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On a result of Bao-Qin Li concerning
Dirichlet series and shared values

XI1AO-YAN FAN, X1A0-MIN LI* and HONG-XUN YI

Abstract. Li (2011) proved that if two L-functions Ly and Lo in the extended Selberg class
S* satisfy the same functional equation with a(1) = 1 and L'(c;) = L;'(c;) with j € {1,2}
for two distinct finite complex numbers ¢; and co, then Ly = Lo. Later on, Gonek—Haan-Ki
(2014) proved that if two L-functions L; and L in the extended Selberg class S* have the positive
degrees and Li'(c) = Ly'(c) for a finite non-zero complex number ¢, then L; = Lo. This implies
that if two L-functions L; and Lo in the extended Selberg class S* have the positive degrees and
Li'(c;) = Ly (cj) with j € {1,2} for two distinct finite complex numbers ¢; and ¢z, then Ly = Lo.
In this paper, we prove that if two L-functions L; and Lo in the extended Selberg class S* have the
zero degrees and satisfy L !(c;) = Ly '(c;) with j € {1,2} for two distinct finite complex numbers

¢1 and ¢z, and if a1 (1) = a2(1) or lim, 40 ;E:éfg =1, then Ly = Ls. The main results obtained

in this paper improve Theorem 1 from Li (2011) when the L-functions in the extended Selberg class
S* have the zero degrees. Some examples are provided to show that the results obtained in this
paper, in a sense, are best possible.

Dirichlet’n sarjoja ja jaettuja arvoja koskevasta Bao-Qin Lin tuloksesta

Tiivistelmi. Olkoot L, ja Ly kaksi laajennettuun Selbergin luokkaan S* kuuluvaa L-funktiota
ja c1 sekii ¢o kaksi erillistd aédrellistd kompleksilukua. Li (2011) todisti, ettd L1 = Lo, jos L ja
Ly toteuttavat saman funktionaaliyhtélon, jossa a(1) = 1 ja L7 '(¢j) = Ly '(c;) molemmilla j €
{1,2}. Myohemmin Gonek, Haan ja Ki (2014) osoittivat, ettd Ly = Lo, jos L-funktioilla L; ja
Ly on positiivinen aste ja L7'(c) = Ly '(c) #drelliselld nollasta poikkeavalla kompleksiluvulla c.
Tisté seuraa, ettd L; = Lo, jos L-funktioilla L; ja Lo on positiivinen aste ja L7 '(c;) = Ly '(c;)

molemmilla j € {1,2}. Téssé tyossd osoitamme, ettd Ly = Lo, jos L-funktioilla Ly ja Lo on aste
T(r,L2) _
TGL) =
1. Pddtuloksemme parantavat Lin (2011) lausetta 1, kun L-funktioiden aste on nolla. Niytdmme

nolla ja Ly *(c;) = Ly *(c;) molemmilla j € {1,2}, seki lisiksi a3 (1) = aa(1) tai lim,— 1o

esimerkein, ettd ndmaé tulokset ovat tietyssd mielessd parhaita mahdollisia.

1. Introduction and main results

L-functions are Dirichlet series with the Riemann zeta function ((s) = 2021# as

the prototype, which are important objects in number theory and have been studied
extensively (cf. [15]). Throughout the paper, an L-function always means a Dirichlet
series L(s) = Y a(n)n~* of a complex variable s = o + it, satisfying the following
axioms (cf. [15, p. 111]):

(i) Ramanujan hypothesis: a(n) < n® for every £ > 0.
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(i) Analytic continuation: There is a non-negative integer k such that (s—1)*L(s)
is an entire function of finite order.

(iii) Functional equation: L satisfies a functional equation of type Ap(s) =
wAr(1—73), where A(s) = L(s)Q? Hjil I'(Ajs + v;) with positive real num-
bers (), A; and complex numbers v;, w with Re(r;) > 0 and |w| = 1.

The degree d of an L-function L is defined to be d = 2 Zjil Aj, where K, \; are
the numbers in the axiom (iii).

The Selberg class S of L-functions is the set of all Dirichlet series L(s) =
Yoo ja(n)n~® of a complex variable s = o + it with a(1) = 1, satisfying the above
axioms (i)-(iii) and the following axiom (iv) (cf. [13, 15]):

(iv) Euler product hypothesis: L(s) = [], exp <EZ°:1 bg,’;?) with suitable coeffi-

cients b(p*) satisfying b(p*) < p* for some @ < 1/2, where the product is
taken over all prime numbers p.

Throughout this paper, all L-functions are assumed to be the L-functions from
the extended Selberg class S* of those L-functions that are not identically vanishing
and only satisfy the axioms (i)—(iii) above. The notion of the extended Selberg class
S* was originally introduced by Kaczorowski—Perelli [6].

