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An interpolation result for A; weights with
applications to fractional Poincaré inequalities

IRENE DRELICHMAN

Abstract. We characterize the real interpolation space between weighted L! and W1! spaces
on arbitrary domains different from R™, when the weights are positive powers of the distance to the
boundary multiplied by an A; weight. As an application of this result we obtain weighted fractional
Poincaré inequalities with sharp dependence on the fractional parameter s (for s close to 1) and
show that they are equivalent to a weighted Poincaré inequality for the gradient.

A;:-painoja koskeva interpolointitulos ja
sovelluksia murtoasteisiin Poincarén epiyhtil6ihin

Tiivistelma. Tésséd tyossd kuvaillaan avaruuden R™ mielivaltaisen aidon osa-alueen painol-
listen L'- ja W'l-avaruuksien viliset reaaliset interpolointiavaruudet, kun tarkasteltavat painot
ovat Ai-painolla kerrottuja reunaetdisyyden positiivisia potensseja. Tuloksen sovelluksena saadaan
painollisia murtoasteisia Poincarén epéyhtiloité, joilla on tarkka riippuvuus murtoasteisesta siley-
destd s (lahelld arvoa 1), ja osoitetaan, ettd ndmé ovat yhtépitivid gradienttia koskevan painollisen
Poincarén epayhtéalon kanssa.

1. Introduction

Given a domain @ C R", 2 # R", we denote by d(z) = d(z,00) the distance
from x to the boundary. Let o, 8 > 0, and w be a weight in Muckenhoupt’s class Ay,
that is, such that Mw(x) < Cw(x) a.e., where M is the Hardy-Littlewood maximal
function. We consider the weighted Sobolev space

Wit (Q,d%,d") = {f € Ly(Q.d%): |Vfllry@a < o0}

where || f|lLy@.a2) = | fwd® |11 )-
The first goal of this paper is to show that, for any such domain, and any o > 0,
one has

(1.1) (LL(Q,d>), WEH(Q,d*, d*t 1)1 = Wj’l(ﬁ, d®,d* ")
with equivalence of norms, where

Wel(Q,d*, d°) = {f € LL(0d%): | flipe g < oo}

V@) - 1)
o= [ [ 8 aye o i
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This result generalizes the one in [1, Theorem 1.1], which corresponds to the
case w = 1 (notice that that result is written for bounded domains, but the same
arguments apply as long as 2 # R"). The proof of the embedding W31(€2, d*, d*+*) C
(LL (9, d>), Wi(Q,d*, d**1)),, follows closely the one in that paper, modifying it to
include the A; weight. But, because of the presence of the weight, the opposite
embedding requires a completely different proof. We borrow some ideas from [11],
but we adapt them to our seminorm and to the presence of different powers of the
distance to the boundary. We remark that, among other differences, in [11] both the
function and its (generalized) gradient belong to the same weighted space, which is
not our case.

The characterization in (1.1) is strongly related to the obtention of fractional
Poincaré inequalities with sharp dependence on the fractional parameter s, for s
close to 1.

Recall that, for a cube @, 1 < p < %, and
Theorem 1] that

(1.2 1 = ol < ——2L /Q mey,

(n — sp)p—t |z — y[rter

1 . .
5 < s < 1, it was proved in [3,

where fo stands for the integral average of f over (). Here, the implicit constant
depends on the side-length of ) but, in what follows, we will not be interested in
such dependence. Other proofs and extensions of this inequality can be found in
[14, 22, 18, 23].

