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On the (1/2, +)-caloric capacity of Cantor sets

JoAN HERNANDEZ

Abstract. In the present paper we characterize the (1/2,+)-caloric capacity (associated with
the 1/2-fractional heat equation) of the usual corner-like Cantor set of R"*!. The results obtained
for the latter are analogous to those found for Newtonian capacity. Moreover, we also characterize
the BMO and Lip,, variants (0 < a < 1) of the 1/2-caloric capacity in terms of the Hausdorff
contents H™ and H7™ ™ respectively.

Cantorin joukkojen (1/2,+)-lampdkapasiteetti

Tiivistelm#. T#ss# tydssi esitetdin yhtépitivi kaava avaruuden R™H! tavanomaisten Cantorin
kulmajoukkojen (1/2-murtoasteiseen lampoyhtaloon liittyvélle) (1/2, +)-lampdokapasiteetille. Tulos
on vastaava kuin Newtonin kapasiteettille aiemmin 16ydetty. Lisaksi 1/2-14mpokapasiteetin BMO- ja
Lip,-muunnelmat (0 < o < 1) osoitetaan yhtépitdviksi Hausdorffin sisaltdjen H7 ja H7F® kanssa.

1. Introduction

The work done by Mateu, Prat and Tolsa in [MPrTo| and subsequently by Mateu
and Prat in [MPr|, motivates the study of caloric capacities in a similar manner
as it has been done for classical objects such as analytic, harmonic or Newtonian
capacities. In the former article, (1,1/2)-Lipschitz caloric capacity was introduced
and, along with it, the notion of equivalence between the nullity of this quantity and
the removability of compact subsets for the heat equation, i.e. the one associated
with the differential operator © := (—=A,) + J;, where (z,t) € R" x R. As one may
suspect, the different nature of the spatial and temporal variables of the equation
is key when formalizing the previous notions. Indeed, let us fix a compact subset
E C R™ and f a solution of the heat equation in R"™' \ E, that is, ©f = 0 in
R™ 1\ E. The characterization of the removability of E (i.e. the possibility to extend
the solution to the whole R™*!) in terms of its (1, 1/2)-Lipschitz caloric capacity can
be done as in [MPrTo| if f satisfies the following normalization conditions,

1/2
Vo f |l po@niny < 00, 0% fllep < 0.

Here, the norm |- ||, stands for the usual BMO norm of R"*! but computed with re-
spect to parabolic cubes. The choice to endow R™"*! with a parabolic metric topology,
that is, the metric induced by the distance

dy((z,t), (y,5)) := max {|z — y|, [t — 5\1/2};

becomes natural in light of the results presented by Hofmann [Ho, Lemma 1] or
Hofmann and Lewis [HoL, Theorem 7.4]. Indeed, recall that a function f(x,t) defined
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in R is Lip 1/2 (or Holder 1/2) in the ¢ variable if
f SL’,t _ f T,u
oo = sup D=L

z€R™ |t - u‘1/2
t,u€ER t#£u

< 00.

Then, the following estimate holds
1/2
1Fllipy ot S NV flloeq@rtry + 110572 F Il

This implies that if f satisfies the previously mentioned normalization conditions, it
also satisfies a (1,1/2)-Lipschitz condition, that in turn explains the name given to
the caloric capacity presented in [MPrTo].

In the footsteps of [MPrTo|, Mateu and Prat studied the corresponding caloric
capacities associated with the fractional heat equation in [MPr|. That is, the equation
associated with the pseudo-differential operator ©° := (—A,)* 4+ J;, for 0 < s < 1.
In [MPr| the authors carried out their analysis distinguishing the cases s = 1/2,
1/2 < s<1and 0 < s < 1/2, focusing mainly on the first. The study of the second
and third cases turned out to be rather technical and cumbersome, and it resulted
in the possibility to only obtain the value of the critical dimension of the capacity
for the second case, and the bound from above by a certain s-parabolic Hausdorff
content for the third. Nevertheless, the study of the first case was quite fruitful,
deducing a similar removability result for the ©'/2-equation, as it was done for the
genuine heat equation. For instance, if f is a solution of the 1/2-heat equation in
R\ E satisfying

1S 1| Lo @1y < 00,

then E will be removable if and only if the 1/2-caloric capacity of E is null. Notice
that a particularity of the choice s = 1/2 is that the spatial and temporal variables
need no longer to be distinguished in the normalization condition. In addition, the
proper topology to endow R"*! also becomes the usual euclidean topology. All in
all, the study of this case is simplified and, in fact, additional results can be obtained
in the planar setting (n = 1), such as the non-comparability of the 1/2-caloric ca-
pacity with analytic and Newtonian capacities, despite that the three share critical
dimension 1.

In the present paper we aim at obtaining further results for the case s = 1/2
and give a more precise description of the 1/2-caloric capacity, once its definition
is restricted to positive Borel regular measures. Such version will be referred to
as (1/2,+)-caloric capacity. For instance, Section 4 is devoted to the estimation
of the (1/2,+)-caloric capacity of the usual corner-like Cantor set of R"™! that
finally yields Corollary 4.3. The behavior obtained is similar to that described by
Eiderman in [Ei| for radial nonnegative kernels. In our setting the kernel will be
nonnegative, but not radial. Nevertheless, to circumvent such inconvenience, the
author compares the usual (1/2,+)-caloric capacity with an auxiliary one, defined
also through a nonnegative kernel but lacking a temporal indicator function. Such
feature turns out to be essential to deduce, in a rather straightforward manner, the
desired estimate. In fact, it also yields the comparability of the (1/2,+)-caloric
capacity with the analogous capacity associated with the conjugate operator (and

thus conjugate equation),
1/2

8% = (-0, ~ 0,

In Sections 5 and 6 we characterize the BMO and Lip,, variants (0 < a < 1)
of the 1/2-caloric capacity, obtaining in Theorems 5.3 and 6.4 their comparability
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with H? and H™* respectively. The previous study has been motivated by the one
carried out for the BMO variant of analytic capacity by Astala, Iwaniec and Martin
in [AIMar, §13.5.1|, which in turn was inspired by [Kal; and that for the Lip, variant
of the same capacity presented by Mel'nikov [Me].

About the notation used in this text: as usual, the letter C' stands for an absolute
positive constant that can depend on the dimension of the ambient space, and whose
value may change at different occurrences. The notation A < B means that there
exists a positive absolute (dimensional) constant, such that A < C'B. Moreover,
A =~ B is equivalent to A < B < A. Also, A ~ B will mean A = C'B. We also
emphasize that the gradient symbol V will refer to (V,,0;), with z € R” and ¢ € R.

2. Notation and preliminary results

Our ambient space will be R"™! and a generic point will be denoted as T =
(x,t) € R™™ where x € R™ will be usually referred to as the spatial variable, and
t € R the time variable. Let ©'/2 be the 1/2-heat operator, that is

OY2 .= (=A)2 + 9,

where (—A)Y2 = (=A,)"? is a pseudo-differential operator known as the 1/2-
Laplacian with respect to the spatial variable. It may be defined through its Fourier
transform,

(ZA)2f(&,t) = €1TE D),
or by its integral representation
[, t) = [y, 1) | n
(=AY f(2,t) ~p.v. /Rn P dL"(y)

~ f(x+y,t)—2f(:c,t)+f(x—y,t)d£n(y)
o |y|n+1 ’

R?’L
The reader may find more details about the properties of such operator in [DPV, §3]
or [St]. Borrowing the notation of [MPr|, let P be the fundamental solution of the
1/2-heat equation in R™"! which is given by [Va, Eq. 2.2]

t
P(E) = X{t>0} (E)v
(- 1af?) "7
where y is the usual indicator function. For short, such expression will be written as
t

P<f) = |f‘”+1 X{t>0}-

Notice that the previous kernel is not differentiable at any point of the form (z,0).
Another fundamental function that will appear in the sequel is P*,

. _ —t
P (.T) = P(—:L’) = |$_|T+1 X{t<0}'

Observe that, on the one hand,

(—A)l/QP*(f):C// P (x"i_yvt)_QiAiﬁult)—i_P (I—y,t) dﬁ"(y)
[ P(—z—y,—t) — 2P(—z,—t) + P(—x 4y, —t) .
o [ Porn o BP0t Pat )y

~ (-1)"2P(-7),
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while on the other,
Therefore, if we define the operator

—=1/2

0" = (-A)2 -9,

we have that
6"’ p*(z) = 0’ P(-7),
implying that P* is the fundamental solution of e
Definition 2.1. (1/2-caloric capacity) Given a compact set £ C R™! define its
1/2-caloric capacity as
Yer2(E) = sup [(T' 1),
where the supremum is taken over all distributions 7" with supp(7’) C F satisfying

| P T||oo := || P % T|| poomn+1y < 1.
Such distributions will be called admissible for ygi/2(E).

