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Equality of different definitions of conformal
dimension for quasiself-similar and CLP spaces

SYLVESTER ERIKSSON-BIQUE

Abstract. We prove that for a quasiself-similar and arcwise connected compact metric space
all three known versions of the conformal dimension coincide: the conformal Hausdorff dimension,
conformal Assouad dimension and Ahlfors regular conformal dimension. This answers a question
posed by Murugan. Quasisimilar spaces include all approximately self-similar spaces. As an ex-
ample, the standard Sierpiriski carpet is quasiself-similar and thus the three notions of conformal
dimension coincide for it.

We also give the equality of the three dimensions for combinatorially p-Loewner (CLP) spaces.
Both proofs involve using a new notion of combinatorial modulus, which lies between two notions
of modulus that have appeared in the literature. The first of these is the modulus studied by
Pansu and Tyson, which uses a Carathéodory construction. The second is the one used by Keith
and Laakso (and later modified and used by Bourdon, Kleiner, Carrasco-Piaggio, Murugan and
Shanmugalingam). By combining these approaches, we gain the flexibility of giving upper bounds
for the new modulus from the Pansu—Tyson approach, and the ability of getting lower bounds using
the Keith-Laakso approach. Additionally the new modulus can be iterated in self-similar spaces,

which is a crucial, and novel, step in our argument.

Konformisen Hausdorffin ulottuvuuden eri méaéaritelmien
yhtasuuruus kvasi-itsesimilaarisille ja CLP-avaruuksille

Tiivistelm&. Osoitamme, ettd kvasi-itsesimilaarisilla ja polkuyhtenéisilla kompakteilla met-
risilla avaruuksille kaikki kolme tunnettua konformisen ulottuvuuden mééritelméa ovat yhtenevia:
konforminen Hausdorffin dimensio, konforminen Assouadin dimensio ja Ahlforsin-sddnnollinen kon-
forminen ulottuvuus. Tamé vastaa Muruganin esittdméan avoimeen kysymykseen. Kvasi-itsesimi-
laariset avaruudet ovat approksimatiivisesti itsesimilaaristen avaruuksien yleistys. Tuloksiemme seu-
rauksena esimerkiksi Sierpinskin matolla kaikki konformisen ulottuvuuden mééritelmét antavat sa-
man arvon.

Tarkastelemme myos avaruuksia, jotka toteuttavat p-kombinatorisen Loewnerin ehdon (CLP).
Osoitamme, ettd néillakin avaruuksilla eri konformisen ulottuvuuden mééritelméit antavat saman
arvon. Todistuksissa hyodynndmme uutta kombinatorisen moduluksen magritelméé, joka saadaan
yhdistelemalld yhtaéltd Pansun ja Tysonin ja toisaalta Keithin ja Laakson moduluksien méaritel-
mid. Tamé synteesi omaa molempien méaritelmien hyviéd puolia: saamme Pansun ja Tysonin lahes-
tymistavalla modulukselle ylarajoja, ja Keithin ja Laakson l&hestymistavasta alarajoja. Olennaista
todistuksellemme on my®6s, ettd uutta modulusta voi iteroida algoritmisesti.
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1. Introduction

In this paper we study the equivalence of three different versions of the definition
of the conformal dimension. First, recall the definition of a quasisymmetry.

Definition 1.1. We say that a homeomorphic map f: X — Y is a quasisym-
metry, if there exists a homeomorphism 7: [0, 00) — [0, 00) so that for all z,y,z € X
with x # 2z, we have

d d
o) U)o ()

d(f(z), f(2)) d(z, 2)
We write X ~,, Y, if there exists a quasisymmetry f: X — Y. We say that f is an
n-quasisymmetry, if it satisfies (1.2) with this specific function 7.

We consider the effect of quasisymmetries on the a) Hausdorff dimension, b)
Assouad dimension and c) Ahlfors-regularity of the space. We briefly recall the
definitions of these. If s € [0,00), we define the Hausdorff s-content (at scale 0 €
(0,00]) of A C X as

(1.3) H3(A) = inf {Z diam(A;)*: A C | J A;, diam(4;) < 5} .

ieN ieN
For future reference, also define Hausdorff measure by
H(A) = (1$i_r>r(1) Hi(A).
The Hausdorff dimension of X can be defined as
dimy(X) = inf{s > 0: H:_(X) = 0}.

Hausdorff dimension is not stable when sequences of spaces “converge” (e.g. in the
Gromov—Hausdorff sense), and this is one reason to introduce Assouad dimension. If
A C X is a subset, let

(1.4) N(A,r)=inf{N: Jzy,...,2n, ACB(x;,r)}.

Define the Assouad dimension in terms of the scale-invariant asymptotic behaviour
of this quantity.

dimy(X) =inf{s > 0: 3C > 0,VR>r > 0,Vz € X, N(B(z,R),r) < CR°r*°}.

Finally, a special setting, where dimy(X) = dimg(X) is when X is Ahlfors
regular for some ) > 0. We say that X is ()-Ahlfors regular, if there exists a Radon
measure 4 on X and some constant C' > 1, with

Cr% < u(B(z,r)) < Or%.

for every z € X and r € (0,diam(X)). In this case, @ = dims(X) = dimg(X).
Even if the space is not Ahlfors regular, we always have the inequality dimg(X) <
dimy4(X), where the inequality may be strict. Further, while not every space is @-
Ahlfors regular, spaces often can be deformed into such. A more detailed discussion
on this and the three notions of dimension, as well as conformal dimension in general,
is given in [18, Chapter 2.

An example of a quasisymmetric map is the identity map (X,d) — (X, d’), for
0 € (0,1). Such a map increases all of the three notions of dimension. It is consider-
ably harder to decrease dimension, and one is led to defining three quasisymmetric
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invariants.

Conformal Hausdorff dimension dimey(X) = inf{dimg(Y): X ~,, Y}
Conformal Assouad dimension dimes(X) = inf{dim4(Y): X ~,, Y}
Ahlfors regular conformal dimension dimeagr(X) = inf{@ = dimy(Y): X ~, ;. Y,

Y is @Q-Ahlfors regular}.

The first of these was defined in [21], while the final one was used in [6]. The Assouad
variant appeared already in [15].

In general, dimey (X) < dimea(X) < dimeagr(X). For uniformly perfect spaces
dimear(X) = dimea(X), see [18, Proposition 2.2.6.] and [12, Chapters 14 and 15].
The relationship between dimey(X) and dimes(X) has so far not been studied in
detail, beyond giving simple examples such as the following, when they are not equal.

Example 1.5. Let X = Z x R. The conformal Assouad dimension can only
drop under blowing the space down, and thus dimca(X) > dimga(R?) = 2. The
latter follows since the topological dimension of the plane is 2, and the Hausdorff
dimension is always greater than the topological dimension. However, dimgoy(X) =

If we set X =Z x RUR x Z, we can even make X connected without altering
the previous argument. It is possible to make the space compact and connected as
well: Let X = ({2: n e N}U{0}) x [0,1] U[0,1] x ({2: n € N} U{0}). In this case,
a blow-up of the space is R2.

Assouad dimension involves a scale-invariant quantitative condition, while Haus-
dorff dimension is merely a qualitative statement on the dimension of the space.
Further, as the previous example indicates dime4(X) has stability properties under
limits, while dimoy(X) does not. This means, that one may only hope for their
equality in the case where one assumes some form of self-similarity. Consequently
Mathav Murugan asked if the different definitions of conformal dimension agree for
self-similar spaces [19]. This question is quite natural, since many well-studied ex-
amples have self-similarity: iterated functions systems of finite type [20], Julia sets of
rational maps equipped with a visual metric [4] and boundaries of Gromov-hyperbolic
groups equipped with a visual metric [16].

Our main theorem answers this natural question in the affirmative. The notion of
quasiself-similarity is given in Definition 2.4, and (to our knowledge) was introduced

in [7].

Theorem 1.6. Let X be a compact quasiself-similar metric space, which is
connected and locally connected. Then,

dlmCH(X) = dll’IlCA(X) = diIIlCAR(X).

As stated, the equality dimea(X) = dimeag(X) for uniformly perfect spaces was
already known, and follows directly from [18, Proposition 2.2.6]. Our contribution
is to prove dimey(X) = dimea(X). Indeed, this equality has many further conse-
quences. One may define a zoo of other conformal dimensions, such as: conformal
upper and lower Minkowski dimension, conformal packing dimension,... Since these
dimensions lie between the Hausdorff dimension and the Assouad dimension, one gets
equality for the corresponding notions of conformal dimension as well. Indeed, our
results here clarify a central point of ambiguity in much of the literature on conformal
dimension, where the equality of the different notions is not addressed, but rather
avoided and bypassed.
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The only other result, which states equality of dimey(X) with dimear(X) =
dimea(X) is that of [24, Theorem 3.4] and [21, Proposition 2.9.], which apply when
X is @-Ahlfors regular and possesses a curve family with positive continuous Q-
modulus. We will discuss this further below. We are not aware of any other instances,
where equality of all notions has been shown.

A concrete corollary of Theorem 1.6 is the following new result. The n-dimensional
Sierpinski sponge M,, is obtained by iteratively subdividing the side of an n-dimen-
sional cube by three, and removing the central cube.

Corollary 1.7. Let n > 2. If M, is an n-dimensional Sierpsinski sponge, then
dlIIlCH(Mn) = dlch(Mn) = dichR<Mn>.

We will also give a result for non-self-similar spaces, where self-similarity is re-
placed with the combinatorial Loewner property (CLP) from [5, 9]; see Section 4 for
a definition. It is worth noting, that this assumption usually is verified in the self-
similar setting, and thus is not so much more general than Theorem 1.6. We present
this here, since the argument for it is a bit simpler than for the general self-similar
case. Further, it is worth to record a proof for this result here, since the developed
tools may be useful in tackling the question of Kleiner, which asks if self-similar
combinatorially Loewner spaces are quasisymmetric to Loewner spaces; see [16] for
further background and the question.

Theorem 1.8. Let p € (1,00). Let X be a compact, doubling and LLC space,
which is p-combinatorially Loewner metric space. We have

dlm(;H(X) = dlmCA(X) = dimCAR(X) =p.

We note that Corollary 1.7 would also follow from this result, since Sierpinski
sponges are p-combinatorially Lowener spaces; see the proofs in [5]. In the course
of the proof of Theorem 1.8 we will present some stronger results for CLP spaces in
Section 4. In fact, while the statement dimey(X) = p is qualitative, we will give a
quantitative statement, Proposition 4.9, which gives a lower bound for the Hausdorff
measure of the images of balls under quasisymmetries. This inequality may be useful
in other settings as well, and is a generalization of an inequality which appeared in
the work of Heinonen and Koskela [13, Theorem 3.6]. We next describe the main
idea of the proof.

