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Extremal functions for a fractional Morrey inequality:
Symmetry properties and limit at infinity

ALIREZA TAVAKOLI

Abstract. In a series of articles, Hynd and Seuffert have studied extremal functions for the
Morrey inequality. Building upon their work, we study the extremals of a Morrey-type inequality
for fractional Sobolev spaces. We verify a few of the results in the spirit of Hynd and Seuffert
concerning the symmetry of extremals and their limit at infinity.

Murtoasteisen Morreyn epayhtédlén dariarvofunktiot:
symmetrisyysominaisuudet ja raja-arvo ddrettomyydessi

Tiivistelma&. Sarjassa aiempia t6itd Hynd ja Seuffert ovat tutkineet Morreyn epéayhtélon dariar-
vofunktioita. Heidén tychonsé nojaten téssd tutkimuksessa tarkastellaan murtoasteisten Sobolevin
avaruuksien Morreyn-tyyppisten epéayhtéldiden dariarvofunktioita. Hyndin ja Seuffertin hengessé
todistetaan joitakin nédiden symmetrisyytta ja raja-arvoa darettomyydessé koskevia tuloksia.

1. Introduction
We consider the following fractional Sobolev class

u(zr) — u(y)

7 < 0
|z —y|» ™

Lp(R™ xR™)

DP(R") := S u € Li. (R"):

Whenever sp > n, functions in this class have a continuous version and the following
Morrey-type inequality holds

where
u(z) —u(y)

u s, ny . — n
[ ]W P(R™) |x_y|z+s

Lp (R xR™)

In this article, we always work with this continuous version. The earliest proof of
this inequality that we are aware of is due to Peetre [P]. Our main focus is to study
the equality case in the sharp inequality

(1.1) [U]CS*%(W) < Cylulwsrmny

where C) is the best constant for the inequality. In particular, we establish some prop-
erties of the functions achieving equality in (1.1), which we call Morrey extremals.

The seminorms [u] .-z &) and [u]ys.p(rn) are invariant under the following trans-

formations
o u(x) —» —u(x),
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u(z) = u(x) + ¢,
(2) = A *u(Az), for A > 0,
u(z) = u(x + a),
u(z) = u(Ox), for O € O(R™), an orthogonal transformation of R™.

e o o o
£

While applying the combination of these transformations allows us to generate new
extremal functions for (1.1) from an existing one, not all of these transformations
lead to new extremals. The Morrey extremals exhibit certain symmetry properties.
In [HS-IIT] and [HS-I| it has been shown among other things that a nonconstant
extremal for the inequality

(1.2) ] gy < A1) (/ |Du|p);

(due to Morrey [M]) exists, and up to adding a constant, translation, rotation, dila-
tion, and multiplication by a constant satisfies
(i) —u(—e,) =u(e,) =1 and |u(z)| < 1,
.. n—1
(11) _Apu = m (5en - 5_en)7
(iii) w is symmetric with respect to rotations that fix the z,, axis,
(iv) w is anti-symmetric with respect to the z,, variable,
(v) w is positive in the half space {z € R": z - e, > 0}.

Furthermore, in [HS-1I|, it has been shown that extremal functions for (1.2) possess
a limit at infinity. After establishing the existence of an extremal for (1.1), our first
objective is to reproduce properties (i)—(iv) in the fractional setting. These results
are presented in Sections 3 and 5. The proofs are straightforward adaptations of
certain arguments in [HS-III] and [HS-I|. A stability property of (1.2) is proved in
[HS-111, Corollary 6.3]. The same argument adapts to the fractional setting, this is
presented in Section 4.

Our subsequent task is to demonstrate that in dimensions greater than or equal
to two, the extremals for (1.1) have a limit at infinity. Our approach differs from that
of [HS-II], and our result is also weaker. Specifically, in [HS-II], they establish the
existence of a limit at infinity for functions that are p-harmonic in the exterior of a ball
when p > n. An essential element in their argument is an observation made by Serrin
in [Se| regarding non-removable singularities of p-harmonic functions in punctured
domains. Serrin’s observation states that if p > n, then a p-harmonic function in a
punctured ball is continuous and satisfies the p-Laplace equation with delta Dirac as
a right-hand side, that is A,u = K§ for some constant K. Furthermore, in [HS-II],
a refinement of this observation by Kichenassamy and Véron in [KV] has also been
utilized. We have not been able to reproduce these results in the fractional setting.
Instead, we make use of the anti-symmetry of the Morrey extremals and implement
an idea of Bjorn in [Bj] to overcome this difficulty. This is done in Section 6. At the
end of the article with the aid of a maximum principle for anti-symmetric functions,
we also prove property (v) in the fractional setting. We could only demonstrate this
in dimensions greater or equal to two since our argument uses the existence of a limit
at infinity for the extremals. Although we suspect that such property is also true in
dimension one, we can not prove this as of right now.

Here we seize the opportunity to mention some relevant works. In [HLL| they
have established a decay rate for the extremal functions of (1.2). In the preprint

[BPZ| they have shown that lim, A(n,p)% = 1. Where A(n, p) is the best constant



Extremal functions for a fractional Morrey inequality: Symmetry properties and limit at infinity 351

n (1.2). For some studies of a relevant Morrey—Sobolev inequality with L® norm
instead of the Holder seminorm in the left-hand side we refer to [EP, FM, HL.

Finally let us mention the recent study addressing the the inequality (1.1) and its
extremals [BPS|. Their work contains various regularity properties of the extremals
and they focus on obtaining asymptotic behavior of the sharp constant in (1.1) as
parameters approach certain limits: s — 1, s — %, and p — oo.
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2. Preliminaries

In this section, after establishing some notation, we recall a proof of a fractional
Morrey-type inequality for regional Sobolev seminorms. Additionally, we introduce
the concept of weak solutions for the fractional p-Laplace equation and review some
key properties of these solutions.

2.1. Notation. We define the monotone function J,: R = R, for 1 < p < oo
by
Jy(a) = |a]P~?a.
We denote by B(x,r), the ball of radius r with center at z. Let Q2 be an open subset
of R". For any function u € L'(€2), we use the following notations for the average of

u over §).
(o= f, u(e)d= = ggr [ at2

Let 0 < s<1land 1< p< oo. We introduce the following class of functions
u(r) — u(y)

o <00 .
|9€—y|” LP(QxQ)

We use the following notation for the fractional Sobolev seminorm also known as the
Aronszajn—Gagliardo—Slobodeckij seminorm
u(x) —u(y)

(], et )
z n+s rdy :
|z —yl» " LP(Qx9) QxQ |$— | +sp

The following Holder seminorm can be viewed as a limiting case of this fractional
Sobolev seminorm as p tends to infinity.

D*P(Q) := {u € Li (Q):

[u] Wsp(Q) =

[u)cs () 1= esssup M
wtyeq [T =yl

The fractional Sobolev norm is defined as follows

[ullwer@) = l[ullr@) + [Wlwsr@)
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The Banach space W*P(Q2) is defined as the space of measurable functions u such
that ||u|lwsr) < 0o. We also need the definition of tail space

LI(R") := {u e Ll (R"): /R % do < oo} .

We have to remark that class D*P(R™) N Cf;z (R™) does not coincide with the com-

pletion of C2°(R™) with respect to the W#P(R™) seminorm. One has to factor out
the constant functions. See [BGV] for a characterization of this space.

2.2. Morrey estimate. The following Morrey-type estimate is essentially
contained in [DPV]. See [Si| for an earlier appearance of it in dimension n = 1. For
the sake of completeness, we include a proof of this.

Proposition 2.1. Let u € D*P(B(xo, R)). Then u has a continuous version in
B(zg, R) and for any z,y € B(xo, R) there holds

n

(2.1) u(z) = u(y)| < Cr™r [ulwsr (o, r)),

where r = |z — y| and C' is a constant that depends on n, s, and p. In particular,

(2.2) [u(z) — u(y)| < Clu]

oyl wer (=)

First, we need the following lemma due to Campanato [Cal, see also [Me]. We
also include a proof for the convenience of the reader.

Lemma 2.2. Assume that 0 < a < 1 and v € L' (B(xo, R)). For any point
¢ € B (xo, R) define

Let A be the set of Lebesgue points of u. Then for x,y € B(xg, R) N A,

u(z) — u(y)| { - ][
2.3 —SC sup poz }UZ—U }dZ ’
23 |z —y|* €€B(z0,R), 0<p<2R D(€,p) (2) < >D(57P)

where C' is a constant that depends only on the dimension. Moreover, if the right-
hand side of (2.3) is finite, then u has a C* Holder continuous version.