For irregular domains, a more suitable fractional norm was introduced in [15],
and it was shown that for any bounded John domain 2 C R" (see definition below)
and any fixed constant 0 < 7 < 1,

@) = F)P
(1.3) 1 = foll / / dy da.
L |lz—y|<Td(z) |‘T - y|n+sp

Generalizations of this result can be found in [7, 9, 12, 17], but it should be noted
that the scaling factor (1 —s) in the right-hand side of (1.2) cannot be obtained with
any of those proofs. This turns out to be a drawback, since this factor plays a key
role in the limiting behavior of the seminorm when s — 17, and it relates fractional
and classical Poincaré inequalities. Indeed, it was proved in [2] (see also [19]) that,
for a bounded extension domain €, 1 < p < oo, and f € WP(Q),

. [f(x) = f(y)I”
lim (1 —s —————dxrdy = K, ,||V
=0 [ [ IOty st
where K, , is an explicit constant, so that one can recover from (1.2) the classical
Poincaré inequality for the gradient in Q.

For arbitrary bounded domains, the analogous result holds using the restricted
fractional seminorm. Namely, it was proved in [8] that, for f € W'P(Q), 1 < p < oo,

. |f(@) = fy)P
slg?— (1) //:v yl<rd(z) ‘l’— |ntsp dy dz = "’pvaHLp(Q)

and this result was extended to p = 1 in [20]. This suggests that (1.3) should also
hold with the (1 — s) factor. The second goal of this paper is to show that this is
indeed the case when p = 1, in the more general weighted setting. More precisely,
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we prove that for bounded John domains one has

1f (=) — f()l ats
mf”f—CHLl(Qda n+s //Iar . |a:— s dy d(z)*"w(x) dz

whenever w € A;. This is done by showing that this inequality is equivalent to a
weighted Poincaré inequality for the gradient, which is known. The proof of this
equivalence uses some ideas from Oscar Dominguez Bonilla, which relate bounds for
the K-functional corresponding to (1.1) to the obtention of sharp inequalities, so the
author would like to thank him for generously sharing them. It is worth noting that
K-functionals have also been recently used in a different way to derive self-improving
type inequalities of several classical inequalities in [5].

Finally, the author also wishes to thank the anonymous referee for carefully
reading the manuscript and giving many valuable suggestions.

2. Notation and preliminary results

As usual, we will write A < B tomean A < C'X whenever C'is a positive constant
independent of relevant quantities. Throughout this paper we shall only keep track
of the dependence of the constants with respect to the interpolation parameter s,
that we will use later in our arguments.

Let L(Q2) denote the collection of measurable functions f: Q — R. In what
follows, we will consider the following weighted Lebesgue and Sobolev spaces

L,(Q,d%) = {f € L(): | fllz(@a) = | fwd®| 1) < oo},
WEHQ, d*, d*t) = {f € LL(Q,d*): IV fllLo@aet1y < oo}
and their fractional counterparts
Wit(Q,d,d™™) = {f € L,(Q.d): |flysi(gaese) < 0},
W@, d®, d* ) = { € L(Q,d*): | Izt g gnrry < 00}
where

o = [ [T ay ity an

|z —y|"t
and

| f(z) = f(y)l ats
st sy = //| o |x_ L dyatey (o) de

By definition, for 0 < s < 1, the real interpolation space between Ll (£2,d*) and
Whi(Q,d®, d*t1) is given by

(Li)(Q, da)’ W(i’l(Q, d*, daJrl))S’l — {f € Li)(Q, da) : ||f||(L}J(Q,da),WJ,’l(Q,da,da“))s,l< OO}
with

~ d\
(2.1) 11l a0y, (a0 do1)., :/0 A K(ﬂ)\)j

and

K(f,A) = inf{{lgll zy@.a) + MAllwrr@aeaery: [ =9+h,
g€ LL(Q,d*), he WM (Q,d*, d*h}.

As announced, we will obtain the characterization

(LL(9,dY), WEL(Q, d%, d* 1Y),y = WEY(Q, d*, d°)

(2.2)
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with equivalence of norms. The norm of the latter space is also equivalent to that of
WeLQ,d™, 6°%) = {f € LL(Q,d*): | flwzt g+ < 00}
where 0(x,y) = min{d(x),d(y)} and

|l @50t ::/Q Sllég?%;;%§%2l5( ) dyw(x) de.

