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Minimal surfaces and the new main inequality

VLADIMIR MARKOVIC and NATHANIEL SAGMAN

Abstract. We establish the new main inequality as a minimizing criterion for minimal maps
into products of R-trees, and the infinitesimal new main inequality as a stability criterion for minimal
maps to R™. Along the way, we develop a new perspective on destabilizing minimal surfaces in R™,
and as a consequence we reprove the instability of some classical minimal surfaces; for example, the
Enneper surface.

Minimipinnat ja uusi padepayhtalo

Tiivistelm&. Todistamme uuden padepayhtilon minimointiehtona minimikuvauksille, joiden
maalijoukkona on R-puiden tuloja, sekd hévidvin mittakaavan uuden padepédyhtéilon tasapainoeh-
tona minimikuvauksille, joiden maalijoukkona on R™. Samalla kehitimme avaruuden R™ minimi-
pintojen epétasapainottamiseen uuden ndkokulman ja sen seurauksena uuden todistuksen erdiden

klassisten minimipintojen, kuten Enneperin pinnan, epétasapainolle.

1. Introduction

Let S be a Riemann surface, ¢4, ..., ¢, integrable holomorphic quadratic differ-
entials on .S summing to zero, and fi,..., f,: S — S" mutually homotopic quasicon-
formal maps to another Riemann surface with Beltrami forms pq, ..., u,. If 95 is
non-empty, we ask that fi,..., f, are mutually homotopic relative to 0S. The new
main inequality holds if:

@ Rez/@. 12—2/‘@ WW

For n = 1 and f;: S — S homotopic to the identity, (1) is always satisfied, and
referred to as the Reich—Strebel inequality or the main inequality for quasiconformal
maps. The result is a key ingredient in the proof of Teichmiiller’s uniqueness theorem.

The first author introduced the new main inequality in the papers [13] and [14] as
a tool to study minimal surfaces in products of hyperbolic surfaces. The outcome of
[14] is that there exists a product of Fuchsian representations into PSL(2,R)", n > 3,
with multiple minimal surfaces in the corresponding product of closed hyperbolic
surfaces. With Smillie in [15], we gave a new proof of the result from [14]. Then
in [20], the second author and Smillie found unstable minimal surfaces for Hitchin
representations into Lie groups of rank at least 3, disproving a conjecture of Labourie
[11]. In this paper we revisit the new main inequality and some aspects of the paper
[14], but with applications to minimal maps to products of R-trees and to R™. The
results on R-trees and R™ are proved in Sections 3 and 4 respectively, which can be
read independently.
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1.1. Harmonic maps to R-trees. Throughout the paper, let X, be a closed
and oriented surface of genus g > 2, and let T be the Teichmiiller space of marked
Riemann surface structures on ¥,. Let S be a Riemann surface structure on X,
which lifts to a Riemann surface structure S on the universal cover, and let QD(S)
be the space of holomorphic quadratic differentials on S.

We review the basics about harmonic maps to R-trees in Section 3. Briefly,
a non-zero holomorphic quadratic differential gives the data of an R-tree (7T, d), a
representation p: m(X,) — Isom(7,d), and a unique p-equivariant harmonic map
7: 8 — (T,d). From non-zero ¢r,...,¢, € QD(S) summing to zero, we assemble
the product of R-trees, denoted X, and the product of representations p: m(X,) —
Isom(X). The product of the equivarant harmonic maps 7; from S to each individual
R-tree is a minimal map 7: S — X. For any other Riemann surface structure, there
is a unique p-equivariant harmonic map from the universal cover to X. The energy
functional E, on T, records the energy of the harmonic map.

Theorem A. S is a global minimizer for E, if and only if for all Riemann
surfaces S' and mutually homotopic quasiconformal maps f;: S — S’ with Beltrami
forms p;, the new main inequality holds:

DYERE mW

For an equivariant map ¢ from S to some target, we use & (S,g) to denote the
total energy. We explain in Section 3.1 that (1) means that

— iE(S, ™) < ig(sgm o fi ).
i=1 =1

Thus, the geometric content of Theorem A is that to check if the map 7 is the global
energy minimizer, it suffices to compare with maps of the form (7o f; !, ... 0 f71).
Via Theorem A, we can cast the new main inequality in terms of trees:

e for n = 1 and p; as above, the main inequality is the statement that a
harmonic map into a tree minimizes the energy.

e For n = 2, the new main inequality holds [13, Section 4] and is the statement
that a minimal surface in a product of two trees minimizes the energy.

e For n > 3, the new main inequality does not always hold, which reflects non-
uniqueness of minimal surfaces in a product of R-trees and more generally in
symmetric spaces of rank at least 3.

Remark 1.1. In a way that can be stated precisely, high energy minimal surfaces
in products of hyperbolic surfaces limit to minimal surfaces in products of R-trees
(see [24]). [15, Theorem B2| tells us that a surface in a product of trees minimizes if
and only if all of the approximating surfaces are minimizing.

Theorem A is quite special to the chosen setting, relying on the fact that the leaf
space projections don’t fold. For general minimal maps to products of R-trees, the
best we can do with the new main inequality is to reframe stability, rather than a
minimizing property. We establish this claim in the classical setting of minimal maps
from the disk to R".

1.2. Minimal surfaces in R™. Up to adding a constant, a harmonic function
h: D — R is equivalent to a holomorphic 1-form «, via h — o = (£h(z))dz. The
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Hopf differential of h is the square ¢ = a®. A map h = (hy,...,h,): D — R" is
minimal if it is harmonic in the interior and weakly conformal, which occurs if and
only if the Hopf differentials ¢; satisfy > ¢ = 0. The associated collection of
I-forms a = (ai,...,qy) is called the Weierstrass-Enneper data. When A is non-
constant, we say the image is a minimal surface, even if A is not an immersion. To
keep the ideas transparent, we assume that h; and %hi extend continuously to 0D,
and %hi has no zeros on 0. We'll say that h is admissible.