Proof. Let

M = sup {P_a][ u(z) — <U>D(§ p)’ dz} ,
¢€B(xo,R), 0<p<4R D(¢,p) ’

Asfor &€ € B(xg, R) and 2R < p < 4R we have D(&, p) = B(zo, R) and p=* < (2R)™°,
it is implied that

M = sup {p_“][ ‘U(Z) —(@)p p)‘ dz}'
¢€B(zo,R), 0<p<2R D(¢,p) ’

Observe that for any £ € B(zo, R) and 0 < p < 4R
(2.4) b(n)|B(E, p)| < [D(E, p)| < [B(E, p)l;

for some dimensional constant b(n). One can for example take b(n) = 8 ™. To
elaborate more, for any p < R the intersection B(&, p) N B(zy, R) contains a ball

of radius £. For R < p < 4R, we have the obvious inclusion D(§, R) C D(§,p)

which contains a ball of radius £. Hence, D(, p) contains a ball of radius £ for all
0 < p<A4R.
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Suppose that p < 4R and h, k € Z such that 0 < h < k. For any ¢ € B(zg, R)
we can compute

‘ <“>D(g,-2%) - <u>D(5,5%

Z<”>D (6.5%7) <“>D(€v§—i)
!<u>D

~.
3‘

i

- <U>D(§72ﬁl)

> .
[l
-

v
’D 72z+1’ D(¢.527)

1=h D 7 22+1 ‘ /

«— [P, 2z) ‘
(57 22+1 } D(5 %)

I
(]

u(z) — <u>D<§’£) dz

(2.5)

T
»—A;P‘

dz

M

ulz) = (Wp(eg)

_M

— <u>D<§’§%> dz

i=h

Lo, o
< — ) M <2 -16"M—
~ = b(n) (2’) 2ha”

This shows that the sequence <u> D(e.2) is Cauchy and the following limit exists
) 1= lim (1) 1

The limit is actually independent of p as the following computation implies. Let
¢ € B(xg, R), for any p; < py < 4R we have

‘<U>D(£,p1) = biem)

u —u(2) +u(z u dz
Fo(rcon - (Wote
g][ u(z) ][ u(z)
(2:6) D(&,p1) D(&,p1)
1D (€, p2)] ][
< u(z) — (u dz + ——————— U
][D(apl) “ore 1D (€ 1)/ Die o)

(oo (2) )
P1
4R

In particular for any p, < 4R, there exists 0 < h € 7Z such that 2%% < p < 5
Using (2.5) with p = 4% and (2.6), for any k € N with k > h we arrive at

’<U>D<57P1>_<U>D(€v‘§§) = ’<U>D<am>_<u>D(£,$) +’<u>D(é$)_<u>D(£,$)

4R/(2M\" (4R 4R\
< [l n ik n
_M<p1+8 ( . o) t216" (o
< M (pf +16"(2p1)" +2-16"(2p1)")
<M (1+42-16" +4-16")

dz

B <u>D(£,p1) N <U>D(57P2)

dz

2) = (%) (e oy
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Hence,

})1_>I%<U>D(§,p) - ,}LIEO<U>D(g‘£) = 4(¢).
Moreover,
(2.7) ‘a(g) - <u>D(£7P)‘ < oMy,

where C' is a dimensional constant. As for any fixed radius p the functions £ —
(u) De.p) r€ continuous, the uniform convergence (2.7) implies that u(&) is contin-

uous in B(zg, R). Also notice that if £ is a Lebesgue point of u, using Lebesgue’s

differentiation theorem,
() = Jin () ne g

Since for small enough values of p, D(&, p) = B(&, p) we obtain
u(§) =u(§) fora.e. £ € B(xg, R).

Finally, we show that @ is Holder continuous and satisfies the bound (2.3). Let

. lz—yl
Ti=

lu(x) —a(y)] < ‘ﬂ(x) - <u>D(x,7")

Using (2.7)

Notice that r < R. By the triangle inequality, we have

+0) = () ] + [ pign = (Wi

’fb(x) - <u>D($7r)’ < CMr®,

(2.8) ) = (1) | < CMEB).

As for the term ‘<u>D(y ar) <u>D(g3 T)), noticing that D(x,r) C D(y,3r), we have

= ’]{3(3;,7) u(z) — <u>D(y73r) dz

’<U>D(aﬂ,r) - <u>D(yv37")

1
S Thr o - d
" S 0 o [~ | 2
) Dt
e [CRR U I
’D(.ﬁl], T)’ B(y,3r)
< M @
=5 (3r)
Summing the equations (2.8) and (2.9) we arrive at
3" _a
[a(z) —a(y)| < C (1 +3% + m?f") Mre < C(14343-24") Mw
n
S CM|'I - y|04’
for some C' only depending on n. 0

Now that we have Lemma 2.2 at hand the proof of Proposition 2.1 is just an
application of the Poincare inequality.

Proof of Proposition 2.1. For any £ € B(xy, R) and 0 < p < 2R similar to Lemma
2.2 we introduce
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"o = /D(5 ; ][ u(z) — u(w) dw ’ dz

/gp ][ e — u(w)|? dwdz.

As for any z,w € D(§, p) we have |z — w| < 2p,

2 n+sp _ p
/ ) Lﬂ‘ u) —uwl g,
D(&,p) |D &, p)l )X D(E.p) |Z — w|tsp

2n+sp _ p
< 71) // [u(2) un(iy dz dw.
Wn DEpxDEp) 17— Wl

p
dz < C(n,5,0) " [ullyen(pie o)

1
p)P

Now we are in a position to use Lemma 2.2. Recalling that D(&, p) C B(z, R), and
using (2.10) we can compute

sup {p%_s][ u

First, notice that

/ "
D(&,p)

2) = (W) pee,

u(z) = (W) pe )

Hence,

]{7(6 P)

Using Holder’s inequality, we arrive at

(2.10) ]{D(g,p) [u() = ()| 02 < (]{)(&p) 4(2) = (W)pie,

< Cp™ v ulwsr(nie.)-

w(z) = (W) pee

2) = (uhp, g’p)) dz} <C sup A[ulweren

¢€B(x0,R),0<p<2R
< Clulwsr(B(zo, R))-

As [u]wsr(B(zo,r)) 1 finite by the assumption, Lemma 2.2 implies that u has a Holder
continuous version and for any x,y € B(xg, R)

[uz) — uly)|

TR < Clulwsr(B(wo,R))- O

2.3. Notions of solutions. In this section, we are concerned with the operator
J _

o= g
Let €2 be an open subset of R". We introduce two notions of solution for the equation

(—A,) u(z) = 0.

Namely weak and viscosity solutions. We mainly work with the notion of viscosity
solutions in this article except in Lemma 3.5, where it is easier to work with weak
solutions. These two notions of solutions turn out to be equivalent under some mild
assumption. See [KKL].

2.3.1. (s, p)-harmonic functions (viscosity solutions). We will need some
basic properties of viscosity solutions. The definition looks different for small values
of p. In this article, we shall deal with the range p > 2 for the most part. Thus, we
will give two separate definitions.
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Definition 2.3. Suppose that 0 < s <1 and p > ﬁ Let €2 be an open subset
of R™. We say that u: R" — [—00, 00] is a viscosity super-solution of
(—A,)’u=0 1in ©,
or simply (s, p)-superharmonic if the following holds:

(i) u < oo almost everywhere in R", and u > —oo everywhere in ).

(ii) u is lower semi-continuous in €2.

(iii) u~ € L2 H(R™).

(iv) If ¢ € C* (B(zg,7)) for B, C Q is such that u(xg) = ¢(zo) and
o(z) <wu(x) for x € B(xg,r).

Then,

Pv/’%@@d—ww»®ZQ

|70 — y|"+eP

where

w(z) = {(p(:c) for x € B(xo, 1),
u(z) for z € R™\ B(xg,r).

A function u is called (s, p)-subharmonic in Q if —u is (s, p)-superharmonic in
2. We also say that u is (s,p)-harmonic in Q if u is both (s, p)-subharmonic and
(s, p)-superharmonic in .

We can treat (s, p)-superharmonic functions like classical supersolutions in certain
situations, see [KKL, Proposition 3.1] as well as [L, Proposition 1]. The following
lemma is a simple instance of this property, for which we provide a proof.

Lemma 2.4. Let 0 < s<1andp > ﬁ Assume that u is (s, p)-superharmonic
in Q. If zy € 2 is such that u(zy) is a local minimum of u, then

|20 — g +er

Proof. As u(z) is a local minimum of u, there is a radius 79 > 0 such that for all
x € B(zp,70), u(x) > u(z). This means that for any r < ry the following are valid
test functions for u.

or() :=u(z9) for x € B(zy,7).
Therefore, defining

w. (x) — {907»(1‘) for x c B(IL'Q,T),
r u(x) for x € R™\ B(xo,r),

we arrive at

OSPV/‘%@@@—wwww

|20 — y[ P
R™\B(z0,r) |ZO - y|n+sp B(zo,r) |ZO - y|n+sp

As ¢, is constant in B(zp, ) the second integral vanishes and we obtain

[ e,
R”\B(zo,r)

|20 — g +er N
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On other hand, since u € L '(R™)

[ s,
R™\B(z0,r) |ZO - y|n+sp

Since for « € B(zo,70), u(20) —u(x) <0, if ry <1 <19
Jp(u(z0) — uly)) o Jolu(z) — u(y))

20 — ylrer ENBGom) = T T It

XR"\B(ZQ ,TQ) .

Hence, by the monotone convergence theorem

/ Jp(u(z) —uly)) , Jp(u(z0) — u(y))

Yy = lim/
|ZO - y|n+8p =0 R\ B(20,r) |ZO - y|n+8p
J _
— inf / pulzo) —u®)) 4 5 0
R"\ B(zo,r)

0<r<ro |ZO — y|"+51’ -

The definition of viscosity solutions in the range p < QL_S requires more careful
considerations. We need to introduce a few notations. We denote the set of critical
points of a differentiable function u: {2 — R by

N, :={z € Q: Vu(z) =0}.
Let d,(x) be the distance function from the set of critical points,
dy(z) = dist(z, N,).
Let D C €2 be an open set. We define CE(D) to be the class of C? functions such
that
min{d,(z), 1}~ |D?>u(x
(e — ) <

Definition 2.5. Suppose that 0 < s <1 and p < QL_S Let €2 be an open subset
of R™. We say that u: R" — [—o00, 00] is a viscosity super-solution of

(—A,)’u=0 in £,

or simply (s, p)-superharmonic if the following holds:

ess sup
zeD

(i) u < oo almost everywhere in R", and u > —oo everywhere in €2,
(i) w is lower semi-continuous in 2,
(iii) u— € L2 (R™),
(iv) If ¢ € C*(B(zg,7)) for B, C Q is such that u(zy) = (o),
o(z) <wu(x) for x € B(wg,r),
and either of the following holds,
or

II. V(z) = 0 and 2o is an isolated critical point of ¢, and ¢ € C3(B(xo, 7))
for some S > 1%'

P.V./ Jp(w(z0) — w(y)) dy >0,

|70 — y|"+eP

Then,

where
w(z) = {(p(:c) for x € B(xo, 1),
u(z) for z € R™\ B(xo,r).
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Remark 2.6. Lemma 2.4 also holds in the range 1 < p < % Moreover,
whenever a test function exists at a point x (touching from below) one can evaluate

the principal value (—A,)*u(x), and it is non-negative. See [KKL, Proposition 3.1]|.