The proof of this result is contained in the following lemma. Observe that it
implies, in particular, that the norms of the spaces W2(Q, d, d*"*) for different
values of 0 < 7 < 1 are all equivalent.

Lemma 2.1. Let € be a domain, Q) # R", 0 < s < 1, and o > 0. Then,
le(Q’ da, daJrs) — W£’1<Q, da, 5a+s)
with equivalent norms.

Proof. Fix 0 < 7 < 1. Observe that, whenever |z — y| < 7d(x), one has
d(z) ~ d(y) and, therefore,

// f<y)|dyd(x)o‘+sw(:p) dx
le—y|<rd(z) |$— |t

< /Q Q Mg(x’y)aﬂ dyw(x) dx.

|z — y|nts

For the other inequality, we have

DI ey
//x y|>7d(z) |:L‘—y|n+8 T et 0@ y)* T dyw(w) do
@I+ W avs g

//x yisrd@) 1T =y 0z, y)*™ dyw(x) d.

//lm yl2rd(x) Ix— I)’LS (2,9)*" dy w(z) da

</ (/ o ﬁ )|f< ()™ () da

S 2y a0

And, since |z — y| > 7d(z) = d(y) < |z — y| + d(z) < (1 + )|z — y|, by Fubini and
[13, Lemma (b)]

/()]
— 2§ (z, ) dy w(z) do
/Q/:vyzﬂ-d(m) |z — y|"ts (=.9) (@)

wlr) -
S/Q </|my|>rd(y) |z —y|"+s ! ) f)ld(w)™ dy

—1+T
< / Mao(y) 1£)] ) dy < 15| oo 0

Although our interpolation result holds for arbitrary domains, we will then apply
it to domains where a certain weighted Poincaré inequality holds (see Theorem 4.1).
A full characterization of domains supporting such inequalities is still missing, but
they are known to hold in bounded John domains. Moreover, under the additional

Now,
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assumption of a separation property, this is exactly the larger class where they hold
(see [16, Theorem 2.1]), so we recall their definition below.

Definition 2.1. A bounded domain 2 C R" is a John domain if for a fixed
zp € Q and any y € () there exists a rectifiable curve given by (-, y): [0, 1] — Q such
that v(0,y) = y and (1, y) = zo, and there exist constants § and K, depending only
on the domain  and on z, such that d(y(s,y)) > ds and |22 (s,y)| < K.

3. Proof of our main theorem

Theorem 3.1. Let 2 C R™ be a domain, ) # R", 0 < s < 1, a > 0, and
w € A;. Then

(LL(Q,d*), W, d*, do‘“))s,l = Wj’l(Q, d®, d*ts) = WH(Q, d*, 54T9)
with equivalence of norms.

Proof. The proof follows by Lemma 2.1 and the following two lemmas. 0

Lemma 3.1. Let Q2 C R" be a domain, 2 #R", 0 < s <1, a >0, and w € A;.
Then

(L1(Q), WhY(Q, d*, d*t1)),, C WEL(Q, dF).

Proof. By Lemma 2.1 we may take 7 = %6 and, rewriting the seminorm in a
similar fashion as in [11 Theorem 5.2|, we have

/()| ks
//x yl< 42 I:c—y\nfg dy d(x)* " w(z) du
1f(y) — ()] ks
/;/B( d(w) N\B(z, d(z)) |$—y|”+8 d d( ) + (x)dl’
<. Z - ) — F(@)] dy d(2)* e (z) de
21 B(%%)\B(x’;(_i)l) Yy Y
i B ! a+s
S’/Q;< 2i ) ‘B(L@”/B(%dg?)|f<y)—f(x)\dyd(x) *5u(z) da
=4 T, 0

Observe that

—i+1
dA
— fy)ldy
/ ]i(x )\d(x) W)l ALFs
—i+1

d\
— d
~ /21 |B(z,2- l+1d ‘/362 d(a) |f(z) = f(y)] y)\1+s
27'L+1 1 1
> : , — dy d\
~ /2 2=+ (1+s) | B(x, 2-d(x))] Bo2-id(z) |f(z) = f(y)| dy