Theorem A and [14, Sections 3-6] suggest a certain perspective on destabilizing
minimal surfaces. Corollary B, which will follow from Theorem B below, brings us
back to the new main inequality. We define infinitesimal equivalence as well as the
action of the Beurling transform 7" on L>°(ID) in Section 4.1.

Corollary B. h is stable if and only if for all mutually infinitesimally equivalent
functions fi1, . . ., fi, € L°°(D), the infinitesimal new main inequality holds:

(2) _Re;/ﬂ)¢iﬂiT(ﬂi)dxdy < ;/D|¢i“/li’dxdy-

Above and throughout the paper, when integrating over D we use the ¢; term to
denote the associated holomorphic function rather than the differential.

We now give an overview of the second half of the paper. To destabilize a minimal
surface, it’s probably most common to perturb by normal variations of the image in
R™ that vanish on the boundary. Another option is to precompose the boundary
parametrization along a flow of diffeomorphisms of the circle. One then hopes to
lower the energy by taking the harmonic extension of the boundary map at each
time along the flow.

Instead, motivated by Theorem A, we vary a minimal surface h = (hq,..., h,)
by precomposing the harmonic coordinate functions h; by quasiconformal maps. Let
E(Q,g) denote the energy of a map g from a domain  C C to R. First order
variations of quasiconformal maps can be described by a real vector space V whose
elements are a particular class of holomorphic functions from C\D — C. Given ¢ €
V, it is possible to find a path of n-tuples of quasiconformal maps t — ff,..., fL: C —
C all fixing the origin and agreeing on C \D with a holomorphic map F" that satisfies
F'(2) = z + tp(z) + o(t). Note that f{(D) = F*(D) does not depend on 4, and the
boundary of the minimal surface in R™ remains fixed if we precompose each h; by
(fH~'. Suppose that

3 i Y E(fHD), hio(fH)™") <0
(3) @h:o; (fi(D), hio (f;)~) <O.

Then, because the energy of a map to R" is at least the area of the image, h is
unstable.

Definition 1.2. We say that h is unstable via self-maps, and that ¢ destabilizes
h, if we can choose ff so that (3) holds.

Theorem B justifies that varying by self-maps can be done in place of the usual
methods. In Section 4.4 we define a real quadratic form Lj: V — R such that
L;(¢) < 0 if and only if ¢ destabilizes.

Definition 1.3. The self-maps index of h, denoted Ind(Lj), is the maximal
dimension of a subspace of V on which Lj, is negative definite.

Let Ind(h) denote the ordinary index for the area functional.
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Theorem B. Ind(L;) = Ind(h).

Remark 1.4. The result should have implications for maps from D to products
of R-trees, a subject which we don’t develop in this paper. Every harmonic function
from any Riemann surface arises from a folding of a map to an R-tree (see [5| and
[15, Section 4.1]). Clearly, self-maps variations lift to variations of maps to R-trees.

Remark 1.5. For equivariant minimal maps to R", the analogous result is true
and proved in [15, Lemma 4.6 and Proposition 4.8| via a different method.

The conditions (1) are (2) are tractable, so we also ask: given a minimal map h
with Weierstrass—Enneper data o and ¢ € V, when does ¢ destabilize? As in [14,
Section 5|, define the functional F: C'(D) — R,

~ Re / ffet /D L2

Given a continuous function from 0D — C, the harmonic extension is the sum of the
Poisson extensions of the real and imaginary parts.

Theorem C. Let ¢ € V. For each i, let v; be the harmonic extension of (%hi) .
¢lop: OD — C. If

= i./—"(vz) < 0,
i=1

then ¢ destabilizes h.

In the case of polynomials, we work out the explicit formulas for a particular class
of variations. For a polynomial p(z) = z;:o a;z?, an integer m > 0, and v € C*, set

= Re(v2ajaom—;) + |7]?]a; |2
p, v, m Z J J) ‘ ‘ ’ J‘
0 -7
Theorem D. Fori=1,...,n, let p; be a polynomial with no zeros on D, and

such that Y . p? = 0. On D, let a; be the holomorphic 1-form «;(z) = p;i(z)dz.
Suppose there exists an integer m > 0 and v € C* such that

zn:C’(pi,%m <0
i=1

Then ¢(z) = vz~™ destabilizes the associated minimal surface in R™.

To demonstrate the result, we consider the most well known unstable minimal
surface: the Enneper surface. The Weierstrass—Enneper data (aq, ag, ag) consists of
the 1-forms obtained by multiplying the following polynomials on C by dz:

1
5(1 - 22), pa(2) =
We restrict to D, = {z € C: |z| < r}. For r < 1, the Enneper surface is strictly
minimizing. For r = 1, it is strictly minimizing and stable, but not strictly stable.
For r > 1, Theorem D gives a new and simple proof of Corollary D below.

3.(1 +22), p3(z) = 2.

pi(z) = 5

Corollary D. For r > 1, the Enneper surface restricted to D, is unstable.

Proof. Let h = (hy,hy,h3): C — R3 be the minimal map defining the En-
neper surface. We reparametrize to h|p, to D by defining A" = (h], hl, h}) =
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(hi(r-), ha(r-), hs(r-)). The holomorphic derivatives are given by

pi(z) = 2Re/ a;(w)dw =rpi(rz), i=1,2,3.
0z 0
Explicitly,
r r 2 2 r T 2 2 2 2
PR = L), pe) = D), R =%
We choose m = 1,y = 1 and find that for p(z) = az? + bz + ¢,
(1) Cp,1,1) = [ef? + Re(ac).