The following strong maximum principle is a direct consequence of this possibility
to do pointwise evaluation at a minimum and maximum point.

Proposition 2.7. Let €2 be an open set, 0 < s < 1, and 1 < p < co. Assume
that u is (s, p)-superharmonic in ). If there exists z € () such that
= inf
u(z) essin u(z),
Then w is constant almost everywhere in R"™. Similarly, if v is a non-constant (s, p)-

subharmonic function in ), then the essential supremum of v over R™ can not be
achieved in ().

The following comparison principle is proved in [KKP, Theorem 16] for another
definition of (s, p)-superharmonic functions which turns out to be equivalent to the
viscosity notion that we are working with, see [KKL, Theorem 1.1]. See also the
comparison principle proved in [KKL, Theorem 4.1].

Proposition 2.8. Let §2 be an open subset of R". Assume that u is an (s, p)-
superharmonic function and v is an (s, p)-subharmonic function in ). Furthermore,
suppose that v > v almost everywhere in R" \ 0, and for all x € 90X

liminf u(y) > lim sup v(y),
QsSy—ax Qoy—z

such that both sides are not simultaneously —oo or co. Then u > v in ).

Viscosity solutions especially have very good convergence properties. In partic-
ular, let u; be a sequence of (s, p)-harmonic functions in a domain ). Furthermore,
assume that u; converges locally uniformly to u in €2 and almost everywhere in R",
then w is also (s, p)-harmonic in €.

2.3.2. Local weak solutions.

Definition 2.9. Let Q be an open subset of R", we say that u € W>”(2) N
LL; 1(R™) is weak supersolution of

if

// Jp(u(z) —u(y))(e(r) — o(y)) dy >0,

o=yl
for all non-negative p € C°(Q)

When w is locally bounded in €2 this notion of supersolution is equivalent to
Definition 2.3 and 2.5, see [KKL, Theorem 1.2].

The following uniform Holder estimate is proved in [L| with an additional assump-
tion of p > ﬁ whenever p < 2. In light of the equivalence of weak and viscosity
solutions for bounded functions, one can deduce the following estimate from [DKP,
Theorem 1.2].

Theorem 2.10. Let 0 < s < 1 and 1 < p < oo. Assume that u € L>®(R") is
(s, p)-harmonic in B(xg,2r). Then there exists a > 0 and C' > 0 both of them only
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depending on s, p, and n, such that for any p <r
osc u<C (B)a ||| Lo (.-
B(z0,p) r
In particular,
[U]caBo.ry) < Cr™%||ul| Lo @ny.-
The following Liouville-type theorem is a direct consequence of the uniform
Holder estimate above.

Proposition 2.11. Let 0 < s < 1 and 1 < p < oo. If u is a bounded (s, p)-
harmonic in the whole R™ then u must be constant.

Proof. Consider two separate points x # y € R™. For any r > |z — y|, as u is
(s, p)-harmonic in B(zx,2r), by Theorem 2.10

|u(z) — u(y)]

|z =yl

Letting r go to infinity we arrive at
|u(z) — u(y)| = 0. s

< Or™||ul| poo @y

3. Existence of extremals

In this section, we verify a few results from [HS-III] and [HS-I| concerning the
existence and uniqueness of extremal functions for Morrey’s inequality. The following
lemma is a fractional counterpart of [HS-III, Lemma 2.1].

Lemma 3.1. There exists a (non-constant) function v € D*P(R™), achieving
equality case in (1.1) with the best constant, that is minimizing the following ratio

[’LL] Ws,p(Rn)
[U‘]CS*% (Rn)

Proof. By invariance properties of the seminorms, we can restrict ourselves to
functions having Holder seminorm one. Define

A= inf {[ulwesqeny - w € DR, [u] oo gy =1}
1

Then C,, the best constant in the Morrey-type inequality (1.1) is §. Choose a
minimizing sequence (u)ren for which

Now we select x, yr € R™ with xp # yp such that

k() = u(®e) 1
2k =yl k

1= e
We perform a translation and an orthogonal transformation and define

uk(2) = |y — il (ur(|zr — ye|Okz + 1) — wi(2)) |
where Oy, is an orthogonal transformation such that
-
Ope, — Yk T Tk
|21 — Yl

Then v, satisfies

['Uk;]cs—%(Rn) = ]_ and kh_)rilo[vk]Ws,p(Rn) = )\
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In addition, we have
1
vp(0) =0 and 1-— 7 < vg(e,) < 1.

Using the Arzela—Ascoli theorem we obtain a subsequence of vy converging locally
uniformly to a continuous function v. Since the convergence is locally uniform, we
get

v(0) =0, w(e,) =1, <1

[,U]Cs_%(Rn) —
Notice that
v(e,) — v(0)

1=
len — 0]

< [v]

s—1 .
C*7 P (Rn)

Therefore, [v] -2 @ = 1
We may rewrite the fractional Sobolev seminorm as
vp(z) — vk (y)

[Uk]WSvP(R") - |z — y|§+s

LP(R™ xR™)
Since v have uniformly bounded seminorms, we can pass to a subsequence such that
ur(z) — v (y)
o —y[r*
On the other hand, by local uniform convergence of v; to v, we have the pointwise
convergence

—0(x,y), in LP(R™ x R").

ve(@) = Oely) | v(@) Z0) g e e (2 = ).

o ey
Therefore, 0(z,y) = % and using Fatou’s lemma we obtain
a—y
|z —yl» LP(R™ XR™) koo |z —y|» LP(R™ xR™)
- l ] f s, ny — )\
1}?_1)1013 [Uk]W P(R™)
In conclusion, we have found v € D*P(R") with
[U]087%(R") == 17 I:'U]Ws,p(Rn) S )\
By the definition of A, we must have [v]ysp@mn) = . O

Remark 3.2. In the proof of Lemma 3.1 we constructed a Morrey extremal v,
such that v(e,) =1, v(0) = 0, and

v(en) = v(0)
TR0
Given xg # yp € R" and a # b € R, we can construct the following function

O(z — xp)
u(z) = (b—a)v (m) +a

By construction, u(z¢) = a and u(yy) = b. Using the invariances of the Holder and

fractional Sobolev seminorms, it is straightforward to verify

poal e w0
Yo — xo|” |zo — yol” @ rE

C* [U]Ws,p(Rn) =



Extremal functions for a fractional Morrey inequality: Symmetry properties and limit at infinity 361

Therefore, we have constructed an extremal that achieves the Holder seminorm in x
and yo and has two distinct prescribed values at these points. In Section 5, we show
that this information determines the extremal uniquely.

We show that for any function in the homogeneous Sobolev class D*P(R"™), the
Holder seminorm is maximized. First, we recall the following finite chain lemma from

[HS-I11].

Lemma 3.3. Suppose that R > 0 and z,y € R" \ B(0,2R). Then there are
21,y 2m € R"\ B(0,2R), with m € {1,2,3,...7} such that

(31) |‘T—Zl|7---7|zi_Zi+1|7---7|zm_y|§|y_x|
and

'B(%,%O) with o = |x — 21|,
(32) B (ZH—%, %) with ri = ‘Zi — Zi+1‘,

B (—Z’”2+y, %’”) with 7, = |zm — Y|
are all subsets of R™ \ B(0, R).

Proposition 3.4. Let n > 1, sp > n, and v € D*P(R"). Assume that v is
non-constant. Then there exist two points xg, yo € R™ with xy # yo such that

U(:L’O) - v<y0) _ [ ] T
|370 - y0|87; o PE)

Proof. First, we select a pair of sequences (7 )ren, (Yx)ren such that

\

[v(2g) — U(yk)|.

s—1 - 1 n
['U]C P (R™) klﬂnolo ‘xk . yk‘s—;
Now we claim that
k—o0
and
(3.4) sup |zx|, sup |yx| < oo.
keN keN

It follows from (3.4) that (zx)ren and (yx)ren have convergent subsequences zy,, yg, .
Due to (3.3) they converge to two distinct points g, yo. Thus, we can pass to the
limit in the Holder seminorm and conclude

. { o) — vl

o0 |xkz - yki|87%

[U]CS_% (Rn)

 Joa) = o)
|20 — 4ol "7
We now argue that (3.3) holds. Assume towards a contradiction that klim |ek —yi| =
—00

0. Using (2.1) we arrive at

[U]CS‘%(R") = lim sup { [v(zk) — v(ye)| }

k—00 ‘SL’k —yk‘k‘;i%

< C'limsup [U]Ws,p@(%v%)) -0

k—o00
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The limit vanishes since ‘B (%, W)‘ converges to zero. This contradiction

concludes (3.3).
Now we turn our attention to (3.4). We split the proof into two different cases
depending on whether n > 1 or not.