27t ][
e |f(z) — f(y)ldy
2D+ f b o-iaw)

>2is - d
2o 1) = )y
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So that, plugging this into (3.1) we obtain

/Ar yl< 4o \x— |t dy d(2)""*w(x) dz

s[yxf o 0~ S et
/é;/méww ﬂmwﬁﬂ@%@m

</ % Lo ) = Sy 5 ) e

RN / B(f. N

with
E(f,)) = / ][ o )~ @y ) e

Now, for each A € (0, 1), pick a decomposition f = g\ + hy, with gy € L (€, d*),
hy € VV1 1(Q, de, dot), and 1d“gall s @)+ ATV Ay ) < 2K (f, A), with K(f, A)
as in (2.2). We remark that we may assume that f # 0 to guarantee that K(f,A) > 0.
Since E(f, ) < E(gx, A) + E(hy, A), we may bound these terms separately.

Observe that, for z € Q, y € B(z, Ad(x)) and X € (0, 1),

d(w) < d(y) + | — y] < dly) + Md(z) = d(2) < 2d(y),

d(y) < d(z) + v — y| < d(z) + \d(z) < gd@).

Therefore, we have that = € B(y, $Ad(y)) and d(z) ~ d(y). Hence, by Fubini,

o) S [ Sae /B o (D) 02 dy ) )

/ 193(@)] d(2)*w(z) dz + / m /B o, ) d
o d(y)”
< / 103(2)| d(2)w(z) di + / 90 Gt /B oy

< / 103(2)| d(2)*w(x) di + / 193()] ()" Me(y) dy
(3-3) S "gA"Li,(Q,da)a

where in the last inequality we have used that Mw(y) < w(y) almost everywhere,
because w € Aj;.

To bound E(hy, M), let B = B(z,Ad(z)) and h) p = |B| [ ha(2) dz. Then, for
any y € B, by [10, Lemma 7.16] we may write

i) = (o] < [a (@) = P gl + [ = B ()
Vi) ., [ V()

B lo— 2" B ly—z"!

dz.

~Y
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So, we obtain

(34)  E(hy,\) = /Q m /B oy I = )]y da

1 h
<0 i s 7
o (Md(7)) B(z,\d(z)) B(z,\d(z)) |z — 2|

+ /B % dz) dy d(z)*w(z) dx

(@,2d(z)) ly
(3.5) =1+1I

If z € B(z, Ad(x)) and X € (0, 3), observe that by the computations right before
(3.3) (replacing y by z), we can deduce that x € B(z, 2Ad(2)) and that d(x) ~ d(z).
Hence, by Fubini and [13, Lemma (a)],

1<//“d Vha(2)] dz d(2)w(z) dz

:E—z|" 1

// _w@) - dx |Vhy(2)] d(2)dz
,EXd(2)) |$— 2|
5/)\d(z)Mw(z)\Vh,\(z)\d(z)adz

Q
S AMVAA Ly a0+

Similarly, to bound /7, recall that for y € B(z, Add(z)) and A € (0, 1), we have that
z € By, 8Ad(y)) and that {d(z) < d(y) < 2d(z), so that, if z € B(z, Ad(z)),

8 16
|z —y| < |z—2x|+ |z —y| < Ad(x) + ?)\d(y) < 7)\d(y).

Therefore, by Fubini,

h(
/ / Vil )|1 dzdyd(z)*w(z) dx
A(2)" J pad@) Bad@) 1Y — 2"

R
<(/1______ /;@SAam)w<x)dwi§ﬁ2ﬁz§td2d@ﬁady

d(y))" J B(y. 18 ra(y)) ly — 2" !