Computing the expression (4) for each polynomial,

3 2

Zc(pgv 17 1) = %(1 - T2)'

i=1
This is negative for r > 1. O

There are other known conditions for minimal surfaces to be unstable. For ex-
ample, let G: Q — S? be the Gauss map for a minimal surface. A classical result of
Schwarz says that if the first Dirichlet eigenvalue for the Laplacian on G(f2) is less
than 2, then the minimal surface is unstable [21] (see also [2]). For the Enneper sur-
face, the stereographic projection of the Gauss map G'is g(z) = z. Forr > 1, G(D,) is
a spherical cap containing the upper hemisphere, and hence the first Dirichlet eigen-
value for the Laplacian is less than 2 (see also [18, §117]). We must comment that
the methods developed here using quasiconformal maps are not strictly necessary to
prove Theorems C and D. For these results, the self-maps variations simply provide
a new model for computation, which happens to lend itself well to the situation. We
explain this point carefully right after proving Theorem C.

Acknowledgments. We are grateful to Yonghu Zheng for helping clarify a point in
the proof of Theorem A. Vladimir Markovi¢ is supported by the Simons Investigator
Award 409745 from the Simons Foundation. Nathaniel Sagman is funded by the FNR
grant 020/14766753, Convezr Surfaces in Hyperbolic Geometry.

2. Preliminaries

Let S be a Riemann surface, not necessarily compact and possibly with boundary.
Since we will work with harmonic maps to R-trees in Section 3, we define harmonic
maps in the metric space context.

2.1. Harmonic and minimal maps. Let v be a smooth metric on S compatible
with the complex structure. Let (M,d) be a complete and non-positively curved
(NPC) length space, and h: S — M a locally Lipschitz map. Korevaar—Schoen |10,
Theorem 2.3.2] associate a locally L' measurable metric g = g(h), defined locally on
pairs of Lipschitz vector fields, and which plays the role of the pullback metric. If A
is a C'! map to a smooth Riemannian manifold (M, c), and the distance d is induced
by a Riemannian metric o, then g(h) is represented by the pullback metric h*o. The
energy density is the locally L' function

(5) e(h) = %traeeug(h),
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and the total energy, which is allowed to be infinite, is

(6) £(S,h) = /S e(h) dA.

where dA is the area form of v. We comment here that the measurable 2-form
e(h)dA does not depend on the choice of compatible metric v, but only on the
complex structure.

Definition 2.1. A is harmonic if it is a critical point for the energy h +— E(S, h).
If S # 0, we ask that h is critical among other locally Lipschitz maps with the same
boundary values.

Let g;;(h) be the components of g(h) in a holomorphic local coordinate z =
21 +1ix9. The Hopf differential of a map h is the measurable tensor given in the local
coordinate by

1

(7) 6(h)(2) d2* = Z(g11(R)(2) = g22()(2) — 2igra (D) (2)) d=*.

In the Riemannian setting, this is

o(h)(z) = h*a(%, %) (2)dz>.

When h is harmonic, even in the metric space setting, the Hopf differential is repre-
sented by a holomorphic quadratic differential. The following lemma will be useful.

Lemma 2.2. For all z € S, e(h)(z) > 2v7(2)|¢(h)|(2), with equality at a point
z if and only if g12(h) = g11(h)"/*go2(h)"/? at 2.

When the target is a Riemannian manifold, the equality condition occurs at z if
and only if A is not an immersion at z.

Proof. Cauchy-Schwarz implies that g5 < gi{zg;f, and therefore
_ v2 v2
v2gl* = 1—6((911 — g22)% + 4gi,) < ¢ (g — 922)° + 4911922)
-2 2
v o e(h)
=16 (g1 + g22)” = 1
Taking the square root yields the result. U

Definition 2.3. The map h is minimal if it is harmonic and the Hopf differential
vanishes identically.

In the Riemannian setting, a non-constant minimal map is a branched minimal
immersion.

For a harmonic map to a product space, it is clear from definitions (5) and (7)
that the energy density and the Hopf differential are the sum of the energy densities
and the Hopf differentials of the component maps respectively.

Let X be a complete NPC length space. Given an action p: m(X,) — Isom(X)
and a p-equivariant map h: S — X, the energy density is invariant under the m1(2,)
action on S by deck transformations, and hence descends to a function S. Total
energy is defined as in (6) by integrating the density against the area form on S, and
we say that h is harmonic if it is a critical point of the total energy among other
p-equivariant maps. Similarly, A is minimal if it is harmonic and the Hopf differential,
which also descends to S, is zero.
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Assume that p has the following property: for any Riemann surface S representing
a point in T, there is a unique p-equivariant harmonic map h: S — (M, d). In this
situation, we can define the energy functional on Teichmiiller space E,: T, — [0, c0)

by E,(S) = (S, h).

2.2. Quasiconformal maps. For details on results below, we refer the reader
to [1].

Definition 2.4. An orientation preserving homeomorphism f between domains
in C is quasiconformal if

(1) the partial derivatives with respect to the coordinates z and Z exist almost
everywhere and can be represented by locally integrable functions f, and f,
and

(2) there exists k € [0,1) such that |f5] < k|f.].

A map between Riemannian surfaces f: S — S’ is quasiconformal if any holomorphic
local coordinate representation is a quasiconformal map.

The Beltrami form is the measurable tensor represented in local coordinates by

& f(2)dE
e f.(2) dz

Although pu(z) is not globally defined, the transformation law ensures that the norm
|p(2)| is. L§°(S) is defined as the open unit ball of the space of measurable tensors
of the form fi(z)%

Theorem 2.5. (Measurable Riemann mapping theorem) Let C be the Riemann

sphere and 1 € LOO((C) There exists a quasiconformal homeomorphism f*: C — C
with Beltrami form u. f* is unique up to postcomposing by Mobius transformations.

It is important to note that if ¢ — pu(t) is a real analytic path in L3°(C), then
t — f#® and its distributional derivatives locally vary real analytically with respect
to a suitable norm (see [1, Chapter V]).

