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Strong barriers for weighted quasilinear equations

TAKANOBU HARA

Abstract. In potential theory, use of barriers is one of the most important techniques. We
construct strong barriers for weighted quasilinear elliptic operators. There are two applications:
(i) solvability of Poisson-type equations with boundary singular data, and (ii) a geometric version
of Hardy inequality. Our construction method can be applied to a general class of divergence form
elliptic operators on domains with rough boundary.

Painollisten kvasilineaaristen yhtél6iden vahvat esteratkaisut

TiivistelmaA. Esteiden kiytto on potentiaaliteorian tarkeimpid menetelmiéa. Tassa tyossa raken-
netaan vahvoja esteratkaisuita painollisille kvasilineaarisille elliptisille operaattoreille. Talla on kaksi
sovellusta: (i) Poissonin-tyyppisten yhtéloiden ratkeavuus singulaarisilla reuna-arvoilla ja (i) Har-
dyn epdyhtdlén geometrinen muotoilu. Tyossé esitetty menetelmé soveltuu yleiseen luokkaan kar-
keareunaisten alueiden lihdemuotoisia elliptisia operaattoreita.

1. Introduction

Let Q2 C R™ (n > 1) be an open set with nonempty boundary, and let 1 < p < oc.
We consider elliptic differential equations of the type

where div A(x, V-) is a weighted (p, w)-Laplacian type elliptic operator, w is a dou-
bling weight on R™ which admit a p-Poincaré inequality (see (2.1) and (2.2) for
detail), and f is a locally integrable function on 2 such that f/w is locally bounded.
The most simple example of w is w = 1, and the reason for considering weighted
equations will be explained later. The precise assumptions on A: Q xR"™ — R" are as
follows: For each z € R", A(+, z) is measurable, for each = € Q, A(z, -) is continuous,
and there exists 1 < L < oo such that

(1.2) Az, z) -z > w(x)|2|?,

(1.3) Az, 2)| < Lw(z)|«[",

(1.4) (A(z,21) — A(x, 22)) - (21 — 22) > 0,
(1.5) Az, tz) = tt|P2A(w, 2)

forall z € Q, 2z,21,20 € R", 21 # 2 and t € R. When A(z, z) = w(x)|2[P~22, the
operator div . A(x, Vu) is called as the (p, w)-Laplacian. In particular, if A(z, z) = z,
then the operator coincides with the classical Laplacian.

The aim of this paper is to provide an existence result of weak solutions to (1.1)
for boundary singular data. The study of equation (1.1) has long history, and the
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standard approach to solve this problem is the variational method and its generaliza-
tion (see, [Lio69]). However, this method yields only solutions with finite energy. On
the other hand, we can confirm existence of infinite energy solutions for boundary
singular data by considering Poisson’s equation (in the classical sense) or ordinary
differential equations. To obtain such solutions, we divide the problem into three
steps: (i) find finite energy solutions to approximate problems, (ii) prove compact-
ness of solutions, and (iii) derive a uniform bound for solutions. The part (i) is
trivial in our setting, and we can find sufficient results for (ii) in prior work (e.g.,
[BM92, HKMO06, TW02]). This sequel from [Har21, Har22| proposes a new perspec-
tive for (iii). More precisely, we construct supersolutions called strong barriers.

If there are known supersolutions to (1.1), they are an effective tool to control
boundary behavior of solutions. For concrete problems, direct calculations for the
distance from the boundary often yield sharp estimates (see, e.g., [Tol83, MSO00,
BK06, AKSZ07, FMT07]). Unfortunately, this method can not be applied to general
elliptic equations on domains with rough boundary. When conditions of the form
(1.2)—(1.5) have to be considered, such as in applications to homogenization problems
(e.g., [BLPT78]), it is needed to consider a construction method of supersolutions itself.

Ancona [Anc86| defined strong barriers for linear elliptic operators and con-
structed them under capacity density type conditions. In addition, a Hardy in-
equality was proved as one application of them. Since other proofs by Lewis [LewS8§]
and Wannebo [Wan90], many authors have proved more general Hardy-type inequal-
ities under capacity density conditions (see, §2). However, another application of
strong barriers, to the Dirichlet problem of the type (1.1), seems not to be discussed
sufficiently.