We also define the (1/2, +)-caloric capacity, denoted by vg1/2 ,, in the same way
as Yg1/2, but with the supremum only taken over positive Borel regular measures p
with supp(p) € E and such that || P * pl|, < 1.

We shall also introduce yet another variant of the previous capacity, Ygi/2 4, that
will be referred to as (1/2,+)-symmetric caloric capacity. Admissible measures for
You/2, must also satisfy || P** || < 1 as well as an n-growth condition with constant
1. Recall that a Borel measure p in R™*! has s-growth (with constant C') if there
exists some absolute constant C' > 0 such that

n(B(,r)) < Cr®, forall TeR"™, r>0.

It is clear that this property is invariant if formulated using cubes instead of balls.
Also, it is straightforward that

Torsz 1 (E) < vov(B) < veuz(E).

We have analogous definitions associated with the operator @1/2, giving rise to the
objects Vgi/2 Vg/2 4 and ?61/2 L Moreover, it is usual to extend all of the above

definitions to a greater variety of sets. Namely, if £ C R""! is any Borel set,

Yor2(E) := sup veu2(K),
KCF

K compact

and similarly for the rest of capacities.

The main properties of g2 regarding localization and comparability to the
Hausdorfl measure are exhaustively covered in [MPr|. We highlight [MPr, Theo-
rem 4.2, that concerns the equivalence between the null sets of yg1/2 and the remov-
able sets for the ©/?-equation. More precisely:

Definition 2.2. (1/2-caloric removability) A compact subset F C R™™! is said
to be 1/2-caloric removable if any bounded function f: R"*1 — R satisfying the
1/2-heat equation in R""!\ E, also satisfies the same equation in E.

Theorem 2.1. [MPr, Theorem 4.2 A compact subset E C R""! is 1/2-caloric
removable if and only if yg1/2(E) = 0.



On the (1/2, +)-caloric capacity of Cantor sets 215

Moreover, the 1/2-caloric capacity of a subset is tightly related to a certain
Hausdorff content of the latter. Such relation is conditioned, in particular, by a
growth restriction that admissible distributions for yg1/2 must satisfy.

Theorem 2.2. Let T be a distribution in R"™ with ||P* T, < 1. If p is a C*
function supported on Q@ C R™™ with ||Vl < €(Q)™!, then

(T )| < CUQ)",

for some absolute dimensional constant C > 0.

If the previous property holds for a distribution 7', we say that T" has n-growth
(with constant C). It can be checked that this definition agrees with the usual
definition of n-growth if T"is a positive Borel measure.

Theorem 2.3. For every compact subset E C R"!,

Yer2(E) S HL(E).
Moreover, if dimy(E) > n, then vgi2(EF) > 0.

Given s > 0, recall that the s-dimensional Hausdorff content of a set £ C R"*!
is defined as

o o
HE(F) :=inf {Z diam(A4;)*: £ C UAi’ A; C R"“} :
i=1 i=1

From the previous results we infer that the only possible candidate for the critical
dimension of yg1/2 is n. And, in fact, this is the case, since there exist examples of
compact subsets with positive n-dimensional Hausdorff measure and some of them
are 1/2-caloric removable [MPr, §5] while other are not (they can be obtained as a
consequence of [MPr, Theorem 4.3| via subsets of graphs of Lipschitz functions with
positive H"-measure).

One may also ask if for the planar case (n = 1) the capacity vg1/2 is comparable
to analytic capacity or Newtonian capacity, two classical objects related to complex
analysis and potential theory sharing the same critical dimension with ygi2. By
[MPr, Proposition 6.1] we see that this is not the case, since there exist subsets of
R? with positive yg1/2 and null Newtonian capacity (horizontal line segments), and
null yg1/2 but positive analytic capacity (vertical line segments).

3. Properties of vg1/2 |

In the sequel we will be concerned with estimating the (1/2,+)-caloric capacity
of a family of generalized Cantor sets of R"™!. Previous to that, we shall present
some important features of yg1/2 , that we consider of their own interest.

Proposition 3.1. Let E C R*"! be a Borel subset and A > 0,7 € R""1. Set
7(F) := F + 7 and denote by AE the dilation of E by A. The following identities
hold:

1. Translation invariance: Ygi/2 4 (E) = vyg1/2 4 (T(E)).

2. ’}/@1/27+<)\E) = )\n’)/@1/27+(E).

3. Outer regularity: If (Ey); is a nested sequence of compact subsets of R™"

that decreases to € := [\, Ex,

kh*{l;.lo 7@1/27+(Ek> = 7@1/2,4»(8)
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4. Countable subadditivity: Let Ey, E,, ... be disjoint Borel subsets of R"*1,

Then,
Yor/z + (U Ej) <D ere (B
j=1 j=1

Proof. During this proof we shall write v, := 7yg1/2 ; to ease notation. To verify
1, we pick £ C R™"! compact and prove that for any p admissible for v, (E) there
exists a measure (i, admissible for v (7(E)), such that u(E) = p,(7(E)). It is clear
that once this property is verified, the result will follow. Let p be admissible for v, (F)
and define pi,(X) := u(X — 7) for any X C R""! that is y-measurable. This way .
is clearly a positive Borel regular measure supported on 7(E) with u.(7(E)) = pu(E).
In addition, for any € R**!,

Pen@l=| [ PE-pdu ] ]/ T 7w du(@)| = [P pE—T)| < 1,
(E)
implying that ., is admissible for v, (7(F)) and we are done. To deal with F an
arbitrary Borel subset of R"*! just notice that by Theorem 2.2 admissible measures
for v, are locally finite and Borel regular, and thus Radon [Ma, Corollary 1.11|. So
the quantity p(F) can be computed as the limit limy_, o, 1(Fy), where Ej, is a proper
sequence of compact subsets that approximates F.

The proof of 2 is analogous. Indeed, take the measure py(X) := A"u(A71X)
supported on \E and just notice that for any 7 € R**!

P ux(7)] = /AEP(E—y)d,uA@)’:)\" [ P wdum| = 1P w7 < 1

Moving on to 3, observe that v, (&) < 7v.(Ey) for any k. Hence v, (&) <
limy 00 74 (Ex) and we are left to prove the converse inequality. To do so, let us
pick for each k an admissible measure py, for v, (Ejy) with

1B — % < el Be) < 7 (B,

We shall verify that there exists an admissible measure p for v, (€) so that for
each test function ¢, limy o (ur, ) = (, ), where we have used the notation
(p, ) :== [ @dp. If this is the case, for ¢ test function with ¢ =1 in a neighborhood
of &,

Jim vy (Br) < limop(By) = lim (i, ) = () = p(€) < 74(6),

and we would be done. To construct such u, let ¢ € C>°(R™) and observe that
(i, @) = (OYV2P % g, 0) = (P % Mk,@l/Qcp). By assumption P * u; belongs to
the unit ball of L>*°(R""!) = LY(R"™!)* and moreover, proceeding as in [MPr, §3],
it is clear that @UQQO € L'(R™!). Therefore, since L'(R"') is separable, by the
sequential version of Banach—Alaoglu’s theorem we may assume that there exists
some S € L>®(R™) with ||S]|ec < 1 and Px*pu, — S as k — oo in a weak*-L> sense.
Therefore,
=1/2 o) n+1
Jim (g, 0) = (5,0 7)Y € C(R™).