The key tool in a majority of the research on conformal dimension is a notion
of modulus—in particular discretized versions of moduli of path families. These
generalize the notion of continuous modulus (later, often, modulus), see e.g. [11,
12, 14| for background. Our proof is also based on defining a new type of discrete
modulus—or rather, discrete admissibility—and relating it to conformal Hausdorff
dimension. At this point, there are several variants of discrete modulus, each with
its own setting and application see e.g. [21, 24, 15, 8, 23, 19, 17, 1]. (There are also
other notions, such as trans-boundary modulus, see e.g. [22, 3|, but these are not
relevant for our discussion here.) We will not discuss all these moduli here, but will
focus on those which motivate our approach.

The motivation for our argument and notion of modulus comes from a result
of Pansu [21, Proposition 2.9.], whose dual formulation' was given by Tyson in
[24, Theorem 3.4|. Tyson shows that if X is a @-Ahlfors regular metric measure

LAs a side note, we remark that Pansu considers measures on families of curves, while Tyson
uses the notion of curve modulus in [24]. These two notions are roughly dual to each other, see e.g.
[2, 10] for more precise statements.
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space, and if it possesses a family of curves I' with positive continuous modulus,
then dimey (X) = Q. The proof of Tyson uses the discrete ()-modulus as introduced
by Pansu in [21]. To be very brief, this modulus is defined using a Carathéodory
construction and involves discrete sums. One shows, both in [21] and [24], that the
discrete ()-modulus is bounded from below by the continuous ()-modulus. Further,
the discrete modulus, up to a variation of parameters, is invariant under quasisym-
metries. The final nail in the coffin of the proof is that if dimgy(Y) < @, then the
discrete @)-modulus vanishes on Y. Consequently, a family of curves with positive
continuous ()-modulus obstructs lowering the dimension of X by a quasisymmetry
below Q.

The previous proof relies heavily on the fact that we can use the notion of con-
tinuous modulus to give a lower bound for discrete modulus. In many settings, such
as the Sierpiniski sponges mentioned above, the continuous moduli of all curves van-
ishes. Thus, we lack this lower bound, and we need to find a way around this by
giving a lower bound using a different quantity. In the quasiself-similar setting, and
in the combinatorially Loewner setting, we can obtain this lower bound by slightly
different mechanisms—and by employing a different modulus.

In the work [15, 8, 19|, the inability to lower the dimension can be converted to
a lower bound on some moduli—see Theorem 3.5 for a precise statement. Thus, one
can use their result to obtain a lower bound for a different discrete modulus, which
we call the Keith-Laakso modulus and which is defined in Subsection 3.1. In the case
of combinatorially Loewner spaces, the setting is a bit simpler and the lower bound is
obtained directly by the assumption that the space is combinatorially Loewner [5, 9]:
see Definition 4.1.

At this juncture, we have two moduli: the Keith—Laakso modulus and that of
Pansu and Tyson. For the first we can obtain lower bounds. For the second, one can
show upper bounds. Indeed, for Pansu and Tyson, the notion of discrete modulus
is such that it is very easy to prove that if dimy(Y) < @, the discrete modulus
vanishes. In the absence of ()-Ahlfors regularity, it is harder to give lower bounds for
the modulus of Pansu and Tyson. On the other hand, for the Keith-Laakso modulus,
one lacks the ability to give good upper bounds and thus to directly say that the
discrete modulus vanishes if one has Hausdorff dimension lower than ().

The reason for this inability is the following technical, but crucial, point. The defi-
nition of Keith—Laakso modulus can be summarized as assigning a value Mod{f Lr,u
for a specific curve family I and a cover U of X, which [5] calls a k-approximation
at some level r. The key feature of their k-approximations is that all sets in U have
roughly the same size. (See Subsection 2.4 for details.) This is also a key differ-
ence with the work in |21, 24|, since there the Carathéodory construction involves
arbitrary covers.

Similarly, Assouad dimension involves covering the space by balls of the same
size, whereas Hausdorff dimension involves coverings by sets of various sizes. To
give estimates for Hausdorff dimension, we need to allow arbitrary covers in the
definition of discrete modulus. We bridge this gap, by introducing a new notion of
modulus Mod,,(I',if) which lies between those of Pansu and Tyson in [21, 24] and
Keith, Laakso and others in [15, 8 19]|. First, we get more flexibility by allowing
arbitrary covers U that consist of balls (or, in general, sufficiently round sets). This
forces us to introduce a new admissibility condition, to address several key technical
issues. Similar to Pansu’s discrete modulus, we can show that if dimg(Y) < @, then
this modulus is very small for a given cover. Further, in the self-similar and CLP
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space settings, we can relate the Keith—Laakso modulus and the new modulus to
each other.

For combinatorially Loewner spaces, the story is easier to finish. One can bound
Mod, (T, U) from below using the Keith-Laakso modulus, which in term has a lower
bound from the combinatorial Loewner assumption. This estimate is given in Propo-
sition 4.4. This gives a contradiction to the previous paragraph’s conclusion of
MP(F,Z/{ ) being small. In fact, this argument is somewhat easier to discover, and
it served as a starting point for this paper and project. For this reason we also
include the argument in this paper. Quickly, however, the author realized that a
more technical version of the argument could be applied for general quasiself-similar
spaces.

For quasiself-similar spaces the argument is a bit different. Instead of directly
using a lower bound, we use the fact that the ability to lower dimension gives an
upper bound. Indeed, if there is a quasisymmetric map f: X — Y and if Y has
small Hausdorff measure, then we obtain a quantitative statement on moduli of
annuli, see Lemma 5.2 and Proposition 5.23. Our quantitative statement can be
converted algorithmically by using iteration to a statement on the smallness of the
Keith—Laakso modulus. This allows us to prove the equality dimea(X) = dimey (X)
for quasiself-similar spaces by using the result of Carrasco-Paggio, which we state
below in Theorem 3.5. The iteration is algorithmic, but quite technical. The basic
step of the iteration involves ideas from the proof of the result for CLP spaces. We
will describe it in more detail in Subsection 5.2.

1.1. Outline. We will present some general terminology in Section 2. Then, in
Section 3 we introduce the different notions of discrete modulus needed in this paper,
and present some known results on their relationships with the conformal dimension.
For technical reasons, we will use mostly a variant of this modulus, the Bourdon—
Kleiner modulus defined in [5], instead of the Keith-Laakso modulus. However, we
will relate the two moduli to each other. In Subsection 3.4, we give the new modulus
that is key to the approach of this paper. In Section 4 we focus on CLP spaces.
There, we prove Theorem 1.8, which is the equality of the definitions of conformal
dimension for CLP spaces. In the process, we give some useful stronger results on
discrete moduli, and precise quantitative estimates, which hold for CLP spaces. In
Section 5 we focus on quasiself-similar spaces. There, we study moduli of annuli, and
give a push-down algorithm to adjust the scale of covers. This is then used to give a
relationship between the two moduli used. Finally, in Subsection 5.4 we collect the
pieces and complete the proof of Theorem 1.6.

2. Notation and basic properties

2.1. Basic terminology. A compact metric space X is equipped with a metric
denoted by d, and open balls within it are B(z,r) := {w € X: d(z,w) < r} for
z € X,r > 0. An inflation of a ball B = B(z,r) is denoted CB := B(z,Cr)
for C > 0. Note that we consider each ball as having an associated center and
radius—and it may happen that a different center and radius defines the same set.
The radius of a ball is denoted rad(B). Diameters of sets A C X will be denoted
diam(A) = sup, 4 d(a,b). A curve is a continuous map v: I — X, where X is a
non-empty compact interval in R. We often conflate 7 and it’s image set Image(y).



Equality of different definitions of conformal dimension for quasiself-similar and CLP spaces 411

Recall the definition of N(A,r) from (1.4). We say that a metric space X is
metrically doubling, if there exists a constant D > 1, so that N(B(z,r),r/2) < D
for every z € X and r > 0.

We will need some connectivity properties. A space X is called locally connected,
if it has a neighborhood basis consising of connected open sets. A metric space is LLC,
if for every x,y € X, there exists a curve 7 with =,y € v and diam(y) < Cd(z, y).

We will consider collections of balls, which are often denoted by a script letter
B. For these, we define unions by setting |JB := |Jpcz B, inflations by setting
CB := {CB: B € B} and radii rad(B) = supgegrad(B). If A is any finite set, we
denote by |A| its cardinality.

2.2. Relative distance and quasisymmetries. We need some standard
results on quasisymmetries, which we prove here simply for the sake of completeness.
See [12] for a general introduction, and in particular Poposition 10.6. therein for the
following.

Lemma 2.1. If f: X — Y is ann-quasisymmetry, then f~! is a fj-quasisymmetry
with 7i(t) = (0~ (t71) "
We note the convention that the value of 77 at zero is given by 7(0) = 0.
Proof of Lemma 2.1. Let x,y,z € Y and let 2/, ¢/, 2’ € X be such that f(2') =
z, f(y) =y, f(Z) = z. Since f is an n-quasisymmetry, we have
W) ()
d(f ('), () (', y')

Taking reciprocals and an inverse function, we get

d(w.y) _ (o (d(f(x’>,f<y'>>)1 B
d(z, z) ~ d(f ("), f(z)) '
Replacing f(2'), f(y/), f(=') with 2, y, z and ', /, = with f~1(x), f~1(y), f~(2) yields
that f~! is an 7j-quasisymmetry. 0

Let X be a complete metric space. A continuum E C X is a compact connected
set. A continuum is non-degenerate, if it contains more than one point. We define
the relative distance between two non-degenerate continua F, F' as

d(E, F)
min{diam(FE), diam(F)}

A(E,F):=

The following Lemma is also standard, see [12, proof of Proposition 10.8|.

Lemma 2.2. Let f: X — Y be an n-quasisymmetry and let E, F' be two non-
degenerate disjoint continua in X. Then,

1
on(A(E, F) 1) SA(f(B), f(F) <n(2A(E, F)).

Proof. Assume by symmetry that diam(FE) < diam(F). Let x € E and y € F
be such that d(F,F) = d(z,y). Choose u € E, v € F so that d(z,u),d(y,v) >
diam(F)/2. This is possible by connectivity. Then, we have

=8

(z,9) d(y, x)
@.u) < 2A(E,F) and (.0) < 2A(E,F).

U
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Let 2/ := f(x), v = f(y), v = f(u), v/ = f(v) be the image points in Y. We
have, since n is increasing and since f is an n-quasisymmetry:

d(x,y

ASE) ) < dte'f) < (G2

d(x,u)
Similarly,

AE) ) < dly') < (G2 ) ) < 4 (2A(E, F) diun( ().

The previous two inequalities combine to gives the inequality:

B d(f(E), f(F))
AUE) JE) = it dam(F(B)). diam(F(F))

Applying this to the inverse f~!, which by Lemma 2.1 is an f-quasisymmetric map,
yields the other inequality of the claim. O

) d(z',v') <n(2A(E, F))diam(f(E)).

<1 (2A(E, F)).