We construct strong barriers for quasilinear operators (Theorem 5.1) and ap-
ply the result to (1.1) (Theorem 6.3). Specifically, we make auxiliary functions by
a boundary Holder estimate in the De Giorgi-Nash-Moser theory and construct a
global function by gluing them. These results can be regarded as extensions of
[Anc86, Theorem 1 and Remark 6.2] or [Har22, Corollary 4.4] as well as analogs of
known facts for the p-Laplacian on C? domains (see, [GT01, Problem 6.6], [MS00,
Theorem 1]). In addition, we prove a Hardy-type inequality (Corollary 5.3) by com-
bining the results and the Picone inequality (see [AH98]). For connection with prior
work on Hardy-type inequalities, we consider weighted operators borrowing a frame-
work in [HKMO6] (see also [BB11, KLV21] for recent progress). Known results for
Hardy-type inequalities that seem to be particularly relevant to this study will be
discussed in §2. Throughout the paper, we assume only (1.2)—(1.5), (2.1)—(2.2) and
(p, w)-capacity density conditions. The quantitative statements in results are new
even for unweighted linear equations (compare with [Anc86, Remark 5.2]). Our
method seems to work for Cheeger differential equations on metric measure spaces
(see, [Che99, BMSO01], [BB11, Chapter B.2|, [Har18]). On the other hand, there are
large gaps in its direct application to minimizers of variational problems.

Organization of the paper. In §2, we confirm our problem and pick up related
results on weighted Sobolev spaces. In §3, we define weak solutions to (1.1) and prove
a Kato-type inequality. In §4, we state regularity estimates that will be used in §5.
Proofs of two lemmas will be provided in §A. In §5, we construct strong barriers for
(1.1). In §6, we apply the result in §5 to (1.1) and achieve our goals.

Notation. Let 2 C R" be an open set.

e 1z(z) := the indicator function of a set FE.
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o (C°(Q)) := the set of all infinitely-differentiable functions with compact sup-
port in €.
o [P(Q; ) := the LP space with respect to a measure p on .
o i :=max{f,0} and f_ := —min{f,0}.
For a closed set I' C R", we denote by dr the distance from I'. For a ball B =
B(z, R) = {y: dist(z,y) < R} and A > 0, we denote B(z, AR) by AB. The letters ¢
and C denote various constants with and without indices.

2. Setting and related work

2.1. Admissible weights. Let 1 < p < oo be a fixed number. A function
w € L (R"; dx) is called the weight if w(x) > 0 a.e. in R". We write w(E) = [, wdx
for a Lebesgue measurable set ' C R". Throughout the below, we assume that w
satisfying the doubling condition

(2.1) w(2B) < Cpuw(B)

and the p-Poincaré inequality

1/p
(2.2) ][ |u —ug|dw < Cp diam(B) <][ |Vul? dw) . Yue CXR"),
B AB

where B is an arbitrary ball in R", f, := w(B)™! [, up := fzudw and Cp, Cp and
A > 1 are constants. A weight w satisfying (2.1) and (2.2) is said to be p-admissible.
It is well-known that (2.1) and (2.2) yield the following Sobolev type inequality:

1/xp 1/p
(2.3) (7[ |u|XP dw) < C'diam(B) (][ |Vul? dw) . Yue CX(B).
B B

where C' and y > 1 are constants depending only on p, Cp, Cp and A. For detail,
we refer to [HKMO06, Chapter 20| and the references cited therein.

Muckenhoupt A,-weights are one typical example of p-admissible weights (|JHKMO06,
Chapter 15]). The power function |z|* is an A,-weight on R" if and only if —n <
i <n(p—1). It seems to be known conventionally that if  is a bounded Lipschitz
domain, then w(z) = §(x)" is an A,-weight on R™ for —1 < p < p — 1. Finer results
can be found in [Hor89, Hor91, DLG10, DIL"19] and [KLV21, Chapter 10]. Roughly
speaking, if I" is an s-dimensional set with 0 < s < n, then w(z) = dr(z)* is an
A,-weight on R" for —(n—s) < u < (n—s)(p—1).

2.2. Sobolev spaces and capacities. The weighted Sobolev space H'?(Q; w)
is the closure of C*°(Q) with respect to the norm

1/p
HuHHl’p(Q;w) = </ ‘U‘p + |Vu\p dw) ,
Q

where Vu is the gradient of u in the sense of R®. The corresponding local space
HYP(Q;w) is defined in the usual manner. We denote by Hy?(Q;w) the closure of

loc
C®(Q) in H'"(Qw). It is well-known that if u,v € HJP(Q;w), then min{u,v} €
Hllof(Q w).

Let O C R" be open, and let K C O be compact. The (p, w)-capacity cap, (K, O)
of the condenser (K, O) is defined by

(2.4) cap, (K, O) := inf {||Vu||Lp owyt W= lon K, ue CEO(O)} :
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For a boundary point & € 092 (more generally, for £ € R™ \ ), we consider the
following (p, w)-capacity density condition: There exists v > 0 such that
. ca,,,(BE )\ O, B(E,2R) _

cap,,,(B(¢, R), B(¢, 2R))
If (2.5) holds for all small R > 0, then £ is a regular point of the corresponding
Dirichlet problem (see Lemma 4.3 below, [HKMO06, Theorem 6.31] and the references
cited therein). Sufficient conditions for (2.5) via exterior corkscrew-type conditions
can be found in [HKMO06, Theorem 6.31] and [BB11, Corollary 11.25]. In particular,
every boundary point of a ball satisfies (2.5) for all R > 0.

