 5’“({;# <M, forallze X,
k=0 k

Then the map f: ¥y — X constructed in Theorem 1.8 is invertible and differentiable,
and both f and its inverse have a-Hélder directional derivatives. In particular, f is
continuously differentiable. Moreover, the Hélder constants depend only on n, d, and
M.

Remark 3.5. We will define f: R™ — R" but we are only interested in its values
on Y and ¥ = f(Xg). The directional derivatives for the inverse are derivatives along
directions tangent to X.
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Theorem 3.6. Let E C B(0, 1) as above, with ¢ > 0 small enough and let n(ry)*
satisfy the Dini condition. Also assume that there exists M > 0 such that

(3.15) i (Mf <M, forallz €%,

=0 ren(rx)

Then the map f: ¥y — % constructed in Theorem 1.8 is invertible and differentiable,
and both f and its inverse have Lipschitz directional derivatives. In particular, f is
continuously differentiable. Moreover, the Lipschitz constants depend only on n, d,
and M.

3.2. Estimates on the parametrization. We now want to collect estimates
on the derivatives of the o;’s. Recall, by (3.10), we defined ox(y) = ¥x(y)y +

> ien OikW)min(y).

Remark 3.7. We set up some notation for the derivatives. Below D and D?
will denote slightly different things depending on the map they are applied to.

e For the partition of unity 0, v,: R" — R, D0, and Dy, denote the usual
gradient, that is an n-vector, that is, a n x 1 matrix. D?6;; and D?1);, denote
the Hessian, which is a n X n matrix.

e For vector valued maps g: R" — R", such as f, fk,ak,ﬂj,k,ﬁj%k, write g =
(g%, ..., g"), where the g' are the coordinate functions. Then Dg = (Dg!, ...,
Dg") which can be looked at as an n X n matrix. Similarly, D?g = (D?%¢", ...,
D?g") is a 3-tensor, that is a bilinear form R x R" — R™ that acts on vector
u,v € R" via D?g-u-v=(D*" - u-v,...,D*q" - u-v).

In what follows |- | denotes the standard Euclidean norm on RY, for the appropriate
N (where we have identified M, x,, with R”Q).
L

Remark 3.8. Note that while ;; is an affine map, 7;; is a linear map. Also
note that Dm;(y), the Jacobian of 7, at y € R", is the orthogonal projection
onto the d-plane parallel to P, passing through the origin. Note that the Hessian
D?m;(y) =0, for all y € R™

By differentiating (3.10), we get that for y € V1%, we have
(3.16)  Dow(y) = tu(y)I + > _ 0;x(y) Dy + yDn(y) + > mik(y) DO (y).
jE€Jg Jj€Jk

Note that if y ¢ V,1°) then o4(y) = y and also Doy(y) = I. Then we also have
D? =0
ok(y) .

Lemma 3.9. Let y € V9. We have
(3.17) D?oy(y) = 2Dy (y)I+2 Y DO, k(y) Dy sty D’ en(y)+ Y mia(y) D0,k (y).
jeJk J€Jk

Choose i = i(y) € Ji, such that y € 10B;, and set

(3.18) 9(y) = 2Dy (y) D7} + (y — miw(y)) D> (y).
Then
(3.19) |D%o1(y) — 9(y)| < C%’

where C > 0 is a constant.
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Proof. We obtain (3.17) by differentiating (3.16). For the last statement, recalling
(3.7), we have

(3.20) g(y) = 2D¢x(y) Dy, + (y — min(y)) D*¢r(y)
= 2D (y)[I — Dmig] + yD*i(y) — mis(y) D>y (y)

J€JIk J€Jk
Now, note that |D?6;,(y)| < C-5. Moreover by (3.2), for all nonzero terms, we have
k
|Dmj ) — Dm; x| < Ce, because 6;;, = 0 outside of 108y, so that y € 10B;; and
hence |z; — x; x| < 100r) for our choice of (i, k). Hence, we get
(321)  [D%ou(y) — g(y)|

<23 D8k 1D7jx — Drosl + > | D?050(0)| 1710 (y) — Tk ()]

jeJk J€Jk
1 1
<C—-Ce+C— - Cery=C—,
Tk Ty Tk
where we used the fact that |7, (y) — m(y)| < Ceryg by (3.2). O

We now want to collect some more estimates. Let X be the image of ¥ under
fr, ie. g = fe(X0) = 010+ 000(2). First, we need to recall some results from
[DT12]. The main result is a local Lipschitz description of the ¥;’s. For convenience
we introduce the following notation for boxes.