The following lemma will also prove useful on a few occasions. Note that the
additional assumption on the existence on y € B(x,r) is automatically satisfied if X
is connected and r < diam(X).

Lemma 2.3. Let f: X — Y be a quasisymmetric map and let B(x,r) be a ball
in X for which there exists a y € B(x,r) with d(x,y) > r/2. Then, for every L > 1,
we have

f(B(z, Lr)) € B(f(x),n(2L)d(f(x), f(y)))-
Proof. Let z € B(x, Lr), and apply the n-quasisymmetry to the triple of points

x,y, z. This gives
d(f(2). f(2)) _ (d(w)
d(f(x), f(y)) — " \d(z,y)

Consequently, we get the claim from

d(f(x), f(2)) < n(2L)d(f(z), f(y)).

) < n(2L).

O

2.3. Quasiself-similarity. We define a notion of quasiself-similarity. This is
motivated by the notion of approximate self-similarity discussed in [5].

Definition 2.4. We say that a compact space X is quasiself-similar, if there
exists a homeomorphism 7: [0,00) — [0,00) and a constant 6 > 0 so that for
B(z,r) C X there is a n-quasisymmetry f: B(z,r) — U,, where U,, C X is
an open set with diam(U,,) > ¢ diam(X). We also say that X is n-quasiself-similar,
if this property holds for a given function 7.

The principal advantage of defining quasiself-similar spaces is that they are more
general than approximately self-similar spaces. Further, quasiself-similarity is an
invariant under quasisymmetries: if X is quasiself-similar and ¥ ~,, X, then Y is
also quasiself-similar. The same fails for approximate self-similarity.

Quasiself-similar spaces are quite general. They include attractors of iterated
functions systems of finite type [20], Julia sets of rational maps equipped with a
visual metric [4] and boundaries of Gromov-hyperbolic groups equipped with a visual
metric [16].

We recall the following result |7, Proposition 2.9.].

Lemma 2.5. If X is a compact quasiself-similar space, which is connected and
locally connected, then X is LLC.
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2.4. rk-approximations. We introduce some terminology on approximations.
Throughout this paper, U« and V will denote finite collections of open sets.

Definition 2.6. Let x > 1. A finite collection of open sets U of a metric space
X is called a k-round collection, if for every U € U there exists a zy so that

B(zy,k 'ry) C U C B(zy,mv),

where ry = sup{d(zy,x): x € U} > 0. If further there is some r > 0, so that ry =r
for every U € U, we call U a k-round collection at level r.

From here on out, if U is any open set and 2y € U has been fixed, we define
ry = sup{d(zv,z): x € U}.

Definition 2.7. Let k > 1. A k-round collection of open sets U of a metric
space X is called a k-locally bounded collection, if there exist zyy € U for every U € U
for which Definition 2.6 holds and for which moreover the following two properties
hold.

(1) The balls {B(zy, x 'ry), U € U} are pairwise disjoint.
(2) Forevery L > 1, there exists a constant x, so that if B(zy, Lry)NB(zy, Lry) #
(0, then ry < kpry.

If U also covers X, then we call it a k-approximation. If further there is some
r > 0, so that rpy = r for every U € U, we call U a k-approximation at level r.

Let rad(U) = sup{ry: U € U}. A standard way to obtain a k-approximation is
the following. Let r > 0. A set N C X is called r-separated if for all z,y € X we
have d(x,y) > r. A maximal r-separated set is called an r-net. Given any r-net N
in a connected space X, with r € (0, diam(X)/2), it is straightforward to show that
the collection U = {B(x,2r): © € N} is a k-approximation at level 2r with ry = 2r
and zy = x for every U = B(z,2r) e U, and k = 2,k = 1 for all L > 1.

We note that we have made some adjustments in the notation and terminology
to bridge small differences in the literature, and in order to connect more directly to
our work. The following remark explains some of these choices and how the other
definitions/concepts can be expressed in our framework.

Remark 2.8. We briefly explain the relationships between different definitions
used in [15, 8, 19, 23] and [5]. In the first four of these, one takes o« > 2 and considers
a sequence Nj of a™* nets and a parameter A > 1, and defines graphs G,, whose
vertex set is Ny, and with edges v, w if B(v, \27%)N B(w, A27%) # ). In our case, this
would correspond to the s-approximation given by U = {B(v,\27%)}, and setting
k = 2X. Doing so, the incidence graph associated to U is isomorphic to that of G,,.
This isomorphism is relevant in Section 3, since we will define discrete moduli using
incidences of sets in U, while in [15, 8, 19, 23| the moduli are defined in the graphs
G,,. Since these two graphs are isomorphic, the relevant notions of moduli coincide.

On the other hand, compared to [5] we use a slightly more general framework of
arbitrary s-approximations. This is because we wish to ensure the quasisymmetry
invariance of our definitions. In [5], one only uses k-approximations at a given level
r (and defines them slightly differently).

Let V be a k-round collection in X, and let f: X — Y be a quasisymmetry. Then
define the image collection f(V):= {f(V): V € V}. We then have the following.



414 Sylvester Eriksson-Bique

Lemma 2.9. Let V be a k-round collection in a space X and if f: X — Y is an
n-quasisymmetric map, then f(V) is a x’-round collection with k' = 2n(k). Moreover,
if V is a k-approximation, then f(V) is a x'-approximation with k' = 2n(k).

Proof. For every V € V let zyy € V,ry > 0 be the center and radius specified in

Definition 2.6. Define zf) = f(2v) and ryy = sup{d(y, f(zv)): y € f(V)}.
Suppose first that V is k-round and let ' = 2n(k). We will show that V' is
k’-round, that is, we prove

(2.10) B(zpwy, &' p)) © F(V) C Blzpwy, mv))-

The second of these inclusions follows from the definition of r4y). Now, let y €
B(zpvy, & 'rpy), and let b € X be such that f(b) = y. By the definition of sy
as a supremum, we can choose a point w € f(V) so that d(w, zyvy) > 27 'r . Let
¢ € V be such that f(c) = w. Since f is a quasisymmetry, we get

K’/Q — 2_1Tf(v) < d(Zf(V)7w> < (d(ZV,C)) .
Krpy T d(zpy,y) T \d(zy, D)

Thus,

d(zy,b) < d(zy,c)n (K /2) "t <ryrt
Therefore b € B(zy,ryk) C V and y € f(V). This yields the first of the inclusions
in (2.10). Thus, f(V) is k'-round.

Let us know assume further that ) is a k-approximation. Indeed, it is x-locally
bounded and covers X. Clearly f(V) covers Y. Thus, it suffices to prove that f(V)
is k’-locally bounded.

The proof above showed in fact that

(211) B(Zf(v), /ﬁlilrf(v)) C f(B(Zv, /ﬂ?ilrf(v))).

Thus, the balls {B(zsv), K 'rs)): V € V} are pairwise disjoint. Therefore, we are
left to show that for every L > 1 there exists a x/, so that if

B(zpvy, Lryevy) 0 B(zpwy, Lrpw)) # 0

for some U,V €V, then ¢y < K7y This is obtained by first finding an L' > 1
so that B(zy, L'ry) N B(zy, Lry) # 0, which yields an estimate for d(zy, zy) in terms
of ry, and then using the quasisymmetry to translate this into a bound for 7 in
terms of 7.

Let w € B(Zf(v),LTf(V)) N B(Zf(U),LTf(U)) and let u € B(Zf(U),Tf(U)),U S
B(zfvy,rvy) be points with d(u, z¢w)) > r¢w)/2 and d(v, zpvy) > r¢y/2. The
points u, v exist by the definitions of ry),rpy. Let a € X, by € U, by € V points
so that f(a) =w, f(by) =u, f(by) =v.

By Lemma 2.1, the map f' is a f-quasisymmetry, with 7(¢) = (n72(¢71))~". By
the quasisymmetry condition applied to the three points by, a, zy, we have

_(d(w, zy1) N
dtw,0) <71 (G20 ) de ) < 2L
d(u, Zf(U))
Thus, a € B(zy,7(2L)ry). Similarly, we get a € B(zy,7(2L)ry ). Consequently
(2.12) a € B(zy,n(2L)ry) N B(zy,n(2L)ry).

Therefore, since U is locally bounded, there exists a constant rj2r) for which

(2.13) 7(2L) 'ry < ry < Kjenry.
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From (2.12) and (2.13) we get
d(zu,2v) < d(zy,a) + d(zv,a) < 9(2L)(1 + Kien))rv.
We have zy € B(zy,7(2L)(1 + Kj2r))rv). Again, by Lemma 2.3, we get that
zrwy = f(2v) € B(zpovy, n(20(2L) (1 + Kir)))riw))-

In particular,

(2.14) d(zrwy, 2vy) < n(20(2L) (1 + Kiar)))7p(v)-
We also have 2y € B(zy, s 'ry), and thus
(2.15) d(zy, 2v) > K 1y

Finally, apply the n-quasisymmetry to the points zy, zy and by and use (2.15)
to give

) d(zfv), u) (d(ZU, by) ) (H?"U)
2.16 < <p (82000 o (BT .
(2.16) 24z 270)) — Ao za) NG ) ) = T\ ) )
Thus, by applying (2.14) we get

rrwy < 2n(k)n(27(2L0) (1 4 Kar)))Trv)-

This is the desired estimate with 7 = 2n(k)n(27(2L)(1+4 k4(2r))) and yields the local
boundedness. O

3. Discrete moduli

3.1. Discrete modulus of a collection. We will define all the relevant discrete
moduli in this section. First, we define a discrete modulus of a collection of discrete
subsets. Let U be a x round collection and let P be a collection of subsets of . (In-
deed, in general U could be any finite collection of objects, but in our application, we
will restrict to such collections.) We say that p: U — [0, 00) is discretely admissible
for P, and write p Ay P, if

> p(U)>1, foral PeP.
ueP
Define the discrete modulus by

The sum on the right will often also be called the p-energy of p.

We recall some basic properties of modulus, whose proofs are standard. For
similar arguments, see e.g. [11, Section 1]. The existence of minimizers follows di-
rectly from the fact that &/ must be finite, and the optimization is done in a finite
dimensional space.

Lemma 3.1. Let U be a k-round collection of X and let p > 1.
(1) Monotonicity: If P C P’ are two collections of sets, then

Mod? (P,U) < Mod,(P",U).
(2) Sub-additivity: If P, P" are two collections of subsets, then
Mod? (P U P, U) < Mod (P',U) + Mod? (P, U).
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(3) Majorization: If P,P" are two collections of subsets so that every set P € P
contains a subset in P’, then

Mod (P,U) < Mod,) (P',U).

(4) Existence of minimizers: If X is compact, then there exists a p Ny P with

D
Mod? (P,u) = > p(U)".
veu
In what follows, since these properties are so standard, we will often simply apply
these facts without explicit reference to this Lemma.