When (2.5) holds for all £ € R"\Q and R > 0, the set R™\ Q2 is called as uniformly
(p, w)-fat, and this condition is closely related to Hardy-type inequalities. The study
of Hardy-type inequalities on uniformly fat sets started with Ancona’s work [Anc81].
Three proofs have been proposed that differ in their use of the uniform assumption.
(i) Ancona [Anc86] constructed strong barriers using decay of harmonic measures.
(ii) Lewis [Lew88| developed theory of self-improvement property of uniformly (p, 1)-
fat sets using Havin—-Maz'ya potentials. (iii) Wannebo [Wan90| proved higher order
Hardy inequalities using an estimate for the overlap of Whitney-type cubes. Later,
Mikkonen [Mik96| proved self-improvement property of uniformly (p, w)-fat sets using
a boundary Holder estimates of (p, w)-harmonic functions. See also [BMSO01] for the
extension to the metric measure space setting. We also refer to [Haj99, KM97, Leh08,
KLT11] for further properties of uniformly fat sets. Wannebo’s method was revisited
in [EHS05, BK04|, and Korte, Lehrbéck and Tuominen [KLT11| gave a new proof
of Mikkonen’s result. Further related work can be found in [KLV21, Chapter 6] and
[BEL15, Chapter 3|. However, the proof in [Anc86] is not very similar to any of the
others.

The study of cases where (2.5) holds on a part of the boundary is more limited.
The most similar known result to Corollary 5.3 below is [LTV17, Proposition 5.4| (see
also [KLV21, Theorem 7.31]). They have used Wannebo’s idea. In [EHDR15|, an-
other form of Hardy inequality and its applications are discussed under assumptions
on Sobolev extensibility of domains.

3. Quasilinear elliptic operator

Assume that A: Q x R" — R" satisfies (1.2)—(1.5). For simplicity, we denote the
following extended function A by A again:

— {A(az, z) x €9,

Az, 2) = z € R".
(,2) w(r)|z|P722  otherwise,

Let f € LL (). A function v € HLP(Q;w) is called weak (super-, sub-)solution to

loc loc

—divA(z,Vu) = f in Q if

(3.1) /QA(SL’, Vu)-Vedr = (>, g)/ﬂgofda:

for any nonnegative ¢ € C°(Q).
If u is a weak supersolution to —div. A(x, Vu) = 0 in €2, then, by the Riesz
representation theorem, there is a unique Radon measure v[u] in €2 such that

/Q.A(x, Vu) - Veodr = /Q<pd1/[u]
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for any ¢ € C°(€2). The measure v[u] is called the Riesz measure of u. We refer to
[HKMO06, Chapter 21| for further detail.

By (1.2), if u is a solution to —div.A(x,Vu) = f in Q, then its truncation
min{u, k} is a supersolution to —div.A(x, Vu) = min{ f,0} in 2. The monotonicity
condition (1.4) yields the following more general result.

Lemma 3.1. Assume that u and v are weak supersolutions to — div A(x, Vu) =

0 in Q. Then,

(3.2) /ngdy[min{u,v}] Z/le{ugv} du[u]+/ﬂgpl{u>v} dv[v]

for any nonnegative ¢ € C°(§2). Moreover, if uy,--- ,uy are weak supersolutions to
—div A(x, Vu) = 0 in Q, and if there is a Radon measure o such that v[uy] < o for
all k, then

(3.3) vimin{uy, - ,ug}] > min{fi,---, fr}o in

in the sense of distributions, where fj, is the Radon—Nikodym derivative of v[uy] with
respect to o.

Proof. Note that u,v € Hllo’f(Q; w). For € > 0, consider the functions
€
(u—v)y +e
These functions are globally Lipschitz continuous with respect to u — v; therefore,
D (u—v), U (u—v) € HP(Qw). We also note that & (u —v)(z) = lgucy(z) for

loc
all . Fix a nonnegative function ¢ € C'°(€2). Then,

/ngdlj[min{u, v} = /QQO(I)E(U —v) dv[min{u, v}] + /Q oV (u — v) dv[min{u, v}].

By the definition of v[min{u,v}], we have

O (u—w):= and V. (u—v):=1—O(u—v).

/QQOCI)E(U —v) dv[min{u,v}] = Az, Vu) - V(e (u —v)) dx

{u<v}

+ Az, Vv) - V(P (u —v)) dz.