// ) ‘Vh)\< )| d d( )ady

B(y, X xd(y)) |y ‘

// 7|Vh)\(z)\1 dzd(y)*dy.
B(y,*$ Ad(y)) \y — z["~

Now, observe that for z € B(y, £Ad(y)) and A € (0, 1) we have

1T =

A'—l/\'_l

dly) < d(=) + |2 = ] < dz) + 2Nd(y) < d(z) + 2dly) = dly) < £d(2),

d(z) < d(y) + 12—yl < d{y) + T Adly) < (),
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Hence, d(y) ~ d(z) and |z —y| < 2Xd(y) < 2Ad(2), so by Fubini and [13,
Lemma (a)],

IR;// —ﬂ@j@mwmam@w@
0 JB 80z [y — 2"
< / M(z)Mw(z) [Vhy(2)| d(2)* dz S MN|[Vha] Ly @,d0+1)-
Q

Finally, we arrive at

@) = f@F
//I < Ix—y|"+8p dy d(z)""" w(w) dx
r— y<

dA ' dA
< [ (Il + Mz i) s 5 [ 2w 0D
0 0

This completes the proof. O

Lemma 3.2. Let (2 C R" be a domain, ? #R", 0 <s <1, a >0, and w € A;.
Then

WL (Q,do) C (LL(Q), WEH(Q, d, d*FY)),

Proof. Observe first that, by the trivial bound K (f,X) <[/ f|l 11 (0,4, We always
have

o dA dA
[ RN T < W lsoa [ 375 S I lnoan.
1 1

Also, for a given decomposition f = g+ h as in (2.2),

- d\ _ d\ Lo d\
[ 2 lizaan 2 5 [ XUl + [ 3l D
0 0 0

1

d\
S I ey @,ae) +/ “Nalley@,aey~ T
0

Therefore,

d\ d\

[e'e] 1
36) [ A KON S I e+ [ A Ulglezo + Tl 0a) 5
0 0

and to prove the claimed embedding it suffices to bound the integral on the right-hand
side for specific choices of g and h that we will define below.

Asin [1, Section 4], given a cube @ C R”", the distance from @ to the boundary of
2 is denoted by d(Q, 02), while diam(()) and ¢ are the diameter and length of the
edges of @), respectively. We pick a Whitney decomposition W = {@Q} of €2 and, for
every fixed 0 < A < 1, we build a new dyadic decomposition W* = {Q*} by dividing
each ) € W in such a way that %)\EQ < lgr < Mg. Notice that, in particular,
this means that fAdiam(Q) < diam(Q*) < Adiam(Q). The center of @} in this new

partition is denoted by SL’;‘, and we write Ej‘ instead of £g).
J

For each W* we can define the covering of expanded cubes W = {(Q7)*} where
Q* is the cube with the same center as () but expanded by a factor 9/8. Observe
that it satisfies Y-, x(gr)-(2) < C for every = € Q, and that, for z € (Q})*,

3 diam (@) <d(x) <

(37) VRS
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Associated to this covering we consider a smooth partition of unity {@/)J/\} such
that supp(¢}) C (Q})*, 0 <¢) <1, 37,97 =1in Q, and [V}l < 5

J
For a given (fixed) C* function ¢ > 0 such that supp(¢) C B(0,1) and [¢ =
1, and for each ¢ > 0, we define p;(z) = t™"p(t"'z). Then, for a given f €
WsL(Q,d>, d**) we define

(3.8) WM y) = Z 0N y)

with
fj)\ / I * ‘sz< )90@;(2 - %A‘)dza

which is a smooth approximation of f. Moreover, by [1, page 9], one has that, for

y € (Q*)*,
1f(y) — [}

Xy (@) B
/ /x Z/<Ct£>\/x w]< 4) (@) - f<w)‘X|mfw|<it@ dw 1&21"T de dt (@) 2

Since the family W*" has finite overlapping, we have that
1f = WMlzs@aey < C D IF = Flziedyeam:
J

Using that, for = € (Qg\)*, f;‘ ~ Ad(x) and that |z —y| < th;‘ = d(y) < d(z), we
have
Lo d\
[l = Pl T