Definition 3.10. [DT12, Chapter 5| If z € R", P is a d-plane through z and
R > 0, we define the box D(z, P, R) by

(3.22) D(z,P,R)={z4w|z€PNB(z,R) andw e P-NB(0,R)}.

Recall that for a Lipschitz map A: P — P~ the graph of A over P is I'y =
{z+ A(2) | z € P}.

Proposition 3.11. [DT12, Proposition 5.1] For all k > 0 and j € Jy, there is a
Lipschitz function A;j: Pjr N49B; ) — P]Lk of class C?, |A;x(zjx)| < Cerg, with

(3.23) |DA;k(2)| < Ce, z€ P N49B,y,

such that around x; ; ¥, coincides with the graph of Aj;y, that is
(3.24) Se N D(xjp, Pig, 49r1) = Ta, . 0 D(j 1, Py, 4974).
Moreover, we have that

(3.25) lok(y) —y| < Cery fory e Xy

and

(3.26) |Dow(y) — Drjy — Un(y) Dy | < Ce fory € 3p N 458,

Proposition 3.11 provides a small Lipschitz graph (that is, a Lipschitz graph
with a small constant) description for the ¥, around x;;. Note that, away from
T, 0r = id, so that X stays the same so that it is not hard to get control there
too. The proof of Proposition 3.11 is quite long and involved, and proceeds by
induction. For k = 0, ¥, is a plane, and because P;; and P, ;;+; make small angles
with each other, once we have a Lipschitz description of ¥, we can obtain one with
a comparable constant for >, ;. Using Proposition 3.11 we can get estimates on the
second derivatives of the o},’s.
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Proposition 3.12. For allk > 0, j € J,, y € X N 458, we have
(3.27) | D%04(y) — 2Dy (y) Dy, | < cf—k.
Proof. Let j € J, and y € X, N 458, be given. If y ¢ V!9, then ¢x(y) = 1

and D?a(y) = 0, so there is nothing to prove. So we may assume that y € V}!° and
choose i € Ji such that |y — z; x| < 10r. Recall that, by (3.19) in Lemma 3.9,

(3.28) | D?*ow(y) — g(y)| < C%.
We want to control
(3.29) B = g(y) — 2Dy (y) D7y,
= 2Dy (y)[ Dy, — D] + [y — mik(0)] D* i (y).

In the construction of the coherent families of balls and planes, since y € 458, N
10B; k, (3.2) says that

(3.30) dxj’k,lol)rk(Pi,ka Pjy) <e
and so,
(3.31) |Dri e — Dji| + ‘DWZ‘L,k - DWjL,k‘ < Ce.

Recalling also that |Dy(y)| < C%, we can bound the first two terms of B by C'=.
Next

(3.32) [y — T ()] D*Yi(y) < CriPly — migly)| = Cry 2 dist(y, Pig)
< Cr;2dist(y, Piy) + C’Ti.
k

By the results in Proposition 3.11, we also have

(3.33) dist(y, Pji) < [Aju(zjr)| + Cery < Cery.
Then, finally,
€
(3.34) Do, (y) — 2Dy (y) D75 | < |D%0n(y) — g(y)| + |B| < O O

In the next lemmas from [DT12| we want to check how much the mappings
fr distort lengths and distances. We are only concerned with directions parallel
to the tangent planes to ¥;. Lemma 3.13 below is enough to obtain the original
Holder estimates in Theorem 1.8, but we need more precise estimates to obtain more
quantitative results.