{u>v}

Note that (A(x, Vv) — A(x, Vu)) - VO, (u —v) > 0 by (1.4). Therefore,

A(z,Vv) - V(pd (u —v))de + 1. > Az, Vu) - V(P (u —v))dz,

{u>v} {u>v}

where

L - / (A(z, Vu) — A(z, Vo)) - Vi &, (u — v) da.
{u>v}

Adding the two inequalities, we get

(3.4) / 0P (u — v) dvmin{u, v}] + I, > / P (u —v) dvu].
Q Q
Similarly, since

/ng\lfe(u — ) dvminf{u, v}] = Az, Vu) - V(p¥ (u —v))dr

{u<v}

+ Az, Vv) - V(¥ (u —v))dx

{u>v}
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and (A(z, Vu) — A(z, Vv)) - VU (u — v) > 0, we have

(3.5) /Qcpllfe(u —v) dv[min{u, v}] + II, > /Qcpllfe(u —v) dvv],
where

I, := / (A(x, Vv) — A(z,Vu)) - Vo U (u — v) d.
{u<v}
Combining (3.4) and (3.5), we obtain

/Qcpdl/[min{u, vH+ I + 11 > /QcpCI)e(u — ) dvju] + /Q oW (u —v)drv].

Take the limit ¢ — 0. By the dominated convergence theorem, the right-hand side
of this inequality goes to the right-hand of (3.2). By the same reason, I, II. — 0.
Therefore, (3.2) holds. The latter statement is a consequence of induction. 0J

4. Regularity estimates

By standard techniques in the De Giorgi-Nash—Moser theory, the Sobolev in-
equality (2.3) yields the following global L™ estimate and weak Harnack inequality.
Abbreviated proofs of them will be provided in §A.

Lemma 4.1. Let u € H"(Q;w) be a weak subsolution to — div A(x, Vu) = f
in Q. Let Fy = (diam(Q)p||f+/w||Loo(Q))1/(p71). Then,
esssupu < supu + CF,
Q 09
where sup,q u = inf{k € R": (u— k), € Hy?(Q;w)} and C is a constant depending
only on p, Cp and {Cp, A\}. In particular, there is a constant ¢; = c¢1(p, Cp, {Cp, \})
such that if || fi /w|| L) < ¢1 diam(Q)7P, then esssupgu < supyqu + 1/4.

Lemma 4.2. Let v € H'"(2B;w) be a nonnegative weak supersolution to
—divA(z,Vu) = f in 2B, and let F_ = (Rpr,/w”Loo(QB))1/(p71). Then, (i) for
each 0 < s < x(p — 1), there exists a constant C' depending only on p, Cp, {Cp, A},
L and s such that

1/s
(4.1) (]iu dw) <C (essBmfu + F,) .

(ii) there exists a constant C' depending only on p, Cp, {Cp, A} and L such that
-1
(4.2) Rp_lj[ |VulP~tdw < C (essBinfu + F_)p :
B

It is well-known that Lemma 4.2 yields a local Holder estimate (see, e.g., [GTO1,
Theorem 8.24]). Below, we always assume that f/w is locally bounded. Under this
assumption, any weak solution u to —div . A(z, Vu) = f can be regard as a locally
Hélder continuous function.

We use the exterior condition (2.5) via the following boundary Hélder estimate.
The proof below is the same as [GT01, pp. 206-209] (see also [GZ77] and [Str84]).

Lemma 4.3. Let B be a ball centered at £ € 0S) with radius R. Assume that
(2.5) holds. Let uw € H"?(Q;w) N L>®(Q) satisty —div. A(z,Vu) = f in QN 4B. Let
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1/(p—1
Fy = (R||fs/w]|=(25)) /=, Then,

. 71/(%1) 1/(p—-1) P P
< _
g (1T ) gt T g

where C' is a constant depending only on p, Cp, {Cp,\} and L and oscu := sup u —
inf u.

Proof. We first assume that u is a nonnegative supersolution to — div A(z, Vu) =
fin QN4B. Let m = infyonp u, and let

ue () = {min{u(az),m} x €,

m otherwise.

Note that 0 < u, < m and u,, = m on B\ Taken € C>®(2B) such that 0 <75 <1
in 2B, n = 1on B and |Vn| < C/R. Then, (2.5) gives

b < mPcap,, (B \ ,2B) ][ V()P d
m w.
T= cap,, (B, 2B) - ]

By the product rule, V(u, n) = Vu, n+ u, Vn a.e. Therefore,

an [ \V(umm\pdwsc(m [ wrin [ |Vum\pnpdw).
2B 2B 2B

By Lemma 4.2 (i), the former term on the right-hand side is estimated by

(4.4) ][ pdw<m][ pldw<Cm<1nfu —i—F)

p—1

Consider the test function (m—u,, )nP. Since u,, is a supersolution to — div A(z, Vu) =
min{ f,0} in Q, we have