Let us define a distribution (a priori) p acting on test functions as (u, ¢) := (S, 0"’ ©),
so that we have limy_, . (ur, ) = (u, ) for any ¢ € C2°(R™*1). Observe that by the
latter identity, for any ¢ > 0 we have (u, ) > 0. It is not difficult to prove that
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such property implies that u is a distribution of order 0 (we refer the reader to the
proof of [Ca, Theorem 2.7|, for example), so applying [Ca, Theorem 2.5| and Riesz’s
representation theorem, we deduce that in fact p is a positive Radon measure. In
addition, since the supports of yuy are contained in Ej and Ejy | &£, it follows that
supp(p) € &. Therefore, if we prove that ||P * pl| < 1 we will be done, since u
would become an admissible measure for v, (&). Such estimate will follow from the
equality P * u = S. To verify it, we regularize P x p, and py: take ¢ € C°(B(0,1))
positive and radial with [¢ = 1 and set . := e~ ("D (- /e). Then,

Tim (o P ) (@) = v+ S(z), 7€ R,

since P x u;, converges to S in a weak*-L> sense. On the other hand, as ¢, * P €
C>®(R™"!) and by definition py, converges to u in the weak topology of distributions,
we have

Nm (G5 Poopig) (7) = (Y + P p) (), 7R

So 1. xS = 1. x P p for every € > 0, so S = P x p, and the proof of 3 is complete.
Finally we prove 4. Abusing notation, let us set F := (- ;=1 £, which is also

a Borel subset of R**!, and fix K ¢ £ C R""! compact. Let be admissible for
v+ (K). Observe that for any X C R™! j-measurable, one has

oo

M(X)=u<U(KﬂE ) Zulm

j=1

so in particular, since K is also a Borel set and thus p-measurable,

K) =3l (K

If we take the supremum over all admissible measures for v, (K) on both sides of the
previous inequality, we have

o0

Ve (K) <> supplg(K).
=1 swp(p)CK
(|1 Pp]| oo <1

We claim that for each j > 1 the following is true:
(3.1) sup il (K) < 74 (B; N K).

supp(p)CK
[|1P*plloo<1

To verify such estimate we assume that it does not hold and reach a contradiction.
So suppose that there exists p admissible for v, (K) with

pl g, (K) > 74 (E; N K).

Then, for any compact subset F' C E; N K we have pu|g, (K) > 74 (F). Clearly p|p is
admissible for v, (F'). Indeed, for any T € R"*1

1P ()] = /F P(z —7) du() < /K Pz —7) dp(@) < [P * plloe < 1,

and the Borel regularity follows from that of p and [Ma, Theorem 1.9], that can be
applied by the n-growth of p. Thus v, (F) > u(F'). Hence, by hypothesis,

p(E;NK) > p(F), VFCE;NK with F compact,
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which contradicts that p enjoys an inner regularity property, since it is a Radon
measure on R™. Therefore, (3.1) must hold, which implies

< Z’YJr(Ej NK) < Z’YJr(EJ)
P =1

Then, since K was any compact subset contained in F, the desired estimate follows.
O

Remark. The argument we have presented for properties 1, 2 and 3 can be easily
adapted for general distributions. So, in particular, it can be checked that vg1/2 also
enjoys the outer regularity property.

The next result describes the behavior of vgi/2 , under canonical reflections of
R

Proposition 3.2. Let E C R™ be a Borel set and for each i € {1,...,n}
denote by R; the reflection with respect to the hyperplane {x; = 0}, and by R; the
reflection with respect to {t = 0}. Then,

Yo +(E) = ve12 1 (Ri(E)), 1<i<n,
and moreover,

Yoz (E) = 1, (R(E))

Proof. Fix i € {1,...,n} and check, as in the proofs of properties I and 2 of
Proposition 3.1, that for any p admissible for and yg1/2 4 (E), there is p;, admissible
for yg1/2  (Ri(E)), such that pu(E) = 11;(Ri(E)). So we fix p admissible for ygi/2 | (E)
and define

1i(X) = p(R71(X)), VX CR"™! y-measurable.
Again, p; is a positive Borel regular measure supported on R;(F) such that u(FE) =
1i(R;(E)). Finally, to verify the admissibility of j;, notice that for any T € R* ! we
have

Pan@l= [ PE-panm= [ PE-R@) )

Observe that R;(uw) = (u1,...,—U;, ..., Upy1), SO using the particular definition of
P

)

/EP(T—Ri(H))du(ﬂ):/EP(RZ-(T)—E) (@) = P u(Ri(T)) < 1,

that is what we wanted to prove. On the other hand, if : = n + 1, that is, if z; = ¢,
the computations are similar, but let us make them explicit to emphasize the role of

the indicator function, that is responsible for the change of ©/2 into 8

N _ . —t—u
| P* % pin41(T)| = / P (x —Ri(u / Rz u|"+1X{ t— u>0}( u) dp(u)
~ [ P(Ru@ ~ 1) dpfa) = P *u(Rt@) <1,
E
that implies the desired result. O

Remark. Observe that combining the first result of Proposition 3.1 and Propo-
sition 3.2, the latter result also holds for any affine canonical reflection. That is, any
reflection with respect to hyperplanes of the form {z; = ¢} or {t = ¢}, for any ¢ € R.
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This implies, in particular, that if F presents any temporal axis of symmetry, then
its yg1/2 4 and Vgl capacities coincide.

Remark. Notice that we have also obtained that if the measure u satisfies the
condition ||P * ul|s < 1, then

|P* pirlloo <1 and [|P* plleo <1, for i=1,2,...,n.

3.1. Comparability between vgi/2 . and vg1/2 . One of the main charac-
teristics of the kernels P and P* is the presence of an indicator function with respect
to the t-variable. Such fact seems to endow the temporal axis with a distinct feature
when it comes to constructing removable sets for the ©'/2-equation, as it is exempli-
fied in [MPr, Proposition 6.1] with the vertical line segment {0} x [0,1]. And what
about the time-reflected line segment {0} x [0, —1]? It is clear, by the translation
invariance of yg1/2 ,, that its capacity is equally 0.

When trying to find a subset £ C R"*! with non-comparable Yo1/2 4 and V5i/2

capacities, the above trivial observation suggests that it may be not possible. In
fact, the following result was a first motivation to carry out the study of the present
subsection:

Proposition 3.3. The vg1/2, capacity of any non-horizontal line segment is
null.

Proof. It is clear that we may assume n = 1, that is, the ambient space is R2.
Denote by E the unit segment with one of its end-points at the origin and with
angle o € (0, 7) between the positive direction of the z-axis and E. We shall follow
the same method of proof given for [MPr, Proposition 6.1], that is: we will assume
Yo/2 4 (E) > 0 and reach a contradiction.

Under the previous assumption, there exists an admissible measure y for yg1/2,(E)
with u(E) > 0. Let us parameterize F as u — (ucosa,usina), u € [0,1], and note
that since p has linear growth (Theorem 2.2), given n > 0 we can take ¢ € (0, 1) such
that

p({(ucosa,usina): c <u<1}) <.

Writing explicitly the normalization condition ||P * ul/s < 1, we have

1 .
_ t —usina
P x ,u(l‘) = / b} : 2 X{t—usina>0}d,u(u) <1,
0 (:p—ucosoz) +(t—usma)
for £L?-a.e. T € R% Therefore, if we set F' := {(ucosa,usina): 0 < u < ¢} and

choose T = (ugcos o, upsina) € F, we get

Hence, since F' is an interval, there exists a finite number of almost disjoint intervals
I; with |I;| = ¢; = £(T;) such that F' C U;VZI I; and

nm)= [ < [ < 6]

0.5=4j 0—; Y05 — U st a
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All in all,

N N
1 c
E) < u(F)+n < 1)+ < 0+1) < ( 1) ,
() < ul )+HN;M( ])+?7_?7<Sma; + ) Sn(o—+
and this leads to a contradiction, since 1 can be chosen arbitrarily small. Therefore,
Yor/2 +(E) = 0 and this, together with the first and fourth properties of Proposi-

tion 3.1 suffices to generalize the result for any other line segment. O

Remark. We have proved this result only for vg1/2 , just for the sake of simplic-
ity and to focus our study on its properties. However, by exactly the same method
of proof of [MPr, Proposition 6.1 (involving the approximation of distributions by
signed measures) one can obtain the same result for ygi/2.

The second aspect that motivated the study of the comparability between yg1/2
and Yg1/2 ; is related to the different equivalent definitions admitted by the latter
capacity. We stress that in the proofs given for the forthcoming results, we will
exploit the fact that P is a nonnegative kernel. To ease notation, let us simply set

V4 = §91/2,+-
As it is pointed out in [MPr, §4], one of the main advantages of working with 7,
instead of just ygi/2 , is that it can be characterized in a similar manner as those
capacities defined through anti-symmetric kernels, by means of the L?-bound of a
particular operator. To make such property explicit, we shall first introduce some

notation.