Lemma 3.13. [DT12, Lemma 7.1| Let k > 0, o%: 3 — Spy1 is a C? diffeomor-
phism, and for y € ¥

(3.35) Doy(y): TSk (y) = TEks1(0k(y)) is a (1 4+ Ce)-bi-Lipschitz map.
Moreover, for v € T (y)
(3.36) | Doy (y) - v —v| < Celv|.
Recall Definition 3.2,
(3.37) ex(y) = sup{dz, , 100 (Pjk, Pit) | J € Ji, L €{k =1k}, i € J,

(TRS 1OBj7k N 11317]{}

and e;(y) = 0, for y € R™\ V!°. The numbers ¢; measure the angles between
the planes P;;, and P,; and, while we know that £4(y) < ¢) by definition of CCBP
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we want to keep track of the places where they are much smaller and improve the
estimates obtained before.

The next lemma provides improved distortion estimates for the tangential deriva-
tives of oy, which will be useful when estimating |f(x) — f(y)|. For two d-planes P
and P, with 0 € P, N P,, we define the angle between them to be
(3.38) Angle(Py, P,) = sup dist(y, P,) = sup |7 oma(z)|.

yeP,|y|=1 z€R"”,|z|=1
If the two planes do not both pass through zero, we take the associated linear sub-
spaces.

Lemma 3.14. [DT12, Lemma 7.3 + 7.4] For k > 1,y € ¥, N V¥, choose i € Jj,
such that |y — ;x| < 107y, and let u € T, %y, |u| = 1. Then for all j € Jy such that
Yy - ]—OBj,kn

(3.39) | D7y - [mn(y) — yl| < Cewly)’ra,
(3.40) Angle(TXk(y), Pix) < Cer(y),
(3.41) |Dm; o [D7j — Dmig) 0 D] < C&‘k(y)z,

and for every unit vector v € T (y),
(3.42) [Dow(y) - v| = 1] < Cerly)*.

Remark 3.15. Equation (3.41) is in fact (7.31) in the proof of Lemma 7.4 in
[DT12].

We now want to obtain similar estimates on the second derivatives of the oy,.
Lemma 3.16. For k >0,y € ¥, N V¥, we have
(3.43) ‘Dng(y)| < Cekr—iy).
Proof. Choose i € Jj, such that |y — x; x| < 10r;. Then
(3.44) D?oi(y)(y) =2 Z DO;(y) [D7js. — Dmyge] + Z[Wj,k(y) — ik ()| D0, ()
j€Jk J€Jk

by (3.7). Now, when 6, (y) # 0,
(3.45) da, o 100m, (Piks Pik) < er(y)re,

because y € 10B;;N10B; . Hence |m; 1 (y)—m;x(y)| < Cex(y)ry and |Dmjy — D ] <
Cer(y). Moreover, | DO (y)| < C’i and |D?0;,(y)| < C=%, so that
k

1 1 €
(3.46) |D20k(y)} < C—er(y) + Cser(y)ri < C—k(y)- O
Tk T‘k Tk

Recall now that by Lemma 3.13, Doy is bijective. Following the same steps
as above we can improve the estimates on the inverses of the o4’s and obtain the
following lemma.

Lemma 3.17. Let v be a unit vector in TS 41(z), and z € Ypy1 NV, Then

(3.47) |Do (y) - v —v| < Ceg(z)v],

(3.48) ||D0k_1<2) cv| — 1{ < Oep(2)?,
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and

ek(z)
Tk'

(3.49) |D%0; ' (2)| < C

3.3. Proof of Theorems 3.4 and 3.6. Before proving Theorem 3.4 we need
one more lemma.

Lemma 3.18. Suppose g; is a sequence of continuous functions on B(0, 1), that
satisfy

(3.50) l9;(2) = g;(y)| < Alw —y|  for some A > 1,

and

(3.51) |gr(x)—grs1(x)| < ag(x) for {ar(x)} s.t. Zak ) < CB™, for some B > 1.

Then the limit g(x) = lim;_, g;() is n-Holder continuous with Hélder seminorm C,
log B

where n = W.

The lemma is Lemma 2.8, Chapter 7 in [SS05]. For convenience of the reader,
we report the proof below.

Proof. First note that g(z) is the limit of the uniformly convergent series

(3.52) e )+ > (grs1(z) — gu()).
k=1
Then
(3.53) l9(x) — g(2)] < Z |gr+1(2) — gr(z)| < Zak(iﬂ) < CB™.