/ Az, Vu ) - V(m —u, )P dr +p/Q.A(:1:, Vu,) - VP~ m — ) do
> /(m ) mm{f O}
0

) and (1.3), this 1nequahty yields
/ |Vu, |ppdw—/ |V (m —u,,)[PnP dw

<Cm (R‘l / |V, [P~ dw + F”_lR‘pw(QB)) :
2B

By (1

By Lemma 4.2 (ii), the former term on the right-hand side is estimated by

p—1
(4.5) Rl][ Vu, [P dw < CR™P <inf u,, + F,) :
2B B
Combining (4.3), (4.4) and (4.5), we obtain
C
(4.6) m < D) <1nfu + F )

Let M(R) = supgnp(e, ) v and m(R) = infonp(e ry u. Applying (4.6) to M(4R) —
uw and u — m(4R), we obtain

(4.7) M(4R) — sup u <

o0ONB A1/(—1) (M(4R) — M(R) + F),
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. C
ag%fBu —m(4R) < Py (m(R) —m(4R) + F_).
Adding the two inequalities, we arrive at the desired estimate. O

Using (4.7) in Lemma 4.3 iteratively, we get the following lemma.

Lemma 4.4. Let B be a ball centered at & € 0) with radius Ry. Assume
that (2.5) holds for all 0 < R < Ry. Then, there are positive constants ¢, and
6 € (0,1) depending only on p, Cp, {Cp, A}, L and ~ such that if u € Hy"(Q;w)
is a nonnegative bounded weak subsolution to —div. A(xz, Vu) = f in QN B, and if
1+ /wllLe@) < 2Ry (supgnp U)p_la then supgrgp u < (1/4) supgnqp u.

5. Construction of strong barriers

We prove Theorem 5.1 using Lemma 5.2 infinitely many times. Lemma 5.2 itself
is a consequence of regularity estimates in the previous section. Also, we prove
Corollary 5.3 as a corollary of Theorem 5.1.

Theorem 5.1. Let I' C 99 be a closet set, and assume that (2.5) holds for all
¢ €T and R > 0. Then, there exists a nonnegative function sp € HEP(Q;w) N C(Q)
satisfying

—div A(x, Vs c Mw r) In
(5.1) div A(z, Vsr) > ¢y () (z) Q
and
(5.2) or(z)* < sp(z) < 306p(x)”

for all x € ), where cy and a > (0 are positive constants depending only on p, Cp,
{Cp, A}, L and 7.
Lemma 5.2. Let B be a ball centered at £ € 02 with radius Ry. Assume that

(2.5) holds for all0 < R < Ry. Let c3 := min{cy, ¢o}, where ¢; and ¢y are constants in
Lemmas 4.1 and 4.4. Then, there exists a function ug € HYP(Q;w)NC(Q) satisfying

(5.3) —div A(z, Vug) = csRy’w in QN B,
1 5 .
(5.4) ZSUBSZ in €2,
1
(5.5) up=1 onQ\ B, uB§§ on QNHB,

where 0 is a constant in Lemma 4.4.

Proof. We follow the method in [Lio69, p. 177]. Take ng € C*°(2) such that
1 _— — 1 —
nBzzonQﬂB/Q, ng=1onQ\ B, ZgntlinQ.
Consider the Dirichlet problem

—div A(z,V (vp +1p)) = csR’w in QN B,
vp € HyP (N B;w).

By (2.3), the right-hand side belongs to the dual of Hy?(Q N B;w). Therefore, by
the Minty—Browder theorem, there exists a unique solution ug € ng+ Hé P(QNB;w)
to (5.3). By Lemma 4.2, up is continuous in 2N B. Meanwhile, if x € QN 0B, then
up is continuous at x by Lemma 4.3. Consequently, ug is continuous in 2. By the
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comparison principle, ug > 1/4in Q. Also, by Lemma 4.1, up < supygqu+1/4 <5/4
in €. The latter bound in (5.5) follows from Lemma 4.4. O

Proof of Theorem 5.1.  First, we construct a function s by the following two
steps. (i) For k € Z, set B}, = {x € Q: or(x) < (0/2)F}, where 0 is a constant in
Lemma 5.2. Choosing {;}jes, CI', we construct a locally finite covering

{B(&.2(0/2)" ")} jeu
of Fiy1. Note that
Ep1 C Dy :=Q0 | B(&, (6/2)%) C Ey.

JE€Jk
Using Lemma 5.2, we define a function v, € H P(Q;w) N C(RQ) by

vp(z) = gmeli up(e, 020 () for x € Dy
J

B(&,(0/2)")>
and vy =1 on Q\ Di. By (5.4) and (5.5), we have

1 )
(5.6) 1S <o < 1 in Q2
and
1
(5.7) v < 5 on Epyq.

Moreover, by Lemma 3.1, we have
2\ "
(5.8) —div A(x, Vug) > c3 (5) w in Dy,.