For a given real compactly supported Borel regular measure p with n-growth, we

define the operator P, acting on elements of L .(u) as

Puf@) = [ P@-D@ (. T supp(p)

Since P(Z) < |Z|™™, it is clear that the previous expression is defined pointwise on
R™"1\ supp(7); but the convergence of the integral may fail for T € supp(u). This
motivates the definition of a truncated version of P,

P (7) = / P(—7)f@)du@), TER™, >0,

[z—y[>e

For a given 1 < p < oo, we will say that P, f belongs to LP(y) if the LP(p)-norm of
the truncations ([P, f| () is uniformly bounded on ¢, and we write

IPufllerw = sup [ Puefllrrw
e>0

We will say that the operator P, is bounded on LP(u) if the operators P, . are
bounded on LP(x) uniformly on ¢, and we equally set

HPﬂHLP(u)—)LP(u) = Slilo) Hpu,eHLP(u)—wP(u)-
g

We also introduce the transposed operator associated with P,

Pu@ = [ P@-DI@@. ] € L), T ¢ supp(o)

with all its corresponding definitions relative to truncations and LP(u)-boundedness.
Now we are ready to state a crucial property of the capacity 7,.. To compactify
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notation, let X(E) be the collection of all positive Borel regular measures supported
on E that have n-growth with constant 1. The result reads as follows:

Theorem 3.4. (|]MPr, Theorem 4.3]). For any E C R™"! compact subset,
/f\}//Jr(E) ~ 72,+(E> ‘= sup {M(E) e Z<E>7 ”’P,LLHLQ(,U,)%LQ(M) < 1} )

where the implicit constant in the above estimate does not depend on E.
We move on with our study introducing, for any T # 0, the following kernel

1 S ¢ |t]
Py (T) = 3 [P()+ P(-7)] = 5 WX{»O} - WX{KO} = T

Lemma 3.5. Let E C R""! be compact and define
Yoyt (B) i= sup {u(E): € S(E), [Py + plloo 1.

I

Then,

1 ~
é%yﬁ—(E) <Y+ (E) < Ysy,+(B).
Proof. Take p any admissible measure for 7, (F) and observe that by definition

of P,

Sy
1 *
1Py # plloo < 5 1P * pilloe + (127 % pilloc] < 1,

that yields 7. (E) < vy +(E). Conversely, if we consider any p € X(E) with || Py *
tlloo < 1, since P is nonnegative, P < 2P, and P* < 2P;,, and therefore

1P plloe <2, [P 5 plloo < 2.
So 11/2 becomes admissible for 7, (F) and we deduce the remaining inequality. O

Hence 7, is comparable to the capacity defined through the symmetric kernel
Py, Let us now proceed with introducing another auxiliary capacity:

Y (E) :==sup {pu(E): p € S(E), |P*pllrecq <1, [|[P** oo <1}
m

Lemma 3.6. For a compact set E C R"",

V+(E) S 7L (E).

Proof. As it is pointed out at the beginning of the proof of [MPr, Theorem 4.3],
the arguments to show the above estimate are standard. However, for the sake of
completeness, we shall present them (they are inspired by [MaP, Lemma 5.4|).

Let p € X(F) with [P * pllee < 1 and ||P* * pflee < 1. We aim to prove
P pf|poequy S 1 and ||P* * puf|peo(y S 1. We will study the first inequality (the
computations for the second will be analogous), and to verify it we will argue by
contradiction. That is, we assume that there exists F' C F with u(F) > 0 so
that P * p attains arbitrarily big values there (notice that this does not contradict
| P p]|oo < 1, since F' may be £ -null). Under this assumption, consider 0 < & < 1
and T € F', and observe that

du(y il
1P pl p@e) | 21 (B@er2) < / ( / — <_>n) AL (z)
B(Z,e/2) \JB(Z:) ERl

LGN 4 _
/Bme) (/B(y,ze) z — gl ) du(@) S e p(B(@ <))
<"t~ L7 (B(7,2/2)).

IN
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So by the Lebesgue differentiation theorem we can pick Z € B(7,/2) with |Pxu(Z)| <
||P * ]| < 1 and such that for a positive dimensional constant A,

|P* 1l pe)(Z)] < Ar

Notice that the constant A; does not depend on T, since the procedure above can be
repeated for any other point obtaining the same estimate. Therefore,

‘P*:uhR"‘H\B(:B z—:)( ) P*M( )‘
[ Pa-mdm - [ PE-5dum)
[z—y|>e Rn+1

g[_ P@—7) - P(z—7)| du(g) + A.
|T—y|>e

Write 7 = (z,t,), ¥ = (y,t,) and Z = (z,t,) and consider the auxiliary point
T =(z—y,t, —t,). Applying the mean value theorem (component-wise) exactly as
it is done in the proof of [MPr, Lemma 2.1] we have

[ Ip@-p-PE-pl
|T—y|>e
<[ |PE-9-P@du@+ [ |P@E - PE-5)|dulo)
|z—7y|>e [z—7y|>e
du(y du(y
< Ase / _L_yzﬂ + Aze / _L_yzﬂ
lz—y|>e T — 7| lz—y|>e T — 7|
Splitting the domain of integration into the annuli A; := B(f, 2j+15) \B(E, 2jz-:)
for 5 > 0, and using the n-growth of y we obtain, regarding the above integrals,

(2771)" X1

5 = <e¢ — = — =1.
[ - z = DN e RN

Therefore,

|P * plpn\pz.o) (T)| < |P* pilgnsn pae) () — P x ()] + | P u(Z))|
< Ay + Az 4+ Ay + || P+ paffoe < 00,
and as T € F was arbitrary and the previous constants are absolute, we get the

contradiction we were looking for. OJ

Observe that in the previous proof we have deduced that for a given u € X(FE),
(3.2) if ||P*plle <1, then ||P* p|lpeoqn S 1.

To establish one additional inequality, we continue by introducing some more
standard terminology adapted to our particular setting. We write A := {(Z,7y) €
R x R"*1 . 7 = 7} the diagonal of R"* x R+,

Definition 3.1. (m-dimensional Calderén-Zygmund kernel) Consider the (ker-
nel) function K: (R™! x R"*1)\ A — C, with the property that there exist C} > 0
and m > 0 such that for any T # 7,
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Suppose also that for any 7’ with [T — 7’| < |Z — ¥|/2, there exist Cy > 0,17 > 0 so

that
o o L L Cylz —7'|"
|K(7,7) — K(T',9)| + |K(7,T) - K(7,7')| < EEa

If such estimates are satisfied, K is called an m-dimensional Calderon—Zygmund
kernel. It is clear that the function K (7,y) := P(T—7Y) is an n-dimensional Calderén—
Zygmund kernel with n = 1.

We are now ready to state [To4, Theorem 3.21] in our particular context. Let us
also remark that such result (in a general setting of n-dimensional Calderéon—Zygmund
operators with respect to measures with n-growth which may be non-doubling) was
originally proved in [NTV], although we present a refinement that can be obtained
from the results in [NTV2| or [To2|, as mentioned in [To4, §3.7.2].

Theorem 3.7. Let E C R""! be a compact subset and p € X(F). Then, the
operator P, extends to a bounded operator on L*(u) if and only if there exists ¢ > 0
such that

1Pucxollrze) < cu@)'? and  |P; xoll2ug) < cu(2Q)?,

uniformly on € > 0, for any cube Q C R™"*1L,
In light of such result, the following lemma follows from the nonnegativity of P:

Lemma 3.8. For E C R""! compact subset,

Vi (E) S e+ (E).
Proof. Let p be admissible for 7/ (F). Since by definition of this capacity we
have || P,c1|lpee(y < 1 and [P} 1L,y < 1 uniformly on € > 0, and both the kernel
P and measure p are nonnegative, we have for every ¢ > 0 and every cube Q C R"*!

) 1/2
| Pucxollrzuq) = (/ / P(x —7y) du(y) dﬂ@))
Q IV Qn{|z—7y[>¢}

9 1/2
< ( /Q /M>€p@_y> dju(p) dm)

< ”pu,sl”L“’(u) N(Q)l/z < N(QQ)I/Qa

and analogously for P}, .. Therefore, by a direct application of Theorem 3.7 we deduce
the desired estimate. 0J

All the above results yield the following corollary, which encapsulates the different
ways to understand 7, .

Corollary 3.9. For E C R*"! compact subset,

T+ (E) = AL (E) & 72,4 (B) = Yay,+(E).
To be able to compare g2, and 7, we will need two additional definitions,
firstly introduced in [Tol]. We remark that

in the forthcoming Definitions 3.2 and 3.3, as well as Lemma 3.10, u will
always be a positive compactly supported Borel reqular measure on R™™ with
n-growth.
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Notice that the previous conditions ensure that the degree of growth of u is the
same as the degree of homogeneity of P, understood as an n-dimensional Calderén—
Zygmund kernel on R"*!. Moreover, as we have pointed out in the proof of Propo-
sition 3.1, observe that pu is locally finite and therefore becomes a Radon measure.