In recent years, value distribution of L-functions has been studied extensively,
which can be found, for example in Steuding [15]. Value distribution of L-functions
concerns the distribution of zeros of an L-function L and, more generally, the c-points
of L, that is to say, the roots of the equation L(s) = ¢, or the points in the pre-image
L7'(c) = {s € C: L(s) = ¢}, where and in what follows, s denotes the complex
variables in the complex plane C and ¢ denotes a value in the extended complex plane
CU {oo}. L-functions can be analytically continued as meromorphic functions in C.
Two meromorphic functions f and g in the complex plane are said to share a value
¢ € CU{co} IM (ignoring multiplicities) if f~!(c) = g~!(c) as two sets in C. Moreover,
f and g are said to share a value ¢ CM (counting multiplicities) if they share the value
¢ IM and if each common root of the equations f(s) = ¢ and g(s) = ¢ has the same
multiplicities. In terms of shared values, two non-constant meromorphic functions in
the complex plane must be identically equal if they share five distinct values from the
extended complex plane IM, and one must be a Mobius transformation of the other
one if they share four values from the extended complex plane CM. The numbers “five”
and “four” are the best possible, as shown by Nevanlinna (cf. [3, 11, 17]), which are
famous theorems due to Nevanlinna and often referred to as Nevanlinna’s uniqueness
theorems. For a non-constant meromorphic function f, we denote by p(f) the order
of growth of f, its definition can be found in [8, 18, 17]. For convenience, we give its
detailed definition as follows:

Definition 1.1. For a non-constant meromorphic function f, the order of f,
denoted as p(f), is defined as

p(f) = limsup logT (r, /) :
r—00 logr
Throughout this paper, by meromorphic functions we will always mean mero-
morphic functions in the complex plane. We adopt the standard notations of the
Nevanlinna theory of meromorphic functions as explained in [3, 8, 18, 17|. Let f
be a non-constant meromorphic function, let k be a positive integer, and let a be a
complex value in the extended complex plane. Next we denote by Ny (r,1/(f — a)
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the counting function of those a-points of the non-constant meromorphic function
[ in |z| < r, where each point in N(r,1/(h — a)) is counted according to its mul-
tiplicity, and each point in N (r,1/(f — a)) is of multiplicity > k. We denote by
Niy(r,1/(f — a) the counting function of those a-points of the non-constant mero-
morphic function f in |z| < r, where each point in Ny(r,1/(f — a)) is counted
according to its multiplicity, and each point in Ny (r,1/(f — a)) is of multiplic-
ity < k. We denote by N(r,1/(f — a)) and Nyy(r,1/(f — a) the reduced forms
of Nu(r,1/(f — a)) and Nyy(r,1/(f — a) respectively. Here Ny (r,1/(f — 00)),
Ek)(ra 1/(]0__ OO))’ N(k(ra 1/(f - OO))’ Nk)(T7 1/(f - OO)) mean N(k(ra f)’ Nk)(ra f)a
N(r, f), Niy(r, f) respectively.

This paper concerns the question of how an L-function is uniquely determined in
terms of the pre-images of complex values in the extended complex plane. We refer
the reader to the monograph [15] for a detailed discussion on the topic and related
works. Concerning the extended Selberg class S¥, we recall the following two results
due to Steuding [15]|, which actually holds without the Euler product hypothesis:

Theorem 1.2. [15, Theorem 7.11 (i)] Assume that two L-functions Ly and Lo
satisfy the axioms (i)—(iii) with a(1) = 1. If Ly and Ly share a value ¢ # oo CM,
then L1 = L2.

Theorem 1.3. [15, Theorem 7.11 (ii)| If two L-functions L, and Lo in the ex-
tended Selberg class S* satisfy the same functional equation with a(1) = 1 and
Li'(¢;) = Ly'(c;) with j € {1,2} for two finite distinct complex numbers ¢; and c;
such that

N (M) +NR(T) 1
1.1 lim inf —* . > —
(1.1) Theo Np(T)+ N2 (T) ~ 2

+e

for some positive number € with either j = 1 or j = 2, then L1 = Ls. Here the
term N§(T') denotes the number counted multiplicities of zeros of L(o + it) — ¢ in
the rectangle 0 < o < 1, |t| < T, and N§(T) denotes the number of zeros in the
rectangle but ignoring multiplicities.

Remark 1.4. In 2016, Hu-Li [5] pointed out that Theorem 1.2 is false when ¢ =
1. A counter example was given by Hu-Li [5, Remark 4] as follows: let L;(s) = 1+ 4%
and Ly(s) =1+ 2. Then L; and L, trivially satisfy axioms (i) and (ii). Also, one
can check that L, satisfies the functional equation

2°L(s) = 2"°L(1 — %),

and L, satisfies the functional equation

3°L(s) = 3"°L(1 —3).
Thus, L; and Ly also satisfy axiom (iii). It is clear that L; —1 and Ly —1 do not have
any zeros and thus satisfy the assumptions of Theorem 1.2 with ¢ = 1, but Ly #Z Ls.

In 2011, Li [9] proved the following result by removing the assumption (1.1) of
Theorem 1.3:

Theorem 1.5. |9, Theorem 1| If two L-functions L, and Lo in the extended
Selberg class S* satisfy the same functional equation with a(1) = 1 and Ly'(c;) =
Ly'(cj) with j € {1,2} for two finite distinct complex numbers ¢; and cy, then
Ly = L,.

Later on, Ki |7] proved the following result that improved Theorem 1.5:
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Theorem 1.6. |7, Theorem 1| If two L-functions Ly and Lo in the extended
Selberg class S* have the positive degrees and satisfy the same functional equation
with a(1) = 1 and L{*(c) = Ly*(c) for a finite complex number ¢, then L, = L.
The conclusion need not hold for ¢ = 0 or if the functional equation is of degree zero.