(ii) Define a function s on ) by

s(x) = inf G)kvk(@«).

Ep>x

By (5.6) and the inequality (3/4)° < 1/5 < (3/4)°,

() = ()12 (52 (0w

for any x € Ej. Therefore,

(5.9) s(z) = min { G)M ves(@), - | G)k vk(x)}

for all € Ej, \ Egy1. In particular, s € HLP(Q;w) N C ().
Next, we claim that

3 k(p—1) 2 (k=5)p
(5.10) —div A(z,Vs) > ¢3 (Z) (5) w

in an open neighborhood of Ej \ Fx,1. By Lemma 3.1 and (5.8), this inequality holds
in Dy \ Ej41. Meanwhile, by (5.7), we have
1 3

3 .
Vg— 1<2<Z:ZU]€ 1nEk\Dk.
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By continuity of v, and vy_1, we can take an open set Oy such that vy_; < (3/4)vg
in Oy. Note that

s(z) = min { G)H ves (@), | G)H vk_l(x)}

for all x € Oy. Since vi_s, ..., vk satisfy (5.8) in Dy_1, (5.10) holds in Oy N Dy,
by the same reason as above. The open set (D \ Ej11)U (O, N Dg_1) has the desired

property.
Finally, we consider pointwise behavior of s. Fix x € Ej \ Exi1. By (5.9), we
have

o s )

By the latter inequality and the definition of Ej, the right-hand side of (5.10) is
estimated from below by

3\ Ko=) /o (h=5p -
_ - > p—1
C3 <4> <0> w(x) =8 5F($)pw($)7

where ¢y = ¢3{(5/4) (4/3)5}171) (#/2)®. Therefore, s satisfies (5.1). Take o > 0
such that 3/4 = (0/2)*. By (5.11), we have

for all x € €). Thus, the function sr := 4s has the desired properties. O
Corollary 5.3. Assume that w is a p-admissible weight on R™. Let I' C 02 be

a nonempty closed set, and assume that (2.5) holds for all ¢ € ' and R > 0. Let
cy =cy(p,Cp, {Cp, A}, L =1,7) > 0 be the constant in Theorem 5.1. Then,

c Wd < [ |VePd

n | S dws o|P dw
Q °r Q

for all p € C°(2).

Proof. Applying Theorem 5.1 to A(z,2) = w(z)|z|[P~?z, we get a nonnegative
function sp € HEP(Q;w) N C(Q) satisfying
sp(z)P~!

—A, wSr > cg———
pwol = CH 5[‘(

o w(x) in Q.

Take p € C°(Q) such that ¢ > 0. Then,

-1
2 e [ £ e [ ]

cg | wdw=cyg | — dw < [ @P——,
/95{3 ost ! of o sp

where v[sp] is the Riesz measure of sp with respect the (p,w)-Laplacian. Applying
the Picone inequality (JAH98, Theorem 1.1]) to the right-hand side (for detail, see
also [HS20, Lemma 3.2|), we get

d
[ < [ apa
o sh Q

Combining the two inequalities, we obtain the desired inequality. 0
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6. Applications to Dirichlet problems

We discuss the substitutions into concave functions of the barriers constructed
in the previous section. Taking them as super-solutions, we derive Theorem 6.3.

Lemma 6.1. Assume that there exists a function sr on Q satisfying (5.1) and
(5.2). Let h: (0,00) — (0, 00) be a continuously differentiable nondecreasing concave
function such that

g(s) = /Os h(t)@ < 00

t
for some s > 0. Then, v(z) := g(sp(z)) € HLP(Q;w) N C(Q) is a nonnegative weak

loc
supersolution to
h(ér(z)*)P"
or(z)P
Moreover, g(or(x)*) < v(x) < ¢(30dr(z)*) for all z € Q.

Proof. For the sake of simplicity, we denote sp by s and the derivative of f(t) by
f'(t). By assumption, h/(t)t < h(t) for all ¢ € (0, c0); therefore, g is increasing and
concave on (0,00). Fix a nonnegative function ¢ € C°(Q). Since ¢” < 0, we have

—div A(z, Vv) > ¢y w(x) in Q.

/Q.A(x, Vs) -V (¢ (s)P™) ¢da <0.

By the chain rule, (1.5) and (5.1), we get
/ A(z,Vg(s)) - Vodr = / A(z,¢'(s)Vs) - Vpdx
0 0

> /Q Az, Vs) -V (g/(s)"¢) da

sP~1
> CH/ 7 (9'(s)" 1) dw.
o Op
Since h is nondecreasing, (5.2) gives
S (s = (s = (e
The latter statement is a consequence of the monotonicity of g. O

Proposition 6.2. Let §2 be a bounded open set, and let I' C 02 be a nonempty
closed set satisfying (2.5) for all¢ € T and R > 0. Let f € L (), and assume that

loc
there exists a function h satisfying the assumption in Lemma 6.1 and

) < e 5T i)

for almost every x € (), where cyg and « are constants in Theorem 5.1. Then, there
exists a nonnegative unique weak solution u € HLP(Q;w)NC(Q) to (1.1) in the sense

that (i) the zero extension of u belongs to H,:P(R™ \ T';w), and (ii) lim,_,¢ u(z) = 0
forall £ €T.