<f 2 / . i /| e / et ) = 1O iy o

(]) 2n -5 d)\

/ Z/ / / - f<w)| X|m*w|<it2>> dw
>‘ |— w|<d(1) 9
()" A d\
' w(y)dy | ~——dt d(z)*dz —
</x yl<Cte} ) ) t2ntl (@) \

/ Z/ Y / /| o O~ FO) ey )

Mw(x)%dtd( )dx %

<f >/, 1L sy 10 = T Xy dw (@)
()" A Lo dA

tTd d(a)"dz ==



328 Irene Drelichman

/Z/ //xwdm — (W) Xja—wi<irda) dw w(z)

)a n)\ n—s d)\

I R A
- wl<sind(a) d 22 dtde ==

< / / / _wKM\f(ﬂ:)—f(w)\dw [ vt S )

ctd(x)

< / / / /(@) = J{w)] dw t*~d(x)*"s dt w(x) dx
n+s lo— w|<d(z) |x—w|"+5

_f< >|d d( )CV+S (l’)dl’

d() |a:— |n+s

T—w|< =5

On the other hand, recalling that supp(¥;}) C (Q})*, that |V} < e“ and
that V(3 47) =0,
Vi (y)] = )Zﬂw )| < Ll MQ» ().
Therefore,
! 1-s A < 1—s )\ A\ —1 d>\
AR ML PIEE ZA ICF = FE) Nesi@pyramen
. _ d\
5/0 Z)\l 1(f = fHA IHL;((Q;)*,da)T
J
! . d\
S [ SN0 = Dllsiayran
J
so this term can be bounded as before.
Summing up,
! d\
/ (”f h)\”Ll Qdo‘ +)\”Vh>\”L1 QdO“H)) )\
(3.9)
1f(y) = f(2)]
dy d(z)* w(x) dx.
|x— y|<d(x) ‘SL’— |n+s
This concludes the proof. O]

Remark 3.1. It is immediate that inequality (3.9) also holds for every % <7<l
If one wishes to obtain it for 0 < 7 < 3, it suffices to choose supp(p) C B(0,¢) for
sufficiently small ¢ in the above proof as the reader can check by following the
computations in [1, page 8§|.
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4. Applications to fractional Poincaré inequalities

In the forthcoming results we will make use of two well-known properties of
weighted norms contained in the following lemma. We include a proof for the sake
of completeness.

Lemma 4.1. Let Q be a bounded domain, v a locally integrable nonnegative
function, and f, = Q) fQ x)dx. Then,

(1) infeer [If = cllzy@) ~ Hf fullr
2) If = follzre < 2| fllzy)-

Proof. (1) It is immediate that infecg || f —¢|| 1) < ||f = folly@)- For the other
inequality, it suffices to observe that, for any ¢ € R,

If = follea) S =l + lle = foll i@

1
Q) /Q f(x)v(x)dx

< f = elleye +v(Q) |c

<2/|f =l
(2) Write

Hf—ﬁmmné—ii//Wﬂ@—f@ﬂ%@wwwﬂy
/ﬂf dx+/ﬁf v) dy = 2 f Loy 0

Theorem 4.1. Let 2 be a bounded domain, o« > 0, w € Ay and ||V f|| 11 (,40+1) <
00. Then, the following are equivalent:

( ) inf||f—c||L1(Qda < ||Vf||L1 Qda+1)

forevery0<7'<1andevery()<s<1

[f(z) = f(y)l
(3) mf[If = ellrg@.a S // d(z)**w(zx) dy da
mee ”*5 feyl<rd@) |2 =y
for every 0 < 7 < 1 and some 0 < s < 1.

Proof. (1) = (2) This is a straightforward generalization of an unpublished result
by Oscar Dominguez Bonilla for the case a = 0,w = 1. Define h* as in (3.8) and
v = d“w. By hypothesis and the previous lemma,

1f = Flloae S =0 = (fo = (W)l + 112 = (BNl
SNF =Py + 1dVA Ly ).