In 2014, Gonek-Haan—Ki [2| dispensed with the assumptions that L; and L
satisfy the same functional equation and that a;(1) = ag(1) in Theorem 1.6, and
proved the following result:

Theorem 1.7. [2, Theorem 1| If two L-functions Ly and Lo in the extended
Selberg class S* have the positive degrees and Ly'(c) = Ly'(c) for a finite non-zero
complex number ¢, then Ly = Ls.

Remark 1.8. It was shown in |7, pp. 2489-2490| that Theorem 1.7 need not
hold if the L-functions L; and Ls in Theorem 1.7 have the zero degrees. It was also
shown in [7, p. 2489] that Theorem 1.7 need not hold if ¢ = 0 and the L-functions
Ly and Ly in Theorem 1.7 have the positive degrees.

By Theorem 1.7 we deduce the following result:

Theorem 1.9. If two L-functions L, and L, in the extended Selberg class S*
have the positive degrees and Ly (c;) = Ly ' (c;) with j € {1,2} for two finite distinct
complex numbers ¢; and ¢y, then Ly = Ls.

Based upon Theorem 1.9, one may ask, what can be said about the relationship
between two L-functions L; and Ly of zero degree in the extended Selberg class S,
if L7'(c;) = Ly'(c;) with j € {1,2} for two finite distinct complex numbers ¢, and
co? In this direction, we will prove the following results:

Theorem 1.10. If two L-functions L, and L, in the extended Selberg class S*
have zero degrees and satisfy L' (c;) = Ly*(c;) with a;(1) = ay(1) and j € {1,2}
for two distinct finite complex numbers ¢, and ¢y, then Li = Ls.

Theorem 1.11. Suppose that two L-functions L, and Ly in the extended Selberg
class S* have zero degrees and satisfy L'(c;) = Ly'(c;) with j € {1,2} for two
distinct finite complex numbers ¢; and cy. If the Nevanlinna’s characteristics of Ly

and Loy satisfy lim,_, ;E:é?; =1, then L1 = Ls.

Next we follow Steinmetz [14] to introduce the notion of the convex hull of a
subset of the complex plane C as follows: the convex hull of a subset W C C,
denoted as co(W), is the intersection of all convex sets containing the set W. If
W contains only finitely many elements, then co(W/) is obtained as an intersection
of finitely many closed half-planes, and hence co(W) is either a compact polygon
(with a non-empty interior) or a line segment. We denote the perimeter of co(IV) as
C(co(W)). If co(W) is a line segment, then C'(co(W)) equals to twice the length of
this line segment. Next we let f be defined as

(1.2) f(s) = Ho(s) + Hi(s)e™*" + Hy(s)e® + -4 H,,(s)e* ™"

where and in what follows, m and ¢ are positive integers, while H; with 0 < j <m
is either an exponential polynomial of degree less than ¢ or an ordinary polynomial
insand H; # 0 with 1 < j < m, and oy, g, ---, @y, are m distinct finite non-
zero complex numbers. Throughout the rest of the paper, we fix the notations for
W ={a;,@s, - ,q,} and Wy = {0,ay,as, - ,amn}.
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Remark 1.12. Theorem 1.5 can be improved by replacing with the assumption
“limy 4 oo ;E:ﬁ) = 1”7 instead of the assumption “L; and L. satisfy the same func-
tional equation” in Theorem 1.5. This can be seen by the following discussion: first
of all, by the assumptions of Theorem 1.5, we know that L; and L, satisfy the same
functional equation with a(1) = 1. If the degree of Ly and Ls in Theorem 1.5 satisfy

dp, =dp, =d >0, it follows by Steuding [15, p. 150, Theorem 7.9| that

T(r,Ly) =T(r,Ly) + O(r) = %Tlogr + O(r),

which implies that lim, ., % = 1. This together with Theorem 1.11 reveals

the conclusion of Theorem 1.5. If the degree of L; and Ly in Theorem 1.5 satisfy
dp, = dr, = d =0, it follows by [6, Theorem 1 (ii)|] that there exists some positive
integer ¢ with k& € {1,2} and there exists some complex number wy with |wy| = 1
and k € {1,2} such that

(1.3) Lk(s)zxy, ke {1,2}.

nlqy

We rewrite (1.3) into

nS

Lals) = (1) + Y0 = oy 1) +Z¥

n>2

(1.4) nlq

Ny,
= ar(1)+ Y ap(ng)e 18
j=1

with k& € {1,2}. Here ny; with 1 < j < Nj, j € Z and k € {1,2} is a positive integer
such that ng ;|gr and 2 < mny; < gy with 1 <I< Ny —1,1 € Z and k € {1,2}. By
(1.4) and Lemma 2.1 in Section 2 of this paper we have

(1.5) T(r,Ly) = C(CO(Wz,o))% +O(logr) with ke {1,2}.
By the notion of the convex hull of a subset of the complex plane C we have
(1.6) C(co(Wio)) = 2logng n, with ke {1,2},
where and in what follows,
Wio={0,—logny1,—logngs,---,—logngn,} with ke {1,2}.