Proof for n = 1. Suppose that n = 1. Since the Holder seminorm is symmetric
with respect to x and y we may assume that x; < y;. For the sake of contradiction,
assume that (3.4) fails. After passing to a subsequence, we end up in one of the
following four possible cases:

I 2k, yp — o0,

II. xp — x, yp — o0,
III. z;, — —o0, Yy — o0,
IV. 2 = —o00, yr = v.

Case I. Let 6 > 0. Since % is integrable on R x R, using the monotone

convergence theorem there exists L > 0 such that
[Wlwsw@ny = [Vlwsw-r,0)) < 6.
In particular
(3.5) [V]lwsp@\[-1,1]) < O.
For sufficiently large values of k
L <z < yi.
Using Proposition 2.1 together with (3.5) we arrive at

[v(yr) — v(zw)]
n S C v s T Y |z —ygl S C v $,p _ S 05
‘yk _ :Ck‘sf; [ ]W 47(3(%,%)) [ ]W (R\[-L,L])

Here we have used

B xk"‘yk’ [z — il cR\[-L, L.
2 2
Note that the leftmost point in the closure of the ball is x;. Hence, for every ¢ > 0

we have
o() — vlen)] _

= lim —
koo yp, — a7

o) 3
This forces u to be constant.

Case II. Without loss of generality, we may assume that z = 0 and v(0) = 0.
Notice that

el o) =o)L o) = e(e)]

koo (1) Tp koo (yp —0) T koo (yp— @) e = o3 @)

By passing to a subsequence, we may suppose

0 <2y < Ypt1-

Recall that every sequence of real numbers has a monotone subsequence. We select a

monotone subsequence of LWl and we denote it again by the same index k. Since

s—

(yr) P

o] ey > |U(yk,)|
PED T ()
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the monotone subsequence must be increasing, that is

o)l o)l

(o)™ 7 ()™

We compute

[v(yx) — v(Yrs1)| > [o(yri1)| = |v(yr)]

(ykJrl - yk>8_; B (yk+1 - yk)s_z
_ o)l )™ )l ()
Wrr)” 7 W —96)" 7 (k)7 Yk — )" 7

s_n

() (Yks1 — Ui

3

o o)

s—n
n

(?/k+1)8_% — ()" ?
() (Y1) 7

- (-0)7)

Now we can argue as in Case I to show that given € > 0, for large enough values of
k, we have

Y
o ol ()" _g?ik)s_%)

S

o) — ()l _ _

s—n =

(Y1 — )" P

n\ —1
- Jolye)l 1\*"7
_n = < — | =
Wlos3 @y = Him, (ye)7 ~ =13 =

This implies that v is constant.

Hence,

S

Case III. By subtracting a constant from v we may assume that v(0) = 0. In
addition, we may assume that

<0<y forall keN.

Notice that
[o(z) —vlye)| o |v(zy)] N [v(y)|

B T A E R T A R T
< \v(fizi)ﬁ\ |v(1ﬁ)ﬂ\.
T R R
With a similar argument to the one in Case II, one can show after passing to a

subsequence that
s—n\ —1
o] _ <1 ) (1) ) [0(ges1) = v(y0)
"™ 2 [yt — wal*

+

and L
o(e)] <1 ) (1)) [o() = vl
. 2 [Tk — Tpa| P

As in Case II, this implies that [U]CS‘%(Rn) is zero and v is constant.

Case IV. This case is similar to Case II.
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Proof for n > 2. We argue towards a contradiction, assume that (3.4) does not
hold. We consider two cases.

. limsup |zg| = limsup |yx| = oo,

k—o0 k—o0
II. limsup |zg| < oo, limsup |yx| = oc.
k—o0 k—o0
Case 1.
(3.6) lim sup |zx| = lim sup |yx| = oo.
k—o00 k—o00

After passing to a subsequence, we may assume that

(3.7) lim |zg| = lim |yg| = oo,
k—o0 k—o0

In particular
min {|zx, [y}
2
is a divergent sequence. Using Lemma 3.3 with R = Ry, ¢ = x, and y = y, we can
find z},... 2" satisfying (3.1) and (3.2). Now we argue as in the proof for n = 1,
Case 1.
Let 0 > 0, and choose L > 0 large enough so that

Rk =

[U]WSvP(R"\B(O,L)) < 5

For large enough values of k, we may assume Ry > L. Then the balls

7 i+1 m
B(fwzé To_k)B(M Mk)7...73(zk + U w_k)

2 72 2 T2 2 2
with 7, defined as in (3.2), are subsets of R™ \ B(0, L). By Proposition 2.1 and the
triangle inequality

|v(ze) — v(y)| < Jo(zk) —v(z)] + Z v(21) — vz, )] + (=) — vlyw)]
< Clvlws»@n\BO.L) (Z T;,kz>

< (m+ 1)Colwsr@mpo.0) lte — vl 7
< 8C§|xy, — yk‘37%-

Therefore, for any € > 0

and v must be constant.

Case II. After passing to a subsequence we may assume that

lim 2, =2, and lim |y;| = oc.
k—ro00 k—o00

Without loss of generality, we may assume that x = 0 and v(0) = 0. Notice that

= lim |U<xk) _ Ujiyzﬂ = lim —‘U(x) _ USJZ)‘ = lim LJ(zli)l
koo oy — yg|” 7 koo |z — gy |" 7w koo |y |77

[U]CS_% (Rn)
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As in the earlier case II corresponding to n = 1, by passing to a subsequence, we
may assume that

o) _ o]

no

(7 7Y

and

0 < 2lyx| < |yksal
Using the triangle inequality, we have

[0(Yri1) — v(yn)| > [v(yri1)] — [v(yw)]
k1 — vkl 7 |y — w7
_ o)l g7 Jolue)l  luelT
N A T L e T
>wwn|%w?—mrﬂ

B |yk|s_% |Ykt1 —yk|8_%

> o) (Y™ > — Qs-;m|yk+1|8“’>

o lwl T (Yrral + lya) >
- ()| { ykea]” 7 (1= —Qsln/p)>
el (3lyrsal)™ 7

S

:w@ﬂ<%*{(g*”
|yk|575 3 3
As in case I, we can show that given any ¢ > 0, for k£ large enough

[0 (Yrt1) — US(?_/I;” <e
[Ykt1 — yrl P

Hence
n n 71
— 2\*"» 1\ »
0] oo = lim M <((2 _(Z c
c p (Rn) k—o00 |l‘ I yk‘|8_z 3 3
This implies that v is constant. O

Lemma 3.5. Let u be a Morrey extremal whose s — % Hélder seminorm is
attained at xg,1yo. Then u satisfies the following equation

(3.8) CP(=A,)u = Jpgf_o)y;';g@) (60 = 8un).

In particular u is (s, p)-harmonic in R™ \ {zq, yo}.

Proof. We prove that u is a solution of (3.8) in the following sense: For any
© € D*P(R") we show that

Jp (u(o) — uyo)) (p(x0) — (o)) _ Cp// Jp(u(z) — u(y))(p(z) —ey)) | dy.

|Zo — yo*P™" |z — y|" P
Since v is a Morrey extremal, we have
|u(o) — u(yo)|”
(39) P, = — Il

—-n - _ Ws:p(R")*
P (R™) |Tg — o (R™)
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Using Morrey’s inequality (1.1) we obtain

(3.10) [u(z0) — u(y0) + t((0) — P(w0)I”

p
L < Ot il

Notice that a — |a|? is a convex function. In particular,
pdp(a)h < la+ h|P —|al?.

Subtracting (3.9) from (3.10) and using the convexity of a — |a|P we arrive at
Jp (u(z0) = u(yo)) (p(20) = ¢(%0))
|Zo — Yol

Hence, for t > 0 we arrive at
P P
Jy (u(0) — u(yo)) (p(z0) = p(0) _ 0 F Ehwere) ~ [iworery
|zo — yolP—" - tp
As we let t tend to zero, we obtain

[u+ telhyen@ny — [Wipen@n) // Tp(u(z) —u®))(p(@) —¢ ) ,
= x dy.

oyl

tp <y ([u + tSO]evs,p(Rn) - [M%/sm([@n)) :

lim
t—0t tp

Therefore, we have established
Jy (u(wo) — ulyo)) (#(x0) — #(w0)) Cf// Tp(u(@) = u(@))(@(@) = eW)) 4. 4,

|Zo — yo[*P ™™ Rn xR" |z — y[r+ep
we obtain the reverse inequality by replacing ¢ with —¢p. Hence, we arrive at
Jp (u(zo) — u(yo)) (p(x0) — (o)) _ Jp(u(z) —uly))(p(r) — ¢(y))

=(C? dz dy.

|zo — yol|*P™™ nxRn |z — y[rter

In particular if p € CX(R™\ {xo, yo}) we have
[ ) M) =) g,
R”xR"™

o =yl

Since u is Holder continuous and hence locally bounded in R", in view of the equiv-
alence of weak and viscosity solutions in [KKL, Theorem 1.2|, u is (s, p)-harmonic in

R™ \ {0, 90} O

Our next task is to verify a counterpart of [HS-I, Lemma 2.1] in our fractional
setting. First, we recall Clarkson’s inequality, [Cl, Theorem 2.