By the triangle inequality we get
(3.54) l9(x) = 9(W)| < lg(x) — g; (@) +1g;(x) = g;(»)] + l9(y) — g, (¥)]
< O(Aw —y| + B7).

Now, for fixed x # y we want to choose j so that the two terms on the right hand
side are comparable. We want to choose j such that

(3.55) (ABY|r —y| <1 and 1< (AB)Y|o -yl

Let j = —|logap |z — y|]. Then the two inequalitites are clearly satisfied. The first
one gives A7|z — y| < B™7 and by raising the second one to the power 7, recalling
that (AB)" = B by definition, we get that B~/ < |z — y|". This gives

(3.56) l9(x) — g(y)| < C(A|z —y|+ B7) < CB7 < Clz—yl",

which is what we wanted to prove. 0

Proof of Theorem 3.4. Recall ¥ is a d-plane, so for z,y € ¥y N B(0, 1) we can
connect them through the curve v(t) = tx + (1 —t)y on I = [0, 1]. We have that

(3.57) Dfp(y) — Dfm(z /DQfm A/ (t) dt.
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Now, set Ay = D?fi.(v(t)) - 7/(t) (note that Ay = 0), and let 2, = fi(v(¢)). By
the definition of the f;’s we have

(3.58) A1 = D? fea (v(1)) - 7' (2)
= D?o(2) - Dfi(v(8)) - Dfi(y(t)) - 7' (t) + Doy (zx) - Ay

We want to estimate A,,. In the proof of Proposition 8.1 in [DT12|, equation
(8.10) says
(3.59) IDfn(v(1) - A OI < CH O] T] [+ Cer(z)]l-

0<k<m

If 0 < z < 1clearly (1+x)? < 1+ 3z, so we have, by (3.42), (3.59), and Lemma 3.16,
(3.60)  [An| < |D*0m(2m) - Dfm(Y(t)) - D fin(¥(8)) - 1) + | DOm(20) - A

o) I [+ Cenlz)IY ()] + (1 + Cen(zm)*) | Ami]

r
m o o<k<m

= bm + Cm’AmflL

<C

where we set b, = C'Znlm) [Tochemll + Cen(z)?]17/ (1)] and ¢ = (14 Cep(zm)?).

Tm

We want to iterate (3.60). Recalling that Ay = 0,

(361) |Am| S bm + cm|Am—1| S bm ‘l’ Cm(bm—l + Cm—1|Am—2|)
S bm + bmflcm + Cmcmfl(bmf2 + Cme‘Am72|>

D

k=0 j=k+1
m c (Z ) k—1 m
=S T4 osz)) T] (4 Co )00l
k=0 K =0 j=k+1
so that,
S o1 | exlzr)
(3.62) Anl <C> | ] 1+ Caiz)?) " 1Y ()]
k=0 \ 0<i<m
ik

Notice that if >~.° E’“(’Z‘%))Q is finite then surely > ex(fx(2))? also is, so The-
k
orem 3.3 holds and in particular Hog;gm 1+ Cei(2)% < C(M) so
i#k

r

" en(zn),
(3.63) Al <03 ) gy
k=0 K
Then,

(3.64)  |Dfm(y) = Dfm(2)] < /I\D2fm(7(t))|7’(t)|\ dt:/I\Amldt

" en(z , " en(z
<oy 2 [lya -y Sy,
k=0 k=0
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We now want to use Lemma 3.18. By Cauchy—-Schwarz,

(3.65) Z €k£§k) _ Z 5k£;k)rgl < (Z 8]47{;?) Zr2a2)

Notice that in the last inequality we used the fact that o < 1. Let u € R™ be a unit
vector. By (3.64) we have

(3.66) [Dfin(y) -t = D fin(@) - ul < C(M)(10")" |z — .
Moreover, we have by (3.36), because v = D f,,(z) - u € TS, (y),

(3.67)  |Dfmir(x) - u— Dfm(x) - ul = [Dom(fim(2)) D fn(x) - u = D fin(2) - ul
< Cem(@m) [ D frn() - uf < C(M)em(2m).