For 1 € L°(D), we extend y to all of C by setting i = 0. There is a unique
choice of Mobius transformation so that we can make the definition below.

Definition 2.6. The normal solution to the Beltrami equation for y is the unique
solution f#: C — C satisfying f*(0) =0 and f#(z) — 1 € LP(C) for all p > 2.

Next we state the Reich—Strebel energy formula (originally equation 1.1 in [19]).
Here S is any Riemann surface, h: S — M is a locally Lipschitz map to a metric
space of finite total energy, and f: S — S’ is a quasiconformal map between Riemann
surfaces. Let p be the Beltrami form of f, J;-1 the Jacobian of f~!, and ¢(h) the
Hopf differential of h, which need not be holomorphic. One can verify the identity:

B

— 4Re ((¢<h> o f g —(ﬁfjlf }>) |

Integrating against the area form, we arrive at the proposition below.

Proposition 2.7. The formula

(8)  E(S' hof')—E(S h)= —4Re/s¢(h)- : _“W +2/56<h) = |—M||M|2

2

dA
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holds.

When the target is R, the equality condition from Lemma 2.2 is always triggered,
so e(h) is represented by 2v7|¢(h)|. In Section 3.1, we'll see that the same equality
holds true for our harmonic maps to R-trees. Consequently, in the cases of interest,
the formula (8) involves only ¢ and p.

3. Minimal maps into products of R-trees

In this section, S is a closed Riemann surface structure on ¥ , and v is a smooth
metric compatible with the complex structure, which we will use to define energy
densities.

3.1. Harmonic maps to R-trees.

Definition 3.1. An R-tree is a length space (T, d) such that any two points are
connected by a unique arc, and every arc is a geodesic, isometric to a segment in R.

Under this definition, R-trees need not be complete. However, every R-tree
isometrically embeds into its completion, which itself is an NPC R-tree [16, Theo-
rem 11.1.9]. Going forward, we will implicitly embed all R-trees inside their comple-
tions and extend all isometries to the completions, in order to discuss equivariant
harmonic maps to R-trees.

The vertical (resp. horizontal) foliation of ¢ € QD(S) is the singular foliation
whose leaves are the integral curves of the line field on S\¢~'(0) on which ¢ is a
positive (resp. negative) real number. The singularities are standard prongs at the
zeros, with a zero of order k corresponding to a prong with k + 2 segments. Both
foliations come with transverse measures |Rey/¢| and |Imy/¢| respectively (see [6,
Exposé 5] for precise definitions).

Throughout, we work with the vertical foliation. Lifting to a singular measured
foliation on a universal cover S, we define an equivalence relation on S by z ~ y
if  and y lie on the same leaf. The quotient space S / ~ is denoted T. Pushing
the transverse measure down via the projection 7: S — T yields a distance function
d that turns (7,d) into an R-tree, with an induced action p: m(S) — Isom(7’,d).
Under this distance, the projection map w: S — (T, d) is p-equivariant and harmonic
[25, Section 4]. Note that for generic foliations, (7', d) is not complete [3, Lemma 9.5],
so we are indeed using the completion of (7, d).

The energy and the Hopf differential of the projection map 7 can be described
explicitly. At a point p € S on which ¢(p) # 0, the map locally isometrically factors
through a segment in R. In a small enough neighbourhood around that point, g(h) is
represented by the pullback metric of the locally defined map to R. In a holomorphic
coordinate z = x + ixy around p in which ¢ = dz?, the locally defined map to R
can be represented by z — x;. We deduce that the energy density and the Hopf
differential have continuous representatives equal to v*|¢|/2 and ¢/4 respectively.

For any other Riemann surface S’ representing a point in T, there is a unique
p-equivariant harmonic map from S’ — (7', d) (see [25]), and hence there is an energy
functional E,: T, — [0, 00).

Now we turn to Theorem A. Suppose that ¢q,...,¢, € QD(S) sum to 0. For
each ¢, we have an action of 71(X,) on an R-tree (7}, d;) and an equivariant harmonic
projection map m;: S — (T;,d;). We assemble the product of R-trees X with the
product action p: m1(X,) — Isom(X) and product map = = (my,...,m,). The energy
functional E, on T, for p is the sum of the energy functionals for each component



Minimal surfaces and the new main inequality 107

action. 7 is not only harmonic but also minimal. Theorem A is about determining
when S minimizes E,.

The new main inequality comes out of the formula (8). Let S’ be another Rie-
mann surface structure on ¥, and let fi,..., f,: S — S’ be mutually homotopic
quasiconformal maps with Beltrami forms p;. We lift each f; to a quasiconformal
map f; between the universal covers. Putting previous results in our setting, we have

Proposition 3.2. E,(S) =&(S,7) =>_", (S, m), and

. / 3 . :uz ’Nz
;S(S,mofi Zssm_—ReZ/@ - +Z/W% e

Hence, as we stated in Section 1.1, the new main mequahty (1) is equivalent to

S) < ic‘:(s,m) < ig(s,m o fh).
i=1 i=1

One direction of Theorem A is therefore clear: if S is a global minimum, then (1)
holds for any choice of fi,..., f,. To prove the harder direction of Theorem A, we
turn to the theory of harmonic maps between surfaces.

3.2. Harmonic maps between hyperbolic surfaces. Harmonic maps to
R-trees arise as limits of harmonic maps to negatively curved surfaces. If (M, o) is
such a surface, there is a unique harmonic map h: S — (M, o) homotopic to the
identity (see [4] for existence, and |8, Theorem H| for uniqueness), and hence the
holonomy representation of o determines an energy functional on T,. The theorem
below follows from independent work of Hitchin [9], Wan [22], and Wolf [23].