Theorem 3.6. Let (X, F,u) be a measure space. Let, p > 1 and f,g be mea-
surable functions in LP(X, du). Then for p > 2

frapp f—gpr _1

JT9 -9 1 » ,

H 2 L + H 2 » = 2 (HfHLP + ||g||LP)7

and for 1 <p <2
1

[+ =g 1 1 =1
_— sz = < - P - P .
|27 [ 5520 < (G0 + 5ol

This inequality implies that for p > 2,

u+vl? u—v]? 1
(311) |: 5 :| + |: 9 :| < 5 ([U]g[/s,p(]gn) + ['U]];Vs,p(Rn)) )
Wep(RP) Wep(RR)
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and for 1 < p <2

P P 1
u+uv|rt u—uv|rt 1 1 p-1
(3.12) [ } + { } < (—[u]” wr@ny T 5 [V, ) :
Wep(Rn) 9 Wen(®En) 2 Ws:p(R™) 2 Ws:p(R™)

Using the above inequality, we prove the following lemma.

Lemma 3.7. Suppose that xg,y9 € R" are two distinct points and let u €
D*P(R™) be a Morrey extremal which satisfies

_ Julzo) — uly)

‘56’0 - y0|8_%

[u]csf%(Rn)
Assume that v € D*P(R") satisfies

v(xo) = u(xo) and v(yo) = u(yo),
and
[W]wsr@n) < [U]wsp@ny.
Then u = v.
Proof. Define w := “TJ“’ Notice that
w(zo) = u(xo) and w(yo) = u(yo).
Hence,

(3.13) (]

s

@ 2 Mot @y
Using inequality (1.1) and the fact that u is an extremal we obtain
C,lulwsrmny = [U]Ck%(Rn) < [w]cs’%(Rn) < Cyw]wspmn
(using the triangle inequality) < %C* ([U]Ws,p(Rn) + ['U]Ws,p(]Rn)) < Cylulwsrmn).
Therefore the inequalities above are all equalities and in particular
(3.14) [w]wsp@ny = [U]wspwn).

Now if p > 2 we use Clarkson’s first inequality (3.11) to obtain

u—v

P 1
[w]evs,p(w) T [ 2 }ws,p(u@n) < 2 ([u]gvsm(w) + [U]];VS’P(R”Q = [u]ﬁ,s,p(Rn)-

It is implied by (3.14) that
= 0.

U—v
[ 2 }W&P(R")
Which implies that u—v = ¢ for some constant ¢, due to the assumption u(xy) = v(zo)
we obtain u = v.

In the case 1 < p < 2, we use Clarkson’s other inequality (3.12) and we arrive at

1

pfl u—uv|rt 1 2 1 2 7=t p—1
[w]Ws,p(Rn) + 2 < i[u]ws,p(Rn) + é[U]W&P(Rn) < [U]Ws,p(Rn)-

Wb (R)
Ll
u—v]|r

=0

Wep(R)
which implies that u — v is constant. Since u(x¢) = v(xg) we obtain u = v. O

Using (3.14) we obtain
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Remark 3.8. The above lemma implies a uniqueness property of the Morrey
extremals. Given two distinct points xg # yo € R™ and values a,b € R, there exists
a unique Morrey extremal v € D*P(R") with the property u(zy) = a, u(yo) = b, and

 Ju(z) — ulyo)|

|$o - yo|87%

[l o3 (nyy

4. Stability

A type of stability for Morrey’s inequality was proved in [HS-III, Corollary 6.3].
The same argument leads to the following stability property of the fractional Morrey
inequality.

Proposition 4.1. Suppose v € D*P(R™). then there is an extremal u € D*P(R")
such that

Ci\P
() o= Wm0 ) < CElngny
when 2 < p < oo and
C* % pil % % pil
()7 lu =l + 07T ) < OF T 0T,

when 1 < p < 2.

Proof. If v is constant then it is a Morrey extremal itself, therefore we assume
that v is not constant. Using Proposition 3.4, there exists xy # yo € R™ such that

[’U] s _ ‘U('r()) — U(Z/O)‘

@ rE |70 — Yol 7
After a proper rescaling and rotation we can select a Morrey extremal u such that
u(zo) = v(xg), u(yo) = v(yo) and

[U] C’S_% (R™) - ['U]CS_% (R™) :

Since v is an extremal we have
[U]Ws,p(Rn) S [U]Ws,p(Rn).
Since u(zg) = v(xo) and u(yo) = v(¥o),

u-+v
[“]cS?(RwSl 2

} B mny
On the other hand, using the triangle inequality

SIS
—
]
3
=

u+v} 1(
< 5 (e gy + Ve gy ) = 0]
{ 9 o2 @ 2 C* P (R?) C°" P (Rn) c

Therefore we arrive at

(4.1)

u+v _
= [U]Ck%(w).

2 ]CS?(W)
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Case I. Suppose that 2 < p < oo. Using (4.1), Morrey’s inequality (1.1), and
Clarkson’s first inequality (3.11)

C\? S P
(—*) 0= ey (g =C [ } +[“*”]
2 ¢ PR 2 | wen@n) 2l b mm
_ p p
g@ﬂ“ q +@ﬂ“+ﬂ
2 Jwewmny 2 lwew@n

1 1
< O (Glulnnien * 3 Her) ) < C2llvngany

Case II. Now suppose that 1 < p < 2. The argument is similar to Case 1. The
only difference is that we use Clarkson’s second inequality (3.12).

P

p p
Cy\ 7t et B 2 lu—wv |t u+wv]|r1t

Wsp(Rn) B (Rn)
i i
gcfir—”r” +cffr+vr*
2 Ws:p(R™) 2 Ws:p(R™)
(L Lo NI it
S C* 5 [U‘] Ws,p(]Rn) + 5 [U] Ws,p(Rn) S C* I:IU:I Ws,p(Rn)' |:|

5. Symmetry of extremals

In this section, we use Lemma 3.7 to establish the symmetry properties of the
Morrey extremals.

Proposition 5.1. Suppose that xq # yo € R" and x1 # y; € R", and assume
that u,v € D*P(R") are non-constant extremals with

_ ula) —ulw)

|370 - y0|87

_ v(ry) —v(y1)

[U]Ck%(w) B |371 - yl‘s_% .

Ul o3

Then for each orthogonal transformation of R™ which satisfies

O<$o—y0): Ty — U1
|0 — ol |21 — 1

and every r € R" we have

u(z) = u(wo) — ulyo) {v (Ll — O(x — xo) + :1:1> — v(:cl)} + u(xg).

|370 —yo‘

u(z) = u(wo) = ulbo) {v(MO(x —x9) + x1> — v(xl)} + u(zy).

|zo — ol
This function is designed so that

(5.1) W(zg) = u(zg) and w(yo) = u(yo)-



370 Alireza Tavakoli

In view of the invariances of the fractional Sobolev seminorm, we can compute

S uExo> ). (m - yﬂ) e

‘56’0 —yo‘

(5.2) [lwerey

The equations (5.1) and (5.2) allow us to use Lemma 3.7 which immediately implies
u(z) = u(z). O
The following symmetry property of the extremals is a direct consequence of 5.1.
Corollary 5.2. Let u € D¥P(R") be a Morrey extremal with
_ Julan) — u(w)|

‘56’0 - y0|87%

[u]cs—%(Rn)
Then
u(z) =u(O(xr — o) + x0), x€R",
for any orthogonal transformation O which satisfies
O(yo — o) = Yo — Zo-

The Morrey extremals also enjoy an anti-symmetry property as described in the
next proposition.

Proposition 5.3. Let u € D*P(R") be a non-constant Morrey extremal with

_ Julz) — ulg)|

[u] =8 pny s— 1
o P& |0 — yo|* "7
Then
(z — 5(x0 + %0)) - (zo — wo)
u (- 282 TR0 0 ) )~ (ua) + () = ).
Proof. Let

(z — 5(z0 + 90)) - (o — ¥o)
|$o - yo|2

v 1= (uleo) + ulye)) — u ( 9

Since the map

(wo — yo)) :

(x — 5(z0 + o)) - (To — yo)
|20 — yol?
is a composition of an orthogonal transformation and a translation, it is implied that

r—=x—2 (o — Yo)

[U]Ws,p(]Rn) = [U]Ws,p(Rn).
On the other hand, by design we have
v(zg) = u(xg) and wv(yo) = u(wo).
Hence, Lemma 3.7 implies that u = v. U

To illustrate that this is an anti-symmetry property of the extremals it is conve-
nient to perform scaling, rotation, and translation so that zy = e,, yo = —e,, and
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u(e,) = —u(—e,). Then Proposition 5.3 states that u is anti-symmetric with respect
to the hyperplane I1 = {z = («/, z,) € R": x, = 0}.

We close this section by showing that the extremal values of a Morrey extremal
are achieved at the points where the Holder seminorm is maximized.

Proposition 5.4. Let u € D*P(R") be a non-constant Morrey extremal with
_ u(zo) — u(yo)
|20 — 4ol "7

Then u achieves its maximum and minimum at xy and yo. Furthermore, we have the
following strict inequality.

u(yo) < u(z) < u(xg), for x € R"\ {zo,yo}-
Proof. Without loss of generality we can assume that xqg = e,, yo = —e,, and

u(e,) = —u(—e,) = 1.
Now consider w(z) = min{u(x),1}. Using the pointwise inequality

|min{a, 1} — min{b, 1}| < |a — 0],

[U] o % (Rn)

we arrive at

(5-3) jw(z) —w(y)] < |u(z) —uly)].