Proof. Using Theorem 5.1 and Lemma 6.1, we get a nonnegative supersolution

v(x) = g(s(x)) to —div A(z, Vu) = |f| in Q. Set Dy = {x € Q: dist(z,I") > 1/k},
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and consider the sequence of weak solutions {v;};>, € Hy?(€;w) N C(Q) to

—div A(z, Vo) = |f|1p, in Q,
v =10 on 0f).

Since 2 is bounded, the right-hand side belongs to the dual of Hé’p (;w). By the
comparison principle in [Har22, Theorem 3.5,

(6.1) 0 < () <wv(x)

for all z € Q. Also, consider the sequence of weak solutions {u}>, € HyP(Q;w) N
() to

—div A(z, Vuyg) = f1p, in Q,
up =0 on 0f2.

By the comparison principle for weak solutions, we have
—up(7) < up(z) < vi(x)
for all x € €); therefore,
(6.2) un(2)] < v(a)
for all z € Q. Fix j > 1, and take a nonnegative function n € C*°(R") such that
n=1on D; and n=0on Q\ D;;. Testing the equation of u; with u;n®, we get

/ A(z, Vuyg) - Vugn® dx +p/ Az, Vuy,) - VP, de = / fupn? dx.
Q Q Q

By (1.2) and (1.3), this inequality yields

f p/(p—1)
(6.3) /D |Vug|P dw < C’/D |ug|? dw + C H— w(Dj41).
i i1

Lo°(Dj41)

By (6.2) and assumption on f, the right-hand side is bounded with respect to k.
Meanwhile, Lemma 4.2 yields a local Holder estimate of wg. Therefore, for each
j > 1, there are constants C; and a € (0, 1) independent of & such that

[kl oy + IV Ukl 22(D; ) < C-

Take a subsequence of {u;}7?, and a function u on € such that u;, — u locally
uniformly in 2 and Vu, — Vu weakly in LP(D;;w) for all j. Let n be the function
defined before. By the product rule, we have

/WWWPWSC</ VP du+ mmwwma.
Q Djt1 Djt1

The left-hand side belong to Hy?(Q;w), and thus, un € Hy”(Q;w). This implies
that the zero extension of u belongs to H-P(R™ \ I';w). Using the test function
un — ugn € Hy?(Q;w), we obtain

/ Az, Vug) - V(u—ug)nde = — / Az, Vug) - Vn(u — ug) do
(6.4) @ o

+ /Q f(u— ug)nde.
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Take the limit £ — oo. The latter term on the right-hand side goes to zero. Moreover,
by (1.3), the former term is estimated by

/Q.A(ZE, Vug) - Vn(u — ug) do

(p=1)/p 1/p
<C / |Vug|? dw / |u — ug|P dw :
Djiq Djy1

The right-hand side goes to zero because u; — w uniformly in D;;;. Thus, the
left-hand side of (6.4) goes to zero. Meanwhile, by the weak convergence of Vuy in
LP(Dji1;w), we have

(6.5) / Az, Vu) - V(u — ug)ndz — 0.
Q
Combining (6.4), (6.5) and (1.4), we find that
/ A(z,Vu) — A(z, Vuyg) - V(u — ug)ndx — 0.
D;

It follows from [HKMO06, Lemma 3.73] that u satisfies —div. A(z,Vu) = f in Q.
Interior regularity of u follows from Lemma 4.2. If £ € I, then u is continuous at &
by the upper bound (6.2).

Let u,v € H-P(Q;w) N C(R2) be weak solutions to (1.1) satisfying the Dirichlet
boundary condition in the statement. Assume that u(z) > v(z) for some z € €.
Then, D = {z € Q: u(z) > v(x)+¢€} is a nonempty bounded open set for some € > 0.
If dist(D,T) = 0, then there is a boundary point ¢ € D NT. This contradicts to
assumption because (u—v)(¢) = 0 and infp(u—v) > € > 0. Therefore, dist(D,T") > 0
and u,v € HY(D;w). By density,

/D (A(l‘, Vu) — A(ZL‘, VU)) . VQO dr =0

for all ¢ € Hy?(D;w). Testing this equation with ¢ = u — v — ¢ and using (1.4), we
find that u = v on D. This contradicts to the assumption. 0

Theorem 6.3. Assume that (2 is a bounded open set and that R™\ €2 is uniformly
(p,w)-fat. Let f € Li (), and assume that there are constants K > 0 and 0 < 8 <
o such that

[f(@)] < Kdpa(2)""" V" w(x)

for almost every x € ), where « is a positive number in Theorem 5.1. Then, there

exists a unique weak solution u € H"(Q;w) N C(Q) to (1.1). Moreover,

loc
(6.6) lu(x)] < CKY® V50 (2)?

for all = € Q, where C' = ¢;; 730/ (ar/ 3).