Definition 3.2. (BMO,(u)) Given p > 1 and f € Lj, (1), we say that f belongs
to BMO,(p) if for some constant ¢ > 0,

.

sup 1(@) ~ fou| du(@) <.

o pQ) Jg | 4

where the supremum is taken among all cubes such that p(Q) # 0, and fg , is the
average of f in () with respect to p. The infimum over all values c satisfying the
above inequality is the so-called BMO, (1) norm of f.

If f € L*(u), then f € BMO,(u),Vp > 1. Also, given a € R and @ C R"*!
cube,

/Q f(@) — fau| du(@) < [ /Q f(@) — a| du(@) + /Q ya—fQ,u!dum]
gz/@}f@)-@@(z).

Therefore, if for each cube @ with ;(Q)) # 0 we are able to find ¢g so that

;ﬁgév@—wmeQ

where ¢ is constant independent of @), we deduce that f belongs to BMO,(1).

Definition 3.3. (u-weakly bounded) We will say that the operator P, is p-
weakly bounded if for any cube Q C R*™,

/Q </Q”{lf§>e} PE=1) d#(?)) du(T)

Lemma 3.10. Assume that || Px | g, < 1. Then, the operator P, is ji-weakly
bounded and P* x yu € BMO,(u) for p > 2.

Proof. Condition ||P*/i|| e, < 1 can be simply rewritten as sup,~g || Ppu,e1{|zoo(u)
< 1; so for any € > 0, by the nonnegativity of P and p,

/Q </Q”{lf§>e} PE=1) d#(?)) du(T)

Hence P, is p-weakly bounded. Finally, notice that by Tonelli’s theorem,

[(Puexas x@)| = < cu(2Q),

uniformly on € > 0.

< | Puelllemu(Q) < p(2Q).

[P @@ = [P du) < n®) <,

so P*sp € LY(u) C Li.(p), and P** p is indeed a candidate to belong to BMO,(u).
To estimate its BMO,(4) norm, fix a cube Q = Q(7o, £(Q)), #(Q) # 0 and consider
the characteristic function yaq associated with 2Q). Denote also xagc := 1 — x20.

Consider the constant
cq == P** (x2ge1t)(Zo),
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that is an expression pointwise well-defined, since Zy ¢ supp(xaq-p). Indeed,

_ ‘2 A dp(z)  _ pR™)
Q= /RW\QQ Pr(@o —2)du() < /RW\QQ T2 = UQ)

Observe that the following estimate holds

! /Q IP* % () — col du(@)

p(pQ)

s#/P  (x20) () du(®)

Q0
/|P (ett) (@) —

u(pQ) /Q </2QP -2)
1
Q) /Q (/Rnﬂ\w P

For I;, by Tonelli’s theorem together with the assumptions || P * ji gy < 1 and
p =2,

P % (Xaqep) (To)| dua(y)
)) dp
)

@)
P —3) du<z>) au(y) = I+ I,

du(z
y _

_ 1 . (3 du(z) < H2Q)
= 1(pQ) /QQP #z) du(z) < 1(pQ)

For I, apply the third estimate of [MPr, Lemma 2.1], Theorem 2.2 and split the
domain of integration into annuli to obtain

1 [EEN IR u(©Q) e
w(50) /QU\Q EEEATER >) (@) < “Q)u(p@) /WQ AT

<1

<UQ) i / _du®) i (2710Q Z
= = 20+1Q\29Q |Z — :L'O|n+1 N ]:1 2]£ n+1 ~ 2] ,
and the desired result follows. 0

The previous lemma allows us to prove the main result of this subsection:

Theorem 3.11. Let E C R™™! be a compact subset. Then, if vy, = Yoz 4

V+(E) = 74(E).

Proof. 1t suffices to prove v, (E) < 74 (FE). To this end, consider y an admissible
measure for v, (E), i.e. p is a positive Borel regular measure supported on E such
that || P * u|lcc < 1. We know by Theorem 2.2 that p has n-growth with an absolute
dimensional constant C' > 0. Hence, up to such constant, u € X(F). Moreover, by
relation (3.2) and Lemma 3.10 we have, for any p > 2,

1. P,1 € L*>(u) and thus P,1 € BMO,(u),
2. Pi1 € BMO, (1),
3. P,1 is p-weakly bounded.

Applying a suitable T'1-theorem, namely [To2, Theorem 1.3|, we deduce

1Pl 22y 2 < 1
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This implies (again, up to a dimensional constant) that p is admissible for v, 4 (E);
and by the arbitrariness of ;1 we have v, (E) < 72.+(E). So we conclude, by Theo-
rem 3.4,
V+(E) S 72,4+(E) = 74+(E). O
A particular consequence of the last result is

Yozt (B) 2 (B) = sup {u(E): o € S(B), [Py pllc < 1}
o

Since the same proof of Proposition 3.2 yields that g 4+ is invariant under temporal
reflections, we also obtain

Yor2,4+(E) & Yay.+(E) = %y (Ri(E)) = o121+ (Ri(E)) = g2 (E).

Corollary 3.12. The capacities yg1/2 1, Vgi/z and sy 4 are comparable.

4. The vg1/2  capacity of Cantor sets

Let us move on to finally estimate the (1/2, +)-caloric capacity of a certain family
of Cantor sets, which generalize the particular example given in [MPr, §5]. In such
example we are presented with a Cantor set E inspired by the one constructed in
|Ga, Chapter IV, §2| with positive H"-measure and removable for the ©/2-equation,
meaning that vyg1/2(E) = 0. Our goal will be to generalize the above example and
study its yg1/2 , capacity.

Let A = (};); be a sequence of real numbers satisfying 0 < A\; < 1/2. We
shall define its associated Cantor set £ C R™ by the following algorithm. Set
Q" := [0,1]""! the unit cube of R""! and consider 2" disjoint cubes inside Q° of
side length ¢; := )y, with sides parallel to the coordinate axes and such that each
cube contains a vertex of Q°. Continue this same process now for each of the 2!
cubes from the previous step, but now using a contraction factor \y. That is, we
end up with 221D cubes with side length /5 := A\ Ay. It is clear that proceeding
inductively we have that at the k-th step of the iteration we encounter 21 cubes,
that we denote Q;‘? for 1 < j < 2*+D) with side length ¢, := H?Zl Aj. We will refer
to them as cubes of the k-th generation. We define

9k(n+1)

E,=EM\..... M) = |J @
j=1
and from the latter we obtain the Cantor set associated with A,
(4.1) E=EQ\) :=()E
k=1

If we chose \; = 2~/ for every j, we would recover the particular Cantor set
presented in [MPr, §5]. We are first concerned with studying the Hausdorff dimension
of F in terms of A, which we want it to be n, the critical dimension for ygi2. An
example of restriction one imposes to ();); to ensure the latter, as it is done in [MTo|
or [To3], is the following

lim ¢, 2k +D/m — 1,
k—oco

Observe that a particular consequence of the previous equality is that there exists
a constant C' > 0 depending on A so that

0 2R/ > ¢k > 1.
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Using such property one deduces H"(F) > 0. Indeed, consider the probability mea-
sure y defined on E such that for cach generation k, p(Q%) := 27* ) 1 < j <
2k(+1)  Let (Q be any cube, that we may assume to be contained in Q°, and pick &
with the property (x11 < €(Q) < £, so that Q can meet, at most, 2" cubes Qé‘?.
Thus p(Q) < 2D+ and we deduce

(Q) < ﬂ — 92(n+1) (ﬁ 2(k+1)(n+1)/n> _nen
H = 9(k+1)(n+1) k+1 k+1
(4.2)
92(n+1)
< LR = Q)

meaning that p presents n-growth. Therefore, by [Ga, Chapter IV, Lemma 2.1],
which follows from Frostman’s lemma, we get H"(E) > HZ(E) > 0. Moreover,
observe that for a fixed 0 < § < 1, there is k large enough so that diam(Q¥) < ¢ and
0y, 2k+/m <9 Thus, as Ej defines a covering of E admissible for HJ, we get

2k(n+1)
HHE) < > diam(Qh)" o 4 250D = (¢, 28 HD/m)" < om,

J=1

Since this procedure can be done for any J, we also have H"(FE) < oo and thus
dimy (F) = n as wished.

In order to state in a more compact way the results we are interested in, we
introduce the following density for each k£ > 1:

1 1(Q)

ek = gz 9k(n+1) = ez )

where y is the probability measure defined above and Q* is any cube of the k-th
generation. We also set 6 := 1.

Theorem 4.1. Let ();); be a sequence of real numbers satisfying 0 < \; < 7y <
1/2 for every j, and FE its associated Cantor set as in (4.1). Then, for each generation

k,

& 1
s (50)
§=0

where the implicit constant in the relation < only depends on n and 7.