Hence,
P p
// [wiz + v)l drdy < // EL)| dx dy.
nxEn Ix—y\" Sp ncRn Ix—y\" P

As we know that

w(e,) =u(e,) and w(—e,)=u(—e,),

by appealing to Lemma 3.7 we conclude that w is a Morrey extremal itself and we
have w = u. Therefore, we have established that

u(zr) <1, for x € R"™
In a similar fashion, we can argue that
u(x) > -1 for z € R".

Finally, since u is (s, p)-harmonic in R™\ {e,, —e, }, using the strong maximum prin-
ciple 2.7, the maximum, and the minimum can only be achieved in e, and —e,. O

6. Limit at infinity

In this section, we show that the Morrey extremals have a limit at infinity in
dimensions greater than or equal to 2. Our proof is inspired by an argument of Bjorn
in [Bj| concerning the continuity of Perron solutions of certain boundary values with
jump discontinuity.

Theorem 6.1. Let n > 2. Suppose that u is an extremal with
_ Julzo) — ulyo)|

|900 - yo|87%

[U]CS_%(Rn)

Then 1
lim u(z) = = (u(xo) + u(yo))-
r—r00 2

Before starting the proof we need some properties of Perron solutions.
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6.1. 6.1. Perron solutions. Here we recall the definition and some properties of
Perron solutions. We follow the same definition as in [KKP]. The definition of (s, p)-
superharmonic functions used in [KKP| is based on comparison, while we use the
viscosity solutions here. See Definitions 2.3 and 2.5. In light of [KKL, Theorem 1.1]
these two notions of solutions are equivalent.

Definition 6.2. Let Q C R™ be an open set and assume that g € L2H(R™). We
define the upper Perron class of g, U, to be the set of all functions v: R” — [—o00, 00|
such that

(i) v is (s, p)-superharmonic in §2,

(ii) v is bounded from below in €2,

(iil) liminfosy s, v(y) > im supge gy, 9(y) for all z € 0Q,
(iv) v = g almost everywhere in R™\ .

Furthermore, define the upper Perron solution of the complementary value g to be
P = inf .
o) i= inf ol

Definition 6.3. Let (2 C R" be an open set and assume that g € L@’;l(R"). We
define the lower Perron class of g, £, to be the set of all functions v: R" — [—o0, x|
such that

(i) v is (s, p)-subharmonic in €,

(i) v is bounded from above in €,

(iii) limsupgs, ,, v(y) < liminfgmosy—e g(y) for all x € 09,
(iv) v = g almost everywhere in R™ \ €.

Furthermore, define the lower Perron solution of the complementary value g to be
Py(x) == sup v(x).
veELy

It follows from the comparison principle that
—00 < Pg< Pg<oo

If we consider a bounded complement value M; < g < Ms, we have M xo+gxrm\o €
Ly and Msxo + gxrmo € Uy, see [KKP, Lemma 18|. Hence, the classes £, and U,
are nonempty and

M, < Pg< Pg< M,.

Furthermore, for all bounded complementary values, the upper and lower Perron
solutions are (s, p)-harmonic in 2. See [KKP, Theorem 2| as well as [LL, Theorem 22].
Now we discuss the boundary behaviour of Perron solutions. The notion of a barrier
is a classical tool to investigate whether boundary values are achieved for continuous
functions. Here is the definition in the nonlocal setting.

Definition 6.4. We say that a function w is a barrier at zy € 0€ if
(i) w is continuous in R™,
(ii) w is (s, p)-superharmonic in €,
(iii) w(z) > 0if z # xp and
liminf w(z) > 0,

|x|—00

(iv) w(xg) = 0.
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The proof of the following proposition for continuous complement values in the
whole R™ can be found in [LL, Lemma 17, Proposition 24, and Theorem 26|. An
inspection of the proof reveals that the continuity assumption is only needed at the
point xg.

Proposition 6.5. Let f: QO — R be a bounded function. Assume that f is
continuous at xq € 0f), where xo admits a barrier, then

olim Pf(z)=_lim Pf(z)= f(zo).

We need a uniform variant of this property which we state in Proposition 6.6.
First, we construct an explicit barrier for every boundary point when sp > n. When
sp < m, a computation of (—A,)%|x|?, for a range of values of 8 has been carried
out in [BMS, Lemma A.2|. In particular |:E|s;%1n is (s, p)-harmonic in R™ \ {0}, see
[BMS, Theorem A.4]. In the recent preprint [DQ), this computation has also been
carried out when sp # n, furthermore it is shown in [DQ] that log(|z|) is (s, p)-
harmonic in R”\ {0} whenever sp = n. Here for the sake of completeness, we include
a computation in the case sp > n.

Proposition 6.6. Let sp > n, then the function G(z) = |z is a classical
solution of

(—A,)°G =0 in R"\ {0}.
In particular G is (s, p)-harmonic in R™ \ {0}.
Proof. As G is smooth in R"\ {0} and VG(x) # 0 for z # 0, by [KKL, Lemma 3.8|

the principal value

Jp(G(x) — G(y))

PR

dy,

f(z) = P.V. /

is well defined and continuous in R™ \ {0}. Since G is a radial function, f is also
radial. By a scaling argument, it is easy to see that f is homogeneous of degree —n.
We split the proof into two cases depending on whether n > 1 or not.

Casen = 1. As f is a radial and homogeneous function of degree —1, it is enough
to evaluate the integral just at one point.

F(1) = lim (1= 1)

1
-0t Jr\(—sate) |1 —yl*Pt

dy

sp—1

Ip (1 —yr 1 ) iy /oo JIp (1 _ y85:11>
0

= lim /
60+ \ Jo.0ona—s140) |1 =yl 1+ y[s#+!

dy

1

sp+1
()7

Notice that for y > 0, W =y
change of variables p = 1/y we obtain:

By splitting the integral and

sp—1 sp—1
p—1

ooJ,,(l—g/ ) 1Jp<1—ypfl> oon<1—ysf:1l>
[ g = we [ v

14yl 1+ gyl

(6.1) — /01 I (1 _ yzp:ll) dy+/01 psp+1Jp <1 B (1//))85:11) —2

d
[T L pfrir 7
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1*@<1—y?i> 1pwfh%(p?j-_1>
:/ dy+/ dp
o [1+y[Pt! o PPH LA plPtt

:/1Jp<1—yp 1>—|—J (ysppi:ll—l) dy =0
0

1+ gyl
Hence,
Jp (1 — yspp—_ll)
f(1) = lim dy
5-0 J 0 0on(1=s145) |1 — y[PT!
sp—1 sp—1
175Jp(1—yp*1> oojp(l—yp%)
=li d d
0 / Lyt VT / L=yt
With a change of variable computation as in (6.1) we arrive at
1-5 J, (l—yspp__ll) Ey . (1_yp 1)
1) =1i dy — d
=y | [ i [ s
1
()
__&%£14 L—yprt
It remains to show that
1
6.2 I e % (10 >d 0
(6.2) soor Jig L—yprrt YT
Smce L <1, for 0 <y <1 we have

b (1=y#7) < g1 -y).

Hence,

1

0</Hw}0_yp>d </H1H1 )(1—y)~ !
- 1 —y[*! ’= =5 Y Y

é
T )
(1—y)r=r?dy = / YTy

/1 5
1-5 25
1 5\t 1
= — PP
p—sp—1 <1+5) *

Where, in the last line we have assumed p —sp—1# 0. If p—sp—1 > 0, then both
67=r=1 and (6/(1 4 6))" """ converge to zero as 6 tends to 0. If p—sp—1 < 0 then
this becomes

-1 5 p—sp—1 B 5p_5p_1 B 1 5p—5p (1 + 5)sp+17p -1
p—sp—1 1496 Cospt+l—p 5 '

Notice that

sp+1-p __
lm“1+® 1
0—0 5

=sp+1—p.
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As p — sp > 0, we obtain

1 14 d)rti-r —1
lim ———6"°F (< +9) ) = lim 6" = 0.
s—~0sp+1—p ) 50

Finally if p — sp — 1 = 0, then
T+ 4]
T+o
— (21
L= () )

The limit of In(146) as delta tends to zero is also zero. Hence we have verified (6.2).

Tlré p—sp—2
/ (1-y) dy = —In(1 —y)
1

-5
= In(1+9).

Case n > 1. Similar to case n = 1, as f is radial and homogeneous of degree —n,
it is enough to compute the integral at one point. we write the computation at e;.
We have

f(ex) = lim (1= W) dy

=0 Jpm\B(ey,0) |1 — Y|P

By (1= 191%) Jy (1= 191%)
(6.3) =lim / dy +/ dy|.
B(0,1)\B(e1,9) (0,1)¢\B(e1,9)

50 |81 _ y|n+sp |el — y|n+sp

Now we make a change of variables y = # in the second integral. The inversion
map £ — iz maps B(0,1) \ {0} into B(0,1)¢ and vice versa. It is also a conformal

map and maps spheres that do not pass through the origin into spheres. In partic-
ular B(ey,d) is mapped into B (ﬁel, ﬁ). It is straightforward to compute the
Jacobian determinant of the map:

1 2 1
det J,(z) = det [ —1, — = (1,1,...,1 -
et Jy(@) = de <|x|2 2t )m) FE

Hence,

(1)
dy
/B(O,l)C\B(el,é) ey — y|mtep

5 (1-

T
€1 — |m|2

T
||

1
d

n+sp |.I‘ | 2n

X
/{Bm,n\{on\s(ﬁehﬁ)

s sp—n
arrg, (a5 1)

n+sp | T | 2n

dx

T
€1 — |m|2

7, (1 - |x\i§’-1”>
= — —dx.
/B(o,l)\B( ep

zen i) }leel -

/B(O,U\B(ﬁelvﬁ>
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The reflection through the hyperplane ¥ := {y € R™: y-(e; — ‘—;) = 0}, sends |z|e; —z

to x — e;. Therefore |e; — x| =

|z]e; — ‘—2’ Hence,

Jy (1= 1yl 7) 5, (1= o1 59)
/B(O,l)C\B(el,(S) ley — y|mtsp dy = — /B(O 1)\3(1 . 552) o — 2 dx.
Inserting this into (6.3) we arrive at
Jy (1= [ 5)
f(el):_}sl—r}(l) BODN{Bler,)\B(1ze1.752) } ler — [P dx