Theorem 3.3. For every ¢ € QD(S), there exists a hyperbolic metric o such
that the identity map from S — (M, o) is harmonic and has Hopf differential ¢.

Next, let ¢ € QD(S) and let (T, d) be the corresponding R-tree, with action
p: m(S) — Isom(7T,d). Given a parameter t > 0, let o; be the hyperbolic metric such
that the identity map h;: S — (M, 0y) is harmonic and realizes the Hopf differential
te/4. In a way that can be made precise, the universal covers (]\7[ , %) converge as
t — oo to the tree (T, d), and the harmonic maps converge to the leaf-space projection
(see [24]). To give some idea, in Wolf’s thesis work [23] it is shown that as ¢ becomes
large, the harmonic maps h; nearly crush vertical leaves for ¢, and take horizontal
leaves to curves that are nearly geodesics.

We are interested in the limiting behaviour of the corresponding energy function-
als. The result we use is stated and proved in [15], but mostly follows from results
in [23|. For every ¢ > 0, let p; be the holonomy representation of o;, with energy

functional E,,. As well, let E, be the energy functional for p.

Lemma 3.4. [15, Lemma 3.8] For all Riemann surface structures S’ on ¥,
E, (S
lim £ (5 _ E,(S).

t—o0
Before moving into the proof of Theorem A, we record a consequence of Lem-
ma 3.4. Given another Riemann surface structure S’, for each t > 0 let ¢g;: S —

(M, o) be the harmonic map homotopic to the identity.
Lemma 3.5. Set f, = g;* o hy. Then

1 -1
tim EE L) g gy

t—00 t
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Proof. Since g; = h; o f; ', we have that E,, (S") = £(S’, hy o f; ). Lemma 3.5 is
thus a restatement of Lemma 3.4. U

3.3. Proof of Theorem A. Setting out notation for the main proof, let
O1, ..., 0n € QD(S) and let p be the action on the product of R-trees X associ-
ated to the ¢;’s, with harmonic map m = (7y,...,m,) and energy functional E,,.

If any other equivariant harmonic map 7 = (7,...,7,): S — X were re-
lated to m by quasiconformal maps, in the sense that one could find quasiconformal
fi,-- s fn: S — S such that 7; = m;0 f; ', then the Reich-Strebel formula (8) implies
Theorem A. But it is not possible to factor harmonic maps to R-trees via quasicon-
formal maps: in Figure 1 below, all foliations project to the same tree, but there is
no leaf-preserving homeomorphism between the two bottom spaces.

Instead, we can approximate leaf-space projections m; and 7; by harmonic dif-
feomorphisms between surfaces, h! and ¢!, and then intertwine the diffeomorphisms
by quasiconformal maps ff. By the behaviour of high energy harmonic maps, once
t is sufficiently large, the f!’s nearly intertwine the foliations associated to the 7ls
and 7;’s, and consequently each 7; should differ from 7; o (f{)~! by a perturbation.
This last statement is the geometric intuition behind Lemma 3.5, which serves as our
substitute for factoring harmonic maps.

Figure 1. The map to the foliated space up top could be represented by ff, which could limit
to the map to the right as ¢ — oo, eventually collapsing the leaf connecting the singular points.

Our final preparation is a simple lemma.
Lemma 3.6. Let ¢ € QD(S) and let oy be the hyperbolic metric such that the
identity map hy: S — (M, o0;) has Hopf differential t¢. Then

e(h) 207 1¢).

Proof. By Lemma 2.2, the map h; satisfies e(h;) > 2v~¢|¢|v ™! (the inequality is
strict because h; is a diffeomorphism). We then divide by ¢. O

Proof of Theorem A. The forward direction is explained in Section 3.1, so we
don’t address it here. For the other direction, assume the new main inequality holds
for ¢1, ..., ¢, and any choice of mutually homotopic quasiconformal maps f;: S — S’.
For each t > 0, let of,... 0! be the hyperbolic metrics such that the identity maps
ht: S — (M,o!) are harmonic and have Hopf differentials ¢¢;/4. Let p; be the
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product of the holonomy representations for the o!’s, and let E,, be the associated
energy functional.

Let S’ be another Riemann surface structure on 3, let gt: S" — (M, o) be
the harmonic map in the homotopy class of the identity, and set f! = (g!)~! o hl.
Applying Lemma 3.5 n times, we have that

(9) tlirgz (S, htt (ft) ) EP(S,).

Combining (9) with Lemma 3.4 applied to S’ = S, and using the Reich—Strebel
formula (8), we find

B,(S') ~ By(S) = Jim (Z E(S' Lo (f™) ~ Ept<5)>

t—o0
=1
L C / e / i
= lim - [ 2 e(hl) - : dA — Re [ to¢; - ———
Hmt<;s( ) TP Z R

e(hi) —_ |pl?
‘33&22/ TR ZRG/“” i

Set F'(t) to be the quantity that we’re taking a limit on,

F =23 [ TS [

1- qul2

e(hf)
¢

|1i]*
>Z/‘¢’ T ZRG/@ i

Applying the new main inequality, we deduce that F(t) > 0 for every ¢, and conse-
quently that E,(S) < E,(S’), which is the desired result. O

With the proof of Theorem A complete, let’s give a comment on why the new
main inequality is special to the leaf space projections. Any equivariant harmonic
map to an R-tree is the composition of a leaf space projection and a map that folds
segments onto each other (see [5| and [15, Section 4.1]). Two harmonic maps to the
same R-tree can arise from foldings of different leaf spaces. Consequently, the critical
leaves for the Hopf differentials can look quite different, and we can’t expect to be
able to find quasiconformal maps that nearly intertwine the critical leaves.