Then we can apply Lemma 3.18, with g; = Df;(z) - v, ax(z) = ex(ay), A = 1072,
and B = 10, since we know, by (3.14), that

(3.68) Zek<wk>=25’“ﬁ§““?‘§(Zg’“ifzf) Z) < C(Mrs.

k> k> k> ko k>

(NI

Then n = % = « and the lemma hence gives that Df - u is a-Holder for every
u e R™

Now, we want to prove that, for every w € T(Z), Df~1(Z) - w is a-Holder. Let
Tms Ym € B, where m is such that r, 1 < |T — 7| < rp, let 2, = frn o [7HT)
and Y, = fm o f71(y). By the results in [DT12| we know that both f,, and f~! are
bi-Lipschitz maps, so we have that &[T —y| < |z, — ym| < ClT — 7.

We want to show that, for every m > 0 we have

m

(3.69) 1D (Ym) = D ()| < C D

k=0

We may assume m > 1 as the result is obvious for m = 0, given fy(z) = x. Then we
can proceed exactly as in the first part of the proof. Now, observe that each o: ¥ —
Yit1 is a C? diffeomorphism by Lemma 3.13, so we can define o, ': Sy — %), and
f,r;li Zm — Zo.

Recall that by Proposition 3.11, we know that 2, coincides with a small Lipschitz
graph in B(x;,,49r,,). Then there is a C? curve v: I — ¥, that goes from z,, to
Ym with length bounded above by (1 + C¢)|z,, — ym| < C|T — 7).

Write

(3:70) DJ, ) = Dfy ) = [ D281 010) - @)t
I
By the the estimates (3.48) and (3.49), together with (8.22) in [DT12], which says

(3.71) IDF @) A O < CH O T 11+ Cenlzr)?).

0<k<m
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we can estimate D?f ! as in (3.58)-(3.63), to get
2 -1 / —exl(z)
(3.72) D21 () A (D] < O e AL
k=0
where 2, = fr o f-1(v(t)) and so

(3.73) | DSt (Ym) — Df o (@m)] < /l |D? . (v ()] 1/ (8)] dt

<o§m:—5’“(z’“>|a; - y<c§m:€’“(""“)|f——|
k=0 k=0

r

Let w € TY(z). We want to apply Lemma 3.18 to the sequence gx(T) =
Df N (zy) - w. We have

(3.74) Dfihi(zin) - w = Df (o (@r41)) Doy (zasa) - Dfu(f (7)) DF (@) - w
= Dfi (@1) - Doy (@) - vk,
where we set v, = Dfi.(f~1(Z)) - Df'(T) - w € TXk(x;) and we observed that
x, = 0 '(7451). Then
(3.75) [Dfii(@mia) -0 = D, (&) - wl
= ‘DfntLl(xm) ' Do-;wl(xm+1> *Um — Dfn;1<xm) : Um‘
< |Dfo ! (@)D (1) Vi = Ui
< O(M)|Do, M (Tms1) - Vm — V| < C(M)gp (7).

where we used (3.71) and (3.47). Then we can apply Lemma 3.18 exactly as before,
with ay(T) = ex(zy), A = 1017, and B = 10%, and obtain

(3.76) IDf ) - DI ()] < COD - /|,

where C'(M) is a constant that depends on M but not on m. O
Proof of Theorem 3.6. First observe that, if we prove

(3.77) D fn() = Dfny)] < COMz — ]

uniformly in m then the theorem follows immediately for D f.
Recall that, by definition, we have that

(3.78) > nr)? < 0.
k=1
In the same way as in the proof of Theorem 3.4, we get to (3.64), which is
™ ep(z
(3.79) Dfnlae) = D)) < €30 EE
k=0

By Cauchy—Schwarz, we have

(3.80) 3 5k£jk) 3 5k((2:13) ) < C (Z ( ex(2) ) Z”(”)2>

T
k=0 o 'kl

(M)-C,

IN
Q

by (3.78) and by (3.15).
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This concludes the proof for Df. The same computation, combined with (3.73)
from the proof of Theorem 3.4, shows that D f~! is Lipschitz. 0

3.4. Proofs of Theorems A and B on C%® parametrization. We now
relate the coefficients €, (y) and the S-numbers in order to prove Theorems A and B.
Let us define, as in Chapter 12 of [DT12|, new coefficients 7, (z) as follows

(3.81) (@) = oy (Pria (), By(2)) + sup  dyy, (Ph(), Bi(y)).

yeEENB(x,357)

Then define, for x € F,

(3.82) Jal(z) = f: 7’“(%?2‘

r
k=0

To prove Theorem 1.10 in [DT12], the following lemma is needed.