3.2. Modulus of annulus. Let B be a ball in X and L > 1. Consider a
r-round collection Y. We say that P = {Uy,...,U,} C U is a (U, B, L)-path, if
UNB#0, U,NX\LB#0Qand if U;NU;1 #Dforalli=1,...,n—1. Let Pyp.r
be the collection of all (U, B, L)-paths.

Then, we define the Keith—Laakso modulus as

ModX [, (B) := Mod? (Py.p.1,U).

This notion of modulus coincides with that of [15, 8, 19] if we use the collection U
indicated in Remark 2.8.

In [5], a slightly different form of modulus is obtained by using a more restrictive
admissibility constraint. Note that this modulus is defined for collections of curves,
while the previous one is only defined for balls (and corresponds to a family of objects
which traverse an annulus). Let I' be a family of curves, and let Pr = {P,: v € T'},
where P, = {U e U: UN~ # 0}. We define the (Bourdon-Kleiner) modulus of the
curve family as

Mod,,y(I") = Mod? (Pr,U).
We relate the two moduli via the following lemma. This justifies using the
Bourdon-Kleiner modulus, instead of the Keith-Laakso modulus in the context of
conformal dimension, see Theorem 3.5. Let I's 1, be the collection of curves v con-

necting B to X \ LB. In the statement the symbol ~ means that the two quantities
are comparable, by a constant that just depends on the quantity L and the space X.

Lemma 3.2. Suppose that X is compact, metrically doubling and LLC. Then,
for any k-approximation U, any ball B C X and any L > 1, we have
Mod,y(Tp,L) ~ Mod) [, (B).
Proof. We have Pr C Py pr, where I' = I'p . From the definition of the
modulus, and Lemma 3.1 it is thus direct that

Mod,y(T'p,) = Mod? (Pr,U) < Mod? (Py,p,.,U)) = Mod) [, (B).

For the other direction of the proof we need the assumptions of X being LLC and
metrically doubling. Let X be C-LLC and D-metrically doubling. Next, let p Ay Pr
be arbitrary. We will define another p so that p Ay Py . and so that

(33) S THUP <M pUy

for a constant M depending on C', the local boundedness constants and D. From
these the claim of the Lemma follows by taking an infimum over all p Ayy Pr. The
rest of the proof consists of defining p, showing (3.3) and proving p Ay Pup.L.
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We do a small preliminary estimate. Fix V' € U and any constant S > 1 and let
Uys={U eU: UN B(zy, (1 +25)ry) # 0}.
If Uy,Us € Uy g are distinct, we have by local boundedness
(3.4) /ﬁzl_jzsrv <1y, Ty, < KitesTv.

Thus, the balls B(zy,, vk o9k ") are disjoint for ¢ = 1,2 and are contained in
B(zv, (1 + 2S + 2k1195)ry). Thus, by metric doubling, there are at most D™ sets
contained in Uy g for any V' € U as long as 2™ > 4kki405(1 + 25 + 2K1199).

We will next consider Uy ¢. Let L = 14K1490(1+2C). Choose k,l € Nwith [ < k
and so that 4kkq1o0(1+2C+2k142¢0) < 2! and so that dkkyop (1+2L+2K1401) < 2F.
By the argument after (3.4) with S = C, we have that |Uy.c| < D' < D*. Let

p(V) = D max{p(U): U € Uy c}.

For each V € U choose a Uy € Uy, so that p(V) = D*p(Uy)P. Let LN{U,C ={V e
U: Uy = U}. For every V € Z;IUC, we have Uy = U and thus U € Uyc. Thus
B(zy,rv) N B(zy, (14 2C)ry) # 0, and V C B(zy,ry) C B(zy,rv + (1 + 2C)ry).
Consequently, from using (3.4) we get V N B(zy, (1 + K1120(1 4+ 20))ry) # 0. In
particular, we have Z;{Ug C Uy . Thus, we have by the argument after (3.4) with S
replaced with L that [Uyc| < DF.

Let P = {Uy,...,U,} € Pyupr. Define a sequence of points (z;)/1]' as follows.
Let x| € UlﬂB,an € UnﬂX\LB, and let x; € UimUi,1 for i = 2,77, Since X
is C-LLC, we can find curves ~; connecting x; to x;,1 with diam(~;) < Cd(x;, x;41) <
Cdiam(U;) fori = 1,...,n. Let v be the concatenation of v;. We have that v € I' .

Now, let P, ={U e Ud: UN~ #0}. We have

> ) =1,

UeP,

since p Ay Pr. Now, for each U € P, we have some ¢ = 1,...,n so that U N~; # 0.
Therefore, we have d(U, U;) < C' diam(U;) < 2C'ry,. Thus, U € Uy, ¢ for some i. Let
P,; = Uy, c N P,. Since Uy, c| < D*, we get

O ()
UEP»YJ'
Summing these, we get

1< pU) <Y > pU) <> AU,

UeP, i=1 UEP,; i=1

Thus, p A Py p,1, since P was arbitrary.
Finally, we show (3.3) for M = D*(+?)_ We have by the size bound for Uy ¢ that

S <Y Y vy < Y DDy < DK Y oy, O

veu Vel vty o veu Ueu

3.3. Relationship to conformal dimension. The proof of the main Theo-
rem 1.6 is based on the following Theorem of Carrasco-Piaggio. An interested reader
may see also [23] and [19] for slightly different versions and proofs of this statement.
We have used Lemma 3.2 and Remark 2.8 to reformulate the theorem using our
notion of k-approximations and moduli.
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Theorem 3.5. |8, Theorem 1.3] Suppose that X is a compact, metrically dou-
bling LLC space, and let U;, be k-approximations at level 27%. Then

dimcag(X) = inf {Q > 0: liminf sup MOdQ,Mm+k(FB(z,2—k),2) = 0} )

m—=00 »cX,k>0

3.4. New discrete modulus. In this subsection, we introduce a new notion
of modulus, which allows for an arbitrary x-round collection U, which may or may
not be a k-approximation. Indeed, formally we shall permit that the collection even
fails to be a cover. This brings the definition closer to that considered by Pansu and
Tyson in [21, 24|. We note that it may be interesting to study more carefully the
relationships between their modulus and the one presented here. However, since it
would be a side track in the present paper, we do not pursue this here.

Definition 3.6. Fix 7 > 4. Let U be a x-round collections of open sets of X,
and let T' a family of sets in X. We say that p: U — [0,00) is strongly discretely
T-admissible for I', and write pA,y I, if for every v € IT' there exists a collection
U, C U with the following properties:

i) {B(zu,1ry): U € U, } is pairwise disjoint;

i) UNvy #0 for all U € U,; and

iii) we have
> pU) =1,
Ueld,
Define
M = i P,
ody, (0,U) = inf > p(U)
Y Ueu
The new modulus is an upper bound for the discrete modulus defined before,
when the collections are roughly at the same level.

Proposition 3.7. Let k € N. Assume that X is metrically doubling, and that
k > 1, 7 > 4. There exists a constant C' > 0 so that the following holds for r > 0.
Suppose that U is a k-approximation at level r and V is a k-round collection with
klr <ry <rforevery V € V. IfT is a collection of curves in X, then

Mod, 4(I') < CMod, (T, V).

Proof. Since X is metrically doubling, and by an argument similar to that in
Lemma 3.2, there is a constant D so that each U € U intersects at most D pairwise
disjoint sets in ). Similarly, for each V' € V there are at most D many U € U with
Uunv #4§.

Without loss of generality, assume that Mod,,, (T, V) < co. Let p A,y I be any
admissible function so that

> BV < oo

Vev
For each U € U, define

p(U)=Dmax{p(V): UNV £0,V € V},
if there exists some V € V with U NV # (). If there does not exist any V' € V with
VU #0,set p(U) =0.
For each U € U, for which it is possible, choose one Vi; € V so that U NV # 0

and p(U) = Dp(Vy). Let Uy ={U e U: Vy =V} for V € V. We have, by the first
paragraph of the proof, that |Uy| < D.
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We claim that p Ay Pr. Let v € I' be arbitrary. Let V., C V be the collection,
where each set intersects v and such that the collection {B(zy,7ry) : V € V,} is

disjoint with
d V)= 1.

Vev,

Let U, :=={U e U: U N~ # 0}. Since U is a cover of X, for each V € V., we may
choose a UY € U so that UN (V N~y) #0. Foreach U € U, let V,y ={V €V, :
UV = U}. This means that

(3.8) v,c v

Ueu,

We also have by the first paragraph of the proof that |V, | < D for every U € U,.
Thus, for every U € U, we have

(3.9) p(U)= > (V).

By applying (3.8) and (3.9) we get:

D)= >, Y V)= ) p(V) =1

UnNvy#0 Unw#0 VeV, u Vev,

Note that U = |J ., Uy. By using this, we estimate the p-energy of p using the
bound [Uy| < D for every V € U.

DpUP <> D pUP <> DUy [p(VIP <Y DPHR(VP.

veud VevUely Vey BeB

Thus, the claim holds for C' = DP*! after we take an infimum over p Ay T 0

One of the benefits of this notion of modulus, is that we can give simple bounds
for it in terms of the Hausdorff measure of the space. The following will be an
example of such a bound that will be useful for us. Recall the definition of Hausdorff
content Hj from (1.3).

Proposition 3.10. Let k > 1,7 > 4, R,r > 0. Let X be any connected
compact metric space, and suppose that I' is a family of curves, where each curve in

I’ is contained in a ball B(x, R) C X and has diameter at least r. Then, for every
€ (0,1),0 € (0,diam(X)/2) there exists a k-round collection V for which

(207)PHE(B(z, R)) + €

rP

Mod, (T, V) <

Y

and supy.cy, ry < 6 and each ball in V intersects B(z, R) as well as some curve in I'.

Proof. Fix ¢ > 0. From the definition of Hausdorff content in (1.3), and by
replacing each set in the cover by an enclosing ball, we can find a covering V of
B(z, R) by balls V = B = B(zy,ry) with r, < § so that

Z diam (V)P < 2PHY(B(x, R)) + (107)Pe.

Moreover, by possibly making the collection smaller, we assume that each ball V' € V
intersects B(x, R) and some curve in I'. This modified collection still covers every
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curve v € I'. Now, V is k-round with k = 1. Let p(V) = 107 diam(V")/r. We have
by the choice of V and p that

D p(V)P <> (107)P diam(V)Pr P <

Vey Vey

(207)PHE(B(z, R)) + ¢ .

rp

Therefore, the claim will follow once we show that pA;yI'. Let v € I We need
to find a collection V, so that the properties i, ii and iii from Definition 3.6 hold.
Since V is a cover of 7, we have that {B(zy,7ry)} is a cover of v. Applying the 5r-
covering lemma, we get a finite subcollection V, C V so that i) {B(zy,mry): V € V,}
is pairwise disjoint, ii) so that YNV # () for all V' € V, and so that we have that
V' ={B(zy,51ry): V € V,} is a covering of 7. Note that

diam(B(zv, 57ry)) < 10771y < 107 diam(V') = p(V)r.
Since the balls {B(zy,57ry): V € V,} cover v, we get

Z p(V) > Z diam(B(zy, 57ry))/r > diam(y)/r > 1.
Vev,Vy#£D vey!