Proof. Applying to Proposition 6.2 to I' = 9Q and h(t) = (K/cy)Y®-Vth/
we obtain the desired unique weak solution u. The upper bound (6.6) follows from
(6.2). O



542 Takanobu Hara

Appendix A. Proofs of Lemmas 4.1 and 4.2

The proofs below are combinations of [KS80, p. 63, Lemma B.2|, [GT01, Theo-
rem 8.18] and [HKMO06, Theorems 3.59 and 7.46|. See also [Str84, Chapter 3.1.0].

Proof of Lemma 4.1. Fix any k£ > supyqu, and consider the test function
(u— k)4 € Hy?(Q;w). By (1.2), we have

/\V u—k |pdw</A:L’Vu u—k)+dx:/f(u—k)+d:v
0

By Holder’s inequality, the right-hand side is estimated by

[t pycae < ([ nya) o ¢

Meanwhile, by taking a ball B with radius diam(2) such that 2 C B, (2.3) yields

w
1 Xp X /
(w(B) /Q(u k) dw) Cdlam W u | dw.

Combining the three inequalities, we obtain

(ﬁ/ﬂ(u—k)?dw) e <A (%)ul/m/@n’

where A = C diam(Q)?/®=V || £, / le/ @ 1 . By Chebyshev’s inequality,

w(lu>h]) A (w([u > k;]))(xp—l)/(p—l)

w([u > k)1,
L (Q)

w(B) ~ (h—k)xr w(B)
for any h > k. From [KS80, p. 63, Lemma B.1], the desired estimate follows. O
Proof of Lemma 4.2. Set @ = u + F_. Consider the test function #’nP?, where
f <0and ne CX(2B). Since Vu = Vu, we have
(A1) 5/ Az, Va)-Vuu’'nP da:—l—p/ Az, Va)- Vo' 'a’ de > / fanP dax.
2B 2B 2B

By the definition of F_, the right-hand side is estimated from below by

/ f_ pdx<—/ P~ 1th n dw.

Hence, by (1.2) and (1.3), we obtain

(a2) 18] [ valra e < € (18Il + BT) [,

supp 7

Fix a ball B(z,r) such that B(z,4Ar) C 2B, where A is a constant in (2.2). Assume
that 8 # 1 —p. Let r <r; < ry < 2r. By the chain rule, (A.2) and (2.3), we have

1/x
(A.3) (][ gX(p—1+8) dw) < M ][ gb—1+b dw,
B(z,m1) (TQ - T1>p B(z,r2)

where ¢(8) = |(p — 1+ B8)/p[P(|8]77 + |B|7!). First, we consider the case 8 > 1 — p.
Using (A.3) finitely many times, we get

1/s 1/s0
(A.4) <][ u’ dw) <C (][ u dw) ,
B(z,r) B(x,2r)
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where s > sq > 0 and C'is a constant depending also on sy. Next, for k =0,1,2,---,
we consider B, = (1 — p) — x*so and the sequence of balls B*¥ = B(x, (1 + 27%)r).
Then, (A.3) gives

k+1 ~1/x* s 1 k L/t
a X" oy P — a X" duy ,
Bk+1 (Clc«k) 1/x* Bk
2

where C'; and Cy are constants depending also on sy, but independent of k. Since
S 1/x% and Y, k/x* are finite, we obtain

1 —1/80
(A.5) essinfu > — <][ u % dw) :
B(z,r) C B(z,2r)

Finally, we consider 5 =1 — p. Then, (A.2) yields
/ |V logu|? dw < Cr~Pw(B(x,4Ar)).
B(z,2Ar)
Applying (2.2) to the left-hand side, we obtain

(A.6) ][ |[logu — ¢|P dw < Crp][ |V logul? dw < C,
B(z,2r)

B(z,2Ar)
where ¢ = fB(x ory 108 Gt dw. Combining (A.4), (A.5) and (A.6) and using the John-
Nirenberg lemma in [HKMO06, Chapter 19| (see also [SC02, Lemma 2.2.6]), we arrive

at
1/s
(7[ u’ dw) < (Cessinf u.
B(z,r) B(z,r)

The desired inequality (4.1) follows from this inequality and a covering argument.
The latter inequality (4.2) is a consequence of (4.1) and (A.2). O
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