In a general setting, it should be more promising to study maps to R-trees that
are nearby. One could perturb a variation of maps so that the critical structure is
fixed, which eliminates the issue raised above. The most efficient way to perturb is
to use the log cut-off trick, which negligibly affects the second variation of energy,
but can force the third variation to blow up. Hence, for other maps to R-trees, such
as the maps to R™ in the next section, the best one can hope for is the infinitesimal
version of the new main inequality.

By Lemma 3.6, we know that for every i, > L. 7Y ¢/, and hence for every t,

1
2

4. Classical minimal surfaces

We return to the setup from Section 1.2: h = (hy,...,h,): D — R™ is a non-
constant admissible minimal map with Weierstrass—Enneper data o = (ay, ..., ay).
We denote the Hopf differential of h; by ¢; = o?.
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We first prove Theorem C, which is then used to prove Theorem B. We conclude
with Theorem D.

4.1. Variations by quasiconformal maps. To properly begin, we need to
explain how to vary quasiconformal maps.

Definition 4.1. Beltrami forms p, v € L3°(D) are equivalent if the normal solu-
tions f* and f* agree on C\D.

The universal Teichmiiller space T has many definitions, and the resulting spaces
can all be identified in a reasonable way. The model we take is T = L{*(D)/ ~, where
w~ v if u and v are equivalent.

Remark 4.2. It is more common to define T by taking F'* = f#/f#(1) instead
of f*. Under our definition, tangent vectors at [u] = [0] have a more tractable
expression.

Tangent vectors in TjgT should arise from functions in L>°(ID) up to a certain
identification. To make this identification explicit, we first recall the operator P,
defined on LP(C), 2 < p < o0, by

1

PN == [ hO(2 7

— _Z) dz dy.

Secondly, the Beurling transform 7" is defined on C§°(C) by the principal value
1 h
T(h)(z) = lim ——/ (© 5 dz dy,
=0 T [¢—z|>€ (C - Z)

and extends continuously to LP(C), 1 < p < oo.

For h € L>(D), we extend to C by setting h = 0 on C\D, and we write P(h) and
T'(h) for P and T applied to the extension of . The normal solution to the Beltrami
equation for p € L{°(D) can be written explicitly in terms of P and T

fH(2) = 2+ P(u)(2) + P(uT (1)) (2) + P(uT (0T (1)) (2) + ...

So, if u =t/ + o(t) is a variation of Beltrami forms, then the normal solution along
the variation is

(e

ft =z +tP(j) + ol).

Therefore, 1, € L>°(ID) give the same variation in T if and only if P(i) = P(v) on
C\D.

Definition 4.3. i, 7 € L>*(D) are infinitesimally equivalent if P(i) = P(v) on
C\D.

Definition 4.4. The space V from the introduction, our model for TjyT, is
obtained by restricting every function of the form P(h), h € L*>°(D), to C\D.

In order to show that we can pick variations with lots of freedom, which we’ll do
to prove Theorems C and D, we justify the well known fact below.

Proposition 4.5. For every f € C5°(C) that is holomorphic on C\DD, we can
find o € L*(D) with P(i) = f.

The following basic result can be verified immediately.

Proposition 4.6. Assume h € C3°(C). Then P(h) is smooth, (P(h))z = h, and
P(h)(z) tends to 0 as |z| — oo.
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Proof of Proposition 4.5. Let f € C3°(C) be holomorphic in C\DD. Define the
function g on C by 1 = fz. By Proposition 4.6, (P(it))z = fz, so (f — P(i1)) is
an entire function that is bounded, and therefore a constant. Since both f(z) and
P(i1)(z) tend to 0 as |z| — oo, they are identically equal. Hence, this i satisfies

P(j) = f. O
Now we can formulate our problem more precisely. Recall from Section 2.2 that
for harmonic functions to R, the Reich—Strebel computation gives the following.

Lemma 4.7. Let h: D — R be a harmonic function with integrable Hopf differ-
ential ¢, and f: C — C a quasiconformal map with Beltrami form p. The formula

(10)  E(ho f) — & 4Re/qz5

holds.

We call paths p;(t) : [0,to] — L°(D) equivalent if they project to the same path
in T. We fix any ¢ € V and look for mutually equivalent C? paths u! tangent at
time zero to ¢ in T, such that if f} is the normal solution at time ¢, then

2
d:cdy+4/|¢| ”“‘{ 7 dedy

2 n
Sl S EHQ) o (7)) < 0.
=1

As we noted in the introduction, since energy dominates area, it follows that the
variation hy = (hy o (ff)7Y, ..., hy o (ff)™!) decreases the area to second order.

4.2. The second variation of energy. In [14, Lemma 3.2| and [14, Proposi-
tion 4.2|, the author computes the second variation of the new main inequality. In
our context, this is the second variation of the energy. We recap the computation
here.

Proposition 4.8. If i, ..., i, € L°(D) are mutually infinitesimally equivalent,
then there exists C* mutually equivalent paths p;(t): [0,to] — L5°(D) tangent to ji;
at t = 0 and with normal solutions f} such that

d? - ty—1 - . . - 212
(11) @h:o;g(hio(fi) ):4Re;/ﬂ)¢iﬂiT(Mi)d$dy+4;/D‘¢i||ﬂi‘ dx dy.

Proof. Let u;(t) = tji; + t*ji; + o(t?) be mutually equivalent paths with normal
solutions f!. Differentiating the Reich-Strebel formula (10),

4dm 025 (hi o ( :—ReZ/¢iﬂidxdy+2|¢i||m|2dxdy
i=1 /D i=1

(see [14, Lemma 3.2| for details). Crucially making use of the fact that > "  ¢; =0
i.e., that h is a minimal map, it follows from [14, Proposition 4.2] that we can choose
mutually equivalent paths such that

RGZ/@'/'% dr dy = —RGZ/d)i/liT(/li) dx dy.
i=1 /D i=1 /D

Putting the pieces together gives the result. ([l

Remark 4.9. Up to this point, we have not used that ¢; = a?. So in particular,
Proposition (4.8) holds as well for minimal maps to R-trees.
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It is computed in [14, Section 6], using the relation (P(h)), = Th (distribution-
ally), that

(1) —Re) / T () do dy = Re Y / (0:P(j)) (s P(j))= dz dy,

and

- Ay 12 — - . 2 )\ |2
(13) > / il drdy = 3 / (P (o)) de dy.