Thus, pA,yI" and the claim follows. O

The new notion of modulus is also invariant under quasisymmetries, except for
adjusting the 7 parameter. In the following, if I' is a collection of curves in X and
f: X = Y is a homeomorphism, we write f(I') = {f o~:~y € T'}. The opposite
inequality can be obtained by adjusting 7, and applying this lemma to the inverse
mapping 1.

Lemma 3.11. Let 7 > 4 and let f: X — Y be an n-quasisymmetry. If V is a
k-round collection, and if I' is any collection of curves in X, then

MOdp,T(F7 V) < MOdp,maX{ll,T](T)}(f(F)? f(V))
Proof. Let 7" = max{4,n(27)}. By Lemma 2.9, we have that f(V) is a x’-round

collection for some x'. Let pAy o) f(I'). Define p(V) = p(f(V)) for V€ V. We
clearly have

vey Vef(v)
Thus, the claim will follow, if we can show that pA; I
In the following, elements of f(V) will be written as f(V'), where V € V. Let
v €. Then, fory € f(I') and, since pA s f(I'), there exists a collection Uy, C
f(V) so that
i) {B(zpvy, T'rrevy) s f(V) € Up(y)} is pairwise disjoint;
ii) f(V) intersects v for every f(V') € Us;

iii) we have
. opU) =1
Uely()

Let U, = {V € V: f(V) € Uy }. We need to check the three properties from
Definition 3.6 of pA; yI™:

a) {B(zv,Try): V € U,} is pairwise disjoint;

b) V intersects v for every V € U,;

c) we have
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From these, b) and ¢) follow immediately from the properties ii) and iii) above.
By Lemma 2.3, we have

f(B(zv,1rv)) C f(B(zvy), n(27)75(v)),
for every V € U,. Since 7" > n(27), the disjointness in a) follows from that in i). O

4. Combinatorially Loewner spaces

4.1. Definition and basic property. For two closed sets F, F, let ['(E, F') be
the collection of curves which join them. We adapt the definition of Bourdon and
Kleiner of the combinatorial Loewner property slightly, as modified by Clais in |9,
Definition 2.6]. Let Uy be a sequence of x-approximations at level 27.

Definition 4.1. Fix p > 1. We say that a compact LLC space X satisfies the
combinatorial p-Loewner property, if there exist some increasing continuous functions
o,1: (0,00) = (0, 00) with lim, o (t) = 0, with the following two properties.

(1) For every pair of disjoint continua E,F C X and all k& > 0 with 27% <

min{diam(F), diam(F)}, we have
P(A(E,F)™') < Mod,y, (T(E, F)).

(2) For every 2z € X and 0 < r < R and all k> 0 with 2% <r we have

Mod (M(BTe 7). X\ B ) < 0 (7 )

Spaces with the combinatorial p-Loewner property are also called CLP -spaces
or p-CLP spaces, if we wish to explicate the exponent p > 1.

We first note that a combinatorially p-Loewner space has conformal Assoad di-
mension, as well as Ahlfors regular conformal dimension, equal to p. This Lemma is
quite well known and is a rather direct consequence from the known Theorem 3.5.
However, we present a proof for the sake of clarity, and since its proof does not appear
to have been published elsewhere. The proof is very similar, or rather a localized
version, of the proof of |5, Corollary 3.7|. Later, we will prove Theorem 1.8, which
is one of our main contributions, and which improves the following statement by
showing that also dimey (X) = p.

Lemma 4.2. For a compact LLC space X, which is combinatorially p-Loewner,
it holds that

dich(X) = dimoAR(X) = Pp.
Proof. Let 1 and ¢ be the functions appearing in Definition 4.1. Since X is a
compact LLC space, it is uniformly perfect, and by [18, Proposition 2.2.6] and [12,

Chapters 14 and 15] we have dimea(X) = dimeagr(X). Next, let Uy be a sequence
of k-approximations at levels 27" for k € N. Let z € X and 0 < r < diam(X)/4.

Then, by the LLC property, there exists a continuum E C B(z,r) with diam(E) > r
and another continuum F C B(z,3r)\ B(z, 2r) with diam(F") > r. Since every curve

connecting E to F' contains a sub-curve within I'(B(z,r), X \ B(z,2r)), we have
Mod,, (F(E, F)) < Mod, 1, (I'(B(z,7), X \ B(z,2r))).

Now, by the CLP property and since A(E, F) < 6, we get for all £ > 0 such that
27F < r that

¢(671) < Mod,z, (T(E, F)) < Mod,, (T(B(z,7), X \ B(z,2r))).
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We thus get:
liminf sup Modyy,, ., (I'pe2-#)2) > #(671).

m—=00 »cX k>0

Thus, p < dimegar(X) by Theorem 3.5.
The inequality p > dimeagr(X) follows by showing that for all € > 0, we have

hm sup MOdp+€,um+k (FB(Z,ka),Q) = 0
m—=00 »c X k>0

The idea in showing this is to compare the discrete moduli with exponents p 4 € and
p. Indeed, we will show that for all m > 3 we have

(4-3) MOdp+6,L{m+k (FB(Z,Q—k),Q) < ¢(22_m)EM0dp,um+k(FB(Z,z—k),2) < ¢(22_m)6¢(1)-

Then, since lim;_,o ¢ (t) = 0, the claim follows.

Let p be the optimal function for Mod, .., (FB(ZVQ%)’Q), which exists by Lemma 3.2.
We will show that p(U) < ¢(2'=™) for every U € U,,,j. This uses a bound for mod-
ulus coming from [5, Lemma 2.3|, which in turn relies on estimating the modulus of
the curves which pass through the set U. Let U € U,,.1. Let I'y be the collection of
curves in I'p(; 9-#) o Which intersect U. Then any curve in I'g(, »-#) o which intersects

U will contain a sub-curve connecting B(zy, ry) to X \ B(zy, 2™ 'ry). Thus,

Mod, g, (Ty) < Modyy, (D(B(zu,70), X \ B(zy, 2™ 'ry)) < (227™).

By [5, Lemma 2.3], we get for all U € U, 1
p(U) < Modyy, (Ty) < 9(2*7™).

This, together with the optimality of p yields

> o0 < maxp(U) Y p(U) < (22" ) Modyay,,,, (Tpes)2):

Ueu Ueu
which is the desired estimate (4.3). O

4.2. Estimates for modulus. If the space is combinatorially Loewner, then
we can give a lower bound of our modulus, which we introduced in Subsection 3.4, in
terms of the Bourdon—Kleiner modulus. This is a strengthening of the Proposition
3.7. In a sense, the following Proposition is the starting point of our paper, since its
argument was the first to be discovered.

Proposition 4.4. Let k € N, p > 1. Assume that X is metrically doubling,
LLC and combinatorially p-Loewner, and that k > 1, 7 > 4. There exists a constant
C > 0 so that the following holds for r > 0. Suppose that U is a k-approximation at
level r and V is a k-round collection with inf{ry: V € V} > 2r. IfT is a collection
of curves in X with 27 supy .y, ry < diam(y) for all v € I, then

Mod,4(I") < CMod, (T, V).
Proof. Assume that Mod,, (I, V) < oo, and that p A,y I' with

D (V) < oo

vey

For each V' € V consider the collection of curves I'y = I'(B(zy, v ), X\ B(2y, (T—
1)ry)). By the p-combinatorial Loewner assumption and since r < ry /2, we have

(45) MOdpM(Fv) S C,
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for C' = w(ﬁ) > 0, where v is from Definition 4.1. Notice, that while the combi-
natorial Loewner property only gives a bound for coverings at dyadic scales r = 27*.
Thus to obtain (4.5) requires also a the application of a simple result |5, Proposi-
tion 2.2.], which shows moduli with respect to x approximations at comparable levels
are comparable. Let py: U — [0,00) be such that py Ay 'y and so that

(4.6) S () <20,
Ueu
Let
p(U) = max{py (U)p(V): V € V}.

We claim that p Ay I'. Let v € I'. Since p A,y T, there exists a collection V, of V € V
with

1) Vny#Dforall VeV,

(2) {B(2v,7ry): V € V,} is a pairwise disjoint collection of balls; and

(3)
(4.7) > av)>1

Vev,

For each V € V,, let 7|y be a minimal subcurve which connects B(zy,ry) to
B(zy, (t—1)ry). Such a subcurve exists since diam(~y) > 27ry and yNB(zy, ) # 0.
These subcurves are disjoint and d(v|y,v|v/) > 2min{ry,ry} > 4r, for distinct
V,V' € V,. Therefore, if we let Uy = {U € U: UN~ly # 0} for V € V,, then
Uy NUy» = for distinct V, V' € V,. We also have, since py ATy and p > pyp(V)
that

(4.8) dop)y= Y pr(UB(V) = (V).

Uely Uel,Urnvy|y#0D
Now, let U, ={U e U: UN~ # 0}. We also have
U Uy C Z/{V.
vev,

By the disjointness of the collections Uy, for distinct V' € V,, and by applying (4.7),
(4.8) and the choice of p, we get

D)= > ) pU)= ) V) =1
vel, VeV, UeUy VeV,

Thus, since v is arbitrary, p Ay I

Next, we show a mass-bound for p. For each U € U let Vi; € V be such that
p(U) = py, (U)p(Viy). This yields a partition of U into sets U = {U e U: Vi = V}.
Thus, we have, since UV C U

Modyu(T) < 3 p(U) = 37 37 av0PRVY < 35V Y pv(U)

Ueu Vevueuv vev veu
<Y 20p(Vy =20 p(V).
vey vey
By infimizing over p such that p A,y I' the claim follows. U
We obtain the following proposition, which gives a lower bound for the Haus-

dorff measure of a combinatorially Loewner space. In this way, this generalizes to
combinatorially Loewner spaces the classical estimate of Heinonen and Koskela, [13,
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Theorem 3.6]. That result is much easier to show using continuous modulus. For
discrete modulus one needs to do some extra work.

Proposition 4.9. Let X be a p-combinatorially Loewner LLC and metrically
doubling space. Then, there exists a constant C' > 1 so that for every r € (0, diam(X))
and any v € X we have

HP(B(z,r)) > CrP.
Proof. Let x € X. It is sufficient to prove
(4.10) HP(B(x,2L'r)) > CrP.

for some uniform constants L' > 1,C" > 0 for all » € (0,diam(X)/8). Since X is
LLC, we can find a continuum F C B(z,r) with » > diam(F) > r/2 and z € E.
Further, there exists a continuum F' C B(z,4r) \ B(x,3r) with 8 > diam(F) > r.
We have

1 < A(E, F) < 16.

Let T" be the collection of continuous curves connecting E to F'.
Next, our strategy in proving (4.10) is to show three estimates. We will show
that.