By substituting (1.6) into (1.5) we have
1
(1.7) T(r, Ly) = —2%Nep 4 O(logr) with & € {1,2}.
7r

By the assumption of Theorem 1.5 we suppose that Ly with & € {1,2} satisfies the
functional equation with a(1) = 1 in the axiom (iii) of the definition of the L-function.
Then,

(1.8) A, (s) =wAr, (1—-73) with ke {l,2}.
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By (1.4) and (1.8) we have

) a2<n2 ]\[2)6—510gn2,1\72 ) a2(1) + Zj\gl aQ(nlj)efslogng,j
lim : = lim

Re(s)—00 a1 (1,n, )€™ P8 MM Re(s) w00 ay (1) + YN ag(ny j)e 108

s T ()20

which implies that log ne n, = logn; n,. Combining this with (1.7), we have

= lim = = =
Re(s)——o0 Ll(S) Re(s)——o0 L1<1 — g) Re(s)——o0

logny n,

T(r,L1) =T(r,Ly) + O(logr) = r+ O(logr),

T(r,L2)
T(r,L1)

which implies that lim,_, = 1. This together with Theorem 1.11 reveals the

conclusion of Theorem 1.5.

2. Preliminaries

In this section, we will introduce some important results that are used to prove
the main results. First of all, we recall the following results due to Heittokangas—Wen
[4]:

Lemma 2.1. [4, Theorem 3.1 Let f be an exponential polynomial in the nor-
malized form (1.2), where we suppose that p(H;) < q¢—p with0 < j<mandj€Z
for some positive integer p such that 1 < p < q. Then

T(r, f) = C(CO(WO))% +O(rT P +logr).

Lemma 2.2. [4, Theorem 3.2] Let f be an exponential polynomial in the nor-
malized form (1.2), where we suppose that p(H;) < q¢—p with0 < j<mandj€Z
for some positive integer p such that 1 < p < q. Then, one of the following cases can
occur:

(i) If Hy =0, then

N (7’, %) = C(CO(W))% + O (r" " +logr).
(ii) If Hy # 0, then
m (T, %) =0 (qup + log 7’) and N ('r’, %) = C(CO(WO))% +0 (qup + log 7‘) .

We also need the following result that was proved by Ritt [12]:

Lemma 2.3. [12, p. 681, Ritt’s theorem| Assume that g and h are exponential
sums of the forms g(s) = Y 7", a;e’* and h(s) = 3 ;_ bye**, where a; € C\ {0}
with 1 < j<m andj € Z, and by € C\ {0} with 1 <k <n and j € Z are non-zero
constants, while i1, o, - -+, ., are m distinct finite complex constants, and vy, v,
-+, U, are n distinct finite complex constants. If g/h is an entire function, then there

exist p distinct finite complex constants 1, 72, - -+, 7 such that
P
9(s) s
== = e
hls) ;

where ¢y, 2, -+ -, ¢, are complex constants such that Y ;_, |c,| > 0.
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Remark 2.4. Under the assumptions of Lemma 2.3, if v, with 1 <[ < p and
[ € Z in the conclusion of Lemma 2.3 satisfies 7, = 0 with 1 <[ < p and [ € Z, then
g/h reduces to a finite non-zero constant.

The following result is due to Markushevich [10]:
Lemma 2.5. [10] Let Q(2) = a,2" + a,_ 12" + -+ -+ a1z + ag, where n is a

positive integer and a, = |a,|e?" With la,| > 0 and 6,, € [0,27). For any given
positive number € satistying 0 < ¢ < -, we consider the following 2n angles:

0 T 0 T
S, —= 27 —1)— << -2 27 +1)— —
; n+(J )2n+6 n+(]+)2n €,

where j is an integer satisfying 0 < j < 2n — 1. Then there exists a positive number
R = R(¢) such that for |z| =1 > R, Re(Q(2)) > |a,|(1 —e)r™sin(ne) if z € S; where
j is even, while Re(Q(2)) < —|a,|(1 — e)r™sin(ne) if z € S; where j is odd.

The following result is due to Yang—Yi [17]:

Lemma 2.6. [17, Theorem 1.62| Let f1, fa,- - - , fn be non-constant meromorphic
functions, and let f,.1 # 0 be a meromorphic function such that Z"H = 1.
Suppose that there exists a subset I C Rt with linear measure mes I = oo such that

n+1 il
ZN< )+nZN ) < (w4 o)T(r, f}), j=1,2,--,n,
k‘sﬁj

asr €1 and r — oo, where p is a real number satisfying 0 < p < 1. Then f,.1 = 1.

3. Proof of Theorem 1.11
Suppose that Ly # L,. By the assumption of Theorem 1.11 we have

(3.1) di =dy =0,

where and in what follows, dj, denotes the degree of the L-function Ly with k € {1,2}.
Then, it follows by (3.1) and |6, Theorem 1 (ii)| that there exists some positive integer
qr with & € {1,2} and there exists some complex number w; with |wx] = 1 and
k € {1,2} such that (1.3) holds. We rewrite (1.3) into (1.4) with k£ € {1,2}. Here
ng; with 1 < j < Ny, j € Z and k € {1,2} is a positive integer such that ny_;|g
and 2 < ng; < nygyr with 1 << Ny — 1,1 € Z and k € {1,2}. Next, in the same
manner as in Remark 1.12, we deduce by (1.4) and Lemma 2.1 that (1.5)—(1.7) hold.