Substituting (12) and (13) into (11), we arrive at the following

Proposition 4.10. If fiy,..., [, € L*(D) are mutually infinitesimally equiva-
lent, then there exists C* mutually equivalent paths p;(t): [0,to] — L°(D) tangent
to fi; at t = 0 and with normal solutions f} such that

Tlieo S Ehio (1)) = 4Re Y [ (P (). (0iP(i))edady
<43 [ NP (e de dy

=4 FlaiP (),

i=1
where F is the function from Section 1.2.

4.3. Proof of Theorem C. We continue in the setting above with an admissible
h with Weierstrass—Enneper data a = (ay,...,a,), and ¢; = a? We fix a variation
p e V.

Proposition 4.10 says that if we are given ¢ € V and we can find maps P(f11), .. .,
P(f1,) on D extending to ¢ on C\ID such that Y " | F(o; P(f;)) < 0, then ¢ desta-
bilizes h. The first question is, how to pick P(j;) that have the best chance of
destabilizing h? If we could pick P(f;) so that there is a choice of quasiconformal
maps f{(z) =z + tP(j1;)(2) + o(t) such that h; o (ff)~" is harmonic, then h; o (f})™*
would minimize the energy over maps with the same boundary values at each time t.
Recalling the local pictures from Section 3, picking such f! is not in general possible.

However, we can still argue heuristically. Given some choice of P(j1;) and accom-
panying variation of quasiconformal maps f}, define hi:D—R by

hi o (flt)il = hz + thl + O(t)

Since the Laplacian is linear, if we demand that h; allows a variation of harmonic
functions, then h; must be a harmonic function itself. Up to first order, the inverse

of ffis
(f)) 7 (2) = 2 = tP(ju;)(2) + o(t).

Computing via the chain rule,
: . d ) t _1 - .
h; = —dt|t:0hZ o(f;) = —2Re(a;P(fu;)).

Let v; be the harmonic extension of the complex-valued function (%h) - lop. If we
pretend that we can pick P(j1;) to be (2Zh) " v;, then the choice would minimize the
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map
(917 s 7gn) = Zf(azgl)a
=1

where the g; range over every map extending ¢, since the corresponding path ff
would minimize the second derivative of £(h; o (ff)~!) at time zero. The problem
of course is that these choices for P(ji;) blow up at the zeros of (Zh;). We are
saved by the log cut-off trick, which allows us to smoothly perturb v; to be zero
in a neighbourhood of the zero set of (%hi), so that the division is possible, while
only changing the evaluation of F by a controlled amount. The computation for the
functional F is carried out in [14, Section 5.

Proposition 4.11. |14, Proposition 5.1| Let Z C D be a finite set of points and
f: D — C a smooth function. Then for every ¢ > 0, there exists smooth g: D — C
such that

(1) f(2) = g(z) for z in a neighourhood of OD.

(2) g(2) = 0 for z in some neighbourhood of each zy € Z.
3) [F(f) = Flg)l <e

We are ready for the formal proof of the theorem.

Proof of Theorem C. Suppose

Fulp) := Z]—"(vi) <0.

Let € > 0 be small enough so that
(14) Fulp) +e<0.

Let Z; be the zero set of %hi, and apply Proposition 4.11 to (v;, Z;) to find g;: D — C

such that g; = (Zh;) - ¢ on 9D, and

(15) [F(v) = Flg)| < -

Via Proposition 4.5, we can choose fi; so that P(ji;) = a; 'g;. By (14) and (15),
Z}_(azg,) < 0.
i=1

Theorem C now follows from Proposition 4.10. O

Theorem C can probably also be proved by using the destabilizing strategy men-
tioned in the introduction of varying the boundary parametrization and taking har-
monic extensions. To understand how to relate the two methods, we need to know
how to turn ¢ into a variation of boundary parametrizations. T is also the space of
quasisymmetric maps of JD mod Mobius transformations. In this model, the tangent
space at the identity identifies with the Zygmund class of vector fields on oD [17,
Section 2|. Nag finds a beautiful identification of the tangent spaces to the different
models in [17, Section 3|, which explains how to get a Zygmund vector field out of
an admissible holomorphic map on C\D. We gave the proof of Theorem C because
it is interesting to see it from our angle, and because elements of the proof will be
used toward Theorem B.

4.4. The self-maps index. Continuing in our usual setting and keeping the
notation from above, we now prove Theorem B and its corollary.
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Definition 4.12. The real quadratic form L;: V — R is defined by Ly(p) =
>y F(v;), where v; is the harmonic extension of (Zh) - ¢|sp. The self-maps index
is the maximum dimension of a subspace on which Lj, is negative definite.

Noting that taking the Poisson extension is a linear operation, it is routine to
check that Ly, is a real quadratic form.

Let m be the Euclidean metric on R"”, and denote the volume form by dV'. The
area of a C? map ¢ from a domain 2 C C to R" is the area of the image ¢g(Q2) C R",

A(Q, g) = / g dV.
Q

h may be only a branched immersion, but it is well-understood that the normal
bundle, apriori defined where h is regular, extends real analytically over the branch
points (see, for example, |7, Lemma 1.3]). This extension of the normal bundle is
denoted N;, C hR*TR™. Variations of the image surface are elements of I'y(N},), the
space of C'* sections of N, that extend to zero on JID, which we tacitly view as
functions X : D — R™ The second variation of area is defined by a real quadratic
form Qy: T'o(Ny) — R,

Qn(X) = %h:oz‘l(Q, h+tX)

(see |12, Theorem 32| for the well known formula for the right hand side). The usual
index Ind(h) is the maximal dimension of a subspace on which Q, is negative definite.
Theorem D is the statement that Ind(Lj) = Ind(h). Before we enter the proof, we
recall the following application of the log cut-off trick in its usual form (see [Section
4.4, MSS] for detailed explanation).