A) There is a collection I'g of curves so that for any k-approximation U at a
small enough level the quantity Mod,;(I' \ I'g) can be bounded from below
by using the CLP property, and each curve in I'\ I'p is contained in a ball of
definite size.

B) Proposition 3.10 gives a lower bound for the Hausdorff measure in terms of
the discrete modulus Mod,,,(T'\ T'z, V).

C) Finally, Proposition 4.4 is used to find a small enough level so that Mod,, - (T"\
I's, V) is bounded from below by Mod, (' \ I'g) for some x-approximation
U at a small enough level. These estimates together yield the desired bound.

We focus on A) first and determine I'z. Let U be a x-approximation at level 2%
for some k € N s.t. 27% < min{diam(FE), diam(F)}. We have

Mod, 4(T') > ¢(1671).
Let L > 2 be such that ¥/(2L7') < 27'¢(16™!). Let I'p be the collection of curves

v € 'y with a subcurve in I'(B(z, ), X \ B(x, Lr)). We have, since X is CLP, that

¢(167")
5
Thus, by subadditivity of modulus, we get for I'c := I'x \ I'p the estimate

¢(167")

5

Next, we deduce B) in our strategy. Let 7 > 4. Choose § € (0,4 177!r). Each
of the curves in I'¢ has diameter at least r and is contained in B(x, Lr). So, we can
apply Proposition 3.10 to find for any € > 0 a 1-round collection V of balls which
intersect B(x, Lr) and some curve in I'g with rad(V) < § and with
(4.12)

Mod, (¢, V) < (207)? (H5(B(x, Lr)) 4+ €) r 7 < (207)? (HP(B(x, L)) +€) r".

Mod,z(I's) < Mod,,(T'(B(z,7), X \ B(x, Lr))) < (2L <

(4.11) Mod,,(T¢) >

Finally, we deduce C). Each curve in I'¢ connects E to F, and thus we have
diam(y) > r for all ¥ € I'¢. This means that 27 supy .y, rv < inf,ep, diam(vy). Thus,
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by Proposition 4.4, there exists a constant C' so that
(413) MOdp,u(Fg) S C’l\/IOd.pﬂ—(FG7 V),
if k is so large so that inf{ry: V € V} > 27%"1
By combining estimates A—C), we get the following once k is large enough

16)-1) (.11) s g——
% < Modpl/{(rg) < CMOdp,T(FG7V)

(4.12)
< (207)PC(HP(B(z, Lr)) + €)r".
Consequently, since this holds for all € > 0, we get

o(n(16)7Y) , _ ., /
W'F < HP(B(x,L'r)).

This yields the desired estimate (4.10). O

4.3. Proof of Theorem 1.8. Using the previous properties, we are able to
prove the equality of different forms of conformal dimension for CLP spaces.

Proof of Theorem 1.8. Assume that X is combinatorially p-Loewner. By

Lemma 4.2, we have
dlmCA(X) = dimCAR(X) =P.

We also have dimey(X) < dimear(X) = p. Thus, we only need to show that
dimegy(X) > p. Let f: X — Y be a quasisymmetry. The space Y is p-combinatorially
Loewner, since the combinatorial Loewner property is invariant under quasisymme-
tries, see [5, Theorem 2.6 (2)]. It is also easy to see, that the LLC and metric doubling
properties are invariant under quasisymmetries, and thus Y is LLC and metric dou-
bling. Then, by Proposition 4.9 there exists a constant C' so that we have for every
y € Y and any r € (0,diam(Y")) that

HP(B(y,r)) > CrP > 0.

From the definition of Hausdorff dimension, and since H?(B(y,r)) > 0 if and only if
HE (B(y,r)) > 0, we have dimg(Y) > p. Consequently, by taking an infimum over
all Y which are quasisymmetric to X, we get dimeg(X) > p. O

5. Quasiself-similar spaces

5.1. Uniform bound for annuli. As discussed in the introduction, the case
of quasiself-similar spaces requires some more care. We do this by considering first

moduli of annuli. Define an annulus as A(x,r, R) := B(z, R) \ B(zx,r).

Definition 5.1. Let p € (1,00). Let 7 > 4. We say that a metric space X has
uniformly small p-moduli of annuli, if there exists € € (0,1) and constants 0 < 0_ <
d, < 771, so that the following holds. For every annulus A(z,r, (1 —2)r) in X, with
r € X,r € (0,27'77  diam(X)), there exists a finite collection of balls V,,. contained
in B(z, 7r) and which intersect B(z, (7 —2)r), with ry € [6_r, 7] for each V € V,,,
and there exists a function p,,: V,, — [0,00) with

pz,TKT,Vm,rF(B<x7 T)? X \ B(LE, (T - 2)T))
and with

Z per(B)F <e.

BeVp
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The following lemma is a refinement of Proposition 3.10 to the quasiself-similar
setting.

Lemma 5.2. Suppose that dimcy(X) < p, p € (1,00), and X is an arcwise
connected quasiself-similar compact metric space. Then X has uniformly small p-
moduli of annuli.

Proof. Assume that X is n-quasiself-similar and let 7 > 4. Fix any §, € (0,771).
Since dimey(X) < p, there exists a compact space Y with dimg(Y) < p and a
quasisymmetry g: X — Y. Fix C > 1,0 € (0,27!) to be determined. By adjusting
7, we may assume that g is an n-quasisymmetry. Let € > 0, and choose a covering of
Y by a collection of balls By with

Z diam(B)? < eC7P diam(Y)?,

and for which rad(B) < odiam(Y') for every B € By. Let A(z,r, (7 —2)r) be an
annulus in X with z € X and r € (0,27'77!diam(X)). There is a homeomorphism
f: B(xz,21r) — U, for some open set U C X, which is an n-quasisymmetry, where
diam(U) > ¢ diam(X).

We first define the collection V, , used in Definition 5.1. For each B = B(y, s) €
By with

Bng(f(B(z, (T —2)r)) #0,

choose xy, € (go f)~Y(B) N B(z,(t — 2)r), and let ry, = sup{d(z,zp): 2 € (g o
f)7Y(2B) N B(x,7r)}. Define Vg := B(zy,,Tv,). Let

Ver :={Vs: B € By,BNg(f(B(x, (T —2)r))) # 0}

be the collection of balls we seek. Next, we give bounds for 7y, by using the fact
that X is connected and that g o f is a 7-quasisymmetry with 77 =mnon.

Since diam(U) > ¢ diam(X), we can choose a,b € U with d(a,b) > 271§ diam(X).
Choose a point ¢ € X so that d(g(c),g(a)) > diam(Y)27'. Since g is an 7-
quasisymmetry, we have

d(g(a), 9(c)) d(c,a) »
d(g(a), g5)) =" <d(b, a>> <n(207).

Thus,
(5.3) d(g(a),g(b)) = n(267")~"27" diam(Y).

We will use (5.3) to give an upper bound for ry, for each Vp € V,,, where
B € By. Let u,v € B(xz,27r) be such that f(u) = a, f(v) = b. Choose s,t €
(go f)~"(2B) N B(x,7r) so that d(s,t) > ry, /2. Up to possibly switching u and v,
and a, b, we can assume by (5.3) that

GA) (). gla)) > 2OLIO)
We have

> (261t diam(Y)272

(5.5)

d(9(f(5)), 9(f(w))) _ p (d(&u)
d(g(f(s)),9(f(#)) ~ t

Since g(f(s)),9(f(t)) € 2B, we get d(g(f(s)),9(f(t))) < 4rad(B) < 4o diam(Y).
Thus, from (5.4), we get

1 B diam(Y") <
24n(20~ Vo 24n(26~1)o diam(Y) ~

d(g(f(s)),g(a))
d(g(f(s)),g(f(t)))
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By combining this with (5.5), we deduce

. 1 < d(s,u) < 67r
T\ 2ion26 1y ) = d(s.t) =

Thus,

Tvg < — X
n (2407](25*1)>

Choose now o < ﬁ(g—i)*ln(26*1)42*4. We then have, ry, < d,r. Since 64 < 1, we
also have ry, <r and since xy, € B(x, (7 — 2)r) we clearly have Vg C B(x, 7).

Next, we give a uniform lower bound for the radii ry, for Vg € V,, . Since By
is finite, there exists a constant 5 > 0 so that rad(B) > fdiam(Y) for all B € By.
Choose _ = n7'(B)/2. Let ¢ € B(xy,,0_r) be an arbitrary point. Also, choose
b € B(x,27r) with d(b, zv,,) > r, which is possible by connectivity. Then, by the
quasisymmetry condition, we get

dg(f(c), 9(f(xvy))) _ - (dle,mvy)\ _ -
d(g(f<b)>,g(f<l'{/3>)) S ! (d(b> xVB)) = K (5_) '
The choice of 6_ guarantees 77(6_) < /3, and thus
d(g(f(c)), 9(f(zvy))) < n(6-) diam(Y) < rp.

Therefore, since g(f(zv,)) € B, we get g(f(c)) € 2B. This holds for all ¢ €
B(zy,,d_r), and thus

T.

g(f(B(zy,,0-1))) C 2B.

This yields, by connectivity and the definition of ry, that ry, > d_r.
Finally, we define the admissible function p. Define

p(V) = max{C diamy (B) diamy (Y)': Vg =V, B € By}
for V€ V,,. We have

(5.6) > p(Vy<cr Y diamy(B)P diamy (Y)? <,
VEVa,r BeBy

since for every V € V,, there exists at least one B € By so that Vp =V, and for
every B € By there is only one V € V, , for which Vg =V.

Next, we show that pA,y, I'(B(x,r), X\ B(z, (1 —2)r)). Let v € I'(B(x,7), X \
B(x, (Tt — 2)r)) be arbitrary. Let o be a sub-curve of v so that ¢ C (7 —2)B and
oel'(B(x,r), X \ B(xz,(t —2)r)). To show admissibility, we will combine the fact
that By covers g o f o o with a lower bound for the diameter of go foo.

Since o connects B(x,r) to X \ B(x, (1 — 2)r) there exist j, k € o with d(j, k) >
(1 —3)r. Let a,b and u, v be as before. By possibly switching j and k, we can assume
that d(j,u) > d(j,k)/2 > 2747 — 3)r. We get

A9 (). g(f@W) - (dG.u)) _ [ 4
Ag(F (), (k) = < ) = <<r ~3)r

i ) <o

Thus,
(5.7) diam(g o f o o) = d(9(f(5)), 9(f(k))) = d (g(f(5)), g(f (u))) 7(16)~".
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Next, d(j,u) > 27 (7 — 3)r > d(u,v)/8. Thus, by a similar reasoning that uses the
quasisymmetry of g o f and by employing (5.3), we get

d(g(f(5)), g(f(w))) = d(g(f(u), g(f(v)))(8)~"

(5.8) > 7(8) (20717127 diam(Y).