By (1.7) and the assumption lim,_, ;o =E2)

L) = 1 we deduce

(3.2) NN, = N2 N;-

Since ¢; and ¢y are two distinct finite values, we can see that one of ¢; and cs, say
o, satisfies

(33) (12(1) — C9 7é 0.
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By (3.3), Lemma 2.1 and Lemma 2.2 (ii) with p = ¢ = 1 we deduce

T(r,Ly) =N o1
(r, La) <r, I, 02) + O(logr)
(3.4) =N ! + O(logr)
= T, ~ ogr
ay(1) — o+ 37 ap(ng,;)e* 108"z
i=1

= C(co(sz))% + O(logr).

By the notion of the convex hull of a subset of the complex plane C we have

(3.5) C(co(Wiyp)) = 2lognyn, with ke {1,2},
where and in what follows,
Wio={0,—logny1,—logngs,---,—logngn,} with ke {1,2}.
By (3.2) and (3.5) we have
(3.6) C(co(W1p)) = 2logny n, = 2logng n, = C(co(Way)).

By (1.4), the second fundamental theorem and the assumption that L; and Lo
share ¢; and ¢y IM, we deduce

— 1 — 1 1
T(r,Ly) <N N — N, — 1
1) W (1 ) 48 (e ) = Mo (g ) + Otwn)

_ 1 — 1 1
=N N — N, — O(1
(r, I —01) + (r, I _Cz) 0 (r, le) + O(logr)

(3.7) <N <T7 I _ L2> — Ny (7’, L’Q) + O(log)
1 1
SN T, Ll—LQ _NO r, _[/2 +O(lOgT)
1
— N T, A e
a1(1) — az(l) + Zj:l a1<n17j)e*slognl,j — Ej:l a2<n2,j)efslogn2’j

1
— Ny (7’, —,) + O(logr),
Ly

L
Y L/2
L), in the open disc |s| < r, that are neither zeros of Ly — ¢; nor zeros of Ly — cs.

By (3.6), Lemma 2.2 and the notion of the convex hull of a subset of the complex

plane C we deduce

where and in what follows, Ny (T ) denotes the counting function of those zeros of

N, = 1 -
(1,1(1) — (1,2(].) + ijll ai (nLj)e—slognl,j — ijl aQ(nQ’j)e—slognQJ
(38) S max {C(CO(WLQ)), C(CO(WZ()))} % —+ O(log T)

) + O(logr)

= C(CO(WQ,O))% + O(log ).
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By (3.4), (3.7) and (3.8) we have

=N|m + O(logr)
( az(1) — ez + Ejvjl QQ(TLQJ‘)@SIOgnQ,j)

) + O(logr) = T(r, Ly) + O(logr)

1 1
N - N — O(l
i (T’ Ly — 02) <T’ L'Q) + Ollogr)

1
=N " N1 —slogny ; N —slogmno
ai(1) —as(1) + Zj:l ai(ny;)e o8 — Zj:l az(ng,;)es1o8m2
N,

1
ai(1) — as(1) + E;V:l1 ai(ny;j)e s'o8m — E;V; a2(n2,j)€_8bgn2’j>
+ O(logr) < C(CO(WQ,())% + O(logT).

<N |,

By (3.9) we obtain that all the inequalities in (3.9) are equalities that are equal
to C(co(Wap)s= + O(logr). Combining this with the assumption that L; and L
share ¢; and ¢y IM, we deduce

1 1
3.10 N, — N —— | =0(
10 o(rgg) e () = otos)

T(r, Ly) = N !
r,Ly) = T,
ai(1) —as(1) + Z;VQ ai(ny ;)e sloemns — Zj\g az(ng,j)es1o8m2
+ O(logr)

1 — 1
(3.11) =N (r, E) + O(logr) = Ny <7’, E) + O(logr)

_ 1 r
=N 1 = — 1
(r, I Lg) + O(logr) C(CO(W2,0>>27T + O(logr),
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— 1 — 1
T(r,Ly) =N <T, T 01) +N <T, T 02) + O(logr)

(3.12) W 1 w7 1
N T’LZ_Cl +N T’LQ—CQ + O(logr)

- C(co(ngo))% + O(log )

and

1 1 1
T(r,Ly) =N (r, T, Cl) + N (7’, I, 02) - N (7’, L_’Q) + O(logr)
1 r
=N <r, I 02) + O(logr) = C(CO(WZO))% + O(logr).

By (3.2), (3.11), Lemma 2.2 and the notion of the convex hull of a subset of the
complex plane C we deduce

(3.13)

(3.14) a;(1) —as(1) #0
and
(315) al(nl,Nl) — ag(ng,NQ) ?é 0 with Ny Ny = N2 N,-
On the other hand, by (3.10)—(3.12) we deduce
(Ly — e1)(La — ¢3)
1 N = 0O(l :
(3.16) (n 2 ) oo

By the assumption that L; and L, share ¢; and ¢ IM, we deduce that %

is an entire function. Combining this with (1.4), Lemma 2.3 and Remark 2.4, we
deduce that there exist py distinct finite complex constants a1, 2,2, - -, V2,5, such
that

Ly(s)(L1(s) — La(s))
(La(s) — 1) (La(s) — c2)
where ¢o1, €29, -+, C2p, are complex constants such that > 72 |co;| > 0. By (3.16),

(3.17) and Lemma 2.2 we deduce that ps = 1 and ) 12, ¢2,€72!° reduces to ¢y 1e7>1%.
Therefore, (3.17) can be rewritten into

L L — L
(318) 2<S)< 1<S> 2<S>> — 02716'}/2,18
(La(s) — c1)(La(s) — c2)
Next we prove that cy1€72'° reduces to some finite non-zero constant ¢, and (3.18)
can be rewritten into

Ly(s)(La(s) = La(s))
(La(s) = c1)(La(s) — ¢2)
Next we prove (3.19): suppose that (3.19) is not valid. Then it follows by (3.18) that
Y21 # 0. Therefore, we have

(3.17)

p2
= E co e’ for each s € C,
=1

for each s € C.