Then, for A <1,
M= folleye S A — hAHL&(Q) + A||thA||L5(Q)
S = Moy @.am) + AV Ly a0y,
Therefore,

d)\ d\
[ = e 5 [ 37 (17 = Wz + ATy ) 2
0 0
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for every 0 < s < 1. Then, by (3.9) and Remark 3.1,

! dA
17 = Follssey S / (1 = Wl ey + AT g aey) S
0

1
1-s)

< -
~ (n +3) |l H(Q.dots)

for all values of 0 < 7 < 1.
So that, again by the previous lemma,

(1-s)

i - < A7
;gﬂng cll @0y S (n+8)|f\wsl Ry

(2) = (3) Trivial.
(3) = (1) By (3.2), for 7 = 1z and repeating for f the computations previoulsy
made for hy in (3.5), we get

A
1 — S / / ]:LS_S)| dyd(x)a+sw(:p) dr < vaHL}J(Q,daﬂ),
lo—y|<rd(x) Iaf— |

and the result follows. OJ
By the previous theorem one immediately has:

Corollary 4.1. Let Q@ C R" be a bounded John domain, o > 0, w € A;, and
IV flly(@,40+1) < 00. Then,

_f<y)‘ a+s
mef—cHLl(Qda n+5 //| i |a:— Z= d(z)* w(z) dy dx
r—y|<7d(x

for every 0 < 7 < 1 and every 0 < s < 1.
Proof. 1t suffices to check that

inf ||f = cllzy@am S VSl @an)-

This can be seen with a slight modification of the proof in [6, Theorem 3.4| (which
is the case a = 0), we briefly indicate the necessary steps.

Following that proof, by duality it suffices to bound [,,(f — fo)(v)9(y)d(y)*dy
for any g such that [Jw™'g||ze(@) < 1.

As in [6, equation (3.2)] and noting that |x—y| < Cd(z) = d(y) < d(x), we have

/ 1) = sswiarays | [ WO 49 iy i

(4.1 < / M(xﬂgxx)da“(x)wf(xndas
< lw™ M (xag)| nee@ llw d*TV £l 1)
(4.2) < gl e IV ooy

S IV Ly @,aetny

where in (4.1) we have used [13, Lemma (a)|, and in (4.2) we have used [21, Theo-
rem 4| (actually, the remark at the end of 21, Section 7| regarding its extension to
the n-dimensional case). 0



1]
2
3
4
51
6]
7
8]
9]
[10]
11)
12)
13]

[14]

[15]
[16]
[17]

[18]

[19]
[20]
[21]

[22]

An interpolation result for A1 weights with applications to fractional Poincaré inequalities 331

References

Acosta, G., I. DRELICHMAN, and R.G. DURAN: Weighted fractional Sobolev spaces as
interpolation spaces in bounded domains. - Math. Nachr. 296:9, 2023, 4374-4385.

BOURGAIN, J., H. BREZIS, and P. MIRONESCU: Another look at Sobolev spaces. - In: Optimal
control and partial differential equations, IOS, Amsterdam, 2001, 439-455.

BOURGAIN, J., H. BREZIS, and P. MIRONESCU: Limiting embedding theorems for W*P when
s 1 1 and applications. - J. Anal. Math. 87, 2002, 77-101.

BRrEzis, H.: How to recognize constant functions. A connection with Sobolev spaces. - Russian
Math. Surveys 57:4, 2002, 693—708.

DoMmiNGUEZ, O., Y. L1, S. TikHONOV, D. YANG, and W. YUAN: A unified approach to
self-improving property via K-functionals. - Preprint, arXiv:2309.02597 [math.FA], 2023.

DRELICHMAN, I., and R. G. DURAN: Improved Poincaré inequalities with weights. - J. Math.
Anal. Appl. 347:1, 2008, 286—-293.