Here we have used that B (1 5Qel, =) N B(0,1) C B(e;,6) N B(0,1). To see this
one can argue that since 9B (12ze1, 757) N 0B(e1,0) € 0B(0,1) and (hlL(S e1) €
0B (1 52€1, T 52) belongs to B(0,1) N B(ey,d) we have B (1 53C1, T 52) N B(0,1) C

B(ey,8)NB(0,1). To show that the limit is zero, we observe that B(0,1)N{B(e1,d)\

B (ﬁel, ﬁ)} is contained in the following conical ring

o 5o o)

Note also that E5 C B(0,1). Hence,

[ By (1= 12l ) By (1= 1al#F)
dz </ dx.
n+s - n+s
B0, 1)O{B(e1 5)\3(1 s 652>} leg — "7 g ler—x|"P
As for any z € Eg, |r| < 1 and since = < 1, we have 1 — |;p|s§:fl < 1-—lz|

Furthermore using the triangle inequality 1 — |x| < |e; — x|. Therefore,
sp=n
Ty (1~ o) jer — af!
/ A S / Ty — o 07
B ler —a ey — x|

1(5/2)
_HnZSnZ/ / e 1Tpspn1 n29d¢9d7’
1+6

d
S Hn—Z(Sn—Q) / T,p—sp—Q d?".
fe=

ro|

As in the case n = 1, the integral above converges to zero as d decreases to zero.
Hence, we have established that f(e;) = 0. O

Lemma 6.7. Let sp > n, €2 be an open set and xy € 0S). Assume that f: R" —
R is a bounded function, say |f(y)| < M for all y € R". Assume further that f
is identically zero on B(xg,ro) N Q° for some rg > 0. If 0 < r; < 1o then for any
x € 00N B(xg,r1) and any y € 2

M B <Py <Piy) < —

[ro — | 77T ro — i 77T
Proof. Consider x € 9Q N B(xg,r1) and let
M

u(z) =

|T0—T‘1|P 1
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By Proposition 6.6 u is (s, p)-harmonic in R™ \ {z} and in particular u is (s,p)-
harmonic in 2. As u > 0 and for any z € Q° N B(z,70), f(2) = 0 we have

(6.4) u(z) > f(z), forall z € Q°N B(xg, o).
For any z € B(xg,r9)¢ by the triangle inequality we have |z — x| > ro — r;. Hence,
(6.5) u(z) > M > f(z), for z € B(xg,10)".

Now we choose a function v € U;. For example we consider v(z) = Mxa(z) +
f(2)xae(z). We claim that

w(z) := min{u(z),v(z)},

belongs to the upper class Uy. As a minimum of two (s, p)-superharmonic functions,
w is (s, p)-superharmonic in Q. By (6.4) and (6.5) u is above f in Q¢ and since v is
equal to f in Q¢ we have

w(z) = f(z) forall z € Q.

Moreover, w is bounded from below in €2, in fact it is nonnegative in 2. And finally
for any z € 0f)

Q3¢—z Q3¢—z Q36—z

lim inf w(£) = min {lim inf v(&), lim infu(f)}

M, if z € B(xg, 1) NS,

= min{M, u(z)} = {u(z), if z € B(xg,70) N Q.

As f(z) < M for all z € R™ and by assumption f vanishes in B(zg, 1) N §2°

lim sup £(€) < M, Tf z € B(xg,70)° N O,
Qe 0 <wu(z), if z € B(xg,rg) N

Hence, we have verified that liminfose . w(§) > limsupges,,, f(§). Thus, w € Uy
and therefore,

Pfy) <w(y) <uly), forall ye .

By a similar argument max {—u(z), —Mxq(2) + f(2)xa-} belongs to the lower class
L; and we obtain

—u(y) < Pf(y), forall ye Q. O

6.2. Proof of Theorem 6.1. Here we bring the proof of Theorem 6.1. The proof
follows the general strategy of the proof of [HS-II, Proposition 2.1]. The strategy is
to consider blow-downs of the Morrey extremal (or any p-harmonic function in the
exterior of a ball), and show that they are constant by using a Liouville-type result.
An obstacle in their argument is to show that the blow-downs belong to the Sobolev
class VVéf(R”) They rely on an observation made by Serrin in [Se| regarding non-
removable singularities of p-harmonic functions in punctured domains as well as a
result of Kichenassamy and Véron in [KV] to show the finiteness of the WP energy of
the blow-downs near the origin, as well as to demonstrate that the blow-downs satisfy
the equation —A,u = K9 for some constant K. We have not been able to reproduce
these results in the fractional setting. Instead, we use the symmetry property of the
Morrey extremals to show that the blow-downs are (s, p)-harmonic in R™. To do this
we need to show the continuity of the blow-downs across from the origin.
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Proof. In view of Proposition 5.1, without loss of generality, we may assume
that xy = e, yo = —e,, and u(e,) = —u(—e,) = 1. By Propositions 5.3 and 5.4,
—1 <wu(z) <1 and

u(z) =0, on {z, =0}
Furthermore, by Lemma 3.5,
(—A,)'u=0 1in R"\ {e,, —e,}.
Consider the following rescaled functions:
ve(x) = u(tz).

This family is uniformly bounded. Let K be an open set compactly contained in
R™\ {0}. For any ¢t > dist(0,K), v, is s, p-harmonic in K. Hence, by Theorem
2.10 the family v;(x) is eventually uniformly equi-continuous on compact subsets of

R™\ {0}. For any sequence t; converging to infinity, by the Arzela-Ascoli theorem,
we can pass to a subsequence such that

Uy, = Uso as t; — 00, locally uniformly in R™\ {0}.
Claim. For all such convergent subsequences, the limit v, is identically zero.

Once the claim is proved, we can verify that u converges to zero at infinity. If that
is not the case, there should exist, 6 > 0 a sequence z; such that lim, , |z;| = oo
and

fu(zy)| > 6.

z;
(1)

As ;—] € 0B(0,1), after passing to a subsequence we can find z,, € dB(0,1) such

il

that

This means that
> 0.

lim z; = 7.
J—0Q

As mentioned before, v, are uniformly bounded and equi-continuous on compact
subsets of R\ {0}. Using the Arzela—Ascoli theorem, we can pass to a subsequence
again so that v),;| converges locally uniformly to a limit v, on R™\ {0}. Hence,

o (12| = o)

This is in contradiction with our claim. To finish the proof, it only remains to verify
the claim.

0 < lim

J]—00

Proof of the claim. Notice that vy is zero on {x, = 0} \ {0}. As v; converges
locally uniformly to v, by the stability property of viscosity solutions, v, is a
viscosity solution of

(—A,)Us =0 in R™\ {0}.
The strategy is to show that v, is a solution in the whole R™. Then an application
of the Liouville theorem implies that v, is constant. The main challenge is to show
that v, has a limit at the origin.

Step 1. We compare v, with the Perron solutions of appropriate complementary
values in the domain

Q::Bl\{{xn:xn_l:xn_gz...:x2:0}ﬁ{x120}}.



Extremal functions for a fractional Morrey inequality: Symmetry properties and limit at infinity 379

Let U be the following function defined on €2
U=1 in By,
U=0onBN{{z,=z, 1=, 2=...=25=0}N{0 <z <1}},
U=1 at 0.
Similarly, we define L by:
L=-1in B
L=0on {zp,=0p1=2p2=...=22=0}N{0 <2y <1}}
L=—-1 at0.
Let h be an arbitrary function in Uy;. Observe that
VUoo(z) <1 < h(z) for almost every x € R™\ Q.
At every boundary point x € 0f)
limsup U(y) = U(x)

R\Qoy—x
(6.6) _{0 if v€BiN{zp=2p1=...=20=0}N{0 <z <1},

1 if 2 € 9B, U{0}.
Therefore, at every x € 0S2
liminf A(y) > limsup U(y) = U(z) > limsup v (y).

Qsy—z R™\Q2y—z Qsy—z
In the last inequality, we have used that v, is continuous outside of the origin, v,, = 0
on {z,, = 0} \ {0}, and the bound —1 < vy, < 1. As vy is (s, p)-harmonic in 2, by
the comparison principle
Vo) < h(z), x €.

Hence, taking infimum over all A € Uy,

Voo(z) < PU(x), z €
Similarly,

Uoo(z) > PL(z), x €.

We claim that PU and PL have zero limits at the origin. Before doing that, let
us demonstrate some pointwise bounds for PU. -
Take h € Uy, by the comparison we have h(z) > 0. Hence, PU(x) > 0. As

Xo + U(z)xema € Uy,
we have PU(x) < 1 for every x € Q0 .

Step 2. We show that PU has radial limits at the origin. For every 0 < p < 1
define

V,(z) :== PU(px).
Notice that for every 0 < p < 1 we have V, < U on Q° and V, is (s, p)-harmonic
inside €. Since PU is bounded between zero and one, we have

0<V,<1.
By Lemma 6.7

1
lim V,(y) =0 forz € Blﬁ{{xn =Zp 1 =Tpo=...=x3=0}N {O <r < —}}
p

Qoy—a
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Hence, if 0 < p < 1, by (6.6), for any h € Uy at any point z € 02
liminf A(y) > U(z) > limsup V,[]y).