(3.19) = ¢y identically for each s € C.

1621

(3.20) Yo, = |y2,1]€*,

where 6y, € [0,27). For any given positive number ¢ satisfying 0 < ¢ < 7, we
consider the following two angles:

(3.21) Sy —Oa1 + (2j — 1)% +e<l< b1+ (25 + 1)% — €,
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where j = 0, 1. Then, by (3.20), (3.21) and Lemma 2.5 we can see that there exists a
positive number R = R(e) depending only upon ¢ such that for [s| = r > R, we have

Re(va,18) > |y21](1 — €)rsine, if

3.22
( : 3652,0::{53_92,1—g+5<a1"g5<—92,1-0-%-8}7
while
Re(y2,18) < —|721|(1 — ¢)rsine, if
(3.23)

3
s € Sy =t {s: —9271+g+5<arg3<—0271+77T_5}.

By (1.4) with k£ = 2 we deduce

2(ns ;) log ng
(3.24) Z ;L .
= 2,j

By (1.4) and (3.24) we deduce

Ly(s)(La(s) — La(s))
(La(s) — c1)(La(s) — ca)

(3.25) (E;\Zl az(nz;);ljgnm) <a1(1) . a2< ) + ZNI aln?l-] _ Zj\’:zl a2r(bg’2j,j))
(a2() =1+ %, 220 (an(1) — 0 + 1), 2222 )

for each s € C.

Suppose that Sy oN{s: Re(s) > 0} is not an empty set. Then SyoN{s: Re(s) >
0} is a domain of an angle. Combining this with (3.22), we can see that there exist
two real numbers 91,19, € (—9271 —5+e,—by1+ 5 — 8) satisfying 1; < 15 such that

(3.26) {s: 0 <args < vy} C 52,? N{s: Re(s) >0} and
Re(v2,15) > |y21](1 —€)rsine
for each s € {s: ¥; < args < 1y}. Next we set
(3.27) S1={s: V) <args < s}

By (3.3), (3.14), (3.15), (3.18), (3.26), (3.27) we deduce

00 = lm |egy|el2l0=ersine < Jim ey |[eRe0219) = Tim |y €219
s sy s

i | )~ (o)
slotso | (Lo(s) — ¢1)(La(s) — c2)

SES]
a1 (1) — ax(1)|logna,
= laa(1) — ¢
0, when ay(1) — ¢; # 0.

, when ay(1) —¢; =0,

This is a contradiction.
Suppose that Sy oN{s: Re(s) > 0} is an empty set. Then Sy;N{s: Re(s) > 0} is
not an empty set such that Ss; N{s: Re(s) > 0} is a domain of an angle. Combining
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this with (3.23), we can see that there exist two real numbers 93,9, € (=621 + 5+
e, —bs1 + 37” — ¢) satisfying ¥3 < ¥4 such that

(3.28) {s: 93 <args < U4} C Sy, ﬁ {s: Re(s) >0} and
Re(v2,15) < —|c21|(1 —€)rsine
for each 0 € [U3,9,]. Next we set
(3.29) Sy = {s: U3 <args < U}
Suppose that as(1) — ¢; = 0. By (3.3), (3.14), (3.25), (3.28) and (3.29) we have

() —a(Dllogna; | Lh()(La(s) = La(s))

0<

|a2(1) — CQ| |s|—+o0 (LQ(S) — Cl)(L2<8) — Cg)
sESs
= lim |0271| |6'\/2’1s| = lim |CQ’1|6R6(72’1S) S lim |0271|67\'yg,1|(175)rsin6 = 0,
s|—+o00 |s]—+oo |s|—4o0
s€Ss sESy s€Ss

which is a contradiction. Therefore, we have
(330) (12(1) — C1 7é 0.
By (3.3), (3.13), (3.30), Lemma 2.1, Lemma 2.2 (ii) and (1.4) for k& = 2, we deduce

1 1
. = 1 =N 1
(3.31) T(r,Ly) =N (7’, T, 01) + O(log ) (r, T 02) + O(log)

_ C(CO(WQ,O))% +O(logr)

and
1 r
(3.32) N (r, L_'Q) = C(CO(WQ))% + O(log ),
where and in what follows,
Wi ={—logng,—lognyy, -+, —logn,n,} and ke {1,2}.