Proof. Fix a positive integer k£ and p the probability measure supported on FEj
defined as

1
n+1 o n+1
£ e = gy £

Observe that for every cube Q{ of the j-th generation, with 0 < j < kand 1 <i <
27 (n+1)

1
M - \Ek\

' 1 . .
J\ (k—=5)(n+1) pn+1 _ o—j(n+1)
pe(QF) = 72k<"+1>£;;+12 =2 .
Fix any T = (z,t) € Ej and consider the corresponding chain of cubes associated
with @,
TEN, CA1C---CALCAy=:Q°,



228 Joan Hernéandez

where A; is the unique cube of the family F; that contains z. Observe that

/E Py (g — ) dps () = /A Py (7 — ) djue(®)
k—1

> [ n@-Tda@+ [ P@-T dat Zf 1.
=0 Y AN\A 41 Ay

If for each 0 < j < k — 1 we write £j+1 the cube of F;;; contained in A; diagonally
opposite to Aj,

s — 1] _ s 1] _
I = / P ——— duk(y) > P ————— duk(y)
’ ANA L 2y — T Ay 2|y — v

b =20 % 1 —(j+1)(n+1)

~ n—+41
I "

Regarding I, consider the cube Qz := Q(T,2diam(Ay)), that clearly contains Ay,
and for each positive integer j write

=QzN{(y,s): |t — 5| > 277diam(A) },

as well as Fj := &. Set F] = Fj41 \ Fj, and notice that {ﬁj}jzo is a disjoint open
covering of QQz. Therefore, since {F; N Ag};>o is also a disjoint covering Ay,

1 |t — s
L _ £n+1 N / t—s d£n+1 —
|Ek| Ja, 2[7 = 7| ! ®) | By |f"+1 Z Fnay £l )

1 ZOO I nAy i !
> J : ~ — 0,
~ | Eg |0} 4 2j+1 \Ek| Z 22]+1 |Ek Qk(nﬂwz k
J=0

I =

Thus, there exists some positive constant C' = C(n, 79) such that

k

/psy< ) du(m) > 1Y 0, VT € B
Ey

j=0
The last inequality can be rewritten as

-1

(4.3) 1sc<iej> | P@-mduG). ek

Take v any admissible measure for 7, 4 (E)). Integrating on both sides of equation
(4.3) and applying Tonelli’s theorem together with || Py * 1|/ < 1,

V(Ek)SC’(iGj) / Py v(y) dpw(y <C<Z€>

Hence, since v was arbitrary, by Corollary 3.12, we finally conclude

& -1
Yorrz 1 (Ek) S Yoy+ (Ei) < C (Z 9j) : O

J=0
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Theorem 4.2. Let (\;); be a sequence of real numbers satisfying 0 < A\; < 15 <
1/2, for every j. Then, for any fixed generation k,

k —1
Yoz, (Ek) 2 (Z 9]') :
=0

where the implicit constant of < only depends on n and Ty.

Proof. Fix a generation k as well as the measure introduced in the proof of

Theorem 4.1,
1

M = A
Recall that y,(Q7) = 2770*+D for any cube of the j-th generation, with 0 < j < k

and 1 <4 < 20+ Let us fix any Z € R*! and proceed in an inductive way as
follows:

1. If d(z,Q°) > 1, it is clear that P * up(7) < 1 = 6,. If d(7,Q°) < 1, denote
by A; one of the cubes of the first generation F; that is closest to 7. Observe that
d(f, E1 \ Al) z 1-— 2)\1 Z 1-— 27’0. Then,

P 1y (T) :/E P —79) dur(7) S/E\A ‘dfu_k(g‘)n +/A ‘dfu_k(g‘)n

§ o +/ d_Mk(_?) _
(1 —27m)" INR I

2. If d(z, A1) > {4, it is clear that the above remaining integral satisfies

/ dun(@) (A1) _ 0,

£n+1 |Ek

and therefore P * ux(ZT) < 6 + 61. On the other hand, if d(Z, A;) < ¢1, we repeat
the process of step I and pick A, one of the cubes of E5 that is closest to . In the
current setting notice that d(z, Ey \ Ag) 2 (1 — 279)¢;, which implies

P uy(T) S L+/A 4 @) +/A dpn(G)

(1 _27-0) 1\A2 |x_y|n 2 |x_y|n

1 d (Y)
(90+91)+/A — =

~ (1= 2m) . [T =7

In general, for 1 < m < k—1, the (m + 1)-th step of the above process we would
begin by dealing with an estimate of the form

1

dpx(y)

o T =g

and we would distinguish whether 1f d(f A;) > {; or not. If the inequality is satisfied,
it follows that P x . (T) < Y7o 0;. If on the other hand d(7, A;) < ¢, write A,
one of the cubes of E,,,; that is closest to T and notice that d(az, Epni \ Ani1) 2
(1—279)4,,, and move on to step m+2. The previous process can carry on a maximum
of k steps (this is the case, for example, if T € E}), and in this situation T satisfies
d(z,Ay) <l as well as the estimate

dpk (Y
Pxp < — +/
k‘( ) 1 _ 27_0 Z J A, |x _y|n
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that cannot be dealt with the same iterative method. We name the remaining integral
I}, and write Q) := Q(E, 5&9) so that Ap C Q. We split the previous cube into the
annuli A; := Q(E, 5€k2_j) \Q(E, 5€k2_j_1), for j > 0 integer. Therefore,

d£n+1 5&92 _] n+1 e
I < / ~
= |Ek| Z T —?/|" |Ek| Z (56,277 1 |Ek| Z 2~
With this we conclude that, in general, there exists a constant C' = C'(n,75) > 0 so

that B
P (T (CZG) <1, VTeR",

so the measure (C’ Zf:o k) px is admissible for yg1/2 | (Ey), and the result follows.
O

Combining both Theorems 4.1 and 4.2, we obtain the following result:

Corollary 4.3. Let (\;); be a sequence of real numbers satisfying 0 < \; < 15 <
1/2, for every j. Then, if E denotes the associated Cantor set as in (4.1),

ez, (E) ~ (Z 9j>
j=0

where the implicit constants only depend on n and 7.

Proof. The estimate follows from Theorem 4.1 and the monotonicity of yg1/2 4 ;
and from Theorem 4.2 combined with the third point of Proposition 3.1 (outer reg-
ularity). O

4.1. An additional estimate for «gi/2. Let us present one last result of
similar nature to [MPr, Theorem 5.3| that admits an analogous proof and concerns
not only ygi/2 4, but also yg1/2. To obtain it, however, we need to assume that the

sequence (0),)y, is decreasing (which is equivalent to assuming that 2= <\, for
every k) and 6, > k, for some absolute constant x > 0 and every k. Notice that this
last condition implies H"(FE) < oo. Indeed, for any fixed 0 < § < 1, we may pick a
generation k large enough so that

M3 (B) < Hy(Ey) S 25000 =0, < w7l

meaning that H"(E) < oco.
n+1

Theorem 4.4. Let ()\;); satisfy 0 < 27« < \; < 1/2, for every j, and let E
be its associated Cantor set as in (4.1). If 0, > k, for some k > 0 and every k,

’)/@1/2(E ) =0.

Proof. Since the sequence (6x); is non-increasing and 6y = 1, we have k <
0, < 1, for every k. Notice also that if p is the probability measure on E with
u(Qf) = 27K+ for every generation k and 1 < j < 2D by an analogous
argument to that of (4.2), we get that u presents n-growth. Moreover, since we can
assume without loss of generality that 0 < H™(E) < oo, we deduce that u coincides
with H"|p modulo a constant factor.

Let us proceed with the proof, which will be analogous to that of [MPr, Theo-
rem 5.3]. Indeed, if we assume that yg1/2(E) > 0, we are able to reach a contradiction
as follows: by [MPr, Theorem 5.1] we may pick v a signed measure supported on
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E with [(v,1)| > 1, || P * v||oc < 1 and satisfying that there exists a Borel function
f € L*™(u) such that

v=fu.
The contradiction we are looking for arises from the bound [MPr, Equation (5.7)],
ie.