Proposition 3.19. [DT12, Corollary 12.5| If in addition to the hypotheses of
Theorem 1.8 we have that

A

(3.83) Jyolx) < M, forallx € E,

then the map f: Yy — X constructed in Theorem 1.8 is bi-Lipschitz. Moreover the
Lipschitz constants depend only on n, d, and M.

Following the proof of Corollary 12.5 in [DT12], it is easy to check that under
the assumption that J, , is uniformly bounded, the sufficient conditions in Theorem
3.4 are satisfied. More specifically, we have (see page 71 of [DT12]),

Lemma 3.20. Let z € Yy and let x € E such that

(3.84) |z — f(2)] < 2dist(f(2), E).
Then
(3.85) ex(fr(2)) < Clw(@) + ().

Using the lemma, the following result follows immediately.
Proposition 3.21. Ifin addition to the hypotheses of Theorem 1.8 we have that
(3.86) Jyo(z) <M, forallzeFE,

then the map f: ¥y — X constructed in Theorem 1.8 is invertible and differentiable,
and both f and its inverse have a-Hélder directional derivatives. In particular, f is
continuously differentiable. Moreover, the Hélder constants depend only on n, d, and
M.

We want to replace j%a with a more explicit Bishop—Jones type function involving
Bs’s. Define

(3.87) JE (1) =Y %
k=0

The proof of Corollary 12.6 in [DT12], which we restated as Theorem 1.10, can
be used directly to prove Theorem A, which is obtained as corollary of Theorem 3.4
and Theorem 3.6.

We would now like to replace JF, with J¥, based on an L' version of the f3-
numbers. Usually such coefficients are used when the Hausdorff measure restricted
to the set E is Ahlfors regular. We will not need to assume such regularity, after

observing that Reifenberg flatness implies lower regularity.
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Lemma 3.22. [DT12, Lemma 13.2| Let E C B(0,1) be a Reifenberg flat set,
for € small enough. Then, for x € E and for small r > 0,
(3.88) HYE N B(x,r)) > (1 — Ce)wgr?,
where wy denotes the measure of the unit ball in R¢.

Remark 3.23. We denote by E the closure of E, and notice that the Reifenberg

flatness assumption implies that the set has no holes, for £ small enough (otherwise
the result would be clearly false).

The following lemma is implied by the proof of Corollary 13.1 in [DT12].

Lemma 3.24. By changing the net x;; if necessary, we have that ep(x) <
BE(z,r,_3), where Z € E is chosen appropriately.

Using the lemma, Theorem B follows immediately from Theorem 3.4 and Theo-
rem 3.6.

4. Remarks and complements

4.1. A CY“ function which is not C***¢. As mentioned in the introduction,
we now include some results from Anzellotti and Serapioni [AS94].

Proposition 4.1. (Anzellotti-Serapioni [AS94, Proposition 3.2]) A C*~1! d-
rectifiable set is C* d-rectifiable.

Proposition 4.2. (Anzellotti-Serapioni [AS94, Proposition 3.3 and Appendix])
Let k,m > 1 and k +s < m +t. Then there exist C** rectifiable sets that are not
C™! rectifiable.

For their proofs, we refer the interested reader to [AS94]. We note that the proof
of the second proposition, in the Appendix of [AS94], contains a small inconsequential
error, which can be easily removed.

4.2. Necessary conditions. We also record some observations in the direction
of the converses of our theorems and those from [DT12].