By (3.13), (3.31) and (3.32) we deduce
O(eo(Wao))5= = Cleo(Ws)) 5= + Olog ),
s 2m

and so we have C'(co(Way)) = C'(co(W3)). Combining this with (3.31) and (1.4) for
k = 2, we deduce as(1) — ¢; = as(1) — ¢o = 0. Therefore, we have ¢; = ¢y. This is
impossible. The formula (3.19) is thus completely proved.
Next, we use the lines from (3.2) to (3.19) and the assumption that L; and L
share ¢; and ¢y IM to deduce
Li(Ly — L)

(3.33) L)) —

where ¢; is some finite non-zero constant. By (3.19) and (3.33) we have

530 I - eL,
' (L1 — 1)Ly —¢2) (Lo —c1)(Ly — ¢2)’

where ¢ = ¢, /¢.
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Since L; and Lo share ¢; and ¢y IM, we deduce by (3.11) and (3.12) that

T(r,Ly) = Nl) r,—— | + O(logr) = N(l m) (75 ¢j, L1, Lo)
Ly — Ly j=1 m=2
2 o]
(335) + Z N(l,l) (T, Cj, Ll, Lg) —+ Z Z N(m,l) (T, Cj, Ll, Lg) —+ O(lOgT)
=1 j=1 m=2
= C(co(Wh)) 5=+ Ologr),

where and in what follows, N1, (7, ¢;, L1, Ls) with j € {1,2} denotes the reduced
counting function of those common zeros of L; — ¢; and Ly — ¢; with j € {1,2} in
|s| < r, such that each such common zero of L; —¢; and Ly — ¢; with j € {1,2} is a
simple zero of L; —¢;, and a zero of Ly —¢; of multiplicity m, and N(m,l) (r,cj, Ly, Lo)
with j € {1, 2} denotes the reduced counting function of those common zeros of L; —c;
and Ly —c; with j € {1,2} in |s| < r, such that each such common zero of Ly —¢; and
Ly —c; with j € {1,2} is a simple zero of Ly —¢;, and a zero of Ly —¢; of multiplicity
m, while N1y (r,¢j, L1, Le) with j € {1,2} denotes the reduced counting function
of the common simple zeros of Ly — ¢; and Ly — ¢; in |s| < r. Based upon (3.35), we
consider the following three cases:

Case 1. Suppose that
(336) N(Ll)(T, Cl,Ll,Lg) +N(171)(7", CQ,Ll,Lg) 7é O(T(T, Lk)) with k c {1,2}

By (3.36), without loss of generality we suppose that there exists some common
simple zero zy € C of Ly — ¢; and Ly — ¢;. We substitute Li(z9) = La(z0) = ¢; into
(3.34), and then we deduce ¢ = 1. Therefore, (3.34) can be rewritten into

L L
3.37 ; = 2 :
(3:37) (L1 —c))(Ly — ) (L2 —c1)(L2 — )
By (3.37) and the assumption that L; and L, share ¢; and ¢ IM we deduce that L;
and Ly share ¢; and ¢ CM. This together with (3.10) gives

1 1 1
. N, N < N, =01
(3.38) 2 <T, I C1) + N (r, I 62) < N (r, I L2) O(logr)

with k& € {1,2}. By (3.38) we can see that the first equality of (3.4) can be rewritten
into

r
2T

(3.39) T(r,Ly) = Ny (r ) + O(logr) = C(co(Way))=— + O(logr).

’ L2 — C9
By (3.38) we also see that (3.12) can be rewritten into

_— 1 — 1
T(r,Ly) = Ny (r, I C1) + Ny <7’, I 02) + O(logr)

(3.40) _ o, (r L )+N1) <7’ ! )+O(logr)

’L2—01 ’LQ_CQ

= C(co(IW0)) 5=+ Oflogr).
By (3.38)-(3.40) and the assumption that L; and L, share ¢; and ¢; IM we deduce

(3.41) N (r, ! ) = O(logr) with ke {1,2}.
Lk — C1
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Since L; and Ly are transcendental entire functions satisfying (1.4), we have by (3.41)
that

(3.42) Li=c+ Pe® and Ly=c + Pye™,

where P; and P, are polynomials such that P, # 0 with k& € {1,2}, and ) with k €
{1, 2} is a non-constant entire functions. Moreover, by (3.2), (3.42) and Definition 1.1

we deduce that §; with k£ € {1,2} is a non-constant polynomial of degree deg(5x) = 1
with k € {1,2}. Therefore

(343) 6k<3) =Aps+ B, with ke {1,2},

where and in what follows, A and By with A; # 0 and k& € {1,2} are complex
constants.
By substituting (1.4) and (3.43) into (3.42) we have

(3.44) ap(1) + Y ag(ng;)e 5™ = ¢y + Py(s)e™ 5 with k € {1,2}
= for each s € C.

We rewrite (3.44) into

k
(3.45) D ap(ngy)e 18 — Pi(s)e TP = ¢ — ay(1) with k € {1,2}
' for each s € C.

By (3.45) and Lemma 2.6 we deduce ¢; = ax(1). Therefore, (3.45) can be rewritten
into

k
(3.46) Zak(nk,j)e_‘*log"’w — Py(s)e B = 0 with k € {1,2} for each s € C.
We rewrite (3.46) into

(3.47) ~(Artlogmig)s=Br — 1 with k € {1,2} for each s € C.