P%*(f) = sup }PVXRnH\Ak (T)} <K', VzeFE,
k>0

where recall that for any T € E, Ay is the unique cube of the family Ej. that contains
Z. Proceeding exactly as in the proof of [MPr, Theorem 5.3|, we are able to reach
the estimate

_ k+m—1 k+m 1 n
Pua(z) 2 ( > 9h> (@) —¢ ( 1T T) 0 > r(m — 1) f(To) — 27" De,
h=k

j=k+1 "

where Z = (21, ..., 2n, 1) is one of the upper leftmost corners of Ay (with z; minimal
and t maximal in A), Tp € E is a Lebesgue point (with respect to u) for f = dv/du
satisfying f(Zo) > 0, m > 1 is an integer parameter independent of k and 0 < ¢ < 1
is a parameter that, once fixed, also fixes the value of k. Therefore, by choosing m
large enough and then e small enough, we reach the desired contradiction. 0

5. The BMO variant of vg1/2

We devote the final sections of our paper to characterize the BMO and Lip,
variants of the 1/2-caloric capacity. In the present section we study the former case,
similarly as it is done in [AIMar, §13.5.1] for analytic capacity. That is, the main
goal of this section is to give an analogous description of such object in terms of a
particular Hausdorff content. To introduce it, let us recall the definition of the usual
BMO space of R"*! (rather than its generalization of Definition 3.2).

Definition 5.1. (BMO) A function f € LL_(R™"') belongs to the BMO space
if its BMO norm is finite, that is

1] = S‘épﬁ /Q 1£(@) — fo|dL™ (),

where |Q| := L"H(Q) and fg := ﬁ Jo fdLt.
We now introduce the BMO variant of the 1/2-caloric capacity:

Definition 5.2. (BMO 1/2-caloric capacity) Given a compact subset F C R™"*1,
define its BMO 1/2-caloric capacity as

Yoz, (E) = sup (T, 1)},
where the supremum is taken among all distributions 7" with supp(7’) C E satisfying
|IPxT|. <1
Such distributions will be called admissible for vgu2 (E).

Since vg12 < Yei/2,, Theorem 2.1 implies that if ygi/2,(E) = 0, then E is
1/2-caloric removable.

5.1. Comparability of vg1/2, to the Hausdorff measure. We begin by
noticing that distributions admissible for the BMO 1/2-caloric capacity exhibit the
same growth condition to that described in Theorem 2.2.



232 Joan Hernéandez

Theorem 5.1. Let T be a distribution in R*** with ||P * T||, < 1. If p is a C*
function supported on Q@ C R™™ with ||Vl < €(Q)~!, then

(T )] < UQ)"

Proof. Let T and ¢ satisfy the conditions of the statement. Since P is the
fundamental solution of ©/2

(T, )| = [(0"2(P T), )]
< (P*T = (P T)ag, (—A)"%g)| + [P+ T — (P T)g, 00)| = I + L.

Regarding I, use the normalization condition [|0;0||se < [[V¢|ls < £(Q)~! to deduce

I, < /‘P*T P*TQH&@ ‘d,C"Jrl T)

gE(Q)"“<|22|/]P*T T) — (P T)o| |0 (@)] AL ))

<P+ T Q)" < (Q)".
For I, write @) = @1 x I C R" x R and observe that

L [ |PaTE) - (P Dl [(-8) o)L @)

g [P+ T(@) — (P * T)ag|(-2) (@) L™ (@)
(R™\2Q1)xIq

=: Iy + 2.
To deal with I1; we apply the Cauchy-Schwarz inequality,

I < / |P* T(T) — (P T)aql|(—As) ()| AL (Z)

< (/ZQ\P*T@)—(P*T)fod,c"H(f))l/Q (/QQ\( A2 o(@)|* L (@ ))1/2.

Observe that by John—Nirenberg’s inequality [Du, Corollary 6.12], the first factor
satisfies

1/2
(/ [P+ T(@) = (P Thagl dﬁ"“@) SUQMVR|P T, < (@),
2Q

On the other hand, concerning the second one recall that
(—A)2p = (—A,) 2 ZR Oy,

with R;, 1 < j <n, being the Riesz transforms with Fourier multiplier £;/|£|. Since
these operators are bounded on L?,

1/2 n
( / RCNEECT dm“(f)) < S IROsel 20

j=1
n E(Q)(n+1)/2
< E 10;0ll120) S —7m—
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where in the last step we have applied the normalization estimate [|0;¢|loc < [|[V¢lloo
< 4(Q)~!. Therefore, combining the bounds for both factors we finally get I;; <
(Q)™. Regarding I3 let us name f := P x T so that

Is < / 1£(@) — faol|(—A) (@) L™ (7)
(R™\2Q1)x 215

i 2 /m\cj @) = fao| |(=2) (@] AL (@),

j=

where we have defined the cylinders C; := 27Q; x Iy for j > 1. Continue by
observing that since ¢ is supported on @, by the divergence theorem (see [Al, A8.8],
for example) it is clear that le 0;0(z,t)dL™(z) = 0, for each t € Ig. Therefore, for

any T ¢ 201 X Iyg, if 2o € R™ denotes the center of @),

1/2 z,
(A Z\R@@ -y /Q el

7j=1

RZj — Ty Lo, n
(2, < 2|+ - |x0—x|"+1>'d£ (2)

< Z/ 050(2,1) \F’J Tgﬂ aLn ()

n Q)"
S Z ‘x |n+1 IVapllol(@)" S Wa

dL"(z)

where we have applied the mean value theorem so that z € )1 depends on z. Notice
also that |Z— x| ~ \:L’O — x|, since x ¢ 2(Q);. This way we obtain

=\ d£n+1 =
HNZ T [, ) ol 47

[e.9]

1 ! T . ntl (=
C) 2 ( /cm\c)f () = farg| L™ (@) + /C

j=1 i+1\Cj

o~ fl £ @)

For the first integral we shall apply Holder’s inequality for some exponent ¢, that
will be fixed later on, as well as John-Nirenberg’s inequality,

[ 1@ - faelac @
Cj+1\C;j

1/q
= </ (@) —f2fQ’qd£"+1(f)) LM(Chn \ CHVT
21Q

< (20@) " 1L 2@ 2 @)
S E(Q)n—l—l 2j(n+1/q)+1/q' .

For the second integral apply, for example, [Du, Proposition 6.5] to deduce that faiq
and fo are majored by || f||. < 1. Thus,

/c. o 1P = fa AL7H(@) S L7 (Chaa\ C) S QT2
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All in all we obtain

=1 : b — 2
n§ : (n+1/q)+1/ n+l n —
Iy S Q) 97 (n+1) (QJ v+ ) S UQ) (1 T Z 2j(11/q))'
j=1

J=1

This last sum is convergent if and only if ¢ > 1. So fixing an exponent satisfying this
last condition we deduce the result. OJ

The previous growth result combined with [MPr, Lemma 5.2] yields the following:

Theorem 5.2. Let E C R™™ be a compact subset with H"(E) < oo and T an
admissible distribution for ygi/2 ,(E). ThenT is a signed measure which is absolutely

continuous with respect to H"|g and there exists a Borel function f: E — R such
that T = fH"|p and that satisfies || f|| o)) S 1.

~Y

Let us turn to the result we are interested in. Its statement reads as follows:

Theorem 5.3. There are (dimensional) constants Cy,Cy > 0 so that for any
E C R"! compact,

CYH™(E) < o, (E) < CyH™ (E).

Proof. Let us focus first on the right-hand side inequality. Although it seems
that it would follow directly from Theorem 5.2, we shall give an standard argument
based only on Theorem 5.1 to avoid the possible dependence of f with respect to T
We proceed by fixing e > 0 and { A} a collection of sets in R"*! that cover E such
that

> diam(Ag)" < HL(E) + <.
k=1

For each k let (), an open cube centered at some point a; € A with side length
0(Qr) = diam(Ay), so that E C |J, Q. By compactness, we can assume this last
open covering to be finite. We denote it {Q1, ..., Qn}. By the usual Harvey—Polking
lemma [HPo, Lemma 3.1| there exists a collection of smooth functions {3}, such

that S0, ¢op = 1in (Jp_, Qr and 0 < ¢y, < 1, supp(px) C 2Qr, [Vl < €(Qr) 7Y,
for each 1 < k < N. By Theorem 5.1, if T is any distribution admissible for

7@1/2,*(E>7

(T, 1)] = S UQw" =) diam(Ay)" < HL(E) + .

k=1 k=1

§£:<1:<Pk>

k=1

Since this holds for any 7" and € > 0 can be arbitrarily small, the inequality follows.