Proposition 4.3. Let G be a Lipschitz graph in R". Then

(4.1) Zﬁfo(x,rk)Q <M, forallzeg.
k=0
Proof. This follows from the Main Lemma in [Tol15], Lemma 2.1. O

Proposition 4.4. Let o,/ € (0,1), o/ > « and let G be a C*" graph in R™.
Then there exists M > 0 such that

Stel 2
(4.2) JoGoﬁa(a:) = Z Beo( 7)” <M, forallzed.

7,-.04
k=0 k
Proof. The proof follows the steps from Example 3.1 in [ENV16]. Let M be the
graph of a C1' function f: R? — R" ¢ By the Taylor expansion around (zo, f(z))
we get
(4.3) [f(x) = f(w0) = Vf(x0) - (x = w0)| < Cla — ao|
Because M is smooth we can choose the tangent plane at x( as best approximating

plane in B¢ (20, 7), for r sufficiently small. Then we get

(4.4) ﬁfo(xo, 7’)2 < Or¥,
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This clearly implies that

= 550($7 Tk)Q

2a
Tk

(4.5) <M

k=0
as o —a > 0. O

In Remark 1.15, we observed that the condition S (x,r) < Cr®* would also work
for our main theorems, and as the proof above shows, such condition is satisfied by
a C1* map.

4.3. Sharpness of the result. The theorems are sharp in the following sense.
Let s € (0,1) and ¢ € (0,1 —s). Let f € C'**2 such that f is purely C"*¢
unrectifiable (such a function exists by Proposition 4.2). Then by Proposition 4.4
we know that for the graph of f, G we have Jg’s(x) < oo. That is that for every
e € (0,1 — s) we have a function f which is purely C***¢ unrectifiable and such
that Jo(i’s(:c) < o0o. This is the same conclusion as the second part of Theorem 1.1 in
|Kol17].

4.4. How to produce Hoélder functions. We outline another more flexible
construction of a C* function. For a more extensive discussion on how to generate
Holder functions, see B.6 in Appendix B by Semmes in [Gro99]|. We include this
example as it is of different nature than the one discussed in Proposition 4.2, and we
can easily estimate its Jones function.

For the remainder of this section, let A,, denote the collection of dyadic intervals
of size 27™, and let A = (J°_, A,,. For J € A, let h; be the Haar wavelet, normalized
so that [ |h;(z)|de =1 and [, h;(z)dx =0, that is

x € Jp,
x € Jy,

(4.6) hy(z) = {ﬁ’l

_m7

where J; and J, are the left and right half of J, respectively. Now define

(4.7) i) = / oL

—00

and

(4.8) ge(@) =Y > 27, (x),

j=0 JeA,

where o € (0,1). By Lemma 3.18, g(x) = limy_,o gr(x) is a C* function, and so

(19) f@) = [ atar
0
is a C1® function.
Observe that for the function f we can compute explicitly the g numbers. Note

that, because B, (z,277) < Ca; by construction, we get that the Jones function for
the graph of f is

0 2 00

(% "

(410) Joo,a/<x> <C E QT]o/j =C § 9—2(a—a )J7
j=1 j=1

which is in line with the discussion in Section 4.2.
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Now, we want to prove that f is not C1**¢ for any € > 0. In order to do so,
we will prove that g is not C**¢. Now, let I be an interval of size t = 27™, and let

K = 2% be a constant to be fixed later and write
oo

(4.11)  g(er) —g(x) = Z Z 279 hy (er) — s(x)]
= Z Z 279 (er) — ()]
j>mk JEA,

+ D > 2 (er) — (@)

m—k<j<m-+k JEA,
+ Z Z 27 (cr) = y(a)] = HF + MF + LF,
j<m—k JEA,

the high, medium and low frequencies, respectively.