By combining (5.7) and (5.8), we obtain

(5.9) diam(go foo)>d(g(f(4)),g(f(k)) > 7(16)"'7(8) 'n(26~")~ "2~ diam(Y").

Recall that V), , consists of balls. The open sets V, , cover the ball B(z,2(T —2)),
and thus the curve o. Therefore, by the Vitali covering theorem, there exists a finite
collection of balls V., with ¢ C |J57V,, and for which 7V, are disjoint, and so that
each ball in V, intersects 7. For each V € V,, choose a ball B(V) € By so that
V = VB(V) and p(V) = Cdlamy(B<V)) diamy(Y)_l.

First, we note that the quasisymmetry condition and Lemma 2.3, we have

g(f(57V)) € n(107)B(V).
Therefore, we get that the balls 77(107)B(V) for V' € V, cover g(f(o)). Thus,

> p(V) =) Cdiamy(B(V))diamy (V)™

> ) C(23(107)) " diamy (V)" diamy (7(107) B(V))
vev,

If C > 47(16)7(8)n(20~")7(107), then pA.y, T(B(x,r), X \ Bz, (r — 2)r)) is
admissible and the claim follows. O

5.2. Algorithm for pushing down a cover. The following lemma describes
a “push down” algorithm. It uses admissible functions for annuli in order to push
down a collection of balls B and a strongly discretely 7-admissible function p. This
is done by replacing a ball B € B by a collection Bg and an associated function pg.
A new admissible function p is defined by taking a maximum over B € B, and a new
collection by taking a union of all the new balls. This arguments for admissibility
and the construction of p are similar to Proposition 4.4. To distinguish the “parent”
balls from the “descendant balls”, we will bold the parent balls. This replacement
algorithm is depicted and explained more in Figure 1. As seen in this figure, we
permit all sorts of overlaps, and balls of different sizes. This is one of the technical
reasons for using the new modulus from Subsection 3.4.

Recall that I'p , denotes the collection of curves v connecting B to X \ LB.

Lemma 5.10. Let e,n € (0,1). Assume that B is a finite collection of balls, I' is
a collection of curves, 2(1 — 2)rad(B) < inf,cp diam(y) and p Ag I'. Suppose further
that C C B is any finite collection of balls, and for every B € C, there exists a finite
collection of balls Bg and a function pg: Bg — [0, 00) with

(1) rad(Bg) < 7 'rad(B),
(2) pBABs'B,(r-2);
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(3) every ball in By intersects (T — 2)B, and satisfies

> me(BY <n.

BeBgp

For B ¢ C assume that Bg = {B} and pg(B) = 1. For the collection B := | Jg; Bs,
and function

p(B) := max{p(B)ps(B): B € B s.t. B € Bg},

we have pA, gI" and

Figure 1. The push-down algorithm: As input we are given a collection of balls B, and a
function p which is strongly discretely admissible for some collection of curves I'. For each ball B in
some sub-collection C C B we have a “replacement collection” Bg, and a replacement function pg.
We replace each ball in C by the associated collection Bg, and keep the remaining balls fixed. A
new p is defined using pg for this new collection, and is shown to be admissible under appropriate
assumptions. In the figure, the non-filled balls are the collection B, and C consists of the empty
balls with dashed boundaries. The figure shows how the dashed lined empty balls are replaced by
the filled balls, where each filled ball comes from a collection Bg for some B € C. We have not
indicated in detail which ball corresponds to which, as this is irrelevant for the proof. Note however
that condition (3) in Lemma 5.10. There is a darker shaded ball, which is in two of the collections
Bp—an eventuality that we permit, but that could be avoided by allowing collections of balls to be
multi-sets. Also note, that the balls can intersect each other in unlimited ways, and there is also
one solid lined ball in B\ C which is not replaced.

Proof of Lemma 5.10. ~ We first show that pA_gI'. Let v € I". Since pA; 5T,
there exists a collection B, C I' so that 713, is pairwise disjoint, so that BN~ # ()
for every B € B, and

(5.11) > p(B)>1.

BeB,
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We next define B, C B. First, set B} = B, \ C. Next, for each B € B, NC we
have pgA: gy I'B (r—2). Since yNB # 0, and diam(y) > 2(7 — 2)rad(B), we have that
YN (X \ (r—2)B) 7& (0. Thus, v contains a sub-arc in I'g (,_z). Therefore, there
exists a collection B, g C Bg so that 75, g is pairwise disjoint, so that BN~y # ) for

every B € B, g and
> (B>
BeB, B
Since p(B) > pe(B)p(B) for every B € B, 5, we have
(5.12) > B(B) = p(B).
BEB%B

Set B2 = Uges, nc Br.p- Finally, let B, = BLUBZ. Note that for every B € B,NC,

we have rad(78, ) < rrad(Bg) < rad(B) and BN (7 —2)B # () for every B € B, g.

Thus, every B € 7B, g satisfies 7B C 7B. This inclusion implies that the collections
B, B are pairwise disjoint for distinct B € B,, and each of these is disjoint from TB#.

Thus, the collection 7B, is pairwise disjoint; see also Figure 2 for an illustration.

Figure 2. The construction of the collection E,y. First, all balls in B, \ C are included, and then,
within the balls B, NC we take the collections B g for each B € B,. The newly replaced balls, and
their inflations, lie within the inflations of the previous the balls, which guarantees the disjointness.
The solid balls in the figure are the inflated balls 7B, and the dashed and dotted balls show B,
and its inflation.

Next,
Y aB) =D pB)+ > B(B)=> p(B)+ p(B)
BeB, Bep! BeB2 BeBi B,NC BeB.
(5.12) (5.11)
> > B+ > o 2
BeB,\C BeB,NC BeB

Thus, since v was arbitrary, we have ﬁKTﬁF.
Finally, we compute the p-energy of p. First, by construction, for every B € C,
we have

(5.13) > pe(B) <

BeBg

and for every B € B\ C, we have

(5.14) Z pe(B)" = pp(B) =1,
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For every B € B, there may be multiple B € B so that B € Bg. However, for every
B € B, we have:

(5.15) p(B) = max{p(B)pp(B): B Bst. BEBs} < [ Y  (p(B)pn(B))”

BeB
s.t. BEBR
By combining these two we get:
3 (5.15)
S BBP < > > pB)ps(B)
BeB BeB BeBg
=> Y pBFps(B+ > > p(B)yps(B)
BeC BeBg BeB\C BBy
(5.13),(5.14)
< D apByY+ Y pB)
BeC BeB\C
This is the desired estimate and the proof is complete. 0

Figure 3. The equalizing algorithm: By using replacement and a uniform bound on moduli of
annuli, we can “uniformize” a wild cover B. Let B be a covering using balls, where the size of the
largest ball is much bigger than the smallest. We take all the “large” balls, and form a collection C of
them. To them, we apply the push-down procedure to reduce their size. We repeat this process until
all large balls have been pushed down to a size comparable to the smallest ball in our collection. In
the figure B consists of balls filled with white. The two large balls have solid line boundaries, and
are replaced by smaller light gray filled balls. Two of these light gray balls are still too large, and
are replaced by even smaller dark gray filled balls.

If the space has uniformly small moduli of annuli, then we have readily available
collections Bg and functions pg as in the statement of the previous lemma. Suppose
now that I' is any collection of curves and pA, 5, I for some collection of balls B, with
sufficiently small radii compared to the diameter of the curves v € I'. If the space
has uniformly small moduli of annuli, we can first use the push-down procedure on
all of the balls, in order to reduce the discrete modulus of I' below any threshold we
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want. This process is called “weight reduction”. The balls in the resulting collection
can have arbitrarily large and small radii. However, any “large” balls can be further
replaced by smaller ones with controlled size. This process can be repeated until all
the balls in a collection are roughly the same size. This phase is called “size reduction”.
As a consequence, the push-down algorithm in conjunction with the uniformly small
moduli of annuli leads to the ability to convert the collection B into a collection of
balls B which is roughly at the same scale, and so that M_odpyT(F, B) is as small as we
want. This process is called the “equalizing algorithm”, and is depicted in Figure 3.

The next lemma and its proof expresses formally the effect of the equalizing
algorithm.

Lemma 5.16. Let p € (1,00),7 > 4. Let X be an LLC compact metric space
which has uniformly small p-moduli of annuli, with constant §_ € (0, 1) as in Defini-
tion 5.1. Then there exists a k > 1 so that for every ¢y > 0 and every M > 1 there
exists a N > 1 with the following property. If there exists a collection of balls By for
which inf, cp diam(y) > rrad(By), and

Mod, . (I, By) < M,

then for every r > 0 with 6~ inf{rad(B): B € By} > r there exists a collection of
balls V with

Mod,, (T, V) < c.
and Kk 'r <ry <rforallVe.

We briefly remark, that is is crucial for our later arguments, that « is independent
of g > 0. That is, there exists a x, which controls the ratio of the largest ball in V
to the smallest one. Given this s, we can choose any €y to obtain a modulus smaller
than that. The cost of decreasing ¢, is to increase N and thus reduce the scale r of

V.

Proof of Lemma 5.16. Let 7 > 4, and let 0 < 6_ < §, < 7' and € € (0,1)
be the parameters from the definition of having uniformly small p-moduli of annuli,
see Definition 5.1. Let k = 20-', N = [logy(max{M /ey, 1})/logy(¢71)] + 1 and
r < 6V inf{rad(B): B € By}.

Further, for any ball B = B(z,s) in X, let Bg and pp denote the functions V,
and p, s given in Definition 5.1 with

(5.17) > re(BY <e

BeBg

and pA; g l'p r—2.

Let B, be a finite cover of X by balls with inf.cr diam(y) > rrad(B,) for which
Mod, -(I", By) < M. Then, there exists a py: By — [0,00) with pA; g,[" and with
mass

> p(B)Y < M.

BeBy

First, we replace By through a finite sequence of replacements by a collection of
balls with respect to which I' has small modulus. This we call the “weight reduction
phase”. We construct a sequence of covers By, for £ € N, as follows. Proceed
inductively and apply Lemma 5.10 for each £ € N with B = By, p = px and C = By,
and with pg, Bg and ¢ = 7 satisfying (5.17), to obtain a collection By,; = B and
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function py1 = p with pp1A;5,,, 1" and
g p(B)? < " M.
BeBg1

We note that for each ball B € Bg we have rad(B) > 0_rad(B), by the assumption
of uniformly small moduli of annuli. Therefore, for all £ € N we get

(5.18) inf{rad(B): B € Byy1} > 6_inf{rad(B): B € By}.
By iteration of this inequality, we get
(5.19) inf{rad(B): B € By} > 6" inf{rad(B): B € By}.

By the choice of N, we have VM < €. Thus, py and By satisfy the desired mass
bound:

(5.20) > pn(B) < e
BeBy
The balls in By have various different sizes. Next, we will embark on a “size
reduction phase”. Let By = By, and py = py. Let s := min{rad(B): B € By}, and
let Sy = rad(By). From the assumption and (5.19), we obtain

(5.21) s > 0N inf{rad(B): B € By} > .