For the left-hand side inequality we will apply Frostman’s lemma |[Ma, Theo-
rem 8.8]. Assume then H% (E) > 0 and consider a non trivial positive Borel reg-
ular measure p supported on E with u(F) > ¢H (F) and u(B(z,r)) < r™ for all
7 € R"M r > 0. If we prove that

1P plle S 1,

we will be done, since this would imply ygi/2 ,(E) 2 (1, 1) = u(E) 2 HL(E). To
control the BMO norm of P % p we proceed exactly as in Lemma 3.10: fix a cube
Q = Q(To, £(Q)) and consider yaq together xage :==1 — xag. Choose the constant

cq = P (xaqe1t)(To),
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and observe that

* x 1u(y) —c (g
|Q|/Q|P u(G) — col AL (7)

<wif. (/ RCEE () ) 4L )

s (] g P2 = Pl ) () ) QL) = o+

Regarding I, after applying Tonelli’s theorem we may directly integrate using polar
coordinates to obtain

neg ) </Q d|'yc—|)) w5 G s

where the last step is due to the fact that p has n-growth with constant 1. Turning
to Iy, the third estimate of [MPr, Lemma 2.1] yields

L5 1y [ (o Eompr ) 427 )
sa@/R TR S S

n+1\2Q |Z — l‘0|n+1 = j+1Q\2jQ |Z — l‘0|n+1
23+1€ ))n < 0 i B
Z (290(Q))+L ~ Z 27 1,
]:1 _]:1

and so the desired result follows. O

6. The Lip, variant of vgi/2

In this last section we shall study a variant of the capacity yg1/2 defined through
a normalization condition that involves a Lip, seminorm. This study has been mo-
tivated by the one carried out in [Me]| for analytic capacity. We also clarify that,
in this subsection, the symbols ~ and <, 2 will denote equalities and 1nequa11tles
respectively, with implicit constants that may depend on the dimension n and also
the parameter «. Let us begin by reminding a basic definition:

Definition 6.1. (Lip, function) A function f: R"*' — R is Lip, for some 0 <

a < 1if
Flhan, = sup LD IOy
zgeRntl [T — 7|

Definition 6.2. (Lip, 1/2-caloric capacity) Given a compact subset F C R"™!
and a fixed 0 < a < 1, define its Lip, 1/2-caloric capacity as

Ye1/2 Lip, (E) =sup (T, 1),

where the supremum is taken among all distributions 7" with supp(7’) C E and sat-
isfying || P*T||rip, < 1. Such distributions will be called admissible for ygi/2 14, (E).

6.1. Comparability of vg1/2 1;, to the Hausdorff measure. In the current
setting, distributions admissible for the Lip, 1/2-caloric capacity exhibit a different
growth condition to that of the genuine 1/2-caloric capacity and its BMO variant.



236 Joan Hernéandez

Theorem 6.1. Let T be a distribution in R™*! with ||P « T ||y, < 1. If pis a
C! function supported on @ C R™™ with ||Vl||. < €(Q)~!, then

(T, o) S €@Q)"™.

Proof. Let T and ¢ satisfy the conditions of the statement. Write @ = Q (%, {(Q))
and proceed as in the proof of Theorem 5.1,

(T, p)| < (P *T — PxT(Ty), (—A) Y2\ + (P T — PxT(Z),0p)| =: I + L.

Concerning I, the normalization conditions [|0;p|lec < [[Vllee < Q)7 and ||P x
T'||Lip, <1 now imply

IQS/]P*T( — P« T(Ty)| |0y (T)| AL (T)
Q

< gy |7l aLr i@ < oy

To deal with the remaining integral I;, proceed as in Theorem 5.1 to deduce for the
corresponding term Iy,

= </ [P+ T(@) = P+ T(@)[ 4L (7 ))1/2(/2Q!( A2 2 AL ))1/2

1
S Q) IR <Z ||8jg0||L2(2Q)> < Q)+ /2 (é(Q)E(Q)(nH)/Q)
j=1
= Q).
Regarding the current term /9, we also name f := P * T so that now
1
I d n+1
23 Q) ; 97 (n+1) /J+1\C f(@o ‘ L
1 > ) 1/q ) "
Z 2i(n+1) < T — Zo|*dL" (T )) LMH(Ciya \ O
j:1
1 &1 , o (nt1)/ e
5 ﬁ(Q) Z 2j(n+1) (2]£<Q>) (2]£<Q>) " qE(Q)( +1)/a 2(] )/
j=1

> 21/d
o n+oa
=@M S—a=1/a)’
i=1

that converges if and only if ¢ > 1/(1—«). So fixing a proper g we deduce the desired
estimate. 0J

The previous growth condition implies an analogous result to Theorem 5.2, that
reads as follows:

Theorem 6.2. Let E C R™! be a compact subset with H"™(E) < oo and
T an admissible distribution for ygi/2y;, (). Then T is a signed measure which
is absolutely continuous with respect to H" | and there exists a Borel function
f+ E — R such that T = fH""*|g and || f|| oo znto|p) S 1.

lm) ~>
The above statement follows from Theorem 5.1 and the following lemma.
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Lemma 6.3. Let E C R™™! be a compact subset with H""*(E) < oo and T a
distribution supported on E with (n+ «)-growth. Then T is a signed measure which
is absolutely continuous with respect to H" | and there exists a Borel function

f: E — R such that T = fH""|g and || f|| oo (znto| ) S 1.

lm) ~>
Proof. The result follows by the same arguments given in [MPr, Lemma 5.2,
just by changing the rate of growth from n to n + o and using Theorem 6.1 instead
of [MPr, Corollary 3.3]. O

Finally, let us present a similar result to that of Theorem 5.3 in the current Lip,
setting, which in turn is analogous to [Me, Theorem 1].

Theorem 6.4. Let 0 < o < 1. Then, there exist constants C,Cy > 0, depend-
ing on n and «, so that for any compact subset E C R**!
CrHI(B) < Yous i, () < CoHI(ED).

Proof. For the right-hand side inequality consider € > 0 and {A}, a collection
of sets in R"*! that cover F such that

> diam(Ag)" < HI(E) +e.
k=1

By Theorem 6.1, the same argument given for Theorem 5.3 yields the estimate.

For the left-hand side inequality we will also apply Frostman’s lemma. Assume
HF*(E) > 0 and consider a non trivial positive Borel regular measure p supported
on E with u(E) > ¢cH™*(E) and p(B(T,7)) < r"™ for all T € R™™ r > 0. If we
prove that

[P * pl|Lip, S 1,

we will be done. Choose T, € R**!, T # ¥, and consider the following partition of
Rn—f—l’

Ri:={z:7-g|<|[z—7/2}U{z: |7 -7 <[5 - 2|/2},
Ry =R"™\ R ={z:[7-9|>[7-2/2} n{z: |- 7| > [y — Z|/2},

with their corresponding characteristic functions yi, x2 respectively. This way, we
have

Prp(@) — Prpu@)| _ 1 /|——<|—‘ |P(T— %) — Py —2)| du(?)

T — 7yl T T -yl /2
1 _ _ _ _
st/ P(—7%) — PG —3)|du(3)
T =71 Jig-ai<iy—=12
1
+ = |P(T—%2)— P(y—2)|du(z) = I + Iy + 1.
‘ZU _y‘ Ro2

Regarding 7, the third estimate of [MPr, Lemma 2.1] yields

1 [z -7 _
LS = _a/ ——— 5 du(®@).
|7 — 7| [T—7|<|T—2|/2 T — Z|

Split the previous domain of integration into the annuli

Aj = 2j+1B(§7 |f - y|) \2]3(57 |f - y|)7 for j > 1,
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and use that p has growth of degree n + « with constant 1 to deduce
g

1 = (2T —
<
ya 1% _ 7la—1 Z/ $—2|"+1 ~ |f_y|a—1 ; (Qj‘f_y‘)n—i—l

L

2/\

A
'Mg al

1
o—a);

S
1

j
that is what we wanted to see. For Iy, we argue as in I; just interchanging the roles
of ¥ and y. Finally, for I3, observe that

PSR N 1C RN S g
T =7l Jr, [T 2"  [T—7|* Jp, [T —Z|"

< %/ ) 1 / G g g,
| |

T =Yl1* Jp—gisp-z2 1T = 21" [T =9 Jig_zsg-z,2 [T — 2"
Concerning I3y, split the domain of integration into the (decreasing) annuli
A =27B(z, |7 -7)) \ 27 'B(7, |~ 7]), for j> -1
Thus, in this case we have

1 2z —g|)*
<
> [ S o X ey S 2 g S

j=—1

In S ———
T —m

To obtain I35 < 1 we argue similarly, interchanging the roles of 7 and . Combining
the estimates obtained for I, Iy and I3 we deduce

\P*u@}if*ww\<L
T -yl
and since the points T # 7 were arbitrarily chosen, we deduce the Lip,, condition. [
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