Proposition 4.13. Let Indy(h) be the index of h restricted to variations in
Co(Ny) that vanish on a neighbourhood of the critical points of every h;. Then
Ind(h) = Indy(h).

Proof of Theorem B. It was already explained in Section 4.1 that a destabilizing
self-maps variation yields a variation of maps h,: D — R™ that decreases area to sec-
ond order. Pulling back the Euclidean metric from TR" to h*TR™ and orthogonally
projecting the induced section of h*TR™ onto N, we obtain a section X € T'o(Vy)
with Qh(X) < 0.

To prove the theorem, we need to show that if X € I'g(/V,) vanishes in a neigh-
bourhood of the critical point of every h; and destabilizes the area of h, then we can
find a destabilizing self-maps variation in a way that inverts the process above. For
then Ind(Ly,) = Ind(Qpy), and we can appeal to Proposition 4.13.

We will apply Theorem C by finding a variation ¢ € V with F,(p) < 0. Set
hy = h 4+ tX. If h has branch points, then the pullback metric h*m is degenerate at
those points, and regular elsewhere. h*m is conformal to the flat metric o(z) = |dz|?
on D in the sense that there is a bounded and C*° function u: D — [0, 00) with
isolated zeros exactly at the branch points of A, and such that h*m = wo. Since
X=0inU hkfm=~h"minU.

There exists ¢y > 0 such that for ¢ < ¢y, the degenerate locus of h;m is equal to
that of h*m. We define a family of non-degenerate C'*° metrics (o)<, on D by

o) = o(z), zeU,
! u(z)"thim(z), =€ D\U.
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We emphasize that hfm is not necessarily conformally flat. For each ¢t < t,, by the
measurable Riemann mapping theorem, Theorem 2.5, we can find a Jordan domain
; C C and a quasiconformal homeomorphism f;: D — €2, that takes o; to a confor-
mally flat metric (this is a classical application). Observe that the Beltrami form
of each f; extends to 0 on 9D, since X extends to 0 on JD. For each t, we extend py
to 0 on C\ID. We then take the L> function f = % |t oit and the associated tangent
vector ¢ = P(ji)|c\p € V. This is the desired self-maps variation.

Let’s now verify Theorem C for . Note that for every ¢, the map hof;': Q, — R
is weakly conformal. Obviously, the area of ho f;(€),) is equal to area of h(ID). By
design, the maps h o f; ! are weakly conformal, and therefore

A(Q, ho f71) =E(Q, ho f71).

Replacing each h; o f; ' with the harmonic extension of the boundary map, say vf,
cannot increase the energy. Hence,

E(Q,v)) <EQu, ho fi1) = AQ, ho f71) = A, hy).

Taking the second derivative at time zero, we obtain

fg@@‘) <Qu(X) <0

As discussed, by Theorem C we are done. U

Proof of Corollary B. By Theorem B, h is stable if and only if Ind(Q,) = 0. By
Proposition 4.8, Ind(Qy,) = 0 if and only if the infinitesimal new main inequality holds
for the Hopf differentials of the component maps and all choices of infinitesimally
equivalent fi1, ..., fi,. O

4.5. Explicit destabilizing variations. To conclude the paper, we test out the
framework we’ve developed and prove Theorem D. We compute the functional F,(¢)
for polynomial Weierstrass data a = (ay,..., ;) and the variation p(z) = 27"
Recall from the introduction that we have defined, for a polynomial p(z) = Z;:o a;,
v € C*, and m > 0,

m—1
Re(v?ajazm—;) + [7[*|a;|*
(16) Clp,y,m) =7 L o
J=0 m=J

Setting a(z) = p(z)dz, the harmonic extension of p - ¢|gp is

fpﬁ,m(z) = V(CLOEm +ootam a1zt anzn—m)'
Lemma 4.14. In the setting above, F(fp~.m) = C(p,v,m).

Proof. For notations sake, set f = f, 5. We compute the integrals individually.
First,

(17) |fz|2 |"7| Z|aj| |Z|2(m 1— ])+2|’7| Rezza]akzm 1— ]Zm 1-— k

J=0 k#j
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Due to L?-orthogonality of the Fourier basis on S!, the second term on the right in
(17) vanishes upon integration:

m—1
2|7|2Rez Zaja_k/mzm_l_jzm_l_ﬂdzf

J=0 k#j
m—1 1 ‘ o
:2”Y|2R€ZZaja_k/ r2m1]kd'r/ U=k g9 = 0.
7=0 k#j 0 0
Hence,
m—1 1 ' m—1 ’CL'|2
(18) LU = 2m P S ol [ ar = Y S
. 21l | 2]

The term f,f> is a sum of terms of the form c;,z™72""™"*. Again by L*-orthogo-
nality, the integration over the disk evaluates to a non-zero number if and only if
0<j<m-1m+1<k<r,and(m—-1)—j=r—(m+1))—(r—k),ie,
k = 2m — j. This returns the formula

m—1 m—1
(19)  Rey? / fofs=Rey” ) ajaZm_j/ 221D da]? = 7Rey? S Aj2m—j
D = D <

m-—=1]

Putting (18) and (19) together,

m—1
F(f) - Re(/yZajan—j) + |’7|2|a]|2 )
: m— j
7=0
OJ
Proof of Theorem D. Apply Theorem C with the variation vz~ using Lemma 4.14
n times to obtain the value of F,(¢) . O
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