If Sy < kr, then we do not do anything and we let L = 0. If on the other hand
So > kr, we start running the following algorithm.

Set k = 0. While Sy > &r, let C,, = {B € By: rad(B) > sr}. Apply Lemma 5.10
with B = By, p = p, and C = C; and with pg,Bg and with € = 7 satisfying
(5.17). This gives a collection By, and strongly admissible function 7, 1o Set
Skl = rad(BkH), and increment k by one. Once Si < kr, terminate the algorithm.
We will soon show that the algorithm terminates in finite time. Let L = k be the
time it terminates.

We have, as part of Lemma 5.10, that pyA, 5 I' for every k € [0, L] N Z. Further,
by noting that € € (0,1), we get for all k =0,..., L — 1 that

Z Prp(B)P < Z Pe(B)P.

BEE}C+1 BEE}C

By iterating this L times, we get from (5.20) that

(5.22) Y BP <D m(BF < «.

BeBy, BeBy

Let us analyse the effect of the algorithm on the radii of the collections By, and the
termination of the algorithm. Assume that & > 0. At each step, a ball B in By is
either equal to a ball B € B, with rad(B) < sr, or B € Bg for some B € By, with ks <
rad(B) < Si. By construction, in either case rad(B) < max{d;rad(B),sx}. Thus,
by taking a supremum over all balls B € By,1, we get that Siy; < max{sr, 5,5}
In particular, while S; > kr, then the values S; form a geometrically decreasing
sequence. This can only last for finitely many steps. Therefore, there must exist
some L > 0, when the algorithm terminates with Sy < kr.

We show now that by induction each ball B € By, for k = 0,..., L satisfies
rad(B) € [r,Sk]. The upper bound is obvious, so we focus on the lower bound.
The case of k = 0 is also obvious. So, we focus on the induction step. During the
algorithm, for k = 0,..., L —1, each ball B € By, is either equal to a ball B € B}, or
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for some B € By, we have B € Bg and rad(B) > «r. In the first case, rad(B) € [r, x7].
In the second case rad(B) € [§_rad(B), d,rad(B)], and thus rad(B) > §_kr > r since
d_ > r~1 by choice of k at the beginning of the proof. In either case r < rad(B) < Sj.
Therefore, for all B € By, for k = 0,..., L we have rad(B) € [r, Si].

Now, for k = L, we have rad(B) € [r, kr], since S;, < kr. Now set V = B. We
thus get the desired claim, since (5.22) gives the desired mass bound for Mod,, ,(T', V),
since pyA 5, I, and we have already observed that for all V€ V we have x~'r <
ry <. U

5.3. Estimate for Bourdon—Kleiner modulus. In this section, we use the
algorithm in the previous subsection to give an explicit relationship between the
Bourdon—Kleiner modulus from Subsection 3.1 and our new discrete modulus from
Subsection 3.4. The basic idea is to use doubling to give an initial collection V),
and then to use Lemma 5.16 to push the collection down to roughly uniform size
with small modulus. This push-down operation is quantitative. Once the collection
consists of balls of roughly the same size, we can apply Proposition 3.7 to compare
the modulus to the Bourdon—Kleiner modulus of the same collection.

Proposition 5.23. Fix « > 1,p € (1,00). For each k € N, let Uy, be a k-
approximations at scale 27% for a compact LLC space X. If X has uniformly small
p-moduli of annuli, then for every € > 0, there exists a | € N for which for all z € X
and all k > 0, we have

MOdP7Ul+k (FB(z,Q*")Q) < e
Proof. Fix k € N and € > 0. Let 7 = 4 and let Iy = [logy(7)] + 4. Let X have

uniformly small p-moduli of annuli with constant §_ € (0,77!). Choose k' > k be

the constant from Lemma 5.16, and let C' be the constant associated to «’, 7 and the

space X which comes from Proposition 3.7. Set ¢y = C~te.

By doubling, we have that there is a constant D independent of k so that there
are at most D many sets in Uy, which intersect B(z,2!7%). Set

By = {B(xy,ry): U € Upyy,, U N B(z,2'7%) # 0}

and set po(B) = 1 for all B € By. Then, by applying the definition, and since By
covers B(z,2'7F), we see P75, B(z,2-#),2- By the size bound for By, we get

> po(B) < D.
BeBy

By Lemma 5.16, there exists an integer N € N (which depend on €, D and the
constants in the uniformly small moduli condition) with the following properties.
For any r > 0 with 6" inf{rad(B): B € By} > r there is a collection of balls V with

Mod,,, (T, V) < ¢y = C'e.

and ry € ['"1r,r] for all V € V.
Now, if I > Iy + N[log,(6-')] + 1, then we can choose r = 27%=/. Then, by
Proposition 3.7, we get for the k-approximation U, at level r that

MOdpaqu (FB(Z,Q—’f),Q) S CMOdpﬂ—(F, V) S €. ]

5.4. Proof of main theorem.

Proof of Theorem 1.6. Because the Ahlfors regular conformal dimension is always
greater than the conformal Hausdorff dimension, we have dimepy (X) < dimear(X).
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We are left to prove the converse inequality. Since X is connected, compact, locally
connected and quasiself-similar, by Lemma 2.5 X is LLC.

Suppose that p is arbitrary and dimey(X) < p. Fix any sequence of k-approx-
imations {Uy }ren, where Uy, is at scale 27%. By Lemma 5.2, we have that X has
uniformly small moduli of annuli. Then, by Proposition 5.23, we have that

liminf sup {Mod,(I'g(2-#)2,U): U is a k-approximation at level 2 k=m1 = 0.
m—=00 pcX keN
Then, Theorem 3.5 implies that dimgag(X) < p. Since p > dimey(X) is arbitrary,
this completes the proof. O

References

[1] ALBIN, N., and M. BRUNNER, R. PEREZ, P. POGGI-CORRADINI, and N. WIENS: Modulus
on graphs as a generalization of standard graph theoretic quantities. - Conform. Geom. Dyn.
19, 2015, 298-317.

[2] AMBROSIO, L., S. DI MARINO, and G. SAVARE: On the duality between p-modulus and
probability measures. - J. Eur. Math. Soc. (JEMS) 17:8, 2015, 1817-1853.

[3] BoNK, M., and S. MERENKOV: Quasisymmetric rigidity of square Sierpinski carpets. - Ann.
of Math. (2) 177:2, 2013, 591-643.

[4] BoNK, M., and D. MEYER: Expanding Thurston maps. - Math. Surveys Monogr. 225, Amer.
Math. Soc., Providence, RI, 2017.

[5] BourDON, M., and B. KLEINER: Combinatorial modulus, the combinatorial Loewner prop-
erty, and Coxeter groups. - Groups Geom. Dyn. 7:1, 2013, 39-107.

[6] BourDON, M., and H. PajoT: Cohomologie [, et espaces de Besov. - J. Reine Angew. Math.
558, 2003, 85-108.

[7] CaARRASCO-P1aGGIO, M.: Jauge conforme des espaces métriques compacts. - PhD thesis,
Université de Provence-Aix-Marseille I, 2011.

[8] CARRASCO P1AGGIO, M.: On the conformal gauge of a compact metric space. - Ann. Sci. Ec.
Norm. Supér. (4), 46:3, 2013, 495-548.

[9] Crats, A.: Combinatorial modulus on boundary of right-angled hyperbolic buildings. - Anal.
Geom. Metr. Spaces 4, 2016, 1-53.

[10] Davip, G.C., and S. ERIKSSON-BIQUE: Infinitesimal splitting for spaces with thick curve
families and Euclidean embeddings. - Ann. Inst. Fourier (Grenoble) (to appear).

[11] FUGLEDE, B.: Extremal length and functional completion. - Acta Math. 98, 1957, 171-219.

[12] HEINONEN, J.: Lectures on analysis on metric spaces. - Universitext, Springer-Verlag, New
York, 2001.

[13] HEINONEN, J., and P. KOSKELA: Quasiconformal maps in metric spaces with controlled ge-
ometry. - Acta Math. 181:1, 1998, 1-61.

[14] HEINONEN, J., P. KOSKELA, N. SHANMUGALINGAM, and J. T. TYSON: Sobolev spaces on
metric measure spaces. - New Math. Monogr. 27, Cambridge Univ. Press, Cambridge, 2015.

[15] KEITH, S., and T. LAAKSO: Conformal Assouad dimension and modulus. - Geom. Funct.
Anal. 14:6, 2004, 1278-1321.

[16] KLEINER, B.: The asymptotic geometry of negatively curved spaces: uniformization, ge-
ometrization and rigidity. - In: Proceedings of the International Congress of Mathematicians
Madrid, August 22-30, 2006, vol. 2, 2007, 743-768.

[17] LinpQuisT, J.: Weak capacity and modulus comparability in Ahlfors regular metric spaces. -
Anal. Geom. Metr. Spaces 4:1, 2016, 399-424.

[18] MAcKAY, J. M., and J.T. TysoN: Conformal dimension: theory and application. - Univ.
Lecture Ser. 54, Amer. Math. Soc., Providence, RI, 2010.



436 Sylvester Eriksson-Bique

[19] MURUGAN, M.: Conformal Assoaud dimension as the critical exponent for combinatorial mod-
ulus. - Ann. Fenn. Math. 48:2, 2023, 453-491.

[20] NcAr, S.-M., and Y. WANG: Hausdorff dimension of self-similar sets with overlaps. - J. London
Math. Soc. (2) 63:3, 2001, 655-672.

[21] PaNnsu, P.: Dimension conforme et sphére a l'infini des variétés a courbure négative. - Ann.
Acad. Sci. Fenn. Ser. A T Math. 14:2, 1989, 177-212.

[22] ScHRAMM, O.: Transboundary extremal length. - J. Anal. Math. 66, 1995, 307-329.

[23] SHANMUGALINGAM, N.: On Carrasco Piaggio’s theorem characterizing quasisymmetric maps
from compact doubling spaces to Ahlfors regular spaces. - In: Potentials and Partial Differential
Equations, The Legacy of David R. Adams (series: Advances in Analysis and Geometry), 2023,
1-23.

[24] TysoN, J.T.: Sets of minimal Hausdorff dimension for quasiconformal maps. - Proc. Amer.
Math. Soc. 128:11, 2000, 3361-3367.

Received 9 November 2023 o Revision received 2 May 2024 e Accepted 5 June 2024
Published online 24 June 2024

Sylvester Eriksson-Bique

University of Jyvéskyla

Department of Mathematics and Statistics
Seminaarinkatu 15, PO Box 35

FI-40014 University of Jyviskyld, Finland
sylvester.d.eriksson-bique@jyu.fi



	1. Introduction
	2. Notation and basic properties
	3. Discrete moduli
	4. Combinatorially Loewner spaces
	5. Quasiself-similar spaces
	References