Q3y—z Qsy—z
Therefore, by the comparison principle h(z) > V,(x) for every = € 2,. Hence
V,(z) < PU(z).

In particular, this implies that for z € Q the map p — V,(x) is non-decreasing for
p € (0,1). Indeed, for 1 > p; > py > 0 we have

Vez (z) < PU(x) in .
r1
Therefore, for x € {2 we have

Vo) = PU(pa) = Viz () < PU(prr) = V), (1),

Hence, the radial limits exist for the function PU. Let Vy(z) := lim, o V,(x). As
a radial limit of a function, V} is zero-homogeneous, that is, there exists a function
g: S" ' — R such that

T

(6.7) Vo(z) = g (—) , for x #£0.

|z]

Step 3. We now show that lim, , PU = 0. To prove this, we argue to-
wards a contradiction. Let us assume there exists a sequence z; € (2 such that
x; converges to the origin, but limsup, . PU(x;) # 0. By passing to a subse-

quence, we may further assume that 1 > |z;] > |z,41| for every ¢ € N, and that

there exists a ¢ > 0 such that ‘FU (a:z)‘ > 9. We consider the functions V.
Since Vi, is a uniformly bounded sequence (0 < V|,) < 1) and Vj,,| is an (s,p)-

harmonic function in B(0, ﬁ) \{{zn=2p1=2420=... =29 =0} N {21 > 0}},
we can pass to a subsequence, such that V|;,| converges locally uniformly to 1} in
R*"\ {{zp, =2y 1 =2po=... =25 =0}N{x; > 0}}. By the stability property of
viscosity solutions, Vj is (s, p)-harmonic in R*\ {{z,, = z,, 1 =z, 2 = ... = 25 = 0}
N{z; > 0}}.

Using Lemma 6.7 with xg = |z;|e; and ¢y = %rl = |z;|, the functions V], have a
uniform modulus of continuity on {z, = z,_1 = T2 = ... =25 = 0}N{3 < z1 < 3}.
More precisely given z € {x,, =z, 1 =2, 2= ... =29 =0} N {% <z < %} for any

y in By/s(x) we have

1

sp—n sp—n sp—n
((y — @)|a|[ 770 =31 |y — x| 7T

Viei ()] = [PU (ylaa])| <

(lzs| = 5lwal) =

Hence, the convergence Vi, — V4 is localy uniform in B(0,3/2) \ B(0,1/2), and Vj
is continuous in B(0,3/2) \ B(0,1/2). Therefore, by (6.7), g is continuous on S"~!.
Now we demonstrate that ¢ = 0. Recall that g(e;) = vo(e;) = 0. As a continuous
function, the maximum and minim of g is achieved on S*~1. If ¢ is not constant either
the minimum or the maximum of g is non zero, and hence it can not be achieved at
e1. Assume that the minimum of g is achieved at & # e;. As Vj is zero-homogeneous,
Vo(Z) is the essential minimum of Vj. By Lemma 2.4

(6.8) OS/ Md

R
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Since, V(z) < V(y) for all y # 0, (6.8) implies that V{ is constant outside of the
origin. As Vj is zero on the half line {z,, =z, 1 =z, 2 = ... =25 = 0} N {z; > 0},
we must have

Vo(x) =0 for o #0.

Now by assumption, we have

Pt = |V (1)

After passing to a subsequence, we may assume that

> 0.

lim i =X € Snil.

But the uniform convergence of Vi, to Vy in B(0,2) \ B(0, 1) leads to
. L
lim Vg, (—) = Vo(zo) = 0.
This contradiction shows that the assumption about PU(x;) was wrong and hence,

lim PU(z) = 0.

Q5x—0

In a similar way, we can show that

lim PL(z) = 0.

Q320
As v, is trapped between PU and PL we arrive at
}:ii% Uso(z) = 0.
Hence, modifying the value of v, at the origin so that v, (0) = 0, we have established

the continuity of v., at the origin, in the next step, we show that v, is (s, p)-harmonic
in the whole R".

Step 4. We already know that v, is a viscosity solution of
(— ) tm(z) =0, in R"\ {0},

We use the anti-symmetry of v, to verify the equation at the origin. We have

(_Ap)svoo(o) _ PV/ Jp<v00<0) — UOO<y>> d

10—
T (Ve

(6.9) — lim Md 0.
£20 JRrn\ B(0,¢) |y|rtep

The last equality is due to the anti-symmetry of v,,. Now, we formally verify that test
functions touching v, at the origin satisfy the equation. As n > 2 and sp > n > 2
we are in the range p > 52-. Consider ¢ € C*(B(0,r)) for some r > 0, such that

©(0) = v5,(0) = 0 and
o() < veo(x) for z € B(0,r).
Let

w(z) = {cp(x) for z € B(0,r),
Uoo(x) for x € R™\ B(0,r).
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Then, using (6.9)
p. [ B0ty [ b,

|0 —y|+sr [y|m+er

—Jp(Vs0(y))
zP.V./ —Zpl o)) gy = .
O ] e

Similarly, for a test function ¢ touching v., from above at the origin, define

w(z) = {(p(:c) for x € B(0,r),
" | veo(z) for z € R™\ B(0,7).

We easily verify

Jp(w(0) — w(y))
P.V. /n 0= g dy < 0.

Step 5. Conclusion. Since we have established that v., is (s, p)-harmonic in the
whole R™, by Liouville’s theorem v, is constant. As v, is zero on the hyperplane
{z, = 0}, vy is identically zero and the claim is proved. O

7. Non-vanishing of extremals in the half-spaces

Here we argue that the extremals have a sign in each half-space above and below
the affine hyperplane of anti-symmetry. The argument is based on a maximum
principle for anti-symmetric functions. See for example [ChL].

Proposition 7.1. Let u be a non-constant Morrey extremal with

 Jul@o) — ulyo)|
[u]Ck% = e
|0 — yol” 7

Then u(x) — 3 (u(wo) + u(yo)) does not change sign (and does not vanish) in the
regions

o {xeR”: (:c— 1<x0+y0)) (20— y0) >o},

2
and
1
Y= {ZL‘ e R": <{L‘— 5(1‘0 +y0)> : (l‘o —yo) < O} .
Proof. Without loss of generality, we may assume zy = e,, yg = —e,, and
u(e,) = —u(—e,) = 1. We prove that u is positive in

Yt={reR":z-e,>0}.
The argument for u being negative in ¥~ is similar. From Proposition 5.3 we know
that u is anti-symmetric with respect to

M={zxeR": x-e,=0}.

Now consider

+ — inf
A mlenwu(:c)

Since u tends to zero at infinity and vanishes on IT = 9%+,

—00 < AT <0.
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Our claim that w is non-negative is equivalent to showing that A* = 0. Note that
since u tends to zero at infinity, if AT < 0 then there should exist a point 2y € ¥*
such that

u(z9) = A*.
If AT =0, our claim is that u(z) > 0, for all x € X7. Thus, to verify our claim, it is

enough to show that there is no point zg € X so that u(zy) = A*. For the sake of
contradiction assume that

u(zg) = mnelg‘lf u(x).

Obviously zy # e,. Now we use the equation for u. Recall that u is a viscosity
solution of

(—A,)*u(x) =0 for z € R"\ {e,, —e,}.
As u(zp) is a local minimum for u, Lemma 2.4 implies

/ Jp(u(zo) —u(y)) dy > 0.

|20 — g +er -

We split the integral into two parts. For any y € R™ we define g := y — 2y - e,,. With
this notation we have

R A CCO RS Py AT BT WY AU R

|20 — y|"tep |20 — y|"top |20 — y|"tep
L[ B, [ ) )

s+ |20 —y|ter s+ |2 — gt
L[ B, [ ) i),

S R A S

Tulz) —ulw)) | /Jp<—u<zo>—u<y>>d

|20 — [t |20 — gl +or

= = [, aten =0 (o=~ =)
[ [ Bt =)= hlnlo) =)

|n+sp

1
— J _ d
/z+ ol (\zo— o |zo—y\n+sp) v

+/ J,(u(zo )—u|~ — Jp(— u(zo)—U(y))dy

z |n+sp

(using anti-symmetry) = /
>+

= Il +IQ

Now we aim to show that Z; < 0 and Z, < 0 so that we reach a contradiction. First,
notice that as z € X7,

20 (y—9) =2y —7Jlzo-e, > 0.
Hence,
120 — yI” = 20> + |y|* — 220 -y < |20|* + [§]* — 220 - § = |20 — G|*-

Therefore,
1 1

o=y g
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As u(zp) is the minimum of u on XF,

Jp(u(z0) —u(y)) <0 for y € BF.

Since u is not constant on X7 we arrive at the strict inequality

As

1 1
20 —y|mtP |z — g[mter

7= [ tuta) =y ) aw <o

0> At = u(z),

we have

u(z0) — u(y) < —u(z0) — u(y).

Since J,(t) is a monotone function, we get

Hence,

[Bil

[BGV]

[BMS]

[BPS]
[BPZ]
[Ca

[ChL]

1]
[DQ

[DKP]
[DPV]
[EP]
[FM]

[HLL

Jp(u(z0) = u(y)) = Jp(—ulz) — u(y)) < 0.

I, = / Tp(ulz0) = uly)) = Jp(=ulzo) =ul®)) 4 O
s+ 120 — v
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