1.0 4

0.8 1

0.6 1

0.4 1

0.2 1

0.0 A

0.0 0.2 0.4 0.6 0.8 1.0

Figure 1. The function g on [0,1] for £k = 10 and « = %

Because of our normalization of the h;’s, we have that |¢;| < 1/2. For the
innermost sum, for any given y, at most one of the intervals J of a fixed size s is such

that 1,(y) # 0. Then we have
(4.12) [HF| < Y 27 es(enl+ Y 27 (@)l < Y 270

j>m-+k j>m-+k j>m—+k
< 2—(m+k)a+1 _ 2—ma—kcx+1

Now choose x so that |z — ¢;| < 27™7*. Because of our definition of 1/;, we have
that |¢/,(z)| = 1/277, recalling that J € A, so that [¢;(c;) — ¢y(x)| < 27™/277 =
2-™m+7 Moreover, because of our choice of x only finitely many terms of the innermost
sum are nonzero, and so we have

(13)  LEI< S S ) vy <2 Y 2

j<m—k JEA; j<m—k
_ 2—m+1 Z 2j(1—a) < 2—m+22(m—k)(l—a) _ 2—mo¢—k(1—a)+2.
j<m—k

Now, without loss of generality, we can assume I and x are both contained in
[0, 1], as g is periodically defined on the intervals [n,n + 1). Let I = [0,27") and let
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x be such that |z| < ;,;—:; = 27m~%=2 Then, noting that 7, has positive slope both
at x and c; for our choices of x and I, so that there is no cancellation, we get that
Yy(cr) —¥y(x) > 5. Finally, we get

> oo

m—k<j<m+k

A~ =

(414)  [MF|=] Y Y 27Wyle) — @) 2

m—k<j<m+k JEA;

> 272+k+127(m+k)a — 2fma+k(1fo¢)fl'

This means that, for infinitely many choices of I and x, we have

(4.15) l9(cr) = g(z)| 2 [MF| = [HF| — [LF|
> 2—ma+k(l—a)—1 o 2—ma—ka+l . 2—ma—k(1—a)+2

<2k(17a)71 . 2fkoz+1 . ka(lfa)JrQ) 9—ma

1

— (5}(1—“ —2(K™™ + Ka—l)) e,

recalling that we set K = 2% t = 2™, By choosing K large enough with respect to
«a, for instance by choosing k = ﬁ we get

(4.16) lg(cr) — g(x)| > 2t

which concludes the proof.

A similar argument can be applied to many other intervals I. All we need is
sufficiently many consecutive generations where [ is on the left side, to avoid cancel-
lation. Thus, on one hand g is a C* function, and we just proved it is not C**¢ for
any € > 0, at a dense set of points, so that f as above is a C*® function which is not
Cl’a+€.

Lastly, let us mention an interesting representation for Holder functions, which is
a slight modification of the procedure presented in section B.7 in the aforementioned
Appendix by Semmes. The idea is similar to the one discussed in Section 3.3 (that
is, Theorem 3.18).

1.0 4

0.8 A

0.6 1

0.4 1

0.2 1

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2. The function Ey(gx) on [0,1] for k =10, t =277 and o = 1.
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Let i (z) = J%_ hsi(t) dt, where 31 denotes the interval with the same center as
I and three times its size. Moreover define a partition of unity

i)
4.17 r)= ——=—.
(4.17) ¢r(w) > (@)

Clearly 0 < ¢;(x) < 1, it’s supported on 31 and it is ﬁ—LipsehitZ. Moreover, for
every r € R

(4.18) > bi(z) =1
|T|=t
Given G: R — R, a a-Hdlder function, define
(4.19) E(G)(x) =) Glen)éi(w),
\T|=t
where the sum is over all dyadic intervals, t = 27, for some integer m, and c;
denotes the center of the interval I.

Lemma 4.5. |Gro99, Lemma B.7.8| There exists a constant C' such that
(4.20) sup |G — Ey(G)| < CKt,
R

if G is a-Hélder with constant K.

Lemma 4.6. [Gro99, Lemma B.7.11| There exists a constant C' such that FE;(Q)
is C Kt*'-Lipschitz if G is a-Holder with constant K.

Theorem 4.7. Let G: R — R. Then for every t > 0 there exists GG; such that
|G — Gi]|oo < Kt* and Gy is Kt '-Lipschitz if and only if G is a-Hélder continuous
with constant proportional to K.

Proof. One direction follows directly from the lemmas above. For the other
direction, let x,y € R and set t = |z — y|.
(4.21) G(x) = G(y)| < [G(x) = Gi(z)| + |Gi(x) = Ge(y)| + [Ge(y) — G(y)]
< 2Kt + Kt o — y| = 3Kt O
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