DRELICHMAN, I., and R.G. DURAN: Improved Poincaré inequalities in fractional Sobolev
spaces. - Ann. Acad. Sci. Fenn. Math. 43:2, 2018, 885-903.

DRELICHMAN, I., and R. G. DURAN: The Bourgain-Brézis—Mironescu formula in arbitrary
bounded domains. - Proc. Amer. Math. Soc. 150:2, 2022, 701-708.

Dypa, B., L. IHNATSYEVA, and A.V. VAHAKANGAS: On improved fractional Sobolev—
Poincaré inequalities. - Ark. Mat. 54:2, 2016, 437-454.

GILBARG, D., and N.S. TRUDINGER: Elliptic partial differential equations of second order.
Second edition. - Grundlehren Math. Wiss. 224, Springer-Verlag, Berlin, 1983.

GOGATISHVILI, A., P. KOSKELA, and N. SHANMUGALINGAM: Interpolation properties of
Besov spaces defined on metric spaces. - Math. Nachr. 283:2, 2010, 215-231.

Guo, C.-Y.: Fractional Sobolev—Poincaré inequalities in irregular domains. - Chin. Ann. Math.
Ser. B 38, 2017, 839-856 .

HEDBERG, L.I.: On certain convolution inequalities. - Proc. Amer. Math. Soc. 36, 1972, 505—
510.

HURRI-SYRJANEN, R., J. C. MARTINEZ-PERALES, C. PEREZ, and A. V. VAHAKANGAS: On
the BBM-phenomenon in fractional Poincaré—Sobolev inequalities with weights. - Int. Math.
Res. Not. IMRN 2023:20, 2023, 17205-17244.

HURRI-SYRJANEN, R., and A. V. VAHAKANGAS: On fractional Poincaré inequalities. - J. Anal.
Math. 120, 2013, 85-104.

JIANG, R., A. KAURANEN, and P. KOSKELA: Solvability of the divergence equation implies
John via Poincaré inequality. - Nonlinear Anal. Theory Methods Appl. 101, 2014, 80-88.

LOPEZ-GARCIA, F., and I. OJEA: Some inequalities on weighted Sobolev spaces, distance
weights and the Assouad dimension. - Preprint, arXiv:2210.12322 [math.AP], 2022.

Maz’yA, V., and T. SHAPOSHNIKOVA: On the Bourgain, Brezis, and Mironescu theorem
concerning limiting embeddings of fractional Slobber spaces. - J. Funct. Anal. 195:2, 2002,
230-238.

MIiLMAN, M.: Notes on limits of Sobolev spaces and the continuity of interpolation scales. -
Trans. Amer. Math. Soc. 357:9, 2005, 3425-3442

MoHANTA, K.: Bourgain-Brezis—Mironescu formula for W P-spaces in arbitrary domains. -
Calc. Var. Partial Differential Equations 63, 2024, article number 31.

MUCKENHOUPT, B.: Weighted norm inequalities for the Hardy maximal function. - Trans.
Amer. Math. Soc. 165, 1972, 207-226.

MyYYRYLAINEN, K., C. PEREZ, and J. WEIGT: Weighted Fractional Poincaré inequalities via
isoperimetric inequalities. - Preprint, arXiv:1402.4344 [math.FA], 2023.



332 Irene Drelichman

[23] PONCE, A. C.: An estimate in the spirit of Poincaré’s inequality. - J. Eur. Math. Soc. (JEMS)
6:1, 2004, 1-15.

Received 27 October 2023 e Revision received 2 April 2024 e Accepted 24 April 2024
Published online 16 May 2024

Irene Drelichman

CMaLP, Departamento de Matematica
Facultad de Ciencias Exactas
Universidad Nacional de La Plata

La Plata, Buenos Aires, Argentina

irene@drelichman.com



	1. Introduction
	2. Notation and preliminary results
	3. Proof of our main theorem
	4. Applications to fractional Poincaré inequalities
	References