J=1
We consider the following two subcases:

Subcase 1.1. Suppose that N, > 2 with k& € {1,2}. First of all, by the obtained
result that ny, ; with 1 < j < Ny, j € Z and k € {1,2} is a positive integer such that
ngjlae and 2 <nygy < ngypq with 1 << Ny —1,1 € Z and k € {1,2}, we deduce by
Lemma 2.6 that there exists one and only one term on the left hand side of (3.47),

ak(ne,1) | —s(Ag+log ng 1)

say —p (s ¢ s=Bk is a constant, such that

ak(nk’l)6_(Ak+108nk,1)5_Bk -1
Pi(s)

and

(3.48) Z i n;” ~(Artlogneg)s=Br — () with k € {1,2} for each s € C.
Jj=2
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By (3.48) we deduce that the positive integer N, with k& € {1,2} satisfies N, > 3
with k € {1,2}, such that

Ny,
(3.49) Z We(log”“bgnw)s = —1 with k& € {1,2} for each s € C.
i Gk Nk.2)

By (3.49), Lemma 2.6 and the obtained result N, > 3 we get a contradiction.

Subcase 1.2. Suppose that N, = 1 with & € {1,2}. Then, (3.46) can be
rewritten into

(3.50) ag(ng1)e 181 = Py(s)e B with k € {1,2} for each s € C.
By substituting (3.43) and (3.50) into (3.42) we have
(3.51) Li(s) = c1 +ai(nig)e ™8™ and  Ly(s) = ¢ + ag(ng)e "1

for each s € C.

By (3.51) we deduce that each zero of L1 —cy and Ly — ¢y is simple zero. Combing
this with Lemma 2.1 and Lemma 2.2 (ii) with p = ¢ = 1, and the assumption that
L and L, share ¢y IM we deduce

1
T<T7 Lk) =N (Tu I

k— Co

) +O(logr) =N (r, ) + O(logr)

E— C2

(3.52)

1
= 0BTkl O(logr) with ke {1,2}.

By (3.52) and the assumption that L; and Ly share ¢y IM, we have

T(r,Ly) =T(r,Ly) + O(logr) = N (r, 7 ! . ) + O(logr)
1= C

— 1
=N <T, T _02) +O(logr) =

which implies that n;; = ng;. Combining this with (3.51) and the assumption that
Ly and Lo share ¢y IM, we deduce a;(n1,1) = aa(ng1) and Ly = Lo, which contradicts
the assumption Ly # Ls.

logni log ng 1

r+ O(logr) =

r 4+ O(logr),

Case 2. Suppose that there exists some positive integer m > 2 such that
(353) N(l,m) (T, C1, Ll, LQ) + N(l,m) (7", Co, Ll, Lg) 7é O(T(T‘, Lk)) with £ € {]_, 2}

By (3.53) we suppose, without loss of generality, that there exists some point zy € C
such that zy is a simple zero of Ly — ¢;, and zg is a zero of Ly — ¢; of multiplicity
m. Then, by substituting Li(z9) = La(20) = ¢; into (3.34) we deduce ¢ = 1/m.
Therefore, (3.34) can be rewritten into
L L

(3.54) b’ - 2 .

(L1 —c)(Lr — o) (L2 —c1)(La — )
By (3.54) and the assumption that L; and Iy share ¢; and ¢y IM we deduce that each
common zero 2y € C of L; —¢; and Ly —¢; with j € {1,2} is a simple zero of L; —¢;
and a zero of Ly — ¢; of multiplicity m. Combining this with the supposition m > 2
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and the second fundamental theorem, we have

— 1 — 1
<
T(r,Ly) <N <r, T —01) +N <T, T —02) + O(logr)

1 1 1
3.95 - Z
( ) 2N (r, I 01) + 2N (T ) + O(log )

IA

’LQ_CQ

1 1
< §T(T7 Ly) + §T(7”a Ly) + O(logr) < T(r, Lz) + O(logr),

which together with (1.4) and Lemma 2.1 gives

1
(7, Ly) (T, L2—01) + O(log) (T, L2_CQ) + O(logr)
1
(350 =N + O(logr)
az(1) — e + Zjvjl ag(ng j)es1o8n2;
1
B + O(log )
( az(l) —co + Z;le ag(ngvj)eﬂog"m)
= C(CO(WQ,O))% + O(log ).

On the other hand, from (1.4) for k£ = 2, the first line of (3.55), the formula (3.56),
the above analysis and the supposition that m is a positive integer such that m > 2,
we deduce

— 1 — 1 1
T(r,Ly) <N N 1 <N — 1
(r, Lo) < <7’, L2_01)+ (7’, L2_02)+O(ogr)_ <r, Lé)+0(ogr)

1
=N + O(logr)
( 2 a3(na ;) (log na j)e o108 m2.d )

= C(CO(WQ))% + O(logr) < C(CO(WQ,O))% + O(log ).

This together with (3.56) implies that
r r
C(CO(WZQ))Q— = C(co(W3))— + O(logr),
7T 2m

and so we have W5y = Wy and as(1) — ¢; = as(l) — ¢ = 0. Therefore, we have
€1 = ¢, which is impossible.

Case 3. Suppose that there exists some positive integer m > 2 such that
(357) N(m,l) (T, C1, Ll, LQ) + N(m,l) (7", Co, Ll, Lg) 7é O(T(T‘, Lk)) with £ € {]_, 2}

Next, in the same manner as in Case 2 we deduce by (3.57) that a;(1) — ¢; =
a1(1) — ¢ = 0, and so ¢; = ¢y, this is impossible. Theorem 1.11 is thus completely
proved.

4. Proof of Theorem 1.10

Using the lines before the formula (3.14) of the proof of Theorem 1.11, we get
(3.14), which contradicts the assumption a;(1) — as(1) = 0 of Theorem 1.10. This
completes the proof of Theorem 1